MODULUS OF CONTINUITY OF
NEMYTSKII OPERATORS WITH APPLICATION TO
THE PROBLEM OF OPTION PRICING

ROMY KRAMER AND PETER MATHE

ABSTRACT. We introduce and analyze moduli of continuity for
specific classes of Nemytskii operators on spaces of continuous func-
tions, which are given by kernels, strictly monotone in their second
argument. Such operators occur as non-linear (outer) mappings for
certain problems of option pricing within the Black-Scholes model
for time-dependent volatility. This nonlinear mapping can be seen
to be continuous, however its convergence properties are poor. Our
general results allow to bound the related moduli of continuity,
both for the forward and backward non-linear mappings. In par-
ticular we explain the observed ill-conditioning of the nonlinear
backward problem. The analysis uses some abstract local analysis
of index functions, which may be of independent interest.

1. INTRODUCTION, PROBLEM FORMULATION

The present study is motivated by the following variant of the classi-
cal Black-Scholes model. Denoting the asset price at time 7 by P, the
price process P is assumed to satisfy the stochastic differential equation

(1) dP; = pP.dr + o(7) dW,,

with a time-dependent volatility function o(7) > 0, 7 > 0, a drift
coefficient ¢ € R and a standard Wiener process W. Furthermore, the
existence of a bond with constant interest rate r > 0 is assumed.

At the initial time 7 = 0 we denote the current asset price by P and
consider a family of European vanilla call options with fixed strike K >
0 and maturities ¢ varying in a finite time interval [ := [0, T]. Provided
trading is frictionless and continuous and the asset price follows (1)) the
formula for the price C(t) of such a European call option with maturity
t € I is well-known (cf. [12, p. 71]).
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To reformulate this formula we denote by ® and ¢ the cumulative
distribution function and the density function of the standard normal
distribution, respectively, i.e.,

]_ ;v2 ]- z 552
o(z) = 27r677 and P(z) = \/_2_7r/ e 2dr, xz,z€R.

Then we introduce the function u$¥ as

Po(d+ /5) — Ke™®(d) ,if s > 0,

2 callPK t —
( ) uBs( , 1N, T 78) {(P—KGM)_,’_ 7f0r3:07

where we use the parameters ¢ = ¢(t) and d = d(t, s) given by

P
(3) c(t) :=log Koot and

(4) d(t,s) = %

Now, the price C(t) of a European call option with strike K > 0 and
maturity ¢ > 0 is given by

(5) C(t) = ugd(P,K,rt,St), tel,

where S(t) is given as S(t) == [/ o*(r)dr, 0 < t < T, hence C(t)

depends on the volatility o only through the function S(t), t € I. In
our subsequent analysis the quantities P, K, will be fixed.

1.1. The forward Black-Scholes operator. We find it convenient
to introduce the (forward) Black-Scholes operator as Nemytskii-operator
N:Dy(N)CC(I)—C(I) by

(6) [N(S)](t) = ugs (P, K, 7, t,S(1), tel,

on the domain D (N) := {f €C(I),f(0)=0,f(t) >0, t € (0,7},
and with range R(N).
Introducing the kernel function

(7) k(t,s) = uS(P K rt,s), t>0,5>0,
we can rewrite this as
[N(S)](t) = k(t,S(t)), tel.

The option price C(t), t € I, is obtained from the time dependent
(squared) volatility function o2(7), 0 < 7 < t, as the composition of the
linear mapping 02 € C(I) — S € C(I) and the non-linear Nemytskii-
operator N, see [6, [7] or [T1] for more details.
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* measurements + measurements

-= lincar regression

N log log(1/6,)
FIGURE 1. (left) Behavior of modulus of continu-
ity w(N~=1 uf,d) as § — 0. (right) Linear regression on
the model w(N ™1, uf,§) ~ log™(1/6) yields 1 = 1.1124.
(parameters P =1, K = 0.85, r = 0.05, T' = 0.2)

It is well-known that both mappings N and S are continuous on

their domains in C(I), and hence so is their composition, say F :=
NoS:c(I) — c(I).

1.2. The inverse Black-Scholes operator. However, for the iden-
tification of the volatility function o or the anti-derivative S we are
concerned with the corresponding inverse operators. The properties
of the inverse of the anti-derivative operator S are known, and lead
to ill-posedness in appropriate spaces. It was not clear whether for N
from (6) the inverse mapping N~': R(N) C C(I) — C(I) was con-
tinuous. In [I0, TI] it has been shown, that this inverse operator
is again of Nemytskii-type, and that this mapping acts continuously
from R(N) — C(I). We shall measure continuity in terms of global
and local moduli of continuity, see (§) and (9)) for the precise introduc-
tion.

For every u' € R(N) the modulus of continuity of N=! turned out
to be poor, see Figure (left). The poor convergence behavior to zero
of this modulus of continuity in the numerical studies suggested a loga-
rithmic model of the form w(N~1 u', §) ~ log™(1/6) (Details are given
below) for some p > 0. Indeed, regression based on the simulated data,
see Figure (right), led to conjecture that this model is true for p ~ 1,
independently of u' € R(N).

1.3. Outline of the material. The present study extends the pre-
vious discussion on ill-posedness vs. ill-conditioning in [I1]. These
authors first exhibited the continuity of the inverse Black-Scholes op-
erator and observed a delayed convergence due to ill-conditioning. Here
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we go one step further, as we shall introduce and analyze the local and
global moduli of continuity for the mappings N: D(N) C C({) — C(I)
and N7': R(N) C C(I) — C(I). This allows to quantify the ill-
conditioning.

To this end we provide some general framework for Nemytskii oper-
ators acting on continuous functions in Section 2] For certain classes of
kernels which fall into one of the categories introduced below (Case 1
and Case 2), upper bounds for the global and local moduli of conti-
nuity are given in propositions 2.2H2.5l In Section [3] we then provide
a detailed analysis for the specific kernels related to the forward and
inverse Black-Scholes operators.

These results are then used in Section Ml to determine the moduli of
continuity, for several constellations of the parameters P, K and r, in
theorems The major result is Theorem [4.5| where we confirm
the conjecture mentioned above with exponent © = 1. These results
are accompanied with lower bounds in § [£.3] In Section [5] we extend
the analysis to European put options. Furthermore we summarize our
finding with a short discussion.

An important ingredient will be some local analysis for index func-
tions. This may be of independent interest, it is therefore presented in
Appendix Al

2. MODULI OF CONTINUITY OF NEMYTSKII OPERATORS

As outlined in Section [I] the operators under consideration are of
Nemytskii-type, and we shall provide some preliminary analysis for
classes of such. For a general introduction to Nemytskii-operators we
refer to [2] and [I, Section 1.2]. Here we fix 7' > 0, the corresponding
interval I := [0,7], and we suppose that there is a function ¢t € I —
Smax(t) € (0,00) such that the real-valued kernel k is defined on I x

[0, Smax(t))-

Remark 2.1. Below we shall frequently view the bivariate kernel k
as a family of functions, say (k¢),.; of its second argument, acting
on [0, Smax(t)), respectively.

We assign the Nemytskii operator N: D(N) C C(I) — C(I) by
[N(9)](t) :=k(t,S(t), tel,SeDNN).

Thus its domain D(N) consists of continuous functions f € C(I) with
0 < f(t) < Smax(?).

It is well-known, see e.g. [2, p. 205ff] that such operator N is continu-
ous (in C(I)) if the kernel is continuous on I X [0, $yax(t)). Of particular
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interest are continuous kernels which are strictly monotone in their sec-
ond argument. It is clear that in this case we can define the inverse
kernel g from g(¢,k(t,s)) = s, such that the appropriately defined in-
verse operator is of Nemytskii-type. A recent result states, see [10,
§ 5.3|, that Nemytskii operators with such kernels have a continuous
inverse on the space of continuous functions. For the convenience of
the reader we recall the core of the proof as follows.

Lemma 2.1. Suppose that that the kernel k is jointly continuous and
that each ky is strictly increasing. If sg,s, € C(T') are such that uni-
formly for t € I it holds k(t,sn(t)) — k(t,so(t)), then necessarily
|5 — sollc(ry — 0.

Sketch of the proof. Suppose to the contrary that there are ¢ > 0 and
a sequence t, € I such that |s,(t,) — so(t,)| > . Without loss of
generality we may and do assume that s, (t,) > so(t,) + €. Consider
the function F(t) = k(t,s0(t) + ) — k(t,s0(t)), t € I. This is a
continuous function on I and positive, there. By compactness of I we
deduce that m := min,e; F(t) > 0. This implies that

F(tn, sn(tn))—k(tn, so(tn)) = k(tn, so(tn)+e)—k(tn, so(tn)) = F(tn) > m,
which contradicts the assumption. 0

Remark 2.2. Tt is clear from the proof that such reasoning does not
extend to LP(I)-spaces, 1 < p < oo. Indeed, it can be seen that the
inverse need not be continuous, there. We refer to the recent paper [11]
for more details.

A typical way to measure smoothness is provided by certain moduli of
continuity. For the local modulus of continuity we fix some ST € D(N)
and study

(8) w(N, ST,(S)
= sup {[[N(S) = N(S")ller), S € DIN), IS = STleqry < 6}

Accordingly, the global modulus of continuity is defined for any non-
empty subset D C D(N) as

(9) w(N,D,0)
sup {||N(S1) = N(S2)llerys S1,52 € D, ||S1 = Sallery <0} -

Plainly, in case that spax(t) = Smax > 0, given ST € D(N) there
is g > 0 small enough such that ||ST|lc(+do < Smax, the local modulus
of continuity can be bounded by the global one as

w (N, ST 6) <w(N,D(N),d), 0<6 <.
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The modulus of continuity cannot decay to zero faster than linearly,
except in trivial cases.

Lemma 2.2. Suppose that the domain D is convex. It holds w(N, D,6)/6 —
0 if and only if k(t,s) = k(t), t € I, 0 < s < Spul(t) (in which
case w(N,D,§) =0).

Proof. If D contains only one point, then there is nothing to prove.
Otherwise we fix t € I. If now Sy € D(N) is such that Sy(¢) = s then
for every 6 > 0 and other S5 € D(N) we deduce from |[Sy — Ss|c(r) < 6
that

|k(t,s) — k(t, Ss(t))| < w(N, So, 9)

) - )

Thus, at every ¢t € I the kernel k; is constant with respect to s, which
proves the lemma. O

— 0, asd—0.

Therefore it is reasonable to call the operator N well-conditioned
if w(N,D,0)/d < L is uniformly bounded as 6 — 0, or it is ll-
conditioned if the quotient is unbounded (along a sub-sequence) as
0 — 0. The first result is immediate.

Proposition 2.1. If the family (k;),.; is uniformly Lipschitz then the
corresponding operator is well-conditioned.

Proof. Plainly, for any pair S;, Sy € D(N) we deduce, using the as-
sumption (with Lipschitz constant L), that

k(L $1(1) = k(E, S2(0)] < LISi(1) — Sa(0)],
from which the proof can be completed. O

For our analysis we shall concentrate on kernels which are well-
behaved, possibly except the specific point s = 0. First we shall assume
that s := infyes Spmax(t) > 0.

Definition 1 (see [§]). A strictly increasing continuous function ¢: [0, s) —
R is called index function if ¢(0) = 0.

Throughout this section we shall impose the following assumption
on the kernel k(t, s).

Assumption 1. The kernel k is

(1) continuously differentiable with respect to s and ¢ for 0 <t < T
and 0 < s < Spax(t),
(2) for each t € I the function k; is an index function.



MODULUS OF CONTINUITY 7

Remark 2.3. We restrict to kernels with k(¢,0) = 0. If this were not the
case, then we may let l;(t, s):=k(t,s)—k(t,0), t €I, 0 < s < Spax(t).
It is easy to see that the original Nemytskii operator has the same
modulus of continuity as the one corresponding to the shifted kernel.

For its modulus of continuity it is important whether the kernels
increase from s = 0 in a concave or convex manner for all ¢, see Figure 2]
and we distinguish these cases.

Case 1: For each t € I there is 0 < s(f) < spax(t) such that the
function k(¢, s) is convex on [0, s(t)).
Case 2: For each t € I there is 0 < s(t) < Spyax(t) such that the
function k(t, s) is concave on [0, s(t)).
In addition, for each 0 < ty < T there is m = m(ty) < T,
such that for each 0 < t < ty and 0 < s < Spyax(t) it holds
that k(t, s) < k(m(to), s).
The crucial additional assumption in Case 2 is that the function m
does not depend on s, which holds true for the applications we have in
mind.

ky(s)

Fi(s)

ke(s())

0 S(0) o s(t)
S

FIGURE 2. Kernels corresponding to Case 1 (left) and
Case 2 (right), respectively. The point s(t) is indicated.

As it will turn out Case 1 corresponds to well-conditioning of the op-
erator, whereas in Case 2 we shall provide a concave bound in §, which
reflects ill-conditioning. To this end the following property proves im-
portant. For each 0 <ty < T there is L = L(ty) < oo such that

(10) 0212 {%(t, s), s(t)<s< smax(t)} < L(to).

We agree to abbreviate L := L(7'). Such uniform bound has various
implications and we start with the following.
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Lemma 2.3. Granted Case 1, and if 1s satified for to =T then
the family (k),c; is uniformly Lipschitz continuous with constant L.

Proof. In Case 1 the continuous functions 0k /Js are increasing on (0, s(t)).

Therefore

ok ok
—(t,s) < sup  ——(t,s) < L.
88( ) s(t)§5<8max(t) 88( )

Using the mean value theorem we obtain for 0 < s < s < Syax(t) that

k(t,s") — k(t,s") = ?(t,() d¢ < L(s" —§'),
s S
and hence the Lipschitz continuity uniformly for t € I. 0

Remark 2.4. An important special sub-case for Case 1 occurs, if the
kernel is concave on [s(t), Smax(t)). Then

ok ok
sup ® %(ta S) - %(ta S(t))7

S(t)SS<Smax

a fact which will prove useful, later.

In Case 2 we shall decompose the kernel into a globally concave and
a globally Lipschitz one, as this is indicated in Figure

k
-~ tangent in s() T ki (L s
- s

0 s(0) ) s(0)

S S

F1GURE 3. Construction in Case 2. (left) Indicating the
tangent. (right) Showing the decomposition.

Lemma 2.4. Fizt € I. Granted Case 2, let k(t,s) = ki(t,s) + ka(t, s)
be the decomposition into

) k(t, ) L0 < s < s(t)
Tk s(0) + B s0)(s = 5() () < 5 < sanl),
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and

k2(t; 3) = k(ta 3) - k1<ta S)a 0<s< Smax(t>'

The following assertions hold true.
(1) The function ki(t,s) is a concave index function.
(2) If ({10) is fulfilled for to = T then the functions ks(t,s) are
Lipschitz continuous with respect to s with common constant L.

Proof. The first item follows by construction, since k;(¢, s) is concave
on [0,s(t)) and has an increasing linear continuation. To prove the
second item we notice that 22(t,s) = 0 for 0 < s < s(t), whereas for
0 < s(t) <8 <8 < Smax(t) we have for some § > s(t) that

ok

ko(t,s") — ko(t,s') = a—(t, 5)(s" — ).
s
Thus, under the Lipschitz continuity can be proved. U

2.1. Global modulus. In both cases we can bound the global modu-
lus of continuity of the operator V.

Proposition 2.2 (Case 1). Under (10) for to =T it holds that
w(N,D(N),d) < Lo.

Proof. This is an immediate consequence of Lemma [2.3| and Proposi-
tion 2.11 O

To treat Case 2 we require some specific result for concave index
functions, which appears to be crucial in our analysis. For the conve-
nience of the reader we provide the proof, and we refer to [9, § 6.1] for
additional information.

Lemma 2.5. If on some interval [0,a] the function ¢ is a concave
index function then

(11) o(s) —p(s)l < p(Is" = s]), 0<s,8" <a.

Proof. If s < s, then s = 55" + (1 — 5)0, and concavity yields that
©(s)/s is a non-increasing function. This implies, again for s < s’ that

/

o) = Sls) + (s
<P 9P o gt - s),

which is equivalent to (L1). O
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Remark 2.5. Index functions which obey are called modulus of con-
tinuity, and the lemma states that concave index functions are moduli
of continuity, reproving [9, Prop. 6.1.1], and we refer to [9] for more
details on this connection.

Proposition 2.3 (Case 2). Under (10) for to =T and with m = m(to)
as required in Case 2 it holds that

(12) w(N,D(N), ) < k(m(to),d) +2L5, 0<0<s.

Proof. For each t € I and |S;(t) — S2(t)| < 6 we have from Lemma [2.4]
and Lemma [2.5] that

[IN(S)I(E) = [N(S)I(O)] < Ea(t,[S1(2) = S2()]) + LIS (1) — Sa(1))]
< ky(t,0) + Ld < max ki(t,d) + Lo.

Now we consider two cases. If t € I is such that s(t) > 6 then k(¢,6) =
k(t,0) < k(m(ty),d). Otherwise, if s(t) < §, we have from the definition
of k1 that k1(t,6) < k(m(ty),d) + L. In any case this results in

[[N(SDIE) = [N(S)I(8)] < k(m(to), 6) + 2L

Taking suprema with respect to t € I the proof is complete. [l

2.2. Local modulus. We complete these preliminary considerations
with companions of Propositions and for the local modulus of
continuity under an additional restriction on the domain of definition.
We restrict D(N) to the subset

(13) Dy(N)={SeD(N), S0)=0, S{t)>0, 0<t<T}.
One consequence of this restriction is as follows.

Lemma 2.6. For each ST € D (N) and each 0 < ty < T there is
do > 0 such that for every S € D(N) with ||S — ST||¢(ry < 0o it holds

o < S(t) < ISMlew) + 0o, to <t <T.

Proof. Since the function ST € D, (N) is continuous, we can find for
every ty > 0 a positive number 0 < s . < sp..(t) such that
Shin < ST(t) < [ISMlery, to <t <T.

min

Consequently, we let dg := s /2 and use the triangle inequality twice,

to deduce that 6 < S(t) < [|ST|lery + 6o if IS = Stlery < do. O
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This may be used in conjunction with another property: For each
0 <ty <Tand 0 < sy < Sy < Smax(t) there is C' = C(y) < oo such
that

k
(14) sup {8—@,8), se[SO,so]}scuo),
t€(to,T] Os

which expresses that the kernel is well-behaved away from the axes s =
and t = 0. The following lemma asserts that under the problem
is well conditioned at any time point beyond t, < T

Lemma 2.7. Suppose that condition holds for some 0 <ty < T.
Then for each ST € D+(N) there is 09 > 0 such that

(15) sup |[N(S)](t) — [N(SH]()] < Cod,  0< 6 < 6.

t€to,T)

Proof. We apply Lemma[2.6/and find d, > 0 with properties as asserted.
Let sg := 9§y and Sy := HSTHC (1) + 6. For any 0 < 6§ < dp and S € D(N)
with ||ST — Sll¢(r) < § we then have that so < S(t), ST(t) < S, hence

St(t)
N(S)E) = NS = kit S(0) = ke 5'0) = [ ) O 1, 5) ds,

which yields that
NI — INSHIB)] < G [S(1) - S1(1)] < G,
which completes the proof. O

This allows to establish the following bounds for the local moduli,
both in Cases 1 and 2, based on the following trivial split

(16)  sup [[N(S)](t) — [N(SN)](t)]

te[0,T7]
< sup [IN(S)(0) - INSDI@] + sup VSO - VSO

and we state

Proposition 2.4 (Case 1). Suppose that there is 0 < to < T such
that (1d) and (.) hold true. Then, for each ST € D,(N) there is
0o > 0 such that

w(N, ST 8) < (L(ty) + C(ty))s, 0<d < dp.

Proof. We use . Under Proposition allows to bound the
first term by L(to)d, while Lemma [2.7| provides us with a bound for the
second term by C(to)d, which completes the proof. O
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Proposition 2.5 (Case 2). Suppose that the bounds (@ and are
valid for some tg < T. For m(ty) as required in Case 2 there is 6y > 0

such that
(17)  w(N, ST,5) < k(m(ty),d) + (2L(to) + C(to))d, 0 <9 < dp.

Proof. Again we use ((16). As in the previous proof, for t € [0, ty] we
can apply Proposition while for t € [tg, T] Lemma applies, and
yields another C(ty)d, which allows to complete the proof. O

Thus in the specific applications we need to check that Assumption
on the kernel is fulfilled, that some bound can be proved, and that
one of the two cases applies. For the local modulus the condition
must be checked.

3. PRELIMINARY ANALYSIS FOR THE KERNELS

We turn to the kernels corresponding to the forward Black-Scholes
operators N from @ and its inverse N~1. For each t € I the kernel

k(t,s): (0,00) — ((P— Ke ™)., P),
from is continuous and strictly increasing, with k(¢,0) = (P —
Ke ™), and lim, . k(t,s) = P, see e.g. [5], [6].
The kernel g(t,s) for the inverse mapping N1 is implicitly defined
by

(18) git,uy=s, tel, (P—Ke ™), <u=k(ts) <P

By Lemma [2.1] the operator corresponding to the kernel g is continuous
from R(N) C C(I) to C({).

In view of Assumption [If we find it convenient to introduce the aux-
iliary shifted kernels for ¢t € I as

(19)  k(t,s) :=k(t,s) — (P— Ke_”)Jr, s> 0,

and with up.x(t) := P — (P — Ke ™), we obtain that the inverse

kernel g is obtained, using that g(t, k(t,s)) = s, as

(20)  g(t,u) = g(t, k(t, 5)) = s = g(t, k(t,5)) = g(t, k(t, 5) + k(,0))
:g<t,u+(P—Ke_rt)+> ) O§u<umax(t)'

Figures of the forward kernels can be found in Figure 4] below. We
introduce the auxiliary family of quadratic functions
(21) pe(s) =8> +4s —4c®, c€R, 5> 0,
and we recall the parameters ¢ and d from and (4)). We shall use
the following representations for derivatives of the kernels k£ and g.
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Lemma 3.1 ([5,6]). Fort >0, s> 0 it holds that

@) Geits) = Pod VR
(23) y%@s%:—PMd+V@

Wpc(t)(s),
d(d) Jif P— Ke™ ™ <0
d(d) -1 ,z’fP—Ke‘”>0,'

0s?

(24) %(t, s)=rKe " {

The corresponding derivatives of § are obtained from §(t,k(t,s)) = s
using the implicit function theorem.

3.1. Monotonicity, concavity and convexity. As can be seen from
the definition of the kernels k(¢,s) and the implicitly defined inverse
kernel g(t, s), they are differentiable for s,¢ > 0 and part of the analysis
is devoted to study domains of monotonicity, concavity and convexity.

We first examine convexity properties of the auxiliary kernels, and
recall the auxiliary family of quadratic functions from . For each
t € I we assign as so(t) the non-negative root of at value c(t), thus

(25) %@y:2( 1+é@y_g, uo(t) = k(t, so(t)), t > 0.

Lemma 3.2. For each t > 0 the functions k, are convex on [0, so(t))
and concave on [so(t),00). Consequently the kernels g(t,u) are concave
on [0,ue(t)) and convex on [ug(t), Umas(t)).

Proof. We use the representation from (23). Given ¢ € [ the poly-
nomial p. is negative on [0,s0(¢)) and positive on [so(t), 00) which
provides us with the convexity properties for k;. O

We continue with the following bound for the derivatives of the ker-
nels k;. For any constant § < oo we introduce the concavity set (with
respect to s) for k(t, s) as

(26) B(s):={(t,s) :t € I,s0(t) <s<5s}CIx]|0,00).

Lemma 3.3. There ezists a constant C > 0 such that on the set B(S)
we have
ok
27 —(t,s) > C.
(27) O 1,5)

Consequently, by the implicit function theorem it holds

0 1
Oga—Z(t,u)§6<oo fort e I,u> uy(t).
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Proof. By Lemma [3.2] the function k; is concave on [so(t), 5], thus
Ok Ok 1
—(t > —(t,5) = Po (d S) ——=.
85(’8)_65(’8) ?( +\/§)2\/§
As P, K, r and § are fixed we find a constant D such that
ld+Vs5| <D, tel

Using the monotonicity of ¢ this yields g—’i(t,s) > gb(D)Qig =: C,
hence , and finally the second assertion. 0

We finally examine monotonicity properties of the forward, and hence
inverse kernels. It turns out that it is important whether there is p € 1
for which ¢(p) = 0, where c(t) is defined in (3).

Lemma 3.4. Given ty € I let

0 JK < P,r>0,
(28) po == § min {2 log(K/P),to} ,K > P, r >0,
Lo JK>P r=0.

For each s > 0 the function k(t, s) is increasing on [0, jio] and decreas-
ing on [po, T). In case that r = 0 the kernel is constant with respect
to t.

Proof. We only provide the proof in case that 0 < pg < to. Then
K > Pbut Ke™" < P. If now 0 < t < g then P — Ke ™ < 0.
Representation yields that kernel is increasing, there. If py <t <
T then P — Ke ™ > 0 and shows that the kernel is decreasing
there, since ®(d) — 1 < 0. O

Remark 3.1. The identities in the beginning of and Lemma
imply that the inverse kernel § is decreasing on [0, o] and increasing
on [po, T'], such that for any ¢y € I the corresponding mg in Case 2 must
be one of the endpoints 0 or ¢y of the interval [0, t5]. More specifically,
if K < P and r > 0 we have that m(ty) = to, while for K > P and
0 <ty < +log(K/P) we always have that m(t,) = 0.

3.2. Local analysis of the kernels. In the asymptotic analysis of
moduli of continuity emphasis is on properties in a (right) neighborhood
of zero, it is thus local. In [13] the notion of a germ of an index
function proved to be useful. Here the major tool is provided by a
different equivalence relation, which will be studied below. We shall
study functions which are inverse to index functions and we find it
convenient to denote id(s) := s, the identical mapping on R*. We recall
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the following definition, specializing the corresponding one from [3] for
the filter of right neighborhoods of zero.

Definition 2. Two index functions ¢, are called equivalent at zero,
and we write ¢ ~ v, if lim,_04 ¢(s)/9(s) = 1.

Remark 3.2. We shall also use equivalence at infinity, abbr. as ~,
which is defined for functions, say f,g > 0 in a neighborhood of oc.
Thus we write f ~ ¢ if lim, .. f(s)/g(s) = 1. Again, we refer to [3,
Chapt. V] for more details.

3.2.1. The forward kernel. To describe the asymptotics of the forward
kernel we introduce the auxiliary kernel

PKet 1 c(t)?
hi(s) = h(t,s) ==/ 2; C(t)283/2€7 55> 0, t>0.

The following asymptotics of the forward kernels k; is basic for the
following analysis. We indicate the kernels and their asymptotics in

Figure [4]

s/(2m)

1
and P

F1GURE 4. The forward kernels and their asymptotics
for ¢(t) # 0 (left) and ¢(t) = 0 (right).

Lemma 3.5. For any t € I the following asymptotics holds true.
(29) z;t(S) ~ ht(s) ) Zf C(t) ?é 07 as S — 0
Py/5  ifct) =0,

Proof. In the first case we shall provide the proof for ¢(¢) > 0, only.
The case c(t) < 0 is treated similarly. A simple manipulation of the
kernel k¢, based on u%¥ from 1} yields that

(30) ky(s) = Ke (1 — ®(d)) — P(1 — ®(d++/5)), s> 0.
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The definition of d from (4)) implies that d 4+ /s = Vd2 + 2¢, and we

arrive at

- 1 o0 o0
ki(s) = N (Ke” /d e dr— P / . e TN dT) ,
Vd“+2c

such that we let

(31) F(d) = Kert/ 6772/2 dT - P/ 6772/2 dT
d V&1

Substituting 7 := v/u? + 2c¢ in the integral on the right yields

00 2
F(d) = Ke™" / e/ (1 — 2“ ) du.
d u® + 2c

Elementary calculus proves that

2
7,“2/2 u C 7u2/2
e 1—\|———— | ~o —€ .
( u? + 2c> u?

By [3, Chapt. V,§3.3, Prop. 6] this implies that

1 2
(32) F(d) ~o Ke_”c/ —e /2 du.
d

Plainly we have that

(1 ) g) Lin e L n (1 N ;2) Loen oy
u u

ut ) u? ~u -

but the integrals with integrands on the left and right, respectively, can
explicitly be evaluated, which yields

3\ 1 —d?/2 = —u?/2 1 —d?/2

Both, the upper and lower bounds are equivalent at infinity and hence

/ ize_“z/Q du ~ %e_dQ/Q.
da u

This yields F(d) ~ Ke‘”cd%e_d2/2. Inserting this and performing
the coordinate transformation (4f), which preserves equivalence, see [3,
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Chapt. V,§ 1.3], we derive that

- Ke e §3/2 _(e=3/2)?
k‘t(s) ~ (& 2s
Vor (c—s/2)?
_KeTe 1 ape-ges-
Ver (c—s/2)?
_ Ke e y/P/(Ke™) 33/26_%_5
Vor  (c—s/2)?
PKet 2
~ ¢ ¢ 83/26_29

7

Var (= s/2)°
from which the proof of can be completed in the first case.

The proof of is simpler in the second case, since in this case P =
Ke " thus

P V's/2 a2
fs) = P (P(V5/2) ~ #(~5/2) = —— | e,

from which the proof of can easily be accomplished. 0

Remark 3.3. The asymptotics of the integral in (32)) was performed
similar to the one for 1—®(x) as x — oo in [4, Chapt. VIL,§1, Lemma 2].

3.2.2. The inverse kernel. We turn to the local analysis of the ker-

nels g;, and we introduce the index functions 7, (u) := %&Q/u).

Lemma 3.6. For each t € I the following assertions hold true.
(1) ne(u) ~ by (u) as u — 0.
(2) Consequently, the asymptotics

~ nt(u) ) Zf C(t) 7é Oa
(33) 9ulu) ~ {27r (u/P)* , ife(t) =0,
1s valid as u — 0.

Proof. We first establish . In view of Corollary it is enough to

show n; o hy ~ id, or equivalently lim,_.q @ = 1. Indeed, we have

mhuls) ¢
S 7TC2€C§
c? 1

2 slog <¢%) +< — 2slog(s)
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Observing that

2mc? 3
slog | ——| — 0 and =slog(s)— 0
g( PKG_H) 55 1og(s)

as s — 0, yields the desired result.

Assertion (2)) in case that ¢(t) # 0 will follow from assertion ([1)), once
we have proved that /;:t_ '~ h;'. To this end we first observe that the
auxiliary function 7; is the ¢(t)?/2 multiple of the function g, defined in
the appendix. Example shows that 7; has property , as defined
in the appendix. Consequently, by assertion the kernel h; ' also
has property as this property is compatible with the equivalence
relation ~. Now, Lemma together with Corollary m gives /5{ LN
h;'. The remaining case is trivial. U

4. ASYMPTOTICS OF THE FORWARD AND INVERSE PROBLEMS

Here we shall establish the asymptotics of the moduli of continuity
for the forward and inverse operators N and N !, respectively. Since
the shift does not depend on s the corresponding moduli of continuity
are not affected, see Remark [2.3]

4.1. Modulus of continuity of the forward problem. We first
emphasize the validity of Assumption . The function ¢ +— Spax(?)
equals infinity, here.

Lemma 4.1. Let so(t) be the non-negative root of p.(s) = 0, with
function p. from , hence the root is given by . Given t € I the

kernel k(t, s) is convex on [0, so(t)) and concave on [so(t), 00).

This shows that the situation of Case 1 is met when sy(t) > 0, ¢ € I.
To this end we require that the option is not at the money.

Assumption 2. There is a constant ¢,,;, > 0 such that

|e()] =

Lemma 4.2. Under Assumptz'on@ there is Spin > 0 such that so(t) >
Smin > 0, tel.

Proof. Under Assumption [2| we find from that

> Cmin >0 tel.

1
0g Ke—rt

80<t>22( 1+672nzn_1> IZSmin>0, tE[,

which completes the proof. O
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In order to apply Proposition we need to bound the Lipschitz
constants 0k/0s. We start with some technical result.

Lemma 4.3. Let p.(s) be from and let s > 0, ¢ € R be related
by pe(s) = 0. Then

(34) lim Vol

=0 (¢ + 5/2)*

Proof. From p,(s) = 0 we immediately see that 0 < s < |¢[*>. But, for
each 0 < ¢ <1, and if |¢|* <  then

e’ =s+8%/4=s(1+5/4) < (1+¢)s.

In our proof we distinguish two cases. For ¢ > 0 we conclude that

2
Lo C s e

AT (ViITas+s/2)

as ¢, and hence s — 0. If ¢ < 0 then we rewrite the relation as
(c+ s/2)(c — s/2) = s which yields that (s/2 — |¢])(s/2 + |c]) = —s.
Thus we obtain the identity

VSl Vsl VBl (s/2+ [
(c+s/2°  (s/2— |el)? s

— 1,

Form this we derive that

3/2
9 2 2
Vsl slel (s/2+ el Z<|c|> 1 ase—o

(c+5/2)° = s

S

Finally we obtain

Vsl VBl 2 1e)” g aelel (el /24 lel)”
(c+5/2)° s } f |

as €, hence ¢ tend to zero. O
Lemma 4.4. For each € > 0 there is § > 0 such that

%(t, so(t)) < (1+¢) if |e(t)] < o.

.
ev/2m [e(t)]
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Proof. The partial derivative of k(t, s) with respect to s is given in (22)
We rewrite the right hand side as

o ()

- o (2 (C(t)j;ﬂf S

The function P¢(z)z?/2, x > 0, is uniformly bounded by P/(ev/2r).
The functions sy(¢) and c(t) are related by (25)), thus holds, and we
use Lemma[4.3]to bound the last factor and to complete the proof. [

Lemma 4.5. Under Assumption |9 there is L < oo such that (@)
holds.

Proof. By definition of so(t) the function k; is concave on [so(t), 00),
and Remark [2.4] applies together with the bound from Lemma[£.4 O

This immediately yields the following result for the forward operator.
Theorem 4.1. Under Assumption@ the forward operator N from (@
1s Lipschitz continuous, hence there is L < oo for which

w(N,D(N),d) < Lo.
Specifically, for each € > 0 there is n > 0 such that

)
——, provided that 0 < ¢pin < 1.
e 271' Cmin

w(N,D(N),d) < (1+¢)

Remark 4.1. The above result reproves previous results from [5l, § 4.4.2]
with emphasis on the quantity c¢,,;,.

There is a local variant which allows to describe the modulus of
continuity of the forward operator if the option is not at the money.

Theorem 4.2. Suppose that P # K. For each ST € D (N) there are
0o > 0 and L < oo such that

w(N,ST,0) < Ls, 0<68<.

Proof. We first check that (10]) is fulfilled for some interval ¢ € [0, ¢o].
If P> K then Assumption fulfilled ¢ := T and ¢, := log(P/K),
and Theorem applies immediately. If P < K then there is 0 <
to < T for which ¢(t) < ¢(ty) < 0, t € [0,%y]. Then we may apply
Lemma [4.5/to obtain a uniform bound for the derivatives 2% (¢, so(t) for
0 <t <tyg. Weneed to check , and use representation to bound
the derivatives. The density ¢ is uniformly bounded by 1/v/27, and for
any so > 0 and s > 5o the quotient 1/4/s is bounded from above, which



MODULUS OF CONTINUITY 21

shows that is valid. Thus, the assumptions of Proposition are
fulfilled and the proof follows from this. O

In the specific (practically irrelevant) case that P = K and r = 0
we have that ¢(t) = 0 for all t € I and thus so(t) = 0. In this case
the kernel l;:(t, s) does not depend on ¢, and is concave. We are thus in
Case 2 and apply Proposition [2.3

Theorem 4.3. Suppose that P = K and r = 0. For each ¢ > 0 there
is 0(g) > 0 such that

P
w(N,D(N),0) < (14+¢e)—V35, 0<d<5(e).
(N,D(N),0) < (1+¢) Nors (e)
Proof. Here the kernel does not depend on ¢ and Proposition [2.3] yields
that

(36) w(N,D(N),0) < k(0,8) +2L5, &> 0.

Now we apply the local analysis and see from Lemmathat k(0,s) ~
\/%\/5 as s — 0. Plainly, we have that s = O(k(0,s)) as s — 0, such
that we apply the reasoning from § to complete the proof. O

There is one case left for which the asymptotics could not be estab-
lished. This is when P = K but r > 0.

4.2. Modulus of continuity of the inverse problem. We finally
establish bounds for the modulus of continuity for the inverse Black-
Scholes operator N~': R(N) C C(I) — C(I). By the reasoning in the
beginning of § [2| this inverse mapping is again a continuous Nemytskil
operator. The kernel g is defined on I X [0, upax(t)), Where tmay(t) is
given before . Also, as can be seen from the analysis in § the
domains of convexity and concavity interchange when switching from
the forward to the inverse problems. We first need to check that wug(t)
from is strictly positive. This holds globally on I under Assump-
tion 2L

Lemma 4.6. Under Assumption@ there is Upmin > 0 with ug(t) > Umin-

Proof. With the constant s,,;, from the proof of Lemma we can
bound

U()(t) 2 ];(tu 8min) Z min {I;'(Oa 5min)7 ];Z(T, Smln)} = Umin > 07
completing the proof. O

We next examine the value m(T") in Case 2. This is either zero or
equals T, as asserts the following
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Lemma 4.7. Let so(t) and ug(t) from . The kernel §(t,u) obeys
Assumption[ll Furthermore, the kernel g(t,w) is concave on [0, uo(t))
and convex on [ug(t), Umax(t)). The function m(ty) is given as

0 ,if P < K and Assumption[d holds,
m(to) =

37
(37) to ,if P> K.

Proof. We only verify that the function m is given as in (37). The
final assertion follows from Lemma If P < K and Assumption
holds then pg from equals tg, thus the forward kernel is increasing
(in ¢) and the inverse kernel is decreasing, and hence we obtain that
m(to) = 0. Otherwise, if P > K then py = 0, hence m(ty) = to. O

In order to apply Proposition we need to bound the deriva-
tives %(t,u) for u > ug(t). However, as u — Upqs(t), see , these
explode. Hence for the analysis of the global modulus of continuity
of the inverse problem we restrict the domain of definition of N~! by

imposing a norm bound on ||S||¢;y by 5 and consider as domain
Ds(N71) = N({S. |Sllery < 5}),

the image of the ball of radius § under N. By doing so we can use
Lemma [3.3] to obtain that

(38) %(t,u) <L forup(t) <u<a:=k(m(T),5).

Theorem 4.4. The following bounds for the modulus of continuity hold
true.

(1) If K < P then for all € > 0 there is 6(¢) > 0 such that

log?(P/K +rT)
2log(1/6)

(2) If P < K and, in addition, Assumption [§ holds then for all
e > 0 there is §(g) > 0 such that

log®(P/K)
2log(1/6)”’

Proof. As discussed above we may apply Proposition|2.5|with the values
of m(T') given in Lemma [4.7 Hence, for K < P this yields

W(NYDg(NY),8) < §(T,6) + 2L6.

Now we use the asymptotics of the inverse kernel from Lemma to
see that g(T,u) ~ h(T,u) as u — 0. The reasoning from § allows
to complete the proof in this case. Otherwise, if P < K then we can
continue in a similar manner. U

W(NTE DN, 8) < (1+¢)

0<d<d(e).

WINTLDi(NTY),8) < (1+¢) 0<d<6(e).
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For the local modulus we need the following refinement of Lemma[4.6]

Lemma 4.8. If P # K then there is 0 < t,;n < T such that Assump-
tion @ is fulfilled on Iy := [0, tyin]. Consequently, for any 0 <t <ty
it holds ug(t) > 0.

Proof. The function t +— |c(t)| is continuous, and under P # K it
holds |¢(0)| > 0 from which the first assertion follows. O

Theorem 4.5. Suppose that P # K and u! = N(ST) for some ST €
D, (N). For each € > 0 there is §(¢) such that

log”(P/K)
2log(1/6)’
Proof. We are to apply Proposition By Lemmacondition s
globally fulfilled. Condition ({14)) is fulfilled with Sy := @ by using (38)
As discussed in Remark he value m(ty) as required in Case 2
equals ty if K < P, whereas this equals zero if K > P and t;, <
Llog(K/P). Thus for any to < min {t, = [log(K/P)|} from above we
can apply Proposition to obtain that for some dy > 0 and L < oo
it holds

w(N7Lul,8) < (1+¢) 0<6<d(e).

w(N~ul,6) < glmg,8) + Ls, 0<6< 6.
Given e > 0 we first choose ty > 0 so small that ¢?(mg) < /1 + &c?(0).

Now we apply the local analysis. Using the equivalence from Lemma|3.6],
there is 0 < d; < 9y such that

w(N"Hul,6) < V1 +en(me,d), 0<d<d.
But n(myg, §) = ¢*(myg)/(21og(1/4)), and we can complete the proof. [

Again we may add the result in case that P = K and r = 0. Then
the kernel g(¢,u) is globally convex and we are in Case 1.

Theorem 4.6. If P = K and r = 0 then there is a constant L < oo
such that
W(NTY Ds(N1),8) < LS.

We could not treat the case when P = K but r > 0, but for this
case we are going to provide some lower bound, next.

4.3. Lower bounds. The asymptotics of the forward and inverse ker-
nels % and g, respectively, revealed in Lemmas and a different
behavior depending whether ¢(t) equals zero or not. As it will turn
out, for the lower bounds the situation when the kernel is concave is
relevant.

Again we restrict the domains of definition to Dy (N) and the corre-
sponding restriction of Dg(N~!) to Dy 5(N ') for the inverse N~
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Proposition 4.7. Suppose that r > 0. There are ¢ > 0 and 69 > 0
such that

NLD, (N6 >—° 5 < 6o
W( ) -‘r,S( )7 )—log(l/é)’ O< ~ 0o

Proof. For r > 0 there is 0 < ¢, € I with ¢(tg) # 0. For § > 0 we can
find wy, ug € Ny, With [lug — uslley < 0 and ui(to) = 9, us(ty) =
h(to, d) for the auxilliary kernel h from §|3.2.1] Plainly it holds that

w(N~1, Do s(N7Y),8) > g(to, 0) — g(to, h(to, 5)).
Since 0 = o(n(to,d)) we use Lemma to deduce that
9(to,0) — g(to, h(to, d)) ~ n(to, ),
and there is g > 0 such that it holds

_ c(to)?
41og(1/6)’

The proof is complete. O

1
g(to,0) — g(to, h(to,0)) > 577(?50, J) 0 <4 < do.

In particular this result shows that the bounds from Theorem
are order optimal.

The situation is more subtle for the forward operator, since in this
case the concave part is met for to with c(tg) = 0. If ¢(t) # 0 for
all t € I, i.e., if Assumption [2] is met, then this cannot happen, and
we provided the asymptotics in Theorem [£.1], which is order optimal
by Lemma [2.2] This could further be strengthened in Theorem to
the case when ¢(t) # 0 for some interval t € (0,%y]. We are left with
the case that ¢(0) = 0. This happens exactly when the option is at the
money, i.e., P = K. In view of Theorem the interesting situation
is P = K and r > 0. In this case we cannot argue as in the proof of
Proposition 4.7, However, we conjecture that it holds

w(N,D,(N),8) > (1 — s)\/%ﬁ, 0<d<6(e)

for P = K and r > 0.

5. EXTENSION AND DISCUSSION

5.1. European put options. The above analysis was carried out for
European call options. We find it interesting to note that the analysis
extends to European puts, easily. Indeed, starting from the put-call-
parity

(39) e (P K, t,s) + P =uSl(P,K,r t s)+ Ke,
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we obtain, using the decomposition P — Ke™™ = (P — Ke ™), —
(P — Ke™™)_ into its positive and negative parts, that
u%”é(P, K,r it s)— (P — Ke’”)i = uSd (P, K, r t,s) — (P — Ke’”)

= ];t(s)v

i. e., the shifted kernel from ((19). From this it is easy to derive that
all subsequent results, and the theorem hold true for the Black-Scholes
operator corresponding to a put. Actually, the representation is
the price of the European put (if ¢ > 0) given by

ue(P K, 1, t,8) = Ke "' ®(—d) — P®(~d — \/s5), s> 0.

Jr

5.2. Discussion. We analyzed the moduli of continuity for several
constellations of P, K and r, both for the forward and inverse Black-
Scholes operators. In particular the assertions from Theorem and
Theorem confirm the conjecture mentioned in § As can be
seen from the analysis, these well- or ill-conditioning effects are due to
convexity or concavity in a neighborhood of zero, as this is expressed
in Cases 1 and 2.

We stress that the lower bound from Proposition [4.7] extends to hold
for any option pricing model (with corresponding non-linear opera-
tors N and N ~1) which includes the one with time dependent volatility.
So, ill-conditioning must occur in other models, too.

APPENDIX A. LOCAL ANALYSIS OF INDEX FUNCTIONS WHICH ARE
EQUIVALENT AT ZERO

Here we collect several results for index functions and the related
equivalence relation, as introduced in Definitions [I] and [2, and which
are used in the asymptotic analysis of this paper, but which may be of
independent interest.

A.1. Initial calculus. We start with the following result, which re-
lates the equivalence relation ~ introduced in Definition [2| to some
other local relation = 0. Precisely, given two index functions ¢, 1) we
shall write ¢ = o(y) if p(s)/¢(s) — 0 as s — 0+, where we again
refer to [3, Chapt. V]. There it is seen that ¢ ~ 1 is equivalent to
v — ¢ =o0(1) as s — 0+. Moreover, if 1 = o(p) then ¢ £ ~ p. We
add the following technical and more involved result.

Lemma A.1. Suppose that ¢, is a pair of mutually inverse index
functions and that the indezx function f obeys f ~ 1. Ifid(s) = o()
then

(40) f(s) = fp(s)) ~(s), ass—0.
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Proof. We first show that f(¢(s)) = o(f). Indeed, we let ¢ = 1/3 and
find 69 > 0 such that

fle(s) o (L+e)ilp(s) _ ,id(s)

fls) = (1=e)y(s) Wb(s)

Now the proof can be completed from

f(s) = flp(s) ~ f(s) ~9(s), ass—0.

—0asdy>s— 0.

U

Finally we mention the following immediate consequence of the equiv-
alence relation: If ¢ ~ 1, then for each € > 0 there is 6 > 0 such that
o(s) < (1+e)Y(s), 0 <s <.

A.2. Coordinate transformations. In our analysis it will be impor-
tant to know, how the equivalence at zero behaves with respect to
coordinate transformations. The answer is easy for transformations
from the right.

Lemma A.2. Let s = p(u) be a coordinate transformation with an
index function o. Then @ o o~ o o holds if and only if ¢ ~ 1.

Proof. The “if” part holds in general, see [3, Chapt. V, § 1.3]. But
since along with o the inverse p~! is also an index function, this allows
to accomplish the proof. O

Remark A.1. We do not pay attention to the domains of definition,
since the equivalence is a local property. Restricting the domain of
definition to a smaller neighborhood will resolve problems. One might
instead study the equivalence as introduced above in Definition [2| for
germs of index functions rather than for index functions.

As a consequence we state
Corollary A.1. If o~ o1 ~id then o' ~p~ 1.

This follows by applying the coordinate transformation 1)~ from the
right on both sides .

Applying such transformation in the domain space, i.e., from the left,
may have different impact, and we exhibit this at the pair o;(s) := e7/*
and 0o(s) := 1/log(1/s) of mutually inverse index functions.

Ezample A.1 (Destroying equivalence). Plainly, the functions p(s) = s
and 1 (s) = s + s3/? are equivalent. However,

a1(W(s)) _ ie-1yv
o1(p(s))
hence g1 0 ¢ % p1 0.

$3/2
= es6+*?%) 00,  as s — 0,
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Erample A.2 (Enforcing equivalence). Let ¢(s) := e7'/* and v(s) :=
s®e~1/s for some real constant . Then
Y(s) o 0, a>0,
= S —
(s) 00, a<0,
such that ¢ ~ 9 if and only if a = 0. However, for coordinate trans-
formation p, from above, we have that
02(p(s)) _ —alogs+1/s
02(¥(s)) 1/s
showing that oy 0 ¢ ~ g9 01 even for a # 0.

Since o' = g, we infer from Corollary that ™! ~ gy = 71,
regardless of the value of «.

, ass—0,

=1—aslogs —1, ass—0,

Therefore we restrict the class of coordinate transformations for
which equivalence will be preserved.

Property (R). For each 0 < e < 1 there are 0 < <1 and 0 < 59 <

a/2 such that

o((1 +9)s)
o(s)

First, it is easily seen that this property is compatible with the equiv-

alence relation, i.e., if o ~ ¢’ and p has this property, then this holds
also true for o'.

Lemma A.3. If p ~ 4, and if o0 has Pmperty then pow ~ pop.

Proof. Using Property , given € > 0 we can find § > 0 and sg such
that holds. We let § := §/(1 + 9). Using the equivalence of ¢ and
1 at zero there is 0 < 59 < s¢ for which

(41) <l+4e 0<s<sy.

1 < #s) s .
42 ——=1-0< <140<1+6 < 5p.
In particular it holds ¢(s) < (1 + 0)¢(s) for 0 < s < 5, and prop-

erty implies that
0lpls) _ oL +80s) _ |,
o(¥(s)) o(¥(s))

in this case. Taking reciprocals in and interchanging the roles of

¢ and 1 we also infer that o(¢(s))/o(¥(s)) > 1/(1+ ¢), provided that
0 < s < 59, which allows to complete the proof. O

Corollary A.2. Suppose that ¢ ~ 1. If the inverse function ¢! has
Property[(R) then o= ~ ¢7L.
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Proof. By Lemma we conclude that ¢! o) ~ o1 op ~ id, and
Corollary applies. O

We return to the pair g;, 0o of mutually inverse index functions from
above.

Example A.3. The index function p; cannot have property , as

shows Example
In contrast, the index function gs has Property [(R)} Indeed, we may
let § = 1/2, because then

o((1+0)s) log(1/s) —1 as s — 0.

o(s)  log(1/(1+0))+log(1/s)

Thus for each 0 < ¢ < 1 there is sy > 0 such that (41]) is satisfied for

s < sg. In particular, for the functions from Example we see that

0o(p(s)  log(1/(@+2%2)  log(1/x) + log(1/(1 + 22))
02(¥(s)) log(1/x) log(1/x)

as s — 0, hence equivalence at zero is preserved.

— 1,
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