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Abstract: Let (Z,,)nen be a d-dimensional random walk in random scenery, i.e., Z, =
S0 Y (Sk) with (Sk)ren, a random walk in Z¢ and (Y (2)),cz¢ an iid. scenery,
independent of the walk. The walker’s steps have mean zero and some finite exponential
moments. We identify the speed and the rate of the logarithmic decay of P(%Zn > by)
for various choices of sequences (b,), in [1,00). Depending on (b,), and the upper
tails of the scenery, we identify different regimes for the speed of decay and different
variational formulas for the rate functions. In contrast to recent work [ACO03] by
A. Asselah and F. Castell, we consider sceneries unbounded to infinity. It turns out
that there are interesting connections to large deviation properties of self-intersections
of the walk, which have been studied recently by X. Chen [Ch04].

Résumé : Soit (Z,)nen une marche aléatoire en paysage aléatoire sur Z< ; il s’agit du
processus défini par Z,, = Zz;é Y (Sk), ot (Sk)ken, est une marche aléatoire a valeurs
dans Z4, et le paysage aléatoire (Y(2)),czq¢ est une famille de variables aléatoires i.i.d.
independante de la marche. On suppose que S; est centrée et admet certains moments
exponentiels finis. Nous identifions la vitesse et la fonction de taux de P(%Zn > by),
pour diverses suites (b,,), & valeurs dans [1,00[. Selon le comportement de (b,), et
de la queue de distribution du paysage aléatoire, nous découvrons différents régimes
ainsi que différentes formules variationnelles pour les fonctions de taux. Contrairement
au travail récent de A. Asselah and F. Castell [AC03], nous étudions le cas ou le
paysage aléatoire n’est pas borné. Finalement, nous observons des liens intéressants

avec certaines propriétés d’auto-intersection de la marche (Sg)ren,, récemment étudiées
par X. Chen [Ch04].

MSC 2000. 60K37, 60F10, 60J55.

Keywords and phrases. Random walk in random scenery, local time, large deviations, variational
formulas.
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1. INTRODUCTION

1.1 Model and motivation.

Let S = (Sp)nen, be a random walk on Z¢ starting at the origin. We denote by P the underlying
probability measure and by E the corresponding expectation. We assume that E[S1] = 0 and E[|S1|?] <
00. Defined on the same probability space, let Y = (Y (2)),cz¢ be an ii.d. sequence of random
variables, independent of the walk. We refer to Y as the random scenery. Then the process (Z,,)nen
defined by

n—1
- ZY(Sk), neN,
k=0

where N = {1,2,...}, is called a random walk in random scenery, sometimes also referred to as the
Kesten-Spitzer random walk in random scenery, see [KS79]. An interpretation is as follows. If a
random walker has to pay Y (z) units at any time he/she visits the site z, then Z,, is the total amount
he/she pays by time n — 1.

The random walk in random scenery has been introduced and analyzed for dimension d # 2 by
H. Kesten and F. Spitzer [KS79] and by E. Bolthausen [B89] for d = 2. The case d = 1 was treated
independently by A. N. Borodin [Bo79a], [Bo79b]. Under the assumption that Y (0) has expectation
zero and variance o2 € (0, 00), their results imply that

X n=i ifd=1,
_1 .
—Zn o ay) logln) 2 ifd=2, (1.1)
n-2 if d > 3.

More precisely, %Zn converges in distribution towards some non-degenerate random variable. The
nany

limit is Gaussian in d > 2 and a convex combination of Gaussians (but not Gaussian) in d = 1. This
can be roughly explained as follows. In terms of the so-called local times of the walk,

n—1
En(z) = Z ]I{Sk:z}’ neN, ze€ Zd, (1.2)
k=0

the random walk in random scenery may be identified as

Zn =Y Y(2)ln(2). (1.3)

2€Z4

The number of effective summands in (1.3) is equal to the range of the walk, i.e., the number of sites
visited by time n — 1. Hence, conditional on the random walk, Z,, is, for dimension d > 3, a sum of
O(n) independent copies of finite multiples of Y'(0), and hence it is plausible that Z,,/n'/? converges
to a normal variable. The same assertion with logarithmic corrections is also plausible in d = 2.
However, in d = 1, Z,, is roughly a sum of (’)(nl/ 2) copies of independent variables with variances of
order O(n), and this suggests the normalization in (1.1) as well as a non-normal limit.

In this paper, we analyse deviations {%Zn > by, } for various choices of sequences (b, )nen in [1,00).
We determine the speed and the rate of the logarithmic asymptotics of the probability of this event
as n — 0o, and we explain the typical behaviour of the random walk and the random scenery on this
event.

This problem has been addressed in recent work [CP01], [AC03] and [Ca04] by F. Castell in partial
collaboration with F. Pradeilles and A. Asselah for Brownian motion instead of random walk. While
[CPO1] and [Ca04] treat the case of a continuous Gaussian scenery for b, = n'/? and cst. < b, < n'/?,
respectively, the case of an arbitrary bounded scenery (constant on the unit cubes) and b,, = cst. is
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considered in [ACO03]. See also [ACO3] for further references on this topic and [AC05a] and [GHKO6]
for recent results on the random walk case.

The main novelty of the present paper is the study of arbitrary sceneries unbounded to +oco and
general scale functions b,, > cst. in the discrete setting. On the technical side, in particular the proof of
the upper bound is rather demanding and requires new techniques. We solve this part of the problem
by a careful analysis of high integer moments, a technique which has been recently established in the
study of intersection properties of random motions.

A very rough, heuristic explanation of the interplay between the deviations of the random walk in
random scenery and the tails of the scenery at infinity and the dimension d is as follows. In order to
realize the event {%Zn > by}, it is clear that the scenery has to assume larger values on the range of
the walk than usual. In order to keep the probabilistic cost for this low, the random walker has to
keep its range small, i.e., it has to concentrate on less sites by time n than usual. The optimal joint
strategy of the scenery and the walk is determined by a balance between the respective costs. The
optimal strategies in the cases considered in the present paper are homogeneous. More precisely, the
scenery and the walk each approximate optimal (rescaled) profiles in a large, n-dependent box. These
optimal profiles are determined by a (deterministic) variational problem.

The topic of the present paper has deep connections to large deviation properties of self-intersections
of the walk. This is immediate in the important special case of a standard Gaussian scenery Y. Indeed,
the conditional distribution of Z, given the random walk S is a centered Gaussian with variance equal
to

A= 3 0a2)? = a3, (1.4)

2€Z4

which is often called the self-intersection local time. Hence, large deviations for the random walk
in Gaussian scenery would be a consequence of an appropriate large deviation statement for self-
intersection local times. However, the latter problem is notoriously difficult and is, up to the best
of our knowledge, open in the precision we would need in the present paper. (However, compare to
interesting and deep work on self-intersections and mutual intersections by X. Chen [Ch04].) Recent
results for self-intersection local times for random walks in dimension d > 5 and applications to random
walk in random scenery are given in [ACO05b].

The remainder of Section 1 is organized as follows. Our main results are in Section 1.2, a heuristic
derivation may be found in Section 1.3, a partial result for Gaussian sceneries for dimension d = 2 is
in Section 1.4. The structure of the remainder of the paper is as follows. In Section 2 we analyse the
variational formulas, in Section 3 we present the tools for our proofs of the main results, in Sections 4
and 5 we give the proofs of the upper and the lower bounds, respectively, and finally in the appendix,
Section 6, we provide the proof of a large deviation principle that is needed in the paper.

1.2 Results

Our precise assumptions on the random walk, .S, are the following. The walker starts at Sy = 0, and
the steps have mean zero and some finite exponential moments, more precisely,

E[e1] < 0o for some ¢ > 0. (1.5)

By I' € R%? we denote the covariance matrix of the walk’s step distribution. Hence, S lies in the
domain of attraction of the Brownian motion with covariance matrix I"'.  We assume that ' is a
regular matrix. Furthermore, we assume that S is strongly aperiodic, i.e., for any z € Z¢, the smallest
subgroup of Z¢ that contains {z+2z: P(S; = z) > 0} is Z% itself. Finally, to avoid technical difficulties,
we also assume that the transition function of the walk is symmetric, i.e., p(0, z) = p(0, —z) for z € Z4,
where p(z,2) denotes the walker’s one-step probability from z € 7% to 7 € 72
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Our assumptions on the scenery are the following. Let Y = (Y (2)),cza be a family of i.i.d. random
variables, not necessarily having finite expectation, such that

E[eV 0] < 0o for every t > 0. (1.6)
In particular, the cumulant generating function of Y (0), is finite:
H(t) =1ogE[e” O] < 00,  t>0. (1.7)

In some of our results, we additionally suppose the following.

Assumption (Y). There are constants D > 0 and q > 1 such that
logP(Y(0) > r) ~ —Dr4, 7 — 00.
According to Kasahara’s exponential Tauberian theorem (see [BGT87, Th. 4.12.7]), Assumption (Y)
is equivalent to
1

~ ~ 1
H(t) ~ Dt?, ast— oo, where D = (¢ —1)(Dg?)/1-9 and p + P 1.  (1.8)

In our first main result, we consider the case of sequences (b,), tending to infinity slower than n%
By V we denote the usual gradient acting on sufficiently regular functions R¢ — R. By H'(RY) we
denote the usual Sobolev space, and we write |[V4[|3 = [u [V (x)> dz. We use the notation b, > ¢,
if limy, 00 by /¢ = 00.

Theorem 1.1 (Very large deviations). 1Suppose that Assumption (Y) holds with some q > %. Pick a
sequence (by)nen satisfying 1 < b, < na. Then

2q

lim n~@2b, "2 log P(LZ, > by) = —Kp.,, (1.9)
n—oo
where
. 1,1 _
Kp,q = inf{ S0Vl + DIw?l|, % v € H'®Y, il = 1}, (1.10)

(we recall that % + % =1), and Kp 4 is positive.

Remark 1.2. For ¢ € (1, %), (1.9) also holds true, but Kp 4 = 0. Indeed, this follows from Propo-
sition 1.6 below together with our proof of Theorem 1.1. One can also see this directly by glvmg an

explicit lower bound for log ]P’(nZn > b,,) which runs on a strictly smaller scale than nd+2 bd+2 It
remains an open problem in this paper to determine the precise logarithmic rate of P( nZn > by,) in

the case ¢ € (1, ) The case ¢ = %l seems even more delicate and is also left open in the present paper.
The case ¢ € (0,1) has been studied in [GHKO06]. O

Note that the variational problem in (1.10) is of independent interest; it also appeared in [BALII,
Theorem 1.1] in the context of heat kernel asymptotics. In Proposition 1.6 below it turns out that
Kp 4 is positive if and only if ¢ > %.

Our next result essentially extends [AC03, Th. 2.2] from the case of bounded sceneries to the case
n (1.6).

Theorem 1.3 (Large deviations). Suppose that (1.6) holds. Assume that E[Y (0)] = 0, and set

p = limsup,_, bigogt(t). Assume that p < 0o in d < 2 respectively p < d%JZ in d > 3. Then, for any

u > 0 satisfying u € supp(Y (0))°,

lim n~ 77 log P(1Z, > u) = —Kp(u), (1.11)

n—oo
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where
Ki(u) = inf{ S [P3VG{3 + @a (02 w): o € H'(RY, [ = 1}, (1.12)
and
et w = sw [yu- [ HOU) ) (113)
~v€(0,00) R4

The constant K (u) is positive.

Switching to the scenery —Y', one may, under appropriate conditions, use Theorem 1.3 to obtain the
‘other half’ of a full large deviation principle for (1 Z,),,. This was carried out in [AC03] for bounded
sceneries. For Brownian motion in a Gaussian scenery, a result analogous to Theorems 1.1 and 1.3 is
[Ca04, Th. 2].

Note that the constant K (u) depends on the entire scenery distribution, while K p 4 in (1.10) only
depends on its upper tails.

Remark 1.4. A statement analogous to Remark 1.2 also applies here: for dimensions d > 3, when
log H (t)
logt
in [ACO5a] that under assumption (Y) with ¢ € (1, %) and an additional symmetry assumption,

log P(LZ,, > b,) is of the order nat?. The case q € (0,1) has been studied in [GHKO06]. O

lim inf; > d;iQ’ (1.11) also holds true, but K (u) = 0 for any u > 0. It was shown recently

Remark 1.5 (Large deviations and non-convexity). It is easy to see that, in the special case where
H(t) = Dt? (see (1.8)), Kp(u) = U%KD#, for any v > 0. (For asymptotic scaling relations see
Lemma 1.7.) In particular, %Zn satisfies a large deviation principle on (0,00) with speed ndLJr? and
rate function u — u%K D,g- This function is strictly convex for ¢ > %l 4+ 1 and strictly concave
for g < %l + 1. In the important special case of a centered Gaussian scenery, Theorem 1.3 contains

non-trivial information only in the case d € {1,2,3}, in which the rate function is strictly convex,
linear and strictly concave, respectively; see also [CP01] and [Ca04].

The non-convexity around zero for bounded sceneries in d € {3,4} was found in [AC03] by proving

4
that Kp(u) > Cud+2 as u — 0 for some positive constant C'. O
The upper bounds in Theorems 1.1 and 1.3 are proved in Section 4, and the lower bounds in

Section 5. We consider only sequences b, > 1 there. The case a'? <« b, < 1 seems subtle and is left
open in the present paper; however see Section 1.4 for a partial result.

Our next proposition gives almost sharp criteria for the positivity of the constants K p , and K (u)
appearing in Theorems 1.1 and 1.3.

Proposition 1.6 (Positivity of the constants). Fiz d € N and p,q > 1 satisfying 1—1) + % =1.
(i) For any D >0,

D 2 _a_
Kpg=(d+2) (5> 2 (%) E (1.14)
where
. 1,1
xapnf{ SITEVYI3: v € HYRY: Jplle =1 = Wl - (1.15)

The constant xq, is positive if and only if d < % = 2q. Hence, Kp 4 is positive if and only
- 2
Zfd < prl = 2(].

(ii) The constant K(u) is positive for any u > E[Y (0)] =0 if

log H () {oo ifd <2,

limsup ———= <
P et A ifd> 3.

For d > 3, if liminf,_, loigf) > d%‘lQ, then Kg(u) =0 for any u > 0.
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The proof of Proposition 1.6 is in Section 2. There we also clarify the relation between x4, and the
so-called Gagliardo-Nirenberg constant.

Now we formulate asymptotic relations between the rates obtained in Theorems 1.1 and 1.3.
Lemma 1.7 (Asymptotic scaling relations). Fiz D > 0 and q > 1, and recall (1.8).
(i) Assume that H(t) ~ DtP ast — oo, then
Kp(u) NU%KDg as u — 0. (1.16)
(i) Assume that E[Y (0)] =0 and E[Y (0)?] =1, then

Kg(u) < itz [K%’Q + o(1)] as u | 0. (1.17)

The proof of Lemma 1.7 is in Section 2.4.

Remark 1.8. We conjecture that the lower bound in (1.17) also holds under an appropriate up-
per bound on H. It is clear (see Remark 1.5 and note the monotonicity of Ky(u) in H) that
u DKy (u) > Kpa for every u > 0 if H(t) < Dt? for every t > 0. The positivity of
liminf, o =42 Ky (u) (for cumulant generating functions H of bounded variables) is contained
in [ACO3] as part of the proof for non-convexity of the rate function K in d € {3,4}. Since Kpo =0
in d > 4, it is clear that this proof must fail in d > 4. %

Lemma 1.7(i) is consistent with Theorems 1.1 and 1.3.

1.3 Heuristic derivation of Theorems 1.1 and 1.3

The asymptotics in (1.9) and (1.11) are based on large deviation principles for scaled versions of the
walker’s local times ¢,, and the scenery Y. A short summary of the joint optimal strategy of the walker
and the scenery is the following. Let us first explain the exponential decay rate of the probabilities

1
under consideration. Assume that 1 < b, < n<. In order to contribute optimally to the event
{%Zn > by}, the walker spreads out over a region whose diameter is of order «,, (for a particular

eOman®)  The scenery

choice of «a,, depending on the sequence (by,),). The cost for this behavior is
assumes extremely large values within that region, more precisely: values of the order b,,. The cost for
doing that is exp{O(b%a?)}, under Assumption (Y). The choice of a, is now determined by putting

2= ol 1.1
A calculation shows that for this choice of «,, both sides of (1.18) are equal to the logarithmic decay
order of the probability ]P’(%Zn > by,) in Theorem 1.1.

Next we give a more precise argument for the very large deviations (Theorem 1.1) which also
explains the constants on the right hand side of (1.9). Introduce the scaled and normalized version of
the walker’s local times,

L,(x) = %gén(tmanj), z € RY. (1.19)
Then L,, is a random element of the set
F={v* e 'ERY: . =1} (1.20)
of all Lebesgue probability densities on R%. Furthermore, introduce the scaled version of the field,
Vol@) = 2V (Jzan)), o cRY (1.21)

bn
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Then we have, writing (-, -) for the inner product on L2(R%),

1z, =1% s %Ln(ﬁ)bNVN(a—i) = bp (L, Y ). (1.22)

Hence, the logarithmic asymptotics of the probability P(%Zn > b,) =P((L,,Y,) > 1) will be deter-
mined by a combination of large deviation principles for L, and Y.

In the spirit of the celebrated large deviation theorem of Donsker and Varadhan, the distributions

of L,, satisfy a weak large deviation principle in the weak L!-topology on F with speed na;,? and rate
function Z: F — [0, 00| given by

1||i 2 1(mpd
T(4?) = {§HFQVQ’Z)H2 ity e H (RY), (1.23)
00 otherwise.
Roughly speaking, this principle says that, for 2 € F,
o h2) n 2
P(Ly ~y?) mexp{ = SI(W?)},  n—oo. (1.24)

n

Using Assumption (Y), we see that the distributions of Y, should satisfy, for any R > 0, a weak large
deviation principle on some appropriate set of sufficiently regular functions [—R, R]d — (0,00) with
speed albl and rate function

Eoy(e)=D [ ia)da,
[7R7R]d
as the following heuristic calculation suggests:

P(Y, ~ ¢ on [-R, R]%) ~ IP(Y(Z) > bpp(Z) for 2 € [~ Ray, Ray ] N Zd>

Qn

- 11 exp{—D[bnw(a—i)]q} (1.25)

2€[—Ran ,Rap 4Nz
~ {—D dbq/ q }
A exp asbl ol(z)dz p.
[7R7R]d

Note that the speeds of the two large deviation principles in (1.24) and (1.25) are equal because of
(1.18). Using the two large deviation principles and (1.22), we see that

n o~
P(1Z, > b,) ~ exp{—a—QKD,q},
n

where

Kpg=inf{Z(¥?) + Dll¢||?: v € F,p € CL(RY), (4%, o) = 1}. (1.26)

It is an elementary task to evaluate the infimum on ¢ and to check that indeed Kp , = K D,q- This
ends the heuristic explanation of Theorem 1.1.

The situation in the large deviation case, Theorem 1.3, is similar, when we put b, = 1. See [AC03|
for a heuristic argument in this case.

We distinguish the two cases of very large deviations (V) and large deviations (L). The choices of
b, and «,, in the respective cases are the following.

1 __q
case (V): Hypothesis of Theorem 1.1, 1<b, < na, o, = n% by, T2, (1.27)

case (L): Hypothesis of Theorem 1.3, b, =1, an, = ndtz,
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1.4 Small deviations for Gaussian sceneries

Theorems 1.1 and 1.3 do not handle sequences (b,,), satisfying a%,’ < b, < 1, where we recall from
(1.1) that ay is the scale of the convergence in distribution. In this regime, we present a partial result
for Gaussian sceneries and simple random walk in d = 2. This result is based on a deep result by
Brydges and Slade [BS95] about exponential moments of the renormalized self-intersection local time
of simple random walk.

Lemma 1.9 (Small deviations for Gaussian sceneries). Assume that Y (0) is a standard Gauss-

ian random wvariable and that (Sp)n is the simple random walk, and assume that d = 2. Let
nfl/z(log )2 = ay) < b, < ay) =n"?logn, then
. logn 1 T

n

Proof. As we mentioned in Section 1.1, the distribution of the random walk in random scenery,
Zy, is easily identified in terms of the walk’s self-intersection local time A, defined in (1.4). More
precisely, the conditional distribution of Z, given the walk S is N x \/A,, where A is a standard
normal variable, independent of the walk. The typical behavior of the self-intersection local time is as
follows [BS95]

E[An] ~ (na(o)) = gnlog n, n — oo. (1.29)
T

2
T
We prove now the upper bound in (1.28). Recall that d = 2 and introduce the centered and normalized

self-intersection local time,
1
o = —<An —E[AnD.
n
Use Chebyshev’s inequality to obtain, for any 8 > 0 and any n € N,
P(L1Z, > b,) < E[el%n]e=00nn, (1.30)
Using the above characterization of the distribution of Z,,, we see that
E[e"%"] = E[E[e"7 | S]] = E[E[exp{oN VA } | S]] = E[e}#] = B[l e8] (131
According to Theorem 1.2 in [BS95], lim,, .~ E[e“"] exists and is finite for any ¢ < ¢g, where ¢y > 0
is some positive constant. Now pick 6 = 0, = 7b,/(2logn). Note that §2n — 0 because of b, <
n~1/21ogn, and therefore the first factor on the right hand side of (1.31) is bounded, according to

the above mentioned result of Brydges and Slade. Use (1.29) on the right hand side of (1.31) and
substitute in (1.30) to obtain
T b2n

loeP(1Z < (1 1))= )
og (n n > bp) < (+0())4logn

This is the upper bound in (1.28).

Now we prove the lower bound in (1.28). Using the above characterization of the distribution of
Z,, we obtain, for any 6 > 0,

P(1Z, > b,) > PV > 0)P ( n "9231) . (1.32)
Fix an arbitrary ¢ € (0, 2). We apply (1.32) to 6 = b (clglgn)l/2 and obtain
logP(2Z, > b,) > 16%01%71(1—1—0( )) + logP (A, > cnlogn), n — oo.

By the Paley—Zygmund inequality (Kahane [K85] p. 8) stating that P(X > rE[X]) > (1 —
r)2E[X]2/E[X?] for all 7 € (0,1) and all square-integrable random variables X, we obtain that
E[An]”

E[AZ]

P (A, > cnlogn) > (1 — (%)2)
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Recall from (1.29) that E[A,] ~ 2nlogn as n — oco. On the other hand, Bolthausen [B89] proved
that Var[A,] = O(n?). Therefore, E[A2] ~ E[A,]?, and, consequently,

liminf P (A, > cnlogn) > 0.

n—00
Therefore,

lim inf lb(’%i:logp(%zn > by) > — .
Letting ¢ T 2, this yields the lower bound in (1.28). O

2. VARIATIONAL FORMULAS

In this section we prove Proposition 1.6 and Lemma 1.7. In Section 2.1 we prove a necessary and
sufficient criterion for positivity of the constant x4, defined in (1.15). The relation to the Gagliardo-
Nirenberg constant is discussed in Section 2.2, and the relation to the constant K p , defined in (1.10)
is proved in Section 2.3, where we also finish the proof of Proposition 1.6. Finally, Lemma 1.7 is
proved in Section 2.4.

2.1 Positivity of xq,p

Lemma 2.1. The constant xq, s positive if and only if d < %.

Proof. Certainly, it suffices to do the proof only in the case where %I‘ is the identity matrix.

See [Ch04, Sect. 2] for an alternate proof of the positivity of x4, in the subcritical dimensions,

d< %, using the relation to the Gagliardo-Nirenberg constant, which we explain in Section 2.2.

Let us recall standard Sobolev inequalities (see [LLO1, Theorems 8.3, 8.5]). There are positive
constants Sy for d > 3 and Sy, for r > 2 such that

Salblgasy < VI3, for d > 3,4 € D'(RY) N LA(RY),

- 2.1
Sl < IVOIE+ I3, ford=2,4 € H'RY, r>2. 21)

Here D'(R?) denotes the set of locally integrable functions R? — R which vanish at infinity and
possess a distributional derivative in L?(R?).

Let us first do the proof for the case 3 < d < %. For any ¢ € H'(RY) that satisfies ||[¢|s = 1 =
|%]]2p, We may use the above Sobolev inequality and obtain that ||[V1)[|3 > cst. szHgd/(dd). We now

rewrite
qu%(t) dt — / (pr—Z(t))m ¢2(t) de.
R4 R

Recall that 1?2 is a probability density. Therefore, an application of Jensen’s inequality to the convex
map z — z2/14=2@=D] yields that 191124/ (4—2) satisfies a lower bound in terms of a power of [|)||2p,
which is equal to one. Hence, on the set of those ¢ € H!(RY) that satisfy ||¢|s = 1 = [|1)[|2p, the map
¥ — ||[V||3 is bounded away from zero. Now compare to (1.15) to see that this implies the assertion
in the case 3 <d < %.

Now we turn to d = 2 with p > 1 arbitrary. By a scaling 13 = ﬂ%¢( B3), we can find, for any 6 > 0,
a ¢(0) > 0 such that

xop = @)t { [ VYI3: ¥ € H'RY), ]2 = 1, ]2 = 6} (2:2)
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Now we choose § such that 2672 = S5 9, the Sobolev constant in (2.1) for d = 2 and r = 2p. Then
we have, for any 1 in the set on the right hand side of (2.2),

2
2= SlVlE, = S2apll¥ll3, < IV93 + 1115 = VI3 +1,

and hence it follows that x2, > ¢(d) > 0.

Now we show that x2q, < 2xap for any d € N and p € (0,00). This simply follows from the
observation that, for any ¢ € H'(R%), the function ¢ ® ¢ € H'(R??) satisfies

2 2
V(4 @)l = 2([Vif3.
Using this, the estimate x2q, < 2xa, easily follows, since [[¢) @ ¢[l2 = [[¢[]3 and [[¢ @ ]2y = [[¢]3,-
In particular, this shows that x1, > 0 for any p > 1.

It remains to show that x4, = 0 for d > %. It is sufficient to construct a sequence of sufficiently
regular functions v, : R4 — [0, 00) such that |[1b,||2 and ||1b,]|2, both converge towards some positive
numbers, but ||Vi,||2 vanishes as n — oo. In order to do this, pick some rotationally invariant
function ¥? = f o|-| € F whose radial part f: (0,00) — (0,00) satisfies

r if € (0,1),
f(ry=Dx <1 if r € [1, 4],
A2dp=2d i > A

where A, D,y > 0 are constants to be determined. Let wy denote the surface of the unit ball in R%.
The following statements can be easily verified by some tedious but elementary calculations:

2 _ Wd d v

v<d = |p|E= dD[QA +—d_’y]<oo, (2.3)

d 2p b i d 2
¢ - - Dp—[ A } , 2.4
'7<p 19115, = wa dd—p'y+ 51 < 0 (2.4)

1 y ., 4d?

y = hep[ e AR )
v<d V|5 1w d—fy—2+ 71 d < 00 (2.5)

Since p > 1 and g < d — 2, we only have to assume that v < %. Now we pick sequences D,,, A, and
v such that all the following conditions are satisfied as n — oo:

d d Dy
Dn—>07 An—>OO, 'YnT_a DnAn_)la _)1
p d—pyn
Let v, be defined as the ¥ above with these parameters. Then we have, as n — oo,
Wd
a3 — 2= [nlzh = wa, [ Veball3 — 0.
This ends the proof. O

2.2 Relation to the Gagliardo-Nirenberg constant

Actually, for dimensions d > 2 in the special case that %I’ is the identity matrix, the constant x4, in
(1.15) can be identified in terms of the Gagliardo-Nirenberg constant, k4, as follows. Assume that
d>2and 1 <p< d;iQ' Then kg ) is defined as the smallest constant C' in the Gagliardo-Nirenberg
inequality

d(p—1) d(p—1)

1
[l < CIVYl, ™ 10l ™ . e H'(RY). (2.6)
This inequality received a lot of interest from physicists and analysts, and it has deep connections to
Nash’s inequality and logarithmic Sobolev inequalities. Furthermore, it also plays an important role
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in recent work of Chen [ChO04] on self-intersections of random walks. See [Ch04, Sect. 2] for more on
the Gagliardo-Nirenberg inequality.

It is clear that

kip= s Al (el five) T e
YeEH(R),1p£0 ”ku 2p HwH 2p YEH(RY): [|Y]|2=1
2 2

Clearly, the term over which the infimum is taken remains unchanged if 1) is replaced by vg(-) =

ﬂgqb( ) for any 8 > 0. Hence, we can freely add the condition ||1||2, = 1 and obtain that kg4, = Xd,;q‘
In particular, the variational formulas for k4, in (2.7) and for x4, in (1.15) have the same maximizer(s)
respectively minimizer(s). It is known that (2.7) does possess a maximizer, and this is an infinitely
smooth, positive and rotationally invariant function (see [We83]). Uniqueness of the minimizer holds
inde {2 3,4} for any p € (1, 3% —4), and in d € {5,6,7} for any p € (1, 8), see [MS81].

2.3 Relation between Kp 4 and x4, (Proposition 1.6)
Now we prove the remaining assertions of Proposition 1.6.

(i) The relation (1.14) is proved by an elementary scaling argument and optimization. Indeed,
replace ¢ by ¢g(-) = 3424)(- B) in (1.10) and optimize explicitly on 8 > 0. Afterwards the additional
constraint |12, = 1 may freely be added. From (1.14) and Lemma 2.1 the last assertion follows.

(ii) We only show the positivity of Ky (u) for d > 3 and p < d%'lQ; the argument for d < 2 and any
P > 1 is the same.

Since we assumed that E[Y (0)] = 0, we may pick some ¢ > 0 such that H(t) < ut/2 for t € [0, J].
Pick € > 0 such that p+ ¢ < d%‘lQ, then there is ¢(d,¢) > 0 depending on §,¢ and H only, such that
H(t) < c(d,e)tPT= for any ¢ € [6,00). Then H(t) < %t + c(d,e)tP*= for any ¢ > 0, which implies that,
for any ¢ € H'(R?) satisfying Hszg =1,

@51 (47, u) > sup [ — / () / (6,2) (702 ()P da

>0
— _ 5 e)~Pte p+€}.
= sup[ 57— eGP
Now carry out the optimization over v to see that
1 1
P2, u) > C|y? , where — + —=1,
W) 2 Ol 2 o
and C' > 0 depends on u, p+¢ and ¢(d, ) only. Hence, K (u) > K¢ 4. . Since d < 2q,, this is positive
by assertion (i).

loigf) > d%‘lQ. First we do this for

a random variable Y (0) under the assumption that E[Y(0)] = 1. Pick € > 0 such that p—¢€> d%‘lQ.
Since H'(0) = 1, there is C' > 0 such that H(t) > Ct2™° for any ¢ > 0. Hence, the above argument
applies and shows that Kp(u) < Kp,g. for some D > 0, where ¢. is determined by = —|— - = 1. Since

p—e> d%lw the condition d < E(jefi

Now we show that Kp(u) = 0 for any u > 0 if p = liminf; .

is violated. Again assertion (i) implies that K H(u) = 0.

Let now Y (0) have expectation 0, then Y(0) = Y (0) + 1 has expectation 1. If H denotes the
cumulant generating function of Y(0), then we have, according to the above, K z(u) = 0 for any
u > 0. Since K (u) is well-defined, non-negative and non-decreasing for all u € R, we also have

K (u) = 0 for any u € R. Obviously, H(t) = H(t) + t and Kgz(u) = Kg(u—1) for any u € R, and

this implies the statement.



12 NINA GANTERT, WOLFGANG KONIG AND ZHAN SHI

2.4 Scaling relations (Lemma 1.7)
In this section, we prove Lemma 1.7.

(i) Fix € > 0, then there is some C' > 0 such that
—Ct+ (D —e) P <H{t)<Ct+ (D+e)t?, t>0.
Using this in the definition of ® (12, u), we obtain, for any ¢ € H'(R?),

sup{y(u— C) = 1(D + 2)|W?lh } < @ (v, w) < sup{(u+C) = 47(D - )| }.

v>0 >0

The suprema may easily be evaluated, and we obtain, for some 71,72 > 0, which vanish as € | 0,
(D = m)[[¢?[l, 7(u = ) < @ (%, ) < (D +n2)||[¢?], 4 (u + C)7.
Using this in the definition of Kz (u) in (1.12), we obtain

Kp-nu-cyaq < Ku(w) < KDip)wtcyag:
Now use Proposition 1.6(i), in particular (1.14), and use that 11,72 — 0 as ¢ | 0.
(ii) Substituting 1(-) = u¥ (@2 ahg (- u?/(@+2)) and v = u2=D/C+d) 44 vields that

4 1, 1
W T2 Ky(u) = inf {=||T2Vll2 + su —/u2H uyod(x)) dz) +. 2.8
(u) ||¢0||2:1{2H Yoll2 %%(70 (w05 (2)) )} (2.8)

It remains to show that the limit superior of the right hand side as u | 0 is not larger than K, ,.
27

This is shown as follows. Let 1, € H*(R?) be an L?-normalized bounded minimizer in the variational
formula in (1.10) for D = % and ¢ = 2. Its existence is proven in the same way as in [We83], where
the case I' = Id was considered. Hence we have lim, o [u=2H (uyoy?(z)) dz = 342 ||%?2||3, uniformly
in 79 on compacts of [0,00). Hence, the supremum on the right hand side of (2.8) converges towards
sup,,~0(70 — $7811¥2)13) = 1l42||3%. Replacing on the right hand side of (2.8) the infimum on 1 by
Y, we arrive at limsup,,|g u YD K (u) < K%’Z, which is (1.17).

3. PROOF OF THEOREMS 1.1 AND 1.3: PREPARATIONS

In this section we prepare for the proofs of our main results, Theorems 1.1 and 1.3. Our proofs follow
the strategy of the proof of [AC03, Theorem 2.2]. That is, the proofs of the lower bounds essentially
follow the outline described in Section 1.3, and the proofs of the upper bounds use an exponential
Chebyshev inequality with a random parameter. However, due to the unboundedness of the scenery
in our case, we face a serious additional difficulty, which we will overcome using a recently developed
technique.

As we have already indicated in Section 1.3, our main tools are large deviation principles for the
walker’s local times and for the scenery. These principles are presented in Sections 3.1 and 3.2,
respectively. However, for the application of these two principles, there are three main technical
obstacles:

(1) the principles hold only on compact subsets of the space,
(2) the scaled scenery must be smoothed,
(3) the scaled scenery must be cut down to bounded size.

The first obstacle will be handled later by making a connection to the periodized version of the
random walk, which is a standard recipe. Hence, it will be necessary to approximate the variational
formulas appearing in our main results by finite-space versions, and this is carried out in Section 3.5.
The necessity of the smoothing arises from the fact that the map (¥2, ) — (12, ) is not continuous
in the product of the topologies on which the large deviation principles are based. This was already



ANNEALED DEVIATIONS OF RANDOM WALK IN RANDOM SCENERY 13

pointed out in [AC03]. The remedy is a smoothing procedure which was introduced in [AC03] and will
be adapted in Section 3.4 below. However, this procedure only works for uniformly bounded sceneries,
and this explains the necessity of a cutting argument for the scenery. This obstacle was not present
in [ACO03] and is the main technical challenge in the present paper, see Section 3.3.

3.1 Large deviations for the local times

In this section, we formulate one of our main tools: large deviation principles for the normalized and
scaled local times. These principles are essentially standard and well-known, however, some of the
principles we use do not seem to have been proven in the literature, and therefore we shall provide a
proof for them in the appendix.

For the convenience of the reader, we recall the notion of a large deviation principle. A sequence
(X )nen of random variables (or their distributions), taking values in a topological space X, satisfy
a large deviation principle with speed (vn)nen and rate function Z: X — [0,00], if the following two
statements hold:

1
limsup —log P(X,, € F) < —i%fI, F C X closed, (3.1)

n—oo Yn

1
liminf —log P(X,, € O) > —igfI, O C X open. (3.2)

n—0o0 ’)/n

This definition equally applies if the measure P has not full mass, but happens to be a subprobability
measure only.

We shall need large deviation principles for a rescaled version of the local times of our random walk.
More precisely, we shall need two slightly different principles: one on never leaving a given cube in Z¢
and RY, respectively, and another one for the periodized version of the walk on that cube. We recall
that we have listed our assumptions on the random walk at the beginning of Section 1.2. For R > 0,
we denote by Br = [~ R, R]* N Z¢ the centered box in Z? with radius R. By S® = (S§7,S{™,...)
we denote the random walk on the torus Bp, i.e., the walk on Bp (with the opposite sides identified
with each other) having transition kernel

p™ (2,2 =Y p(zZ+2k|R]), 2zZ€Bg, (3.3)
kezd

where p(-,-) denotes the transition kernel of S. Note that p®® is symmetric since p is. The local times
of S are denoted by
U9(z) = > ln(z+2k|R]),  z€Bg (3.4)
kezd

We consider rescaled versions of %Kn and %&R). Recall the normalized and rescaled version L,, of
the local times ¢,, defined in (1.19). By Fr we denote the subset of those functions in F whose support
lies in Qr = [~ R, R]%. Note that

supp(L,) C Qr — supp(¢,,) C BRa,, - (3.5)
Denote the scaled version of the torus-version of the local times, %%Ra"), by LY: Qp — [0, 00).
Then L,? is a random element of the set F® of probability densities on the torus Qr = [~R, R]?,
whose opposite sides are identified with each other. We define a rate function Z®: F* — [0, oo| by
1
10?) =5 [PV i) (3.
2 JQr

if 1 has an extension to an element of H'(R%), and Z®()?) = oo otherwise. Here V denotes the
gradient on the torus Qg, i.e., with periodic boundary condition.
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The topology used on the sets Fr and on F* are the weak topologies induced by the test integrals
against the continuous bounded functions on Qg. If we identify any element of Fg resp. of F with
a probability measure, then this topology is just the usual weak topology on the set of probability
measures on (Qr. In this case, we extend the respective rate functions trivially by oo to the set of
measures not having a density.

Lemma 3.1 (Large deviation principles for L,). Fiz R > 0. Assume that o, — 00 and

Vnooafd=1,
ap € ks ifd=2,

n if d > 3,

as n — o0o. Then the following two facts hold true.

(i) The distributions of L, under P(- N {supp(L,) C Qr}) satisfy a large deviation principle on
Fr with speed na,,? and rate function Ig, the restriction of T defined in (1.23) to Fr.

(ii) The distributions of LYY under P satisfy a large deviation principle on F with speed no,,
and rate function TU given in (3.6).

2

The upper bound (3.1) of the principle in (i) for the special case of simple random walk and
Qn = nd%r? has been proven by Donsker and Varadhan [DV79], Section 3. We have deferred the proof
of Lemma 3.1 to the Appendix, Section 6. We feel that the statement and its proof are standard
and should be known to the experts, but we could not find a reference in the literature. Our proof
basically follows the route of [Ga77], which has become standard by now. The strategy for the proof
of (i) can be roughly summarized as follows (the proof of (ii) is analogous). We shall identify the
cumulant generating function of L,, (i.e., the logarithmic asymptotics of exponential moments of test
integrals against continuous and bounded functions f) in terms of the Dirichlet eigenvalue of the
operator %V -I'V + f. In a second step, we prove the large deviation principle via what is called now
the abstract Gdrtner-FEllis theorem and identify the rate function of the large deviation principle as
the Legendre transform of the eigenvalue.

3.2 Large deviations for the scenery

In the proofs of the lower bounds in Theorems 1.1 and 1.3, we shall rely on precise large deviation
lower bounds for the scenery, tested against fixed functions. The precise formulations are given for the
respective cases here. Recall from (1.27) the two cases (V) and (L), which correspond to Theorems 1.1
and 1.3, respectively.

We begin, in case (V ) with a large deviation principle for the rescaled scenery Y, defined in (1.21).

Lemma 3.2. Assume the case (V) in (1.27), and pick sequences (by)n and (o), as in (1.27). Fix
R > 0 and a continuous function ¢: Qr — (0,00). Then

o 1 -
hnnilo%f v logP(Yy > ¢ on Qr) > —D||el|2. (3.7)

Proof. Fix some small € > 0. It is easy to see that, for sufficiently large n € N,

P(YnzponQr)= [] P(YV(2)2bup(s))

ZEBRan

> ep{-(D-op > @)}

ZeBRan

> exp{ ~(D — 26)abf ol ).
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Let us now proceed with case (L).

Lemma 3.3. Assume the case (L) in (1 27) and fix R > 0, M > 0 and a positive continuous function

¥?: Qp — (0,00). Recall that o, = nd+2 Let HM be the conditional cumulant generating function of
Y (0) given that Y (0) > —M. Then, for any u > 0,

n—o00 a

liminf — log]P’(/ Y, (2)¢?(z)dz > u ‘ Y(2)>-M Vze BR%> > on (%, u; R), (3.8)
Qr

where

(W2 u R) =sup(yu— [ H(w?())da)) (3.9)
>0 Qr

is the Qr-version of @y defined in (1.13).

Proof. For any v > 0, we have

exp ya/ Yu( dx}‘Y )>—-M ‘V’ZGBRQ}
_ E{exp{fy 3 Y(z)ag/ V*(z) dx} ( Y(z)>-M Vze BR%]
2€EBRay, z/an+10,1/an]d
- 11 o) Har (w2 ()
ZEBRan
— exp{at ) Hy (@) da (1 + o(1)) |
R
According to a variant of the Gartner-Ellis theorem, fQ »(2)1%(z) dz satisfies, under conditioning

on Y(z) > —M for all z € Bpg,,,, a large deviation prlnmple on (0,00) with speed o and rate given
by the Legendre transform of the map v — fQR Hyr(v¢?(x)) dz. This transform is equal to the map
u»—>CI>ﬁM(1/J2,u;R). O

3.3 The cutting argument

In this section we provide the cutting argument for the scenery in the cases (V) and (L). Our method
consists of a careful analysis of the k-th moments of the random walk in random scenery, where k = k,,
is chosen in an appropriate dependence of n. Variants of this method have recently been developed in
the study of mutual intersections of random paths in [Ch04] and [KMO02].

Fix sequences (by,), and (), as in (1.27) and consider the scaled normalized scenery Y, as defined
n (1.21). Fix M > 0. We use the notation

y =M = (yAM)V (—M) and  y©M = (y— M)y, for any y € R. (3.10)

Later we shall estimate the scaled scenery Y, by Y, ? (< ?SM). Here we show how we shall

handle the second term.

Proposition 3.4 (Scenery cutting). Assume one of the cases (V) or (L) in (1.27). Then, for any

e >0,
2

lim limsup = logIP((Ln,?,(fM» >¢g) = —00. (3.11)
n

M—o0 n—oo

Proof.
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STEP 1. It suffices to establish that there exists C'j; > 0 satisfying limy; .o, Cpr = 0 and

E[(£,, Y G0 < nFpECf), n € N, where k = % (3.12)
a

3

Proof. Use the Markov inequality to estimate, for any ¢, M > 0 and n,k € N,
]P’((Ln,?SM)> > E) < €_kE[(Ln,?;>M)>k] _ E_k(nbn)_kE[(fn,Y(>Mb")>k].

Now put k = na,,? and observe that the estimate in (3.12) for some Cj; — 0 as M — oo implies
Proposition 3.4. U

Our next step is a variant of the well-known periodization technique which projects the random
walk in random scenery into a fixed box. Recall from (3.4) the local times of the periodized random
walk.

STEP 2 (Periodization). For any R,n,k € N and for any i.i.d. scenery Y which is independent of
the random walk,

k
B[t )] < Y E[[T6PG)] TT B[y ©#te===). (3.13)

21,..,2k€EBR =1 rEBR
Proof. We write out
k k
B[, V)] = 3 Y OE [H Cnlzi + 2Rmi)} E [H Y (2 + 2Rmi)] . (3.14)
21,..,2,EBR ml,...,mkEZd i=1 i=1

We use that the scenery is i.i.d. and derive, with the help of Jensen’s inequality, the estimate

k
B[[]Y (s +20m)| = T] ] B[y ()#t: simest2inin]
i=1 z€BR yeZd
' #{i: zi:z.,zi+2Rmi:y}

< TT I1 E[oyste==] e
rEBR yGZd

=TI B[ )#t===].
r€BR

Use this in (3.14) and carry out the sum over my, ..., my to finish. O

In the next step we estimate the term in (3.13) that involves the walker’s local times. We denote
by S™ the periodized version of the random walk in Bg and by pi™(x,y) its transition probability
from z to y in s steps. By

oo

G\ (z,y) = Zef)‘spff) (z,y), (3.15)
s=0

we denote the Green’s function associated with the periodized walk, geometrically stopped with pa-
rameter A > 0. & denotes the set of permutations of 1,..., k.

STEP 3. Fix R> 0, A >0 and k € N. Then, for any n € N, and for any z1,...,2; € Bp,

k k
E[[T6m ] < 37 TIG Gotiony 2o0)- (3.16)
=1
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Proof. Writing out the local times, we obtain

SICTED Vi CEESR

i1, =0

Z Z P<S£f()¢) = Zi, 7= 1, e ,k?) (317)

0<t1 <to<--<tp<n OEGk

=2 X H{ZSZSH}HP (2oti-1): 2010

o€By S1,...,5,€Ng i=1

IN

where in the last line we substituted s; = t; — t,_; and wrote ¢! instead of . We put o(0) =0 and
zg = 0. Now we estimate the indicator by

k k
ll{z s < n} <eM He_s")‘.
i=1 i=1
Using this in (3.17) and carrying out the sums over si,..., Sk, we arrive at the assertion.

0

In order to further estimate the Greenian term on the right of (3.16), we shall later need the
following.

STEP 4. Fix R > 0and p’ € (1, 7%5), ifd > 3, or p’ > 1if d € {1,2}. Then there is a constant C' > 0
such that, for any n € N and any = € Bp,,,,

> G ) < Caft (3.18)
yEBRan
Proof. For d < 4, we estimate, with the help of Jensen’s inequality, and using that pgRa")(ac,y) is

not bigger than one and that its sum on y € Bpr,, equals one,

Y e = ¥ (Y ““‘”)W)p/

yEBRan yEBRan s=0

ST Y S ey

yEBRa s=0
<(1—e )P ah
Now noting that 4 — 2p’ < d + (2 — d)p’ for d < 4 finishes the proof of (3.18).

For d > 4, we use another argument, which is based on the estimate [Uc98, Th. 2] G(0,y) < C|y|>~¢
for any y € Z4\ {0}, where G is the Green’s function for the free (i.e., non-stopped and non-periodized)
random walk, and C > 0 is constant. Certainly, it suffices to take x = 0. We use C' > 0 and ¢ > 0 to
denote generic positive constants, not depending on n or y, which may change their values from line
to line. We estimate

G(RO‘”)(O,y) <GOy+ Y. D e —san’ 0,y + 2mRan). (3.19)
mezd\{0} s€No
/ d+(2—d)p’ .
yeBra, G0, 9)7 < Can =P With
v > 0 a small auxiliary parameter, we split the sum on s in the parts where s < 7|m|a, and the
remainder. Recall that the walker’s steps have some exponential moments, see (1.5). Hence, we can

For the first term, use the above mentioned result to see that >
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estimate, if v is small enough (y < £/logE[el*1l] suffices), for |m| > 1 and s < y|m|a,, and all
Y€ BRan’
ps(0,y + 2mRay,) < P(|Ss| > |y + 2mRay,|) < ElelSil]selvt2mban] < glelil}s g=Fan|ml

< e—c\m\an‘

(3.20)

This gives, for any y € BRra,, ,
Z Z e—safps(o’y +2mRay,) < C Z e~cmlen — o(a2~9), (3.21)
meZI\{0} s€Ng: s<yan|m| meZd\{0}

The remainder is estimated as follows. We use the local central limit theorem (see [Pe75, Ch. VII,
Thm. 13]) to deduce that there are C' > 0 and ¢ > 0 such that

C
ps(0,2) < d—/Qe*c‘:"“P/S +Cs™, seN, z ez (3.22)
s

This gives, for any y € Bra,,

Z Z e_so‘;st(O, y + 2mRay,)

meZ4\{0} s€Ng: s>yan|m|

e D D DI <ai>d57d},

s270m 0<|m|<s/(vom)

where we interchanged the sums on s and m, and we also used that |y + 2mRay,| > |m|a, for
m € Z¢\ {0}. Using the substitution w = |m|a,/y/s, the sum on m is estimated by

Z —clmiZad /s - C(i)d/2 /\/5/7 S - C<i>d/2.

2 2
(6 «
0<|m|<s/(yan) n n/V's n

Since > en, e—son” < Ca2, this implies that

Z Z 6_50‘52]98(0, y + 2mRay,) < Ca?™4 (3.23)
meZ4\{0} s€Ng: s>van|m|
Use (3.21) and (3.23) in (3.19) to conclude. O

The next step is a preparation for the estimate of the last term in (3.13).
STEP 5. Let Y be a random variable that satisfies
limsupr 1ogP(Y >r) <0 (3.24)

r—00

for some ¢ > 1.

(i) Fix L > 0. Then there is Cpz,r, > 0 such that limps—.oo Car,, = 0 such that, for every n € N
and M > 0 and b, > 1,

1
E[(Y — Mb,)X | 0% < b,Car 1. (3.25)

(ii) There is a constant C' > 0 such that, for any pu € N,
E[Y!] < pa"C*. (3.26)
Proof. From our assumption on Y, we know that there are C; D > 0 and ¢ > 1 such that

P(Y > 5) < Ce D% for all s > 0.
Proof of (i). We write L instead of Lb7, and have

b "E[(Y — Mb,)%] = b, " /Oo P((Y — Mb,)" >t)dt =1L /Oo sSETIP(Y > (s 4 M)b,)ds.  (3.27)
0 0
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Now use the above estimate P(Y > (s + M)b,,) < Cexp{—D(s + M)b}} for all s > 0. Furthermore,
use that (s + M)? > s+ M49. This gives

E[(Y — Mb,)k] < bhLCePM R / shmle=Disbn)? qg = [Ce~PMn / stle™Ps"ds. (3.28)

0 0
The change of variables t = Ds? turns this into
E[(Y — Mb,)%] < LCe™PM™ p=Llagr(L/q), (3.29)

where I' denotes the Gamma-function. Note that I'(x) < (Cyz)* for some C > 0 and all x > 1. Now
we replace L by Lb}, and take the (Lbf)-th root to obtain

_1_ ~ _1_
E[(Y — Mb,)"| DT < O(Lb2) T Lae=M'D/Lp,,
where C does not depend on L nor on M or n. Since b, > 1, the assertion is proved.
Proof of (ii). From (3.29) with M = 0 and L = y, we have E[Y/'] < uC D™"/9T(u/q). Recalling
that I'(x) < (C1z)* for some C; > 0 and all z > 1, we arrive at the assertion.

0

STEP 6. Conclusion of the proof.

Proof. Fix R > 0 and let B = Bp,,, be the centered box in Z¢ with radius Ra,. Note that in both
cases (V) and (L), (3.24) is satisfied with ¢ > %l Let p be defined by 1 = % + %. Then, in both cases,
pe(l,7%)ifd>3and p>1if d=2 Putk =na,? Recall that al"? = nb,?. Recall that it
suffices to prove (3.12). In the following, we shall use C' to denote a generic positive constant which
depends on R, ¢ and D only and may change its value from line to line.

Use Steps 2-3 for the scenery Y replaced by Y &) and R replaced by Ra,, and with A = a,,? to
obtain

E[(ln, Y] <k N ) HG(R“") 2o ) [T E[(Y(0) = Mb )], (3.30)

c€By, 21,...,2,EB =1 r€B

where we abbreviated p, = #{i: z; = x}. Let us estimate the last term. We fix a parameter L > 0 and
split the product on 2 € B into the subproducts on B,y = {z € B: pu, < Lb;} and Bf,, = B\ B).
We estimate, with the help of Step 5,

[TE[v(0)— M < ] El — Mb,)% ]L”T% I1 E (0}
z€B $EB(L) $EB(L)
. (3.31)
< H (Car,Lbn)" H (Cuz ).
:L'GB(L) rEBY

(L)
Let us abbreviate the term on the right hand side by K (i ) where = (p4)zep. Now we pick numbers

p’ > p, ¢ > 1 such that 1 -+ , =1l and, if d > 3, p’ < 3%, and use Hélder’s inequality in (3.30) to
obtain
1 1
Bty < S (8 60 Goimnone)?) (X KG)Y.
0€6y 2z1,...,2k€EB =1 21,..,2kEB
Using (3.18) in Step 4, the term in the first brackets may be estimated by
N o — L dk
(> HG(R"") o)) < ChaZia, T (3.33)

21,2, €EB1=1
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Now we estimate the last term in (3.32). By Aj we denote the set of maps pu: B — Ny such that
> zep Me = k. Observe that, for any u € Ay, we have

k!

#{(21,. . 21) € B¥: py = #{i: 2z = x} VxeB}:m'

Hence,

.Q

’ 2%
> kw'=ow Y T e T (5" 17w
21,..,2kEB HEAL :BEB(L) :BEB(L) !L’GB(CL)

(3.34)

Since ¢’ < ¢, we have that r =1 — %/ is positive. According to the definition of B ;), the last term in
(3.34) can be estimated by

1 ~0- "< [ @0y (3.35)

) 2€B(1,

The penultimate term in (3.34) can be estimated as

I1 (—)“ <ck T v —on (3.36)

:BEB(L) ,Uzg; JBEB(L)

since we have, using also Jensen’s inequality for the logarithm,

(Y —eaf( X m) ¥ bt

IGB(L) Ha yEB(L) :BEB(L) yeB(L) Hy Ha
conf( 5 e ¥ )
yEB(L) IGB( L) yeB(L) Fy
H b #B(L) Ha
:BEB(L) ZyeB(L) My

Now use that #B, < #B < Cafl = Ckb,? and observe that there is a constant C' > 0 such that
(%)l < CFk, for any I € {1,...,k}, since the map y — ylogy is bounded on (0,1]. Using (3.35) and
(3.36) in (3.34), we obtain, for some constant Cp; > 0, satisfying lim ;oo Cpr = 0,

S KT < crrpld ok N T efts T L

21,...,2LEB nEAR TEB(L) J"EB(L) (3 37)

< C’Ck!bﬁﬁ'*q)’“#Ak<max{C}{ﬁ,L”}) < CTFfIp — Ok,

where we choose L in dependence on M such that lim s maX{C’]‘f//[ - L7} =0, and we estimated

#A, = (kr‘f‘) e®) (recall that k = na?).

Using (3.37) and (3.33) in (3.32), we arrive at

1

—Ldk / =
E[(£,, Y 0Vk] < O ko2 kay, © (k:!b,(f *‘D’C)‘f . (3.38)

Now recall that bjal? = k = na,? and use Stirling’s formula to see that the right hand side of this
estimate is bounded from above by C,(nb,)* for some Cj; — 0 as M — oco. This ends the proof of
Proposition 3.4. ([l

O
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3.4 Smoothing the scenery

In this section we provide the smoothing argument for the field. This will be an adaptation of results of
[ACO03, Sect. 3]. Fix some smooth, rotationally invariant, and L'-normalized function x: R? — [0, c0)
with supp(k) C Q1, and put s5(-) = 6~k(-/8) for some small § > 0. The convolution of two functions
f,9: RY — R is denoted by f * g. Assume any of the cases (V) and (L) and choose (by,), and (a)n
according to (1.27). We consider the rescaled and cut-down field V=" : R4 — [—M, M]; sce (3.10).
Recall the scaled and normalized local times L, from (1.19). By By (R%) we denote the set of all
measurable functions R? — [—M, M].

Lemma 3.5 (Scenery smoothing). Fiz M > 0. Then, for any e > 0,
2

lim lim sup In log  sup  P(|(Ly,[f — f*ks))| >e) = —o0. (3.39)
30 m—oco T fepy (RY)
In particular,
2
lim lim sup In log P(|(Ln, [YSM) - YSM) * Kgl)| > €) = —oo. (3.40)

510 n—oo n

Proof. Certainly, it suffices to prove (3.39) for M = 1. We adapt the proof of [AC03, Lemma 3.1],
which is the same statement for M = 1 and Brownian motion instead of random walk in Brownian
scaling. We shall write B instead of By (RY).

Since all exponential moments of the steps are assumed finite, we have
a2
lim limsup — log P(supp(¢n) ¢ Bg,) = —oo,

R—oco pn—oo

where R,, = Rna,,t. Hence, it suffices to show, for every R > 0,

2

hmhmsup In logsup P(|(Ln, f — f * ks)| > &,supp({,) C Bg,) = —oo. (3.41)
0l0 nooo M fenB

We prove this only without absolute value signs, since the complementary inequality is proved in the
same way. Fix f € B. Chebyshev’s inequality yields, for any a > 0,

P(<Ln7f - f * H5> > E,Supp(ﬁn) - BRn)

n —aena=2 3.42
< E[eXp{aa_2<Lnaf - f * /<;5>}11{supp(€n) - BRn} e e ( )
Introduce a discrete version ¢, : Z¢ — R of f — f % ks by
on(z) = aﬁ/ [f — [ *ks)(z)de, zeZ% (3.43)
zam 140,05, 1)d
Note that
n _ _
—5{Ln, f = f 5 ) = g, /[f — £ o) (@)en (lwan]) dw = 0® D ln(2)en(
n 2 d
< (3.44)

= > Z ©n(Sk)-
k=0

We first express the expectation on the right side of (3.42) in terms of an expansion with respect
to an appropriate orthonormal system of eigenvalues and eigenfunctions in RP2». We write E, for
expectation with respect to the random walk when started at z € Z¢, in particular E = Eq. By (3.44),
for any 2,z € Bp,,,

E. [exp{ao%@n, f = 1 s JU{supp(tn) € Br, J1{S, = 7}| = efone@renan (e z), (3.45)
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where A™ is the n-th power of the symmetric matrix A having components
a  —2 a —2 ~
A(z,2) = e2% “""(z)p(z,z ez ¥n(Z) z,Z € Bg,,. (3.46)
Using an expansion in terms of the eigenvalues Ax(n), k € {1,...,|Bg,|}, of A and an orthonormal
basis of RBAn consisting of corresponding eigenfunctions vy, . We obtain, for any 2,z € Bpg,,

|BRy, |

(z,2) = Z Ak (n Ulcn )Uk,n(z)' (3.47)

We assume that the eigenvalues Ag(n) are in decreasing order, and the principal eigenvector vy, is
positive in Bpr,.

Now we use this for the expectation on the right side of (3.42), which is equal to the sum over
Z € Bp,, of the left side of (3.45) at z = 0. We obtain an upper bound by summing the right hand
side of (3.47) over z,z € Bp, . Continuing the upper bound with the help of Parseval’s identity gives

E[ exp{ a5 (Lus f = % 5)  1{supp(tu) < B, }

n

(1+of Z M) S vn(Doka® < QoM Y (o 1? (348)
z 5EBRn k=1
< (1 +o(1)A 1(”) |BR,|,
where we denote by (-,-) and || - ||2 the inner product and Euclidean norm on RPr». Recall that

o(nay?)

R, = Rna;,'. Our assumptions on (ay,), imply that |Bg,| =e as n — oo. Hence, as n — oo,

2
% logE[eXp{aS—Q(Ln, f—fx /@5>}]1{supp(€n) C BRn}] <o(1) + a2 [M(n) —1]. (3.49)

Recall the Rayleigh-Ritz principle, Ai(n) = maxg<1(Ag,g), where the maximum runs over all
¢2-normalized vectors g: Z? — (0,00) with support in Bg,. Recall that |p,| < 2. Then, as n — oo,
we have, for any ¢?-normalized vector g,

o7 [(49.9) — 1] = o} (Do (B Ior 