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Abstract. We introduce and analyze projection schemes for solv-
ing ill-posed linear operator equations in Hilbert space. Control
parameters are shown to yield convergence. Emphasis is on their
approximation theoretic content. For smoothness given in terms
of general source conditions we establish convergence rates, shown
to be optimal in some cases. The study is accomplished with a
discussion on condition numbers.

1. Introduction

We shall study the approximate solution of linear ill-posed opera-
tor equations in Hilbert space, that is, we are given a linear operator
equation

(1) yδ = Ax† + δξ

where the operator A maps from some Hilbert space X injectively into
some Hilbert space Y . As usual in regularization we assume that in-
stead of exact data y = Ax† ∈ Y we are given perturbed data yδ ∈ Y ,
and the goal is to reconstruct the unknown solution x† from these data
by projection methods. Within the present context we assume that
the noise is bounded and deterministic, hence ‖ξ‖ ≤ 1, and δ is the
(known) noise level.

There is vast literature on the stable recovery of x† from noisy
data yδ, we mention only the monograph [3]. The mathematical anal-
ysis of projection schemes started by Natterer in [19]. The authors
in [22] also give a detailed account on projection methods. Several
quantities similar to the ones occurring here are used in their analysis.
However, their approximation theoretic meaning is left unclear.
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Here we consider two-sided discretization in the form QnAPm, for
projections Qn and Pm in Y and X, respectively. The approximate so-
lution is then obtained from a (best approximate) solution to a related
system of linear equations. The problem of convergence of projection
schemes can be formulated as follows:

(i) Can we assign the discretization levels m = m(δ) and n = n(δ)
in such a way, that the corresponding approximate solutions
converge to the true underlying solution as δ → 0?

(ii) Can we guarantee convergence rates if the true solution x† has
certain smoothness properties? Which properties of the chosen
discretization are responsible?

(iii) How do the condition numbers of the related systems of linear
equations depend on the noise level δ?

We shall give answers to these questions for ill-posed problems in
Hilbert spaces, driven by a compact operator A. This restriction al-
lows us to control the convergence behavior of the projection schemes
by some parameters, the behavior of which is known in many cases,
see § 3. Moreover, in § 4 we analyze the convergence of projection
schemes when smoothness is given in terms of general source con-
ditions, a subject which became attractive recently, see [14, 15, 18].
For power type source conditions and one-sided discretization we refer
to [8]. Here we establish both, an a priori parameter choice which
provides order optimal regularization for certain smoothness classes,
and an a posteriori parameter choice. We conclude our study with
an analysis of the condition numbers of the linear systems related to
the projection schemes in § 5. This analysis complements initial study
from [4]. We establish the order of the condition numbers in terms of
the noise level δ.

2. Regularization by projection

We first recall some results from approximation theory of compact
operators in Hilbert spaces. Our notation follows [20, Chapt. 11]. If
A : X → Y , acting between Hilbert spaces X and Y is compact and in-
jective then it admits as (monotonic) Schmidt-representation (singular
value decomposition), say

(2) Ax =
∞∑

j=1

sj〈x, vj〉uj, x ∈ X,

for some orthonormal systems {vi}∞i=1 ⊂ X and {uj}∞j=1 ⊂ X and
a non-increasing sequence s1 ≥ s2 ≥ · · · > 0, converging to zero,
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of singular values of the non-negative self-adjoint mapping (A∗A)1/2.
These singular values coincide with the approximation numbers, i.e.,

(3) sj = aj(A) := inf {‖A− L‖, rank(L) < j} , j = 1, 2, . . .

In Hilbert space these approximation numbers coincide with the Gelfand-
and Kolmogorov numbers, it thus holds true that

sj = aj(A) = inf {‖A(I − L)‖, rank(L) < j}
= inf {‖(I − L′)A‖, rank(L′) < j} ,

where the inf is taken over all orthogonal projections L and L′ in X
and Y , respectively. In particular we observe that s1 = ‖A‖.

Projection methods are obtained from specific discretization, and we
assume that instead of yδ ∈ Y we are given a finite collection

(4) yδ
j = 〈Ax†, ϕj〉+ δ〈ξ, ϕj〉, j = 1, . . . , n,

associated to some system {ϕ1, . . . , ϕn} ⊂ Y . We shall denote the cor-
responding projections onto the space Yn := span(ϕ1, . . . , ϕn) ⊂ Y by
Qn. We may rewrite the above equation (4) as Qny

δ = QnAx
† + δQnξ.

In addition to this discretization from the left we may furthermore want
the reconstructed solution to be represented through some (finite) sys-
tem {ψ1, . . . , ψm} ⊂ X, and we associate the projection Pm related to
the corresponding subspace Xm := span(ψ1, . . . , ψm) ⊂ X. We shall
call the chosen systems designs, as these reflect the way the data are
obtained and the form the approximate solution is sought for. We also
assume without further mentioning, that dim(Xm) = m and that the
spaces Xm and Yn are nested.

Remark 1. Of special importance are designs which correspond to the
singular system in (2), i.e., when ψi := vi, i = 1, 2, . . . and/or ϕj :=
uj, j = 1, 2, . . . . Projection schemes with such designs result in specific
spectral cut-off, a fact which will not be discussed here.

Having chosen, both the projections Qn and Pm we obtain the ap-
proximate solution as (the minimal norm) solution, say xδ

m,n to the
algebraic system corresponding to the equation

(5) Qny
δ = QnAPmx

δ
m,n.

Using the Moore-Penrose inverse of the mapping Bm,n := QnAPm,
see [3, Chapt. 2.1] for details, and we are thus led to the following

Definition 1. Given orthogonal projections Qn in Y and Pm in X we
call the Moore-Penrose inverse B+

m,n a corresponding projection method.
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The approximate solution to (1) obtained from B+
m,n is

(6) xδ
m,n := B+

m,ny
δ (= B+

m,nQny
δ).

The determination of xδ
m,n from the data Qny

δ as in (5) leads to
solving a system of linear equations. We recall from [3, Prop. 2.3] that
B+

m,nBm,n = Pker⊥(Bm,n). Since ker⊥(Bm,n) ⊂ Xm, it will be important
to understand when there is equality. This problem was also considered
in [22] and we state

Lemma 1. System (5) has a unique solution if and only if Xm =
ker⊥(Bm,n).

Proof. It is always true that ker⊥(Bm,n) ⊂ Xm. Otherwise suppose that

there is x ∈ Xm with a decomposition x = x0+x1 with x0 ∈ ker⊥(Bm,n)
and 0 6= x1 ∈ ker(Bm,n). Thus Bm,nx1 = 0, and unique solvability is
violated. �

Therefore we shall assume that this is the case, at least for n = n(m)
large enough.

Property (S) (Unique solvability). There are m0 ∈ N and a mapping
n := n(m), m = m0,m0 + 1, . . . such that X⊥

m = ker(Bm,n), m ≥ m0.

Remark 2. Under Property (S) Bm,n|Xm is invertible and its Moore-

Penrose inverse equals its inverse B+
m,n = (Bm,n|Xm)−1.

Moreover, it is well known that the projection method B+
m,n equals

the corresponding one related to the Gauss-symmetrized version of (5),
i.e.,

B∗
m,nQny

δ = B∗
m,nBm,nx

δ
m,n,

precisely we have B+
m,n = (B∗

m,nBm,n)+B∗
m,n. From this representation

it is also clear that B+
m,ny

δ = B+
m,nQny

δ, i.e., the projection method
uses exactly the given data from (4).

We mention that the projection method as introduced above corre-
sponds to the mapping Qh, as used in [19], whereas the mappings Ph

from there correspond to Pm within the present context of Hilbert
spaces. Unique solvability was also assumed in [19].

Within the present context we shall study convergence properties of
projection methods, and this requires us to consider families of projec-
tion methods, introduced next.

Definition 2. A non-increasing mapping δ 7→ (m(δ), n(δ)) , 0 < δ ≤ δ0
is called parameter choice.
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Definition 3. Suppose that we are given designs {ϕj, j ∈ N} ⊂ Y and
{ψi, i ∈ N} ⊂ X with corresponding projections Qn and Pm. Each pa-

rameter choice we assign the family
{
B+

m(δ),n(δ)

}
of projection methods.

This is called projection scheme. If the designs have Property (S), then
we agree to say that the projection scheme has property (S).

3. Controlling the error

At any instance x† ∈ X the error of a projection method B+
m,n with

approximate solution xδ
m,n is given by ‖x† − xδ

m,n‖. We are interested
in conditions that yield convergent projection schemes, as δ → 0.

Definition 4 (convergence). Let δ 7→ (m(δ), n(δ)) , 0 < δ ≤ δ0 be a pa-

rameter choice. The corresponding projection scheme
{
B+

m(δ),n(δ)

}
δ>0

is called convergent if ‖x† − xδ
m(δ),n(δ)‖ → 0 as δ → 0.

Of particular interest are projection schemes which are convergent
uniformly on classes M of input, where we define the uniform error of
any method B+

m,n as

(7) e(B+
m,n,M, δ) := sup

x†∈M

sup
‖yδ−Ax†‖≤δ

‖x† −B+
m,ny

δ‖.

There is a trivial error decomposition using the triangle inequality as

(8) ‖x† − xδ
m,n‖ ≤ ‖x† −B+

m,nAx
†‖ + ‖B+

m,nAx
† −B+

m,ny
δ‖,

into the noise-free and pure noise components. In usual regularization
theory the analysis of the noise-free component is related to the notion
of a regularization, and we adopt this to the present context.

Definition 5 (regularization). If for each x† ∈ X there are m0 ∈ N
and a mapping n = n(m), m ≥ m0 such that ‖x† − B+

m,n(m)Ax
†‖ → 0

as m→∞, then the family B+
m,n(m) is said to be a regularization.

Remark 3. The analysis of the noise-free term is of particular interest,
and recently, see e.g. [7, 5] this was called profile function. In the
present context we would obtain (having chosen n = n(m)) that any
decreasing function f(m), m ∈ N with

(9) ‖x† −B+
m,n(m)Ax

†‖ ≤ f(m), m ∈ N

is a profile function for (x†, B+
m,n(m)).
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3.1. Quasi-optimality and robustness. With the error decompo-
sition (8) the following definitions of quasi-optimality and robustness
are natural, as they allow to bound the first and second components,
respectively. This has first been recognized in [19].

Definition 6 (Quasi-optimality). A projection scheme
{
B+

m(δ),n(δ)

}
is

called quasi-optimal if

(1) For each x† ∈ X it holds true that Pmx
† → x† as m→∞, and

(2) there is DQ <∞ for which

(10) ‖B+
m(δ),n(δ)A‖ ≤ DQ, for all 0 < δ ≤ δ0.

The following is immediate.

Proposition 1. Any quasi-optimal projection scheme with Property (S)
constitutes a regularization. Precisely it holds

(11) ‖x† −B+
m(δ),n(δ)Ax

†‖ ≤ (1 +DQ)‖x† − Pm(δ)x
†‖, x† ∈ X,

if n = n(m) is chosen accordingly.

Proof. Under Property (S), and with n = n(m) as there, we have
B+

m,nBm,n = Pm, m ≥ m0. Thus we can bound

‖x† −B+
m,nAx

†‖ ≤ ‖x† −B+
m,nAPmx

†‖ + ‖B+
m,nAx

† −B+
m,nAPmx

†‖
(12)

= ‖x† −B+
m,nQnAPmx

†‖ + ‖B+
m,nA(x† − Pmx

†)‖
≤ (1 +DQ)‖x† − Pmx

†‖,
which tends to zero as m→∞. �

In particular this result asserts that for quasi-optimal schemes the
residual for noise-free data tends to zero as m → ∞, hence such are
regularizing. In classical regularization theory this property is strength-
ened to the concept of qualification, which describes the way how reg-
ularizing schemes react on underlying smoothness assumptions. This
subject will be discussed in § 4.2, later.

The next concept is used to bound the pure noise component in (8).

Definition 7 (Robustness). A projection scheme
{
B+

m(δ),n(δ)

}
is called ro-

bust if there is a constant DR <∞ such that

(13) ‖B+
m,n : Y → X‖ ≤ DRσm, m ∈ N,

where σm is defined as

(14) σm := sup

{
‖Pmz‖
‖APmz‖

, Pmz 6= 0

}
.
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Remark 4. Notice that by definition the mapping m 7→ σm is non-
decreasing.

Furthermore, it is well known (see [19]) that under Property (S)
necessarily σm ≤ ‖B+

m,n‖, such that DR ≥ 1 in this case.

Robustness allows for an estimate similar to (11).

Proposition 2. For a robust projection scheme the noise-free term can
be bounded as

‖x† −B+
m,nAx

†‖ ≤ (1 +DRσm‖A(I − Pm)‖) ‖x† − Pmx
†‖.

Proof. The estimate follows the one from (12), but uses robustness for
the second summand and the fact that

‖A(x† − Pmx
†)‖ ≤ ‖A(I − Pm)‖‖x† − Pmx

†‖.
�

We arrive at the basic implication of these properties.

Theorem 1. Given x† ∈ X, we assign

(15) m(δ) := sup

{
m ≥ 1,

d(x†, Xm)

σm

≥ δ

}
.

Assume furthermore that Property (S) holds true and n(δ) = n(m(δ)) is

chosen accordingly. If the corresponding projection scheme
{
B+

m(δ),n(δ)

}
is quasi-optimal and robust, then it is convergent.

Proof. Under Property (S), quasi-optimality and robustness, and using
the bound (11), the error estimate (8) specifies to

(16) ‖x† − xδ
m,n(m)‖ ≤ (1 +DQ)‖x† − Pmx

†‖ + δDRσm.

Now we distinct two cases. First, if there is M <∞ such that m(δ) <
M as δ → 0, then d(x†, Xm) = 0 for m ≥ M and we have ‖x† −
xδ

M,n(M)‖ ≤ DRσMδ, which tends to zero as δ → 0.

Otherwise, m(δ) → ∞ as δ → 0, and we can continue from (16) to
deduce

‖x† − xδ
m(δ),n(m(δ))‖ ≤ (1 +DQ +DR)‖x† − Pm(δ)x

†‖.
The right hand side converges to zero as δ → 0, by quasi-optimality. �

The above Theorem 1 is actually non-constructive, since x† is not
known. However, it implies that quasi-optimal and robust schemes
admit a convergent parameter choice. One goal of the present study
is to establish such choice, a priori – based entirely on smoothness
properties of x† – or a posteriori – based on the noise level δ and the
data Qny

δ.
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3.2. Control parameters. The following parameters %m and ηn, re-
lated to the chosen design systems are crucial. We let

%m := ‖A(I − Pm)‖, m ∈ N and(17)

ηn := ‖(I −Qn)A‖, n ∈ N.(18)

These control parameters are indeed important in understanding the
convergence behavior of projection schemes as this is established below.
Recall the definition of σm from (14).

Proposition 3. Suppose that there are a constant 0 < τ < 1 and
a mapping n := n(m), m ≥ m0 for which ηn(m)σm ≤ τ . Then the
following estimate holds true for m ≥ m0:

(19) ‖APmz‖ ≤
1

1− τ
‖Qn(m)APmz‖, z ∈ X.

Proof. If m ≥ m0 and APmz 6= 0 then we estimate

‖APmz‖ ≤ ‖(I −Qn(m))APmz‖ + ‖Qn(m)APmz‖
≤ ηn(m)‖Pmz‖ + ‖Qn(m)APmz‖
≤ ηn(m) · σm‖APmz‖ + ‖Qn(m)APmz‖(20)

≤ τ‖APmz‖ + ‖Qn(m)APmz‖
This implies (1− τ) ‖APmz‖ ≤ ‖Qn(m)APmz‖, hence (19). �

Theorem 2. If
{
B+

m(δ),n(δ)

}
is a projection scheme which obeys the

assumptions of Proposition 3, then

(1) Property (S) is satisfied,
(2) the scheme is robust (with DR = 1/(1− τ)).
(3) Suppose that there is a constant C < ∞ for which %mσm ≤

C, m ∈ N. If the projections Pm converge point-wise as m →
∞, then the projection scheme is quasi-optimal (with DQ =
1 +DRC).

(4) If we assign m = m(δ) according to (15), and n = n(m(δ))
according to Property (S), then the projection scheme is con-
vergent.

Proof. Since A is injective we deduce from (19) that Bm,n(m)z = 0 yields
Pmz = 0, hence ker(Bm,n(m)) ⊂ X⊥

m, which in turn implies the validity
of Property (S) by this mapping n = n(m).

Next, by definition of σm we have that ‖Pmz‖ ≤ σm‖APmz‖, Pmz 6=
0, thus (with n := n(m)) estimate (19) yields

(21) ‖Pmz‖ ≤
σm

1− τ
‖Bm,nz‖.



REGULARIZATION BY PROJECTION IN VARIABLE HILBERT SCALES 9

Under Property (S) we have B+
m,nBm,n = Pm. Furthermore Bm,n de-

composes Y into Y = R(Bm,n) ⊕R⊥(Bm,n). If y = y1 + y2 according
to this decomposition, then B+

m,ny = B+
m,ny1 = B+

m,nBm,nz for some
z ∈ X, and we deduce

‖B+
m,ny‖ = ‖B+

m,nBm,nz‖ = ‖Pmz‖ ≤
σm

1− τ
‖Bm,nz‖ ≤

σm

1− τ
‖y‖,

because ‖Bm,nz‖ ≤ ‖y‖, which proves robustness.
To establish quasi-optimality we use the robustness and find

‖B+
m,nA‖ ≤ ‖B+

m,nQnAPm‖ + ‖B+
m,nQnA(I − Pm)‖

≤ 1 + ‖B+
m,n‖‖Qn‖‖A(I − Pm)‖ ≤ 1 +DRσm%m

= 1 +DRC,

which in conjunction with the other assumptions establishes quasi-
optimality, and in the light of Theorem 1 also convergence. �

Remark 5. As seen from the beginning of the proof, the assumption of
injectivity for A can be relaxed to ker(A)∩Xm = {0} , m ≥ m0. Such
assumption is met in [22].

3.3. Bernstein- and Jackson-type inequalities. In the previous
subsection we indicated the importance of the control parameters %m

and ηn from (17) and (18) for convergence properties of projection
schemes. Now we shall establish natural sufficient conditions on these
quantities in order to guarantee the applicability of Theorem 2. Such
conditions are usually met in discussions on projection schemes, see
e.g. [8, 13]. For instance, one of the crucial assumptions, see e.g., [19,
Eq. (3.1)], used to establish quasi-optimality and robustness is as fol-
lows: There is a constant C such that for all x one can find xm ∈ Xm

for which

‖x− xm‖ + σm‖A(x− xm)‖ ≤ C‖x‖,
with σm from (14). In Hilbert space, by letting xm := Pmx this reduces
to

‖(I − Pm)x‖ + σm‖A(I − Pm)x‖ ≤ C‖x‖,
which further reduces to

(22) σm%m ≤ C, m ∈ N,

an assumption which was also made in Theorem 2 (3).
Here we highlight some approximation theoretic content of such re-

quirements. A more detailed discussion of such requirements in the
context of variable Hilbert scales is given in [12], and with slighlty dif-
ferent notation in [6]. We start with Jackson-type estimates, as these
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are natural requirements on the approximation power of the underlying
design.

Assumption A.1. There is a constant CP such that

%m ≤ CP inf {‖A(I − Lm)‖, Lm with rank(Lm) ≤ m} = CP sm+1,

where the infimum is taken with respect to orthogonal projections Lm

in the space X.

Remark 6. From the discussion in § 2 we know that the infimum on the
right hand side above is exactly the (m + 1)st approximation number
of the operator A. Thus Assumption A.1 asserts, that the design for
the reconstruction space must be capable to achieve the best possible
order of accuracy. This is known to hold for many systems, as specific
finite elements and splines, we refer to [1] and the discussion in [19,
§ 4].

Notice that such strong assumption is not required for the data de-
sign and the corresponding control parameter ηn. All what will be
required is ηn → 0 as n → ∞, which is certainly a minimal require-
ment.

The other assumption is less obvious. It reflects smoothness proper-
ties of the design, which is hidden in its present formulation, see [13] for
a discussion of Bernstein- and Jackson-type inequalities for projection
schemes.

Assumption A.2 (Bernstein inequality). There is a constant CB <∞
for which

(23) ‖Pmz‖ ≤
CB

sm

‖APmz‖, z ∈ X.

Remark 7. We stress, that necessarily ‖APmz‖/sm ≤ ‖Pmz‖, which
was discussed in [12]. In particular 1/sm ≤ σm, m ∈ N.

The following result asserts that this is fulfilled by projections onto
the singular system of A.

Lemma 2. If the design {vi}i∈N corresponds to the singular system of
the operator A as in (2), then A.2 is fulfilled with CB = 1.

Proof. For z ∈ X we can bound

‖Pmz‖2 =
m∑

i=1

|〈z, vi〉|2 =
m∑

i=1

1

s2
i

s2
i |〈z, vi〉|2 ≤

1

s2
m

‖APmz‖2,

which gives (23) with CB = 1. �

The following obvious consequence for σm from (14) is important.
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Proposition 4. If the projections Pm obey A.2, then σm ≤ CB/sm.

In terms of the constants from A.1 and A.2 we can indeed guarantee
the validity of the assumptions made in Theorem 2.

Proposition 5. Under assumptions A.1 and A.2 the bound (22) holds
true for C := CBCP .

If n = n(m) is chosen such that

(24) ηn(m) ≤
1

2CBCP

%m

then

(25) ηn(m)σm ≤ 1

2
.

Proof. First, using Proposition 4, we estimate

%mσm ≤ CP sm+1 ·
CB

sm

= CBCP .

Furthermore, if n(m) is chosen as indicated in (24) then by (22) (with
C := CBCP ) we obtain that

ηn(m)σm ≤ 1

2CBCP

%mσm ≤ 1

2
,

which completes the proof. �

We explicitly mention the following converse result to a bound like (22),
under the following restriction to the decay of the singular values of A.

Assumption A.3 (Decay of singular values). There is a constant 0 <
γ < 1 such that sm+1/sm ≥ γ, m ∈ N.

Remark 8. Plainly, this assumption is fulfilled for singular values decay-
ing polynomially. But this holds also true for singular values decaying
exponentially fast, as e.g. sm = exp(−κm) (with γ := e−κ), whereas
super-exponentially decaying singular values are not covered by this
approach.

Proposition 6. Suppose that the singular values of A obey Assump-
tion A.3. If (22) holds true for some constant C < ∞ then both the
Assumptions A.1 and A.2 must be satisfied.

Proof. Suppose that (22) is fulfilled but Ass. A.1 is violated, hence
along a sub-sequence we have %mk

/smk+1 → ∞ as k → ∞. Then, in
the light of Remark 7 we derive that

γ ≤ smk+1

smk

≤ σmk
smk+1 = %mk

σmk

smk+1

%mk

≤ C
smk+1

%mk

→ 0,
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which is a contradiction. In the case of the violation of A.2 the proof
is similar and we omit it. �

3.4. One-sided discretization. Many authors restrict the issue of
discretization to one side, either from the right or from the left, which
are commonly referred to as least-squares and dual least-squares so-
lutions, see [19] or the more recent monograph [9]. In these cases
we turn from the original equation (1) to either yδ = APmx

† + δξ or
Qny

δ = QnAx
†+δQnξ, respectively. Notice, that least-squares regular-

ization is only possible, of we may choose the design of the data space.
We stress, that such one-sided discretization is not obtained from the
two-sided one by letting Q = I or P = I! Instead these correspond to
projections Qm := PR(APm) and Pn = PR(A∗Qn).

Below we shall briefly discuss, how the previous assumptions A.1
and A.2, imposed on the design spaces may be fulfilled in these cases.

Least squares discretization. In this case we have a one-sided discretiza-
tion from the right, i.e., Bm = APm, hence Qm := PR(Bm). It is well
known, that in this case robustness holds true automatically, since

sup
y∈Ym

‖B⊥
my‖
‖y‖

= sup
x∈Xm

‖B⊥
mBmx‖
‖Bmx‖

= sup
x∈Xm

‖x‖
‖Bmx‖

= sup
x∈Xm

‖x‖
‖Ax‖

= σm,

thus CR = 1. Quasi-optimality follows as in the proof of Theorem 2 (3)
and from Proposition 5 under Assumptions A.1 and A.2.

Dual least squares discretization. In this case we let Bn := QnA. Again,
it is well known that quasi-optimality holds automatically, since

B⊥
nA = B⊥

nQnA = Pn.

Robustness for the dual least squares discretization is more subtle. To
have the Bernstein-type inequality from A.2 we may argue, see e.g. [8,
p. 1528], as follows

inf
z

‖APmz‖
‖Pmz‖

= inf
v

‖AA∗Qnv‖
‖A∗Qnv‖

≥ inf
v

〈AA∗Qnv,Qnv〉
‖A∗Qnv‖‖Qnv‖

= inf
v

‖A∗Qnv‖2

‖A∗Qnv‖‖Qnv‖

= inf
v

‖A∗Qnv‖
‖Qnv‖

.

Thus, if the data spaces Yn obey a Bernstein-type inequality with re-
spect to the operator A∗, then the Assumption A.2 is also satisfied.

Finally, since (I − Pn)A∗Qn = 0, we see that

%n = ‖A(I − Pn)‖ = ‖(I − Pn)A∗‖ = ‖(I − Pn)A∗(I −Qn)‖ ≤ ηn.
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This means, that a Jackson-type inequality, but for the design Yn with
respect to the operator A∗ implies the one for Xn and A as in A.1. Thus
we may require that there is CQ for which ηn ≤ CQsn+1, n = 1, 2, . . . .
Overall, for the dual least squares discretization, both the assumptions
of Bernstein and Jackson-type inequalities, but for the design spaces
Yn and with respect to the operator A∗, imply the corresponding as-
sumptions for the spaces Xn and the operator A. Such assumptions
were actually made in [8, Ass. 2&3], and hence the present analysis
extends this to two-sided discretization.

4. Convergence rates

If we want to obtain convergence rates uniformly for classes M of
instances, see (7) for the error definition, then some form of smoothness
will help. Here we restrict ourselves to smoothness given in terms of
general source conditions as follows, we refer to [15, 14, 2], and to [5]
for a more general point of view.

4.1. Smoothness in terms of general source conditions. We call
a non-negative continuous increasing function ϕ : [0, ‖A∗A‖] → [0,∞)
which obeys ϕ(0) = 0, an index function, see [5]. Below we shall
denote the operator H := A∗A for simplicity. To such functions we
assign (using spectral calculus) sets

(26) Hϕ := {x ∈ X, x = ϕ(H)v, ‖v‖ ≤ 1} .

Remark 9. If x† ∈ Hϕ then we we say that smoothness of x† is given
in terms of a general source condition.

In previous studies where general source conditions were used, the
sets Hϕ(R) := RHϕ were taken, with constant 0 < R < ∞. But this
is only a matter of scaling, since Hϕ(R) = HϕR

, for the scaled index
function ϕR := Rϕ.

These sets Hϕ are centrally symmetric and convex, they can thus
be considered as unit balls of some Hilbert space, which we denote by
XH

ϕ . Notice that XH
ϕ ⊂ X, and that this embedding is compact, since

the operator A is assumed to be compact, see [5, § 2]. Therefore we
may think of sets Hϕ as smoothness classes (relative to the operator
A). The spaces XH

ϕ belong to variable Hilbert scales related to the
operator H. Here we shall not need much of the calculus known for
such scales, we refer to [5, 17] for details. The crucial observation is

Proposition 7. Let x† ∈ Hϕ for an index function ϕ. If the designs
obey assumptions A.1 and A.2, and n = n(m) is chosen as indicated
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in Proposition 5, then

(27) ‖x† −B+
m,n(m)Ax

†‖ ≤ (1 + 2CBCP )‖I − Pm : XH
ϕ → X‖.

Proof. As indicated in the proof of Proposition 2, under the assump-
tions made we have for each x† ∈ X that

(28) ‖x† −B+
m,nAx

†‖ ≤ (1 +DRσm%m)‖x† − Pmx
†‖.

Under the specifications DR = 2, %mσm ≤ C = CBCP made in Propo-
sition 5, the proof can be completed for x† ∈ Hϕ. �

4.2. Qualification of projection methods. In usual regularization
theory the capability of a regularization to take smoothness into ac-
count leads to the notion of a qualification, we refer to [5] for a recent
discussion, where in particular it was shown in [5, Sect. 5] that qualifi-
cation yields bounds for the noise-free term. For one-sided projection
schemes a discussion on this subject can be found in [6, § 5.1].

Within the present context, for quasi-optimal projection schemes this
capability is reduced to properties of the projections Pm, m = m0, . . . ,
and corresponding spaces Xm, as can be seen from (11).

Definition 8. Let ψ be an index function. The projections Pm, m =
m0, . . . onto spaces Xm of dimension m have qualification ψ if there is
a constant γ for which

(29) ‖(I − Pm)ψ(A∗A)‖ ≤ γψ(s2
m+1), m = m0,m0 + 1, . . . .

Remark 10. The best possible bound in (29) is for γ = 1, see Equa-
tion (3) and the following discussion, applied to the operator ψ(A∗A)
in § 2, and this is provided by the spectral projection. Therefore, spec-
tral projections have arbitrary qualification.

In the light of the above definition we may rephrase the Jackson-
type inequality from Assumption A.1. This asserts that we assume
that the projections have qualification “one half”, or precisely that the
function ψ(t) =

√
t is a qualification.

Within previous studies on projection schemes, starting from [19, § 4]
such assumptions were made. In particular, the bound from Eq (4.3)
ibid. asserts that the approximation schemes under consideration have
qualification ψ(t) = ts.

Remark 11. It is interesting to notice that for one-sided discretization
from the left, i.e., when Pn = PR(A∗Qn), then the validity of a Jackson-
type inequality for the operator A∗ yields a qualification one, which
means with function ψ(t) = t. This was shown and exploited in [6,
Lem. 5].
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One important question is how a known qualification allows to de-
duce properties with respect to other smoothness. Here this question
is related to interpolation.

Proposition 8. Suppose that the projections Pm, m = m0, . . . have
qualification ψ. If ϕ is an index function such that the function

t 7→ ϕ2
((
ψ2

)−1
(t)

)
, 0 ≤ t ≤ ‖A∗A‖,

is defined on [0, ‖A∗A‖] and concave there, then the projections have
qualification ϕ.

Proof. This is a straight forward application of [14, Append. A, Cor. 2]
for T := I − Pm : X → X and parameter θ := 1, which yields that

ϕ−1

(
‖(I − Pm)ϕ(A∗A)‖

‖I − Pm‖

)
≤ ψ−1

(
‖(I − Pm)ψ(A∗A)‖

‖I − Pm‖

)
.

Since ‖I − Pm‖ = 1 this rewrites, using the qualification ψ, as

‖(I − Pm)ϕ(A∗A)‖ ≤ ϕ
(
ψ−1 (‖(I − Pm)ψ(A∗A)‖)

)
≤ ϕ

(
ψ−1

(
γψ(s2

m+1)
))
≤ γϕ

(
ψ−1

(
ψ(s2

m+1)
))

= γϕ(s2
m+1),

where we used the concavity to move γ to the front. �

We accompany this result with the case that the smoothness ϕ is
“larger than” the qualification ψ, i.e., when ϕ(t) ≤ Cψ(t) for some
finite constant C. In this case we have at least the bound

‖(I − Pm)ϕ(A∗A)‖ = ‖(I − Pm)ψ(A∗A)

(
ϕ

ψ

)
(A∗A)‖ ≤ Cγψ(s2

m+1).

The subsequent error analysis easily extends to projections of higher
qualification, however we present them for the minimal case covered
by Assumption A.1, i.e., when qualification is assumed for ψ(t) =

√
t.

Then we need to distinguish two cases for the sequence of projec-
tions Pm, m = m0, . . . .

Case 1: The index function ϕ has a concave square, or
Case 2: there is Cϕ <∞ with ϕ(t) ≤ Cϕ

√
t.

The above discussion allows to summarize norm bounds for the projec-
tions in both cases.

Proposition 9. Let ϕ be an index function. Then

(30) ‖I − Pm : XH
ϕ → X‖ ≤ CP

{
ϕ(s2

m+1), in Case 1,

Cϕsm+1, in Case 2 .
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4.3. A priori error bounds. We will provide error estimates valid
uniformly for x† ∈ Hϕ, and start with the following lower bound
from [15, Cor. 1]. As usual, given the index function ϕ we assign
the related index function

(31) Θ(t) :=
√
tϕ(t), 0 ≤ t ≤ ‖A∗A‖.

The following result in Theorem 3 holds in more general form (see [15,
Thm. 1]), however we shall state it under Assumption A.3.

Theorem 3. Suppose that x† ∈ Hϕ and that the function

t −→ ϕ2((Θ2)−1(t)), 0 < t ≤ Θ(‖A∗A‖),
is concave. If the operator A obeys A.3, then there is cγ > 0 such that

for any projection scheme
{
B+

m(δ),n(δ)

}
we have

(32) e(B+
m(δ),n(δ), Hϕ, δ) ≥ cγϕ(Θ−1(δ)), 0 < δ ≤ Θ(‖A∗A‖).

We shall use the following bound for the pure noise term, which is
an immediate consequence of Propositions 4 and 5.

Proposition 10. If the assumptions A.1 and A.2 are valid, and if we
choose n = n(m) according to (24) then

(33) ‖B+
m,n‖ ≤ 2CB/sm.

Now we are able to state and prove the main error estimate for
projection schemes.

Theorem 4. Let x† ∈ Hϕ for an index function ϕ. Assume that the
designs obey assumptions A.1 and A.2. Let

(34) m∗ = m∗(δ) :=

{
sup {m, Θ(s2

m) ≥ δ} , in Case 1,

sup {m, s2
m ≥ δ} , in Case 2,

and n∗ = n(m∗) according to (24). Then

Case 1: e(B+
m∗,n∗ , Hϕ, δ) ≤ 2(1 + 2CBCP )CPϕ(s2

m∗),
Case 2: e(B+

m∗,n∗ , Hϕ, δ) ≤ 2(1 + 2CBCP )CP cϕsm∗ .

Proof. From Proposition 10 we obtain that

δ‖B+
m,n‖ ≤ 2CBδ/sm ≤ 2CBCP δ/sm,

and we derive from Proposition 7 that

‖x† − xδ
m∗,n∗‖ ≤ (1 + 2CBCP )‖I − Pm∗ : XH

ϕ → X‖ + 2CBCP δ/sm∗

≤ (1 + 2CBCP ))

(
‖I − Pm∗ : XH

ϕ → X‖ +
δ

sm∗

)
.
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The norm bounds in Proposition 9 yield the desired estimates in both
cases. �

The above error bounds may be given the usual form.

Corollary 1. Under the assumptions of Theorem 4 and with the choices
of m∗ and n∗ as there, the following error bounds hold true.

Case 1: e(B+
m∗,n∗ , Hϕ, δ) ≤ 2(1 + 2CBCP )CPϕ(Θ−1(δ)).

Case 2: e(B+
m∗,n∗ , Hϕ, δ) ≤ 2(1 + 2CBCP )CPCϕ

√
δ.

Proof. If m∗ is chosen from (34), then Θ(s2
m∗+1) ≤ δ. Moreover, the

choice from (15) yields

δ

sm∗

≤ δ√
Θ−1(δ)

= ϕ(Θ−1(δ))

Thus, in Case 1 we continue

‖x† − xδ
m∗,n∗‖ ≤ (1 + 2CBCP )CP

(
ϕ(s2

m∗+1) + δ/sm∗

)
≤ (1 + 2CBCP )CP 2ϕ(Θ−1(δ)).

The proof in Case 2 is similar. �

Remark 12. It is worth-while to notice that in Case 1 we obtain the
optimal order of reconstruction, see Theorem 3. Moreover, in the above
analysis, based on Proposition 9, there occurs a saturation in the ob-
tained rates, at a level

√
δ. This effect is due to the assumed limited

qualification and we refer to the discussion in § 4.2. Under higher quali-
fication this saturation will occur later, and for spectral projections the
optimal rates are obtained for arbitrary smoothness.

4.4. A posteriori parameter choice. Often the smoothness of the
true solution is not known, and the parameter choice of m∗ and n∗,
respectively, must be determined from the available noise level δ and
the dataQny

δ. Several such parameter choice strategies are known, and
we mention the recent references which deal with smoothness in terms
of general source conditions, [14, 16] for using the discrepancy principle
under discretization, and [10, 11] for the Lepskĭı balancing principle.
For the discrepancy principle, but in a more restrictive setup, we also
mention [8, 22]. Here we restrict ourselves to the Lepskĭı principle, since
it is easily explained and since its use is standard, nowadays. For this
principle to work we need a valid bound of the noise term which does
not contain any smoothness assumption. Such bound was provided in
Proposition 10, if we choose n = n(m) appropriately.
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Thus, to start with, we choose the finest discretization level M such
that sM � 1/δ. Given q > 1 we let k := blogq Mc+ 1. In our approach
we restrict discretization to the levels from

∆k :=
{
mj = bqk−jc, j = 1, . . . , k

}
.

For mj ∈ ∆k we assign nj := n(mj) according to (24). We stress
that this choice does not depend on smoothness properties of x†. It
depends only on properties of the design spaces. Finally we determine
the approximate solutions by xj := B+

mj ,nj
Qnj

yδ, j = 1, . . . , k. As can

be seen from (28) the following error bound holds true for mj ∈ ∆k.

‖x† − xδ
mj ,nj

‖ ≤ 1

2

(
2(1 + 2CBCP )‖(I − Pmj

)x†‖ + 4CBδ/smj

)
In accordance with [10] we assign the non-increasing function Ψ(j) :=
4CB/smj

, j = 1, 2, . . . , k. In terms of the notion and notation from [10]
the functions

Φ(j) := 2(1 + 2CBCP )‖(I − Pm)x†‖, j = 1, . . . , k

are admissible under Assumption A.2, and if only the technical assump-
tion %M ≤ 1/(ϕ(a)CP ) is fulfilled by our choice of M . This guarantees
that Φ(1) ≤ Ψ(1). Thus if we determine the Lepskĭı index m̄ as

(35) m̄ := max {m, ‖xl − xm‖ ≤ 2Ψ(l), l < m} ,

then, under Assumptions A.1, A.2, and the additional decay restric-
tion A.3, we have

‖x† − xm̄‖ ≤
12

γ
(1 + 2CBCP )CP

{
ϕ(Θ−1(δ)), in Case 1

Cϕ

√
δ, in Case 2.

This reproduces the error bounds from Corollary 1 up to a factor 6/γ.

5. Bounding the condition number

The solution to equation (5) is stable, as it is finite dimensional.
However, if m and n increase the conditioning of the resulting sys-
tem will be worse. The conditioning of projection methods has been
discussed in some papers, and we mention [4, 21].

Stability as analyzed here is concerned with the conditioning of the

mapping B+
m,n. If

{
B+

m(δ),n(δ)

}
is robust and has property (S), then, if

n = n(m) is chosen accordingly, we have observed in Remark 4, that

(36) σm ≤ ‖B+
m,n(m)‖ ≤ DRσm.
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and its dependence in m is important. Thus, in this case, we are
interested in the behavior of the condition numbers

(37) κm := ‖B+
m,n(m)‖‖Bm,n(m)‖, m ≥ m0.

The goal is to establish its relation to the singular values of the operator
A governing the equation (1). If the designs correspond to the singular
system of the operator A, then we may let n(m) = m and obtain

(38) κm =
s1

sm

.

This is best possible in the following sense.

Theorem 5. Suppose that the projection scheme
{
B+

m(δ),n(δ)

}
obeys

assumptions A.1 and A.2. Let n = n(m) be chosen to satisfy Prop-
erty (S). The following bounds hold true.

(39) 1 ≤ lim inf
m→∞

κm
sm

s1

≤ lim sup
m→∞

κm
sm

s1

≤ CBDR.

Proof. We first observe that∣∣‖A‖2 − ‖Bm,n‖2
∣∣ =

∣∣‖A∗A‖ − ‖B∗
m,nBm,n‖

∣∣ ≤ ‖A∗A−B∗
m,nBm,n‖.

A simple estimate (see [14, Prop. 1]) yields

‖A∗A−B∗
m,nBm,n‖ ≤ 2‖A∗A‖%m + η2

n,

Furthermore, by Remark 7 and the bounds from (36) we derive

1

sm

≤ σm ≤ ‖B+
m,n‖ ≤ DRσm ≤ CBDR

1

sm

,

from which the proof can be completed, since %m as well as ηn tend to
zero as m→∞. �

Of course, in practice one wants to recover the unknown solution
at the optimal rate with a projection scheme having a small condition
number, depending on the noise level δ.

Corollary 2. Let A obey A.3. Under the assumptions of Theorem 4,
if m∗ is chosen according to (34) then

(40) κδ
∗ := κm∗(δ) � 1

{
ϕ(Θ−1(δ))

δ
, in Case 1

1/
√
δ, in Case 2,

as δ → 0.

1The symbol f(t) � g(t) means, that there are constants 0 < c < C < ∞ for
which c ≤ f(t)/g(t) ≤ C as t → 0.
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Proof. By the choice of m∗ according to (34) we have under Assump-
tion A.3 that Θ(s2

m∗) � δ. By Theorem 5 also κm∗ � 1/sm∗ , hence, in
Case 1, we obtain

κm∗ �
1√

Θ−1(δ)
=
ϕ(Θ−1(δ))

δ
,

where the latter equality is easily checked. Case 2 is treated similarly,
and the proof is omitted. �

Remark 13. This result establishes how the conditioning of the projec-
tion scheme depends on the underlying smoothness. For smoothness
as treated here, the condition numbers increase at least as 1/

√
δ, but

one may always achieve at most 1/δ.

Acknowledment

The author wants to thank an unknown referee for initiating a dis-
cussion on qualification of projection methods. This led to the consid-
erations in § 4.2, and may be viewed as a first attempt to tackle this
problem.

References

[1] Robert A. Adams. Sobolev spaces. Academic Press [A subsidiary of Harcourt
Brace Jovanovich, Publishers], New York-London, 1975. Pure and Applied
Mathematics, Vol. 65.

[2] Albrecht Böttcher, Bernd Hofmann, Ulrich Tautenhahn, and Masahiro Ya-
mamoto. Convergence rates for Tikhonov regularization from different kinds
of smoothness conditions. Appl. Anal., 85(5):555–578, 2006.

[3] Heinz W. Engl, Martin Hanke, and Andreas Neubauer. Regularization of in-
verse problems, volume 375 of Mathematics and its Applications. Kluwer Aca-
demic Publishers Group, Dordrecht, 1996.

[4] B. Hofmann and G. Fleischer. Stability rates for linear ill-posed problems with
compact and non-compact operators. Z. Anal. Anwendungen, 18(2):267–286,
1999.
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[16] Peter Mathé and Sergei V. Pereverzev. The discretized discrepancy principle
under general source conditions. J. Complexity, 22(3):371–381, 2006.
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