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Exercise 29. Friedrichs’ inequality. A domain Ω ⊂ R
d is said to satisfy a Friedrichs’

inequality, if there exists a constant C > 0 such that

(∗) C

∫
Ω

u(x)2 dx ≤

∫
Ω
|∇u(x)|2 dx for all u ∈ C∞

c (Ω).

The largest such C is called the Friedrichs constant CFried(Ω) of the domain.

(a) Show that (*) holds if and only if the same inequality holds for all u ∈ H1
0(Ω) (which is the

completion of C∞
c (Ω) in the norm of H1(Ω), i.e., ‖u‖2

H1(Ω) =
∫
Ω u2+|∇u|2 dx).

(b) Show that every bounded domain satisfies a Friedrichs inequality. For unbounded domains
show that both cases can occur.

(c) Using Fourier series find the Friedrichs’ constant for the domain Ω = ]0, ℓ1[ × · · · × ]0, ℓd[.

Exercise 30. Maximum principle. Assume that Ω ⊂ R
d is a bounded domain (i.e. open and

connected). Moreover, let u ∈ C0(Ω) be subharmonic, i.e. ∀x ∈ Ω ∀ r > 0 mit Br(0) ⊂ Ω :
u(x) ≤ 1

ωdrd−1

∫
∂Br(x) u(y)da(y). Show the following statements:

(a) Weak form of the maximum principle: u attains its maximum on ∂Ω.

(b) Strong form of the maximum principle: If u attains the maximum (also) in the interior of Ω,
then u is constant.

Exercise 31 (in written form). Green’s function for the strip Ω = R × ]0, π[:
(a) For α > 0 consider the ODE −u′′ + α2u = f on R (one-dimensional elliptische problem).
Show that for f ∈ BC0(R) (bounded continuous functions) the unique bounded solution is given
via

u(x) =

∫
y∈R

Gα(x−y)f(y)dy with Gα(z) =
1

2α
e−α|z|.

(b) To solve the Dirichlet-Problem ∆u = f in Ω with u = 0 on ∂Ω decompose u and f

in Fourier series with respect to the x2 direction (u(x1, x2) =
∑∞

1 uk(x1) sin(kx2)). Derive
solution formulas for the coefficients uk and construct a series representation of the Green’s
function G.

(c) Find an explicit formula for G and check that (x, y) 7→ G(x, y) − K2(x−y) is analytic on
Ω × Ω.

Exercise 32. General properties of Green’s functions. Assume that Ω ⊂ R
d is a bounded

domain with C2 boundary. Denote by G : Ω×Ω → R∪{−∞} the Green’s function for the Laplace
operator on Ω with pure Dirichlet boundary conditions. Derive the following general properties:

(i) For all x, y ∈ Ω we have G(x, y) = G(y, x) and further ∆xG(x, y) = ∆yG(x, y) = 0 for x 6= y.
(Hint:

∫
Ω u1∆u2 dx =

∫
Ω u2∆u1 dx and choose ssuitable fj = ∆uj .)

(ii)
∫
∂Ω ∇yG(x, y) · ν(y)da(y) = 1 for all x ∈ Ω.

(iii) G(x, y) < 0 for x, y ∈ Ω. (Hint: Show that G(x, ·) = 0 is subharmonic and use a maximum
principle.)

(iv) For y ∈ ∂Ω we have ∇yG(x, y) = α(x, y)ν(y) for some α(x, y) ≥ 0, i.e. ∇yG(x, y) · ν(y) ≥ 0.
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