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Motivation: a non-spatial coagulation model @

The MARCUS-LUSHNIKOV model is a non-spatial (i.e., a mean-field) coagulation model
[MARCUS 1968], [GILLESPIE 1972], [LUSHNIKOV 1978]:
Continuous-time Markov process of vectors of particle masses at time ¢t € [O, 00):

n(t)

MM () > M) > MYV (1) > > MG > 1, > MY (1) = N.
=1

We start with M (0) = 1 for any i.

Coagulation mechanism:
Particles with masses m and m coagulate after an exponential random time with parameter
Kn(m,m) (the coagulation kernel) independently of all the other particles.
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Motivation: a non-spatial coagulation model

The MARCUS-LUSHNIKOV model is a non-spatial (i.e., a mean-field) coagulation model
[MARCUS 1968], [GILLESPIE 1972], [LUSHNIKOV 1978]:
Continuous-time Markov process of vectors of particle masses at time ¢t € [O, 00):

n(t)

MM () > M) > MYV (1) > > MG > 1, > MY (1) = N.
=1

We start with M (0) = 1 for any i.

Coagulation mechanism:
Particles with masses m and m coagulate after an exponential random time with parameter
Kn(m,m) (the coagulation kernel) independently of all the other particles.

Our main question:

Is there a gelation phase transition at some fixed time ¢ € (0, 00) in the limit N — 00?

That is, is there a (deterministic) time after which a gel emerges, i.e., a particle with size
M (t) < N?
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The multiplicative coalescent

Here, we make the special choice of the multiplicative kernel:

Kn(m,m) = %

Advantage:

The model is now a function of a time-dependent version of the well-known ERDOS-RENYI
random graph model. Indeed, the vector (M’ (t)):b:(tl) is in distribution equal to the collection
of sizes of all the connected components of the graph G(N, 1 — eft/N).

Explanation:

Equip each unordered pair {i, 7} of different numbers in {1, ..., N'} independently with an
exponentially distributed random time e;,; with expected value V. After the elapsure of e; ;,
there is a bond created between 7 and j. Then, at time ¢, for each pair, the probability to have a
bond between them is equal to 1 — e t/N,

Imagine the component containing 4 (with size m) and the one containing j (with size m) have
been turned into a new component (with size m + m). Then the new component inherits all
the active mm exponential random times of the two earlier components.
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Our purpose

From now, we stick to the sparse Erdés—Rényi graph on [N] = {1,..., N}.

Goal 1: Explicit joint large-deviation principle for the statistics of all the component sizes k&,
distinguished into microscopic (k =< 1), mesoscopic (1 < k < N) and the macroscopic
(k =< N) sizes. Explicit identification of the gelation phase transition as a consequence.

Goal 2: The same for a "spatial” version, the inhomogeneous Erdés-Rényi graph.

Earlier works on LDPs for sparse random graphs:
B [O’CONNELL 1998]: LDP for size of larges component and number of isolated points

B [ENGEL, MONASSON, HARTMANN 2004]: LDP for free energy of a tilted version with
weights on the number of components, connections with Potts model.

B [BORDENAVE, CAPUTO 2015]: LDP for the microscopic connected subgraphs

B [PUHALSKII 2005]: LDP for the number of components, number of macroscopic
components, number of excess edges in them. (Proof ansatz and rate function very
different from ours).
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Micro and macro

Fix ¢ > 0 and consider the standard Erdés—Rényi graph G (N, ) with components of sizes
SN > 8N > > 8 >,

Microscopic and macroscopic empirical measures of the particle sizes:

(N) (N)
N Z 6S(N) and Ma Z 1 1 S(N)

i=1
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Micro and macro xkz;u;h,é“ é

Fix ¢ > 0 and consider the standard Erd6s—Rényi graph G (N. ) with components of sizes
SN > 8 > > 5N > 1
Microscopic and macroscopic empirical measures of the particle sizes:

(N) (N)
=N Z 5S(N) and Ma Z 0, S(N)

i=1
Then Mi‘" is a random member of the set N = N (1), where
N(e) = {)\ € [0,00)": Z kA = c} (coordinatewise top.).
keN
Ma™ is a random element of My, = My, (1), where
My, (¢) = {a € Mhn, ((0,1]): za(dr) = c} (vague top.).
(0,1]

and My, ((0, 1]) is the set of all measures on (0, 1] with values in No.

Note that the total masses
A= Z kX and  co = / z a(dz)
keN (0,1]
are discontinuous functions of A resp. .
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Our basic LDP X@

LDP for the micro- and macroscopic parts

As N — oo, the pair (Mi‘™), Ma ™) satisfies an LDP with rate function

hai(At) + Iva(ast) + (1 —ex — ca)<% — logt), if cx + ca < 1,

I\ a;t) =
[e79) otherwise,
where
e Kt t
ha(\t) = kz:l)\k logekk_2 —|—c>\(1+§ —logt),
L x t
Iva(a;t) = /0 [m log T t= + gx(l — x):| a(dz).
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Gelation phase transition

P

Microscopic total mass phase transition

1. Fort € (0, 1), the minimum of micro-part of the rate function is attained precisely at

ER—2 ok yk—1 —ctk
k! ’

and the minimum of the micro total mass is attained precisely at ¢ = 1. Therefore the

infimum of the joint rate function I(-, -; ) is attained at (A, o) = (A\;(1;¢), 0).

Ai(c;t) = k €N,
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Gelation phase transition

Microscopic total mass phase transition

1. Fort € (0, 1), the minimum of micro-part of the rate function is attained precisely at

ER—2 ok yk—1 —ctk
k! ’

and the minimum of the micro total mass is attained precisely at ¢ = 1. Therefore the

infimum of the joint rate function I(-, -; ) is attained at (A, o) = (A\;(1;¢), 0).

Me(et) = ke N,

2. Fort € (1, 00), the minimum of the micro total mass rate function is attained precisely at
¢ = f, for some B; € (0, %) given as the smallest positive solution to log 8: = t3; —t.
The infimum is attained precisely at (A, &) = (A*(B¢; t), (1 — B¢, 0,...)).
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Gelation phase transition

Microscopic total mass phase transition

1. Fort € (0, 1), the minimum of micro-part of the rate function is attained precisely at

ER—2 ok yk—1 —ctk
k! ’

and the minimum of the micro total mass is attained precisely at ¢ = 1. Therefore the

infimum of the joint rate function I(-, -; ) is attained at (A, o) = (A\;(1;¢), 0).

Me(et) = ke N,

2. Fort € (1, 00), the minimum of the micro total mass rate function is attained precisely at
¢ = f, for some B; € (0, %) given as the smallest positive solution to log 8: = t3; —t.
The infimum is attained precisely at (A, &) = (A*(B¢; t), (1 — B¢, 0,...)).

Hence, t. = 1 is the gelation transition time. On a linear level, we can say:

W Before time 1, all particles are finitely large, and the statistics of their sizes follow the Borel
distribution.

B After time 1, there is precisely one macroscopic particle of size ~ (1 — ;) N, and a
Borel-distributed statistics of remaining particle sizes.
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Mesoscopic part \Zx‘: "6‘ é

LDP for mesoscopic total mass

Fix t € [0,00) ande > 0 and R € N. Then the mesoscopic (e, R)-total mass,

(N) 1 (N)

i: R<MN) (1) <eN

satisfies an LDP with some rate function J(E ' whose limit for € | 0 and R — oo is equal to

Jve(e) = (1 — c)(log(l — o)t — @) % logt.

B e is strictly increasing and has a unique zero at ¢ = 0.

B We also proved that m%ﬁ,w satisfies an LDP with rate function 7. if
1< Ry < Ney < N.
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On the proof 'Zf‘g”}

Let Pk, be the probability measure for G ~ G(k, p). Put

ik (p) = Prp (G is connected),

then we have

Distribution of statistics

Forany N and any £ = (£x) € Ny satisfying >°, k¢, = N, write

An(l) = ({5 =k} = 44},

keN

then

th(1 — LR(N—k)Ly
Prp(An(0) = N tlp) (kvek?kv :
% 1k £

Proof: elementary combinatorics.
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Bounds and asymptotics for the connectivity probability 'Z’iié g

Micro and macro asymptotics [STEPANOV 1970]

|
(1—p)2 0= 2’§7kk"’;() <1, keN
In particular, if & = o(v/N), then
pe() = k" 2(F)*1, N = oo
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Smoluchowski ODEs and pathwise large deviations

Consequences for the coagulation model:

B In [SMoLUCHOWSKI 1916] a system of ODEs is introduced for the evolution of the
(microscopic) particle sizes:

=5 X AOAGOKm ) - A(0) 3 An m),

dt _ _
m,meN: m+m=k meN
where K = limny o0 NKpn, and
Am(t) = limy oo %#{particles at time ¢ of size k}.
B One can check that the minimizers A, of our variational formula satisfy them.

B Convergence of stochastic coagulation processes towards these ODEs was expected for
long time, but the first rigorous proof was given only in [LANG, NGUYEN 1980].

B In [LUusHNIKOV 1978] the formation of a gel is realized and explained.
B Pathwise large deviations appear cumbersome, but doable.

B Such LDPs have been derived by [MIELKE et. al. (2017)] for general chemical reactions,
following a Freidlin-Wentsel approach, but the rate function is rather inexplicit and not
easy to evaluate at a fixed time.
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Comparison to Bose-Einstein condensation (l)

Consider the non-interacting Bose gas in the thermodynamic limit at temperature
1/ € (0, 00) with particle density p € (0, 00). Then the partition function is given by

Zn(B,p) = > He,f\!]TZk[p(leﬁk)%]_ék-

(L) kenENY : 4 klp=N

LDP for the inhomogeneous ER-graph - UCSD Seminar, 14 October 2021 - Page 12 (22)



Comparison to Bose-Einstein condensation (l)

Consider the non-interacting Bose gas in the thermodynamic limit at temperature
1/ € (0, 00) with particle density p € (0, c0). Then the partition function is given by

N(B,p) = > H . ,kg [p(4m k) 2] 7"

(L) kenENY : 4 klp=N

The free energy per particle is then

1 Ak
= lim — =— inf T here I(\ log — 2~
f(B,p) = lim - logZn(B,p) vt (A), where gENAk og( Bk e
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Comparison to Bose-Einstein condensation (l)

Consider the non-interacting Bose gas in the thermodynamic limit at temperature
1/ € (0, 00) with particle density p € (0, c0). Then the partition function is given by

N(B,p) = > H . ,kg [p(4m k) 2] 7"

(L) kenENY : 4 klp=N
The free energy per particle is then
1 Ak
f(B,p) = lim —logZn(B,p) =— inf I(X), where I(A Ak logi.
N—oo N AEN (p) ;N (4mBk)ze

Comparison: In Lushnikov’s model, we face roughly

Jo(B=2)lk 4 =L

tNe2N Z HW

(Lr)ken: g k=N k

The two respective minimizers are
1 e—ak

1 (ctefCt)k (BEC)
272 and kA oat) = ———
t kl=F k! e (ast) p(47r/3)%

kAECL"Sh) (¢;t) =

where ¢ and « control the value of >, kA (note that BR R < k32,

LDP for the inhomogeneous ER-graph - UCSD Seminar, 14 October 2021 - Page 12 (22) A



Comparison to Bose-Einstein condensation (ll)

One difference: In the non-interacting Bose gas, the macroscopic part gives no energetic
contribution, while in the Lushnikov model it does.
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Comparison to Bose-Einstein condensation (lI)

One difference: In the non-interacting Bose gas, the macroscopic part gives no energetic
contribution, while in the Lushnikov model it does.

In the Bose gas, increasing p drives more and more particles into the finite cycles. There is a
natural threshold, the critical inverse temperature [, characterised by

@rB)ip=> k%,
keN

Only when all finite cycles are filled entirely, the first “infinite” cycle arises.

The BEC is a saturation transition.

In contrast, in the Lushnikov model, increasing ¢ makes each particle larger, until some decide
to make the jump to infinity. However, the other micro particles keep growing (recall that
Br < %)

| The gelation phase transition is an explosion transition.
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The sparse inhomogeneous Erdds-Rényi graph @

B type space: compact metric space S

B vertex distribution: probability measure p on S

B connectivity probability function: positive symmetric irreducible kernel x from S to S.
]

vertex set: [N] = {1, ..., N}. Vertex i has the type z; € S. Type vector
z=(Z1,...,ZN) e SV,

Gn = Q'([]Y},J:, +K)is the graph on [N] = {1,..., N}, having a bond {i, j } with
probability - (x4, ;) A 1, independently over all pairs (2, j) with i # j.

LDP for the inhomogeneous ER-graph - UCSD Seminar, 14 October 2021 - Page 14 (22)



The sparse inhomogeneous Erdds-Rényi graph
B type space: compact metric space S
B vertex distribution: probability measure p on S
B connectivity probability function: positive symmetric irreducible kernel x from S to S.
]

vertex set: [N] = {1, ..., N}. Vertex i has the type z; € S. Type vector
z=(Z1,...,2N) e SV,

Gn = G([N],z, + k) is the graph on [N] = {1, ..., N}, having a bond {i, j } with
probability %fc(azi, x;) A 1, independently over all pairs (z, j) with ¢ # 7.

B There is a spatial coagulation model that can be mapped onto this graph model.

B The 120-pages article [BOLLOBAS, JANSON, RIORDAN 2007] derived a sufficient and
necessary criterion for the phase transition of the existence of a giant component in G .
The main tool is a multitype branching process.

B We will prove the extension to an LDP for the statistics of the microscopic and the
macroscopic components of G, and obtain this criterion independently in a different way.
The main tool is the explicit identification of the joint distribution of the statistics of all the
connected components according to their multi-types.
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[BJRO7]’s phase transition 'Zf‘g”}
For a measure v on S, introduce the operator
Tow: P0) =+ D0), Towf(@) = [ wo0)f(0) vidy)

s

%(k,v) = ||Tmu||L2<u) = sup HTNfoHLQ(u)‘
FEL2(¥): [IfllL2(,y=1

Existence of a giant component

B If X(k, ) < 1, then the largest component of Gy has size o(IN) as N — oo with high
probability (in fact, O (log V).

and its norm

B I X(k, ) > 1, then it has size < N. More precisely, if p: S — [0, c0) denotes the
maximal solution of
p=1—e Trunr,

then the size of the largest component of G is ~ N [ p(z) p(dx).
The sizes of the microscopic clusters are characterized in terms of the distribution of the sizes

of the offspring of the multitype branching process, in which each particle of type © € S has
offspring with distribution that is a Poisson process with intensity x(z, y) u(dy).
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The connected components \Zx‘: "6‘ é

Assume that S is a finite set. Assume that iy = + Zi\]:l 0z; = pas N — oo.
We denote by (C;); the collection of the connected components of G .

Let 77 (A) be the number of type-r sitesin A C [N], and n(A) = (n-(A))res.
Fork € N§ let Min (k) := & 3, 6cy) (k). then 3=, Min (k)kr = pn (r).
Fora € (0,1]° let May (k) := >, 01y (k). then [ 11s Man (dy) yr = pn (r).

Joint distribution of the cluster types

S
Forany [ = (lk)keNg € N(()NO) satisfying >, gk, = Npun(r) foranyr € S,

P(NMiy (k) = Iy Vk) = ( I1 (N,uN(r))!)

TES

l
M H 1_@ ks(Nun (r)—kr)/2\ ‘F
Le! (1)t N

keNS r,sES

with pv (k) the connection probability for the graph G (|k|, z, = ) for any k-compatible .
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The connection probability \Zx‘: "6‘ é

Define
7(k) := Z H K (T, z5), keNj,
TET (k,2) {i,j}€E(T)
where z € S!*l'is k-compatible, and 7 (k, z) is the set of spanning trees on [|k|].

Notable extension of [STEPANOV 1970]:

Asymptotics of pn (k) as N — oo

pn(k) ~ N'Flrk),  keNS.
and

1 — K(T,S
08P (LNVy)) = Y prlog (1 —em Zeessrve) -y e (0,117,
res

The second assertion is of independent interest and is also proved for S a compact metric
space. The technical problem is that giant clusters can be connected with just one bond, whose
probabily is not seen on the exponential scale.
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The LDP Lot
Denote c;(A) = 3, cns Akkr and ¢, (o = Jio.ys a(dy) yr

The LDP

As N — oo, the pair (Min, May ) satisfies a large-deviations principle with rate function

I(As @) = Ini(A) + Inta(@) + Inte (1 = ¢(A) — e(@)),

where
ha(d) = Y Mlog—————+ > (k|- 1) < (A), kp),
kENS k) ses ks kENS
hate) = [ atan) ((nlos 7y ) + §<y,m (),
Ive(v) = <I/, log m> 4 %(V,H * 1),

B entropies <> combinatorics
B terms with % <> non-connection probabilities

B term 7 times Poisson <= reference process, conditioned on being connected
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Remarks

B We indeed prove this also for S a compact metric space. The lift from discrete S to
continuous &S is a cumbersome and technical work in the spirit of the DAWSON—GARTNER
theorem.

B We do not know about earlier work in that direction.

B One application is to i.i.d. random z1, . .., £y == quenched LDP. Annealed versions
follow easily.

B Standard consequences are contracted separate LDPs for Miy and May. (=
interesting conditional phase transition, see later)

B We abstained from formulating an LDP for the mesoscopic part.
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Discussion of minimizers

Given c = (cr)rers, the Euler-Lagrange equations for minimizers A of I subject to
c(X) =cie, Y, Akr =cpforr €S, are

thr
e=7(k) ] L k e N5.
rens
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Discussion of minimizers

Given c = (cr)rers, the Euler-Lagrange equations for minimizers A of I subject to
c(X) =cie, Y, Akr =cpforr €S, are .
trr S
e=7(k) ] o keNS.
reNg
The only candidate is ¢, (c) = ¢, e**°(") Call the solution \*(c) if it exists.
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Discussion of minimizers
Given c = (Cr)reNSr the Euler-Lagrange equations for minimizers A of Iy subject to
c(X) =cie, Y, Akr =cpforr €S, are .
trr S
)\k:T(k)HW, kENO

TGNg
The only candidate is ¢, (c) = ¢, e**°(") Call the solution \*(c) if it exists.

Existence of A" (c)

B {(c) is a solution <=> ¢ — t(¢) is invertible and the inverse map is analytic in ¢(c),

B this invertibility is true if and only if X (k, ¢) < 1.
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Discussion of minimizers
Given c = (Cr)reNSr the Euler-Lagrange equations for minimizers A of Iy subject to
c(X) =cie, Y, Akr =cpforr €S, are .
trr S
)\k:T(k)HW, kENO

TGNg
The only candidate is ¢, (c) = ¢, e**°(") Call the solution \*(c) if it exists.

Existence of A" (c)

B t(c) is a solution <=> ¢ > t(¢) is invertible and the inverse map is analytic in ¢(c),

B this invertibility is true if and only if X(x, ¢) < 1.

Minimizers of LDP rate function

B i X(k, pu) < 1,then A*(p) exists, and (A* (), 0) is the minimizer of I. No giant
component arises.

B i X(x, ) > 1, then the optimal microcluster distribution ¢* is characterised by
cr = pr B9 “and the minimizer of I is equal to (A(c*), §,,—c+ ). The latter
corresponds to a giant cluster with ~ N (1, — ;) vertices of multitype € N§ for any 7.
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Connection to the multi-type branching process \;Zan‘;h,é“ J

Recall the multitype branching process, in which each particle of type « € S has offspring with
distribution that is a Poisson process with intensity x(z, y) u(dy).

Denote by Z(dr) the entire progeneity (total offspring) of type r € S the process. Let P,
denote the probability measure when the process starts with just one particle of type 7.

Then
,u(dr)Pr(E € dk) = /\M(dk)k(dr), k € Mn, (S)7 res.

In words: the empirical statistics of the microscopic components in G in the subcritical case
approximate the distribution of the total offspring of the characteristic branching process.
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An interesting conditional phase transition of saturation type

Contraction principle = Ma satisfies an LDP with rate function

Tva(a) = ir){f I\, o) = Ina (@) + T (p — ca),
where
I i >\c if 3 ) S 17
s - {10 5,0
IMi(Ab*) =+ ]Me(c — b*) if E(K, C) > 1,
and b* = b*(c) € M(S) is the minimal solution # ¢ of the characteristic equation
Kk(c—b")(r)b*(dr) = (c—b")(dr), b" <eg,
and b is saturated in the sense that X:(k, b*) = 1.
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An interesting conditional phase transition of saturation type

Contraction principle = Ma satisfies an LDP with rate function

Tva(a) = ir){f I\, o) = Ina (@) + T (p — ca),
where
[Mi(>\c) if E(K,, C) <1,
J(c) =
[Mi(Ab*) =+ ]Me(c — b*) if E(K,, C) > 1,
and b* = b*(c) € M(S) is the minimal solution # ¢ of the characteristic equation
k(c—=b")(r)b"(dr) = (c—b")(dr), b" <g,
and b is saturated in the sense that X:(k, b*) = 1.

Hence, conditional on {Max =~ «}, we have, as N — oo,

o | Au—c, FX(K, 0 —ca) <1 == nomesoscopic part,
Vi Y22 { " (CATEEN pic p

Ap= if 5(k, 0 —ca) > 1 == mesoscopic part.
—> saturation phase transition: If the macroscopic part « is fixed, and more and more bonds

are trown in, then first the microscopic part increases until A\,« is attained, then it is frozen, and
only the mesoscopic part increases. (—> frozen percolation)

LDP for the inhomogeneous ER-graph - UCSD Seminar, 14 October 2021 - Page 22 (22)



