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1. Introduction

consider 0 DESIPDEs of form : li = Ve (ult ))
,
UCO) = u:(*)

E > o small parameter which typically describes a microscopic
length scale , e.g . periodic microstructure , thin layers , singular
perturbation ,

numerical approximation (E -- H)
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Let t to melt) denote the solution of C*) ②

Gealain : Find effective model / equation
lift) = Vefflultl) ,

U lo ) = noo
s

.

t
. any suitable limit t to u* CH of ace is solution

Often : e to VCE
,
u) = Velu ) is singular in e -- o

p¥abolicPDEwthapdyahgNffientsI

c. (E) n'Hix) -- 2x ( ACE)2×uHxD - b CIE) ulta) in cordI. " Isi: I:÷::c .

.ie:c::i÷÷÷
Find effective cystantsaeff.be#,ceff

"

-



Sefton : H) has a (generalized) gradient structure?
i. e.

,
there exists ( X

, Ee ,
Re) where

• X is state space ( reflexive Banach space)

• Ee:X→ Res -- Ru { is} driving functional (free energy)
• Re :Xxx→ [Ocs] dissipation potential
( i - e . . Rtu ,

. ) is convex
,
Lse

, proper , Delhi
O) - o )

←
(convex subdifferential)

rielt) = Velu CH) ⇒ 2. Rindt) , lilt)) + DeductHao
--
viscous forces potential

restoring forces
If Jhelum) -- Effluvia) then

2. Retain ) = Edu ) in =-D Edu ) ⇒ ti = - du) - it DE.lu)
Force balance Rate equation



Example : X = Hf ( 0,1) ④

Edu) = Si a"taut tb (E) u
' dx

Rodin) -- S
.

" c' iidx

⇒ DRdi ) -- c CE ) ie = 2x lake)2×u) - blk) u = - Decadal

Ctu:(1) Has l**) generalized gradient structure , (X. Ee Req) ?
(2) Find conditions on Re and Ee that guarantee that limits of u.
are solutions of effective system ?

(3) In which sense are Leff and Reff limits of E , and Re ?
(4) Is there

"

interaction
"

between Ee and Re in the limit ?

Crucial point : Work with functionals .

Variational methods !
( connection to large deviation principles - Michiel 's talk)



2
.

Erol . T- convergence of gradient systems ( as) ⑤
- - - e

Def . level. T- convergence of as ) we write (X , Ee ,Re) IX. Ee Reff)-

-
-
-

iff
. me :[o.TT → X of U* :[QT] → X sol

. of (KE Ref)
is Sol

. for (X. Ee , Re) Wo) =u :
⇒

• u : -> u ;
,

a melt) → U*H)

E. lui )→ Eefflu : ) . Edu, → Ee#
lu*Hy¥E%J

Firsts : Rewrite 2. Refa .ci ) + DEela ) 20 ( Force balance eqn . )
in a more suitable form using

Legendre transform gives dual dissipation potential
- -

-

-
-
-

Rih:xxx # → too
, RT cu , S) = gap { ( 5. v) - Relay)}

derail variable (force) e X
't

rate
, velocity c X



Legendre - Fenichel equivalences ⑥
-T

C )
(LF) Esea Icv) o

'#
ve 2g ( Es) KID -152453=-15 ,r>
-
-
-

eqn .
in X

't

eqn .

in X each .

in R ! ! !

Using CLF)# we get CFB) ⇐ lie 2
,
Ritu ;

-DEdu)) = Vela)
-

with KF) III) we obtain rate equation CRE)

(FB) ⇒ ( RE) ⇒ Radu .ci/tRElu.-DEeluD---lDEdu)ii)
-

power balance
'
"

7
"

always true( PB)

Integrate (PB) over time teto.TT

fj{Retain ) +Rich ,
- Dedul)} At = - Ji- ( Deeks.ci/dtCanw#ed-atEdu ) ?



We assume additionally that a chain rule holds
,
e. g . ⑦

• u e w
'
'Plo

,Tix ) , Es E LP
*

(O ,TiX*) with pz 1 and

§ Ct) E JE
e

(u H1) a. e
.

in [Oil]
T

some notion of
(sub) differential , e.g .

Treichel subdifferential

⇒ . t t> Edu IH) is abs
.

continuous ( time derivative int)
• date , tutti) = ( Edt) , lilt)) a. e

.

in [Oct]
.

see e.g ,

e Brea 's
, Opera tears maximum monotone

. .
.

,
1973

Lemma 3.3 (Hilbert space ,
convex E )

. Rossi -Savant
,
Gfs of non - convex functionals ,

2006 )

o Mielke - Rossi -Savant
,
Non smooth Analysis of doubly
nonlinear evolution . eqh . , 2093 ,



"

%h"¥""%t¥"""^%k"#£%"""""⑧Assume Ee satisfies a chain rule on X
,
then chew

"" (Eat] , X)Iso::c:::': 's:*:c: :c 's : in.n*⇐ea
-

energgatt.tt#paedeneggyinihaenergg.
Proof : Only show (EDE) =3 ( P B)

definition at RE

Io ( D Educ ) , lie > dt
'

I Ji Rin . .ci .) + RE la . .

- Declue )) dt
EDE

£ Etudes) - Eelualt)) Ii:(Deena) , a' a) at

⇒ all inequalities are e qualities
,
(PB) holds a. e

. p



Naive idea : Use T- convergence of E.
and Reto ⑨

pass
to the limit in CEDE) ,

CEDI)
,

2. 1 Brief overview over static T -
convergence- -p

handbook PDF

Books by Andrea Braids E- convergence for beginners , 2002

Gianni Dal Maso ! Introduction to T-
convergence , 1993

Je :X→ Ros
,
X reflexive Banach space

Definition : I; ? if

.e±÷,

" a%h"in&
cars) Hua -su. } : Letha) ? Lola .)

"

asymptotic lower bound ?
. .

Eaa I :O.EE?you.:gh:as:rTdaak- Joked
7.that can be attained

"

we write : Je M→ Jo (Mosco convergence) iff Calw ) t Carls) hold
.



Fundamental theorem of T- convergence ④

Assume Je Is Jo t equi compactness of Joe(selection of converging susseq . )
the"

min Je → min Jo and argmin Jae -> argmin To

Properties : Assume ZCCX (compactly ) ④roof inp.opl.hize.LK no]
H J > o F R > 0 He >o ,

we X
, Jala)EJ =3 HullZER

⇒ Je Jo inZ is equivalent to Jet>J@ ill
.

2.) Continuity of Legendre transform w
.
v. t

.

T- convergence

Je :X → toes] convex , Lsc .

,
and Jaco) =O ,

then

Jet Joint ⇐ Jin Ji in X*
.



Example : X = H ! Coit) ④

E. (a) = I! a{# 12×4
'
t b (Kc ) u

' dx

⇒ Ee t Eo = U 1-2 f! ah 12×41
"

t baithudx

Ee Is Eo = u to f ! a- 12×42 tbanthadx

where a harm
= ( & atjdy )

- it

,
a anim

= I ! aly) dy

Similarly , for Y =L
'

(oil)

Rat R . = V to f! lvtdx

Re → Io ' v to J ! cazthlvldx
Moreover , Ee -9 E . in Y , Rely Io Ix inX



Which gradient system gives effective equation ?
a) (X , Eo ,

Ro ) weak tweak

b) ( X
,
E.

,
Ro ) strong I weaken

a ) (X ,
Eo

,

E ) weakttlsong
d ( X

, E. E ) stogttlsong

a) Charmin = ainarmrdxxu -- barithh ?

b) Charm is = aan' th J u - barith u ?

c) Cari thin = a harm
2 h

.

-- banithu ?
I

d) car ith 'i = a. a. rith 2-In = barith U

.



2.LA#firs7resut ③

Aim : Pass to the in ⇐ DE)
E. luck)) + J :{ Rdueici , ) + RICK .

- Deduct)}dt

fThm:i=Ee(Modified Sandier & Serfaly result 2004) Balanta
( i) X

, Y reflexive Banach spaces with XCCY

Cii) neo → u : in Y and Edu : ) → Edu: ) c -/ :"
.

e. e- e. in and

nations /
F C - o

, p
> 1

,
V-E > 0

,
VEY I Hv 114 - C E Relv)E Cillvlic:



( v) F C > O tf e > 0
,
we X : Edu) 7%11 all× - Q ④ /{ crises -Aek te - o : u

'T?! Io
"

I.
"
'

ya .is:
e,

-

Then.wehaveCX.Ee.RS#ICXcEoiR
(sketch of ) Proof : (see Li ero - Reichelt , 2018 for details )
1

.

A priori bounds
Homogenization of Caba - Hilliard eqn .

-
-

:

well - preparedness Cii ) and Civ) give uniform bounds

Hire Hepcat
, y)

E C and H D Educ ) NLP '

co ,tiy*)
EC

Cu ) yields Huckle ( o . Ti X)
E C

'

'

gingsubequenas ( not relabeled )
u
,
- ate in W"Plo . Ti Y)

, Ese
= - DE elles) - }* in U'lo ,TiY*)



ere
€ U* Le COMIX) ⑤

Arzela' - Ascoli improves convergence s
.

t
. Melt) - aft) in X ftetat]

( and hence ult)→ a* HI in Y)

3.P-assingtotkh.mil#inCEDP)
=

Educt)) t f! Relies ) t Riles . ) DE = Edu: )
- - -

-

III (II ) III V

ad III : Mosco convergence in Y gives live.no/EaelualTD7Edu*HD
ad III) : Version of Ioffe 's Lsc result for Yle ,

3) = f!R :( 5) dt
• integrand is seq

, weakly Lsc ( see Mielke- Rossi -Sauce and

• convex in 3⇒ liming! g.) dtzf!Roth 's.)dt



ad CI) Ioffe 's theorem is not applicable since ④
ire - in

,
in W' 'Plot : Y ) and Det> Ro in Y

but
,
we have halt) → u

*
Ct) in Y V-te-LO.TT

.

µ
V

Reichelt 's trick : Use time - discretization : t . = KT ,
k=o

.
.
.

. Ie

with Jensen 's inequality C Re convex ) we get

J?Reline) dtz TREE Tiedt) = x. ( uol.ua#tzueCt.l)
-

piecewise affine U
#
( tic

.cz
) - halt.)

Thus we have interpolant in Y
-

limits .
"

Rahi . )dtz j.R.la#)dt
"

Pass to the limit for T -so using that KI - U* in Y' "
'

Conti 'D
.Ioffe)



We arrive at ⑦
E. Cutt)) tf ! Robin ) c- Rot ( 5*1 dt E E. ( u :)

Remains to show that §* = - DE
.

lualt) ) f. a. a .

to Eat]
\

4
.

Identification of limit 5*
-

we use strong - weak closedness of DE ,
he → u in Y and Declue)=:3 ,

- ↳ in4*7
⇒ 3

*
= Decola)

FITE.hu?i..Y.%9am9:.:q;aandA-conuewz
static definition , for time -dependent version

use Banach-space
- valued Young measures y



Original version of Sandier - Safety doesn't ⑧
assume strong - weak closure of DE , nor

M
Mosco convergence R

[
→ Do in Y

Instead

Ci) ve
- v in Y ⇒ lien;gf Reeve) 7 Rohr )

Cii ) Ue → u in Y ⇒ liminf Raff-Deduct) 255hL-pedal)
E-20

⇒ more general (our conditions yield ( i) & Cii)
but not vice versa )

two separate liminfs .



Example : ID homogenization ④

Edu)= J ! EEE ) Izatt uzdx

Radu ) -- Si wihdx x cc y
k v

we have Eat E
.

in H:(0.1) ⇒ Eat> e. int

( Eo given via a harm
,
ban . th

)

Re Do in L
'

( Io given via cain)

E
,
is uniformly A. - convex ( take D= If "e )

⇒ effective PDE canthi = ahem Liu - baath h
.



2. 3 A note on well - preparedness Example by ④
-

-- Luc Tartar ,
1585190

Initial conditions : U : → u : in Y & Edu:) → Edu ? )
-
-

Note : h = Velu) may have different gradient structures

( X. Ea
.
Re ) and ( X

, Ee ,
Ee)

Well-preparedness may lead to different effective equations in the limit
.

in -- Vo Ca) and i = To Ca)

with Vo # To

Example : ciltix) = - ACE ) utter ) ,
ulex) - week)

+ c- Coil) solution : nectar) = u :(x) exp f- a #It)
ODE in each recoil)



Two gradient systems : X -- L2 (R) ④

④ Edu) - Ef!§¥)uK5dx
'

i.
⑤ Edu) -11%2 dx

Rew) = I vidx

'

; Idu)
-

- If.la#zjv2dx
j !

I = - a harm U
'

,

I = - Aanith U

whichisthenighl.com?T
For neither gradient system ,

we have

evolutionary T - convergence !



Two other gradient structures on the space of nonnegative④

Radon measures X = Mzo ( toil])

② Edu> = Jola under
,
Idun) -- J!II,dx

⇒ DI .lu .ci ) = = - ACK) =-D Edu)

⑤ Edu ) -- S! udx
.

Idun) -- SfaY¥dx
⇒ DIRT Cari ) = a÷⇒z = - fat,

=-DEdu)



Effective ④

⑥ E. Luk fol Aminu ax
,

E. luv ) - f! ⇒
dx

⑤ Ecu ) -- S.eu?...uWdx ,
E. luv ) - sole:÷÷⇒dx

Thin : we have evol
.

T- convergence

( X. Ea .ec) IX. E. it . )

(X. Ee , E ) IX.E. E )
.

Well-prepared initial conditions decide which effective
equation is the right one .


