
THE LEPSKĬI PRINCIPLE REVISITED

PETER MATHÉ

Abstract. Recently a new parameter choice strategy, often called
Lepskĭı-type strategy, became attractive for regularizing ill-posed
problems. Here we present this construction in a simple and unified
way. We emphasize that previous modifications can be seen to
choose the same parameter, albeit drawing different conclusions
from it. Finally we exhibit the application of this a posteriori
parameter choice for Tikhonov regularization.

1. Motivation

In a recent issue of Inverse Problems an a posteriori parameter choice
was proposed as Lepskĭı-type, see [1]. A careful analysis reveals that
actually this is the same strategy as in some other papers, in partic-
ular [6]. This is not transparent immediately, thus it seems to make
sense to present the basics of this principle in a general framework.

In most cases (linear or non-linear) ill-posed operator equations, say

(1) yδ = F (x†) + δξ

are solved by means of a parametrized family of regularizations. For
example, if the mapping F in equation (1) is a compact linear opera-
tor between Hilbert spaces, then solutions xα,δ from Tikhonov-Phillips
regularization are obtained as minimizers of

(2) J(x) := ‖F (x)− yδ‖2 + α‖x‖2.

It is well-known, that the quality of approximation essentially depends
of the proper choice of the regularization parameter α, which in turn
depends on the smoothness of the underlying true solution x†. It is
thus desirable to have an a posteriori rule for selecting α = α(δ, yδ).

Certainly, the discrepancy principle is well known and best under-
stood. However, there are disadvantages for using it. First, it ex-
hibits early saturation, as this is known for using it in combination
with Tikhonov-Phillips regularization: While under appropriate known
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smoothness of x† the best possible rate of reconstruction is of the order
O(δ2/3), the best rate which can be obtained by the discrepancy prin-
ciple is O(δ1/2), we refer to [3, § 4.3] or the more recent study [5] for
details. Secondly, it is not known whether it can be used, if the data
in (1) are random, as this is the case for statistical ill-posed problems,
i.e., when ξ is Gaussian white noise.

O. V. Lepskĭı [4] developed in statistical context a different approach
for choosing some regularizing parameter. Within the context of de-
terministic linear ill-posed equations it was first used in [6], and in the
context of non-linear operator equations in [1].

In this letter we exhibit the Lepskĭı principle from a general view
point, emphasizing that in previous cases of application, as e.g. in [6]
and also in [1], the underlying principle of choosing the parameter is
the same. However the conclusions are different, and it is interesting
to see how these are related. The principle can best be understood
when presenting it in general form, not tight to the solution of inverse
problems. We conclude the presentation with showing the principle in
action at a prototypical problem situation.

2. The principle

The Lepskĭı principle is essentially based on the order of the finite
set {1, . . . ,m}.

Let {x1, . . . , xm} be a finite set of elements in some metric space
(M, d) and Ψ: {1, . . . ,m} → R+ be a non-increasing function.

Following Lepskĭı we define

(3) j̄ := max {j ≤ m, d(xi, xj) ≤ 2Ψ(i), for all i ≤ j} .

Which conclusions can be drawn from this choice of j̄?

2.1. Conclusion using shrinking balls. The presentation below tries
to capture the essence from [1]. It is based on the given function Ψ,
alone, which is convenient in the context of non-linear problems.

Remark 1. Instead of using Nmax and the function E as in [1] we
assign Ψ(j) := δE(Nmax − j + 1), j = 1, 2, . . . ,m := Nmax.

Let us denote by B(z, r) := {y ∈ M, d(z, y) ≤ r} the closed ball
of radius r around the element z ∈ M . The idea from [1] may be
rephrased as follows.

Proposition 1. Define

(4) j∗ := max {j = 1, . . . ,m, x ∈ B(xi, Ψ(i)), for all i ≤ j} .
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If x ∈ B(x1, Ψ(1)) then for j̄ from (3) we have

(5) x ∈ B(xj̄, 3Ψ(j∗)).

Proof. We first show that j∗ ≤ j̄. Indeed, if i ≤ j∗, then

d(xi, xj∗) ≤ d(x, xi) + d(x, xj∗) ≤ Ψ(i) + Ψ(j∗) ≤ 2Ψ(i),

such that j̄ ≥ j∗. But then

d(x, xj̄) ≤ d(x, xj∗) + d(xj̄, xj∗) ≤ Ψ(j∗) + 2Ψ(j∗) = 3Ψ(j∗),

which completes the proof. �

Inequality (5) has a clear interpretation. The quantity Ψ(j∗) is the
radius of the smallest ball which contains x, and the index j̄ is chosen
such that the unknown x has distance at most 3Ψ(j∗) from it.

Remark 2. In order to apply the above procedure, one only needs to
make sure that m is large enough. In particular, with the notation
from [1], Nmax needs to be so large that d(x, xNmax) ≤ E(Nmax), an as-
sumption which was also made in [1], and the verification of it requires
hard analysis in the context of non-linear problems.

2.2. Conclusion using admissible functions. Here we recall the
approach from [7], using the notion of admissible functions.

Definition 1. A non-decreasing function Φ: {1, . . . ,m} → R+ is said
to be admissible for x, if Φ(1) ≤ Ψ(1) and

(6) d(x, xj) ≤
1

2
(Φ(j) + Ψ(j)) , j = 1, 2, . . . ,m.

Admissible functions are constitutive in error bounds arising from a
decomposition of the error into the noise term and the noise-free term.
The conclusion is the following

Proposition 2. Define

(7) j∗∗ := max {j, there is admiss. Φ for which Φ(j) ≤ Ψ(j)} .

For j̄ from (3) we have x ∈ B(xj̄, 3Ψ(j∗∗)).

Proof. We first notice that for any admissible function Φ we have

d(x, x1) ≤ 1/2 (Φ(1) + Ψ(1)) ≤ Ψ(1),

thus x ∈ B(x1, Ψ(1)), and Proposition 1 applies. It is enough to show
that j∗ ≥ j∗∗.

To this end let j∗∗ be chosen from (7). Then there is an admissible
Φ̄ with Φ̄(j∗∗) ≤ Ψ(j∗∗). By monotonicity, for all i ≤ j∗∗ we deduce
Φ̄(i) ≤ Φ̄(j∗∗) ≤ Ψ(j∗∗) ≤ Ψ(i). Thus

d(x, xi) ≤ 1/2
(
Φ̄(i) + Ψ(i)

)
≤ Ψ(i), i ≤ j∗∗,
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such that j∗ ≥ j∗∗, which completes the proof. �

2.3. Oracle inequality. The interpretation of the choice of j∗∗ is not
immediate, and is related to oracle inequalities, as these are studied
in statistical context, see for instance [2]. Here we recall the following
result from [7].

Corollary 1 (Deterministic oracle inequality). Let j∗∗ be as in Propo-
sition 2. If there is D < ∞ such that the function Ψ obeys Ψ(i) ≤
DΨ(i + 1), i = 1, . . . ,m, then

d(x, xj̄) ≤ 3D min {Φ(j) + Ψ(j), j = 1, . . . ,m, Φ admiss.} .

Proof. Let Φ be any admissible function and let us temporarily intro-
duce the following index

j := arg min {Φ(j) + Ψ(j), j = 1, 2, . . . ,m} .

The assertion of the corollary is an immediate consequence of

Ψ(j∗∗) ≤ D(Φ(j) + Ψ(j)).

But this is evident, because either j∗∗ ≥ j, in which case Ψ(j∗∗) ≤
Ψ(j) ≤ Φ(j) + Ψ(j), or j∗∗ < j∗∗ + 1 ≤ j. But then, by the definition
of j∗∗ it holds true that Ψ(j∗∗ + 1) ≤ Φ(j∗∗ + 1), thus

Ψ(j∗∗) ≤ DΨ(j∗∗ + 1) ≤ DΦ(j∗∗ + 1) ≤ DΦ(j),

from which the estimate follows. �

This again provides a clear interpretation. By choosing j̄ from (3) we
obtain (up to a factor of 6D) the best of all possible error bounds (6).
The latter bound would have been obtained if j were known from an
oracle.

In this form it is also clear to understand this choice as balancing
principle, since it tries to find the balance between the known decreas-
ing function Ψ and some unknown admissible function Φ.

Notice that the additional restriction on Ψ is easy to check, because
this function is explicitly known to us.

3. Prototypical application

Ψ obeys Ψ(i) ≤ DΨ(i+1), i = 1, . . . ,m, We shall exhibit the power
of the Lepskĭı principle on the basis of Tikhonov-Phillips regularization
in the context when F : X → Y from (1) is a linear mapping between
Hilbert spaces. In this case it is well known, that the approximate
solutions, as obtained from (2), are given as

xα,δ := (F ∗F + αI)−1 F ∗yδ, α > 0.
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The choice of xα,δ allows for the following error bound using the true
(but unknown) data y := Fx†.

‖x† − xα,δ‖ ≤ ‖x† − (F ∗F + αI)−1 F ∗y‖ + δ‖ (F ∗F + αI)−1 F ∗ξ‖.
The second summand on the right can be bounded explicitly by

δ‖ (F ∗F + αI)−1 F ∗ξ‖ ≤ δ

2
√

α
, α > 0.

To apply the principle we choose q > 1, to obtain a finite set α1 := δ2

and αj := α1(q
2)j−1, j = 2, . . . ,m, with m as smallest k such that

αk ≥ 1.
The function

Ψ(j) := δ/
√

αj, j = 1, . . . ,m,

is decreasing. Thus we let M be the Hilbert space X and the elements
xj := xαj ,δ. Notice that Ψ obeys the additional assumption from Corol-
lary 1 with D := q.

To assess the quality of the Lepskĭı approximation xᾱ,δ := xj̄ in
terms of δ we examine the oracle inequality from Corollary 1, by estab-
lishing some admissible function for solutions x†, which obey certain
smoothness conditions. Specifically we assume that there is v ∈ X
with ‖v‖ ≤ E such that x† = (F ∗F )µv for some µ > 0. In this case it
is easy to see that, given µ, the function

Φ(j) :=

{
2Eαµ

j , 0 < µ ≤ 1,

2Eαj, else,

is admissible for x†, see e.g. [3, § 5.1], provided Φ(1) ≤ Ψ(1), which
translates to

E ≤ 1

2

(
1

δ

)min{µ,1}

.

This will be fulfilled in typical applications. If so then Propositions 1
and 2 apply. Letting

j̃ := max
{

j, αj ≤ (δ/2E)
1

min{µ,1}+1/2

}
,

we obtain j∗ ≥ j∗∗ ≥ j̃. Moreover, αj̃+1 > (δ/2E)
1

min{µ,1}+1/2 , which in
turn yields

‖x† − xᾱ,δ‖ ≤ 3Ψ(j∗) ≤ 3Ψ(j∗∗) ≤ 3Ψ(j̃)

≤ 3qΨ(j̃ + 1) ≤ 6qE

(
δ

2E

) min{µ,1}
min{µ,1}+1/2

.
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This is known to be of optimal order and concludes our analysis of the
Lepskĭı principle in this case.

Notice the influence of the only design parameter q onto the error
bound. By choosing q > 1 small we have little loss compared to the
best possible error, but many comparisons have to be carried out in
order to find j̄. So the algorithm designer has to compromise between
desired accuracy and computing time.

4. Extension to random elements

As already mentioned the Lepskĭı principle has its origin in statistical
context. In [7] the authors established the analogs of Proposition 2
and Corollary 1 to the statistical setup. Here we shall present some
corresponding extension for Proposition 1.

We shall assume that the set {x1, . . . , xm} ⊂ M are random elements,
thus there is some probability space (Ω,F , P ) and xj = xj(ω), ω ∈
Ω, j = 1, . . . ,m. Distances are measured in root means squared sense,
i.e., we let

(8) ej := e(x, xj) =

(∫
Ω

d2(x, xj(ω))P (dω)

)1/2

, j = 1, 2, . . . ,m.

The final result will follow from a concentration argument, therefore
we make the following assumption. There are constants 0 < b < 1 ≤ a
for which uniformly in j = 1, 2, . . . ,m it holds true that

(9) P (d(x, xj) ≥ tej) ≤ a exp(−bt2), t > 0.

Remark 3. The validity of this assumption cannot be seen immedi-
ately from the given data. Further analysis is required to check this in
concrete situations.

We still assume that the function Ψ is non-increasing. In the statis-
tical context we need an additional relaxation parameter κ > 1, to be
chosen properly. This will be discussed below. Given any choice of κ
we let

(10) ĵ := max {j ≤ m, d(xi, xj) ≤ 2κΨ(i), for all i ≤ j} .

Notice that ĵ is random, i.e., ĵ = ĵ(ω). The main result in statistical
context is the following.

Theorem 1. Let

(11) j∗ := max {j = 1, . . . ,m, e(x, xi) ≤ Ψ(i), for all i ≤ j} .
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Given κ > 1 let ĵ be chosen from (10). Assume that e1 ≤ Ψ(1).
Under (9) we have

(12) e(x, xĵ) ≤ 3κΨ(j∗) +
7Ψ(1)

b

√
mae−

b
4

κ2

.

Remark 4. Notice that j∗ is deterministic and coincides with the one
from (4) for deterministic data.

Proof of Theorem 1. The proof follows the ideas from [7, Thm. 1]. Sim-
ilarly we let

(13) Π(ω) := max
j=1,...,m

d(x, xj)

ej

, ω ∈ Ω,

and consider the set Ωκ := {ω, Π(ω) ≤ κ} .

For ω ∈ Ωκ we shall show that ĵ ≥ j∗. Indeed, for i < j ≤ j∗ it holds
true that

d(xi, xj) ≤ d(x, xi) + d(x, xj) ≤ κ (ei + ej) ≤ 2κΨ(i),

which yields ĵ ≥ j∗. Consequently, we obtain

d(x, xĵ) ≤ d(x, xj∗) + d(xj∗ , xĵ) ≤ κej∗ + 2κΨ(j∗) ≤ 3κΨ(j∗).

On the complementary set Ωc
κ it holds true that Π(ω) > κ, such that

in particular κΨ(1) ≤ Π(ω)Ψ(1), hence

d(x, xĵ) ≤
d(x, x1)

e1

e1+d(x1, xĵ) ≤ Π(ω)Ψ(1)+2Π(ω)Ψ(1) = 3Π(ω)Ψ(1).

The same arguments as in [7, Proof of Thm. 1] show that∫
Ωc

κ

Π2(ω)P (dω) ≤ 5
a

b2
me−

b
2

κ2

.

This finally yields

e(x, xĵ) ≤
(∫

Ωκ

d2(x, xĵ)P (dω)

)1/2

+

(∫
Ωc

κ

d2(x, xĵ)P (dω)

)1/2

≤ 3κΨ(j∗) + 3Ψ(1)

(
5

a

b2
me−

b
2

κ2

)1/2

≤ 3κΨ(j∗) +
7Ψ(1)

b

√
mae−

b
4

κ2

,

which completes the proof. �

Theorem 1 provides information on how to choose κ. Although a
proper balancing will be depend on additional information, which typ-
ically is not available, we mention the following result, which provides
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the (order) optimal bounds in many cases, in particular those, related
to moderately ill-posed problems.

Corollary 2. Assume that there is D such that Ψ obeys Ψ(i) ≤ DΨ(i+
1), i = 1, . . . ,m. Let

(14) κ2 :=
4

b
(m− 1) log D.

There is C < ∞ such that under the assumptions of Theorem 1 we
have

(15) e(x, xĵ) ≤ C
√

mΨ(j∗).

Proof. Under the assumption on Ψ we can bound Ψ(1) ≤ Dj−1Ψ(j),
thus with κ from (14) we conclude

Ψ(1)e−
b
4

κ2

≤ Ψ(1)D−(m−1) ≤ Ψ(m) ≤ Ψ(j∗),

from which the proof can easily be completed. �

The above result extends to the random setup using admissible func-
tions, similarly defined as in § 2.2. The authors in [7] established a
statistical oracle inequality, similar to Corollary 1. There the con-
centration inequality is replaced by a similar but different one, and
it is shown how to verify this in concrete situations, in particular for
Tikhonov regularization of discretized statisticall ill-posed problems.
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