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Abstract. We consider the parabolic Anderson model, the Cauchy problem for the
heat equation with random potential in Z¢. We use i.i.d. potentials ¢: Z¢ — R in
the third universality class, namely the class of almost bounded potentials, in the
classification of van der Hofstad, Konig and Mérters [HKMO6]. This class consists of
potentials whose logarithmic moment generating function is regularly varying with
parameter v = 1, but do not belong to the class of so-called double-exponentially
distributed potentials studied by Gértner and Molchanov [GM98].

In [HKMO6] the asymptotics of the expected total mass was identified in terms of a
variational problem that is closely connected to the well-known logarithmic Sobolev
inequality and whose solution, unique up to spatial shifts, is a perfect parabola. In the
present paper we show that those potentials whose shape (after appropriate vertical
shifting and spatial rescaling) is away from that parabola contribute only negligibly
to the total mass. The topology used is the strong L!-topology on compacts for the
exponentials of the potential. In the course of the proof, we show that any sequence
of approximate minimisers of the above variational formula approaches some spatial
shift of the minimiser, the parabola.

Résumé. Nous considérons le modele Anderson parabolique donné par le probleme
de Cauchy pour P’équation de la chaleur avec un potentiel aléatoire dans Z?. Nous
utilisons des potentiels i.i.d. £: Z¢ — R qui sont dans la troisieme classe d’universalité
de la classification de van der Hofstad, Konig and Mérters [HKMO06]. Cette classe, les
potentiels presque bornés, contient les potentiels dont le logarithme de la transformée
de Laplace est de variation réguliere avec parametre v = 1, mais qui n’appartiennent
pas a la classe des potentiels “double-exponentially distributed” étudiée par Gartner
et Molchanov dans [GM98].

"Hochschule Regensburg, Fakultdt Informatik / Mathematik, Postfach 12 03 27, 93025 Regensburg, Germany,
gabriela.grueninger@informatik.fh-regensburg.de

2Universitit Leipzig, @ Mathematisches Institut, Postfach 10 09 20, D-04009 Leipzig, Germany,
koenig@math.uni-leipzig.de

3Partially supported by the DFG Forschergruppe FOR 718 Analysis and Stochastics in Complex Physical Systems

AMS Subject Classification: Primary 60H25 Secondary 82C44, 60F10.

Keywords: Parabolic Anderson problem, intermittency, logarithmic Sobolev inequality, potential shape, Feynman-
Kac formula.



2 GABRIELA GRUNINGER AND WOLFGANG KONIG

Dans [HKMO6], le comportement asymptotique de l’espérance de la masse totale
est décrit par un probléme variationnel qui est lié a 'inégalité de Sobolev logarith-
mique. La solution de ce probleme, qui est unique a des translations spatiales pres,
est une parabole. Dans cet article, nous montrons que la contribution a la masse
totale des potentiels qui ont (apres un changement d’échelle) une forme différente est
négligeable. Nous utilisons la topologie L' sur les compacts pour ’exponentielle du
potentiel. Au cours de la preuve, nous montrons que n’importe quelle suite des solu-
tions approximatives du probleme variationnel converge vers une translation spatiale
de la solution qui est une parabole.

1. INTRODUCTION AND RESULTS

1.1 The parabolic Anderson model.

We consider the continuous solution v: [0,00) x Z¢ — [0,00) to the Cauchy problem for the heat
equation with random coefficients and localised initial datum,

%v(t,z) = Alw(t,2) + £(2)v(t, 2), for (¢, 2) € (0,00) x Z¢, (1.1)

v(0,2z) = 1o(2), for z € 74, (1.2)

Here ¢ = (£(2): z € Z%) is an i.i.d. random potential with values in [—00,00), and A is the discrete
Laplacian,
Adf(z):Z[f(y)—f(z)], for z € 24, f: 7% — R.
Yyr~z

The parabolic problem (1.1) is called the parabolic Anderson model. The operator A?+¢ appearing on
the right is called the Anderson Hamiltonian; its spectral properties are well-studied in mathematical
physics. Equation (1.1) describes a random mass transport through a random field of sinks and
sources, corresponding to lattice points z with £(z) < 0, respectively, > 0. There is an interpretation
in terms of the expected number of particles at time ¢ in the site = for a branching process with
random space-dependent branching rates. We refer the reader to [GM90], [M94] and [CM94] for more
background and to [GKO05] for a survey on mathematical results.

The long-time behaviour of the parabolic Anderson problem is well-studied in the mathematics and
mathematical physics literature because it is an important example of a model exhibiting an inter-
mittency effect. This means, loosely speaking, that most of the total mass of the solution,

Ut)=> wvlt,z), fort>0, (1.3)
2€74
is concentrated on a small number of remote islands, called the intermittent islands. A manifestation
of intermittency in terms of the moments of U(t) is as follows. For 0 < p < ¢, the main contribution
to the ¢'" moment of U(t) comes from islands that contribute only negligibly to the p'" moments.
Therefore, intermittency can be defined by the requirement,

e
RSP wem

where (-) denotes expectation with respect to £&. Whenever £ is truly random, the parabolic Anderson
model is intermittent in this sense, see [GM90, Theorem 3.2].

for 0 <p <gq, (1.4)
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We work under the assumption that all positive exponential moments of £(0) are finite and that
the upper tails of £(0) possess some mild regularity property. One of the main results of [HKMO6]
is that four different universality classes of long-time behaviours of the parabolic Anderson model
can be distinguished: the so-called double-exponential distribution and some degenerate version of it
studied by Gértner, Molchanov and Koénig [GM98], [GKMO07], bounded from above potentials studied
by Biskup and Ko6nig [BKO01], and so-called almost bounded potentials studied by van der Hofstad,
Koénig and Morters [HKMO6].

In the present paper, we only consider the class of almost bounded potentials, which we will recall in
Section 1.3. It is our main purpose to determine those shapes of the random potential ¢ that contribute
most to the expectation of the total mass, asymptotically as ¢ — oco. In other words, we will find a
shifted, rescaled version, &,, of ¢ and an explicit deterministic function 1Z : R¢ — R such that the main
contribution to (U(t)) comes from the event {€, ~ ¢}, in a sense that will be specified below. This is
what we call a potential confinement property; it is a specification of the intermittency phenomenon
for the moments of U ().

1.2 Remarks on the literature.

To the best of our knowledge, the only potential confinement property that has been proved for
the parabolic Anderson model in the literature is in [GKMO07] for the universality class of the double-
exponential distribution, including its degenerate version. That paper works in the almost-sure setting
and proves that the main contribution to the total mass U(t) comes from islands in which the potential
looks like the maximisers of the relevant variational formula, but from no other island else. That
formula is the discrete variant of the formula for x appearing in the present paper in (1.11) below,
i.e., for the discrete Laplace operator on Z% instead of the continuous one on R%.

There is a ‘dual’ confinement property in the parabolic Anderson model, the confinement of the path of
the random walk in the Feynman-Kac formula, see (2.2) below. This property says that the maximal
contribution to the expected total mass U(t) comes from those random walk paths whose shape, after
appropriate rescaling, resembles the minimisers of the ‘dual’ version of the characteristic variational
problem, but from no other paths else. See Lemma 3.1 for the dual representation of y in the case
handled in the present paper, see (1.11) below. This property is proved in d = 2 by Bolthausen [B94]
in an important special case of the universality class of potentials that are bounded from above: they
assume only the two values 0 and —oo in [B94]. A similar result, also in d = 2, was independently
derived by Sznitman [S91] for the spatially continuous variant for Brownian motion in a Poisson trap
field. The characteristic variational problem is in that case

x = inf {|[Vgl3 + plsupp (9)|: g € H'(R?), |lgll2 = 1, supp (9) compact };

the function g? plays the role of the normalised rescaled occupation measures of the walk, respec-
tively of the Brownian motion. The restriction to d = 2 was removed by Povel [P99], after suitable
isoperimetric inequalities derived in the analysis literature had become known.

1.3 Almost bounded potentials.

The class of potentials we will be working with is determined by the following. We need to introduce
the logarithmic moment generating function of £(0) given by

H(t) = log<et5(0)>, teR. (1.5)
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Assumption (AB). There is a parameter p € (0,00) and a continuous function r: (0,00) — (0, 00)
with limy_,o0 (t)/t = 0 such that, for all y >0,

E&W =p-ylogy. (1.6)
This is class (iii) of [HKMO6], the class of almost bounded potentials. The convergence in (1.6) is
uniform in y € [0, M] for any M > 0. Both H and K are regulary Varying with index v = 1. According
to [BGT87, Theorem 3.7.3], (1.6) is satisfied for k(¢ fl (s)/s ds. If € satisfies (1.6), then C¢
satisfies (1.6) with p replaced by Cp, for any C' > O The class of almost bounded potentials comprises
both potentials that are unbounded and bounded to oo; in the latter case we assume, without loss
of generality, that esssup£(0) = 0. Examples are found by putting log Prob(£(0) > r) = —e/(") for
some positive increasing smooth function f and considering the limit as 7 T oo in the unbounded case
and r 1 0 in the bounded case. Then H(t) = sup,cg[tr — /(] = t£(t) — /") for some r(t) — oo
resp. r(t) — 0 as t — oco. If one now assumes that the function f/(r(-)) is slowly varying at infinity,
then the potential turns out to be almost bounded. Specific examples are f(r) = r2 for an unbounded
potential and f(r) = —1/r for a bounded one, see [HKMO06, Sect. 1.4.3].

Another important object is the function a: (0,00) — (0, 00) defined by

“<a(i)d) (t§d+2’ t> 1. (1.7)

We also will write oy instead of «(t). Informally, «(t) is the order of the diameter of the intermittent
islands for the moments. That is, the expected total mass (U(t)) is well-approximated by the sub-sum
(> |z/<Ra, v(t;®)) in a certain sense, after the limits ¢ — oo and afterwards R — oo are taken.

Lemma 1.1. The function « is well defined, up to asymptotic equivalence.  Furthermore,

limy o a(t) = 00, and « is slowly varying. In particular, lim; toz;d = 00. Furthermore, for
any M > 0,
t t t . .
H<E -y> —y- H<E) = —= P-ylogy-(1+0(1)) uniformly in y € [0, M]. (1.8)
t t o

Proof. All assertions besides the last one follow directly from [HKMO06, Prop. 1.2]. The last one
follows from (1.7) by substituting ¢ with ta; % O

1.4 Asymptotics for the expected total mass.

One of the main results of [HKMO06], see Theorem 1.4, is the description of the asymptotic behavior
of the expected total mass of the parabolic Anderson model for almost bounded potentials:

Theorem 1.2. Assume that the potential distribution satisfies Assumption (AB). Then there is a
number x € R, depending only on the dimension d and the parameter p appearing in Assumption

(AB), such that

lim a(t)? log (<U(t)>efH(ta(t)‘d)a(t)d) = —x. (1.9)

t—oo t

The description of x is highly interesting and shows a rich structure, some of which we want to explore
in the present paper. The following objects will play a crucial role in the following. By C(R%) we denote
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the set of continuous functions R — R. For ¢ € C(R?) define

L) = E/ er?® g and A(Y) = sup {<1/1,92>—HV9H§}, (1.10)
(] Rd gﬁlﬁ‘l(Rf)
gli2=

where H'(R?) is the usual Sobolev space, V the usual (distributional) gradient and (-,-) and || - ||2
are the inner product and the norm on L?(R?). Then A(¢) is the top of the spectrum of the operator
A +1p in HY(R?). If ) decays at infinity sufficiently fast towards —oo, then £(z)) is finite and A(¢)) is
the principal L?-eigenvalue of A+ in R%. Now we can identify y explicitly, see [HKMO06, Prop. 1.11].

Lemma 1.3. The limit x in (1.9) is identified as

= inf L — . .
I B - CERYD) (1.11)

Furthermore, the infimum is uniquely, up to spatial shifts, attained at the parabola

~

d
() :p+p§10g§—p2\x]2, z € RY

In particular, x = pd(1 — %log ).

1.5 Heuristic explanation.

The content of Theorem 1.2, in combination with Lemma 1.3, can heuristically be explained in terms
of a large-deviation statement as follows. Introduce the vertically shifted and rescaled version of the
potential &,

o d
a(x) = &) - %H(aé)d» zez, (1.12)
() = a(t)zgt(La(t)zJ), z € RY. (1.13)

Then &, is a random step function R? — R. Using a Fourier expansion with respect to the eigenfunc-
tions of A + ¢ in large, t-dependent boxes, one can show that the total mass U(t) is asymptotically

equal to exp{t)\flogt(f )}, where )\?logt(V) denotes the principal eigenvalue of the operator A + V in

the centred box with radius tlogt with zero boundary condition, for any potential V: Z¢ — R. Some
technical work is done to show that /\?logt(f ) may asymptotically be replaced by the eigenvalue A, (&)
in the much smaller box of radius Ra;. More precisely, the replacement error is exponential on the
scale t/a?, and its rate vanishes if the limit R — oo is eventually taken. Using (1.13) and asymptotic

scaling properties of /\dRm(-), we see that

—H(ta(t)"Ha(t)? d ~ ¢ rAN ¢
U(t)e ™D ~ exp {t)‘Rozt (5t)} ~ exp {W)\R(ﬁt)},
where Ag(1)) denotes the principal eigenvalue of A 41 in the box Qg = [~ R, R]¢ with zero boundary
condition; note that the term —H (ta(t) %) (t)? is absorbed in the vertically shifted potential, &;.

Now we take expectations with respect to the potential and find that the expected total mass is given
in terms of an exponential moment of Ag(€,) on the scale ta; 2. The following lemma is one key
property of the shifted and rescaled potential £, and gives to the functional £ defined in (1.10) the
meaning of a large-deviation rate function. We introduce the set F(Qr) of all measurable functions

1: Qr — R that are bounded from above.
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Lemma 1.4 (LDP for £,). Fiz R > 0. Then the restriction of (€,)¢~0 to Qr satisfies a large-deviation
principle with speed toy 2 and rate function

F(Qr) =R,  Lg(y)= g/ es’@ dg, (1.14)

with respect to the topology that is induced by test integrals against all nonnegative continuous functions
Qr— [07 OO)

Sketch of proof. We identify the limiting cumulant generating function,

a(t)?
t

Agr(f) = lim

t—o0

) daj).

for any continuous nonnegative f:Qpr — [0,00). Indeed, we shall show that Ag(f) exists and is equal
to Hr(f) = pr x)log f(x) dz. Then the well-known Gértner-Ellis theorem [DZ98, Sect. 4.5.3]
yields the result, since Hp is the Legendre transform of L, see also Lemma 3.1 below.

An explicit calculation using (1.12) Assumption (AB) and (1.7) shows that

log eXp

a(t)2 log exp }>
= p(1+o(1 dz f(z)1 fly) dy a(t)?
p(1+0(1)) / e s (| s, 10 ()
~ o) [ flo)ton f(o) do
Obviously, this implies that Agr(f) exists and equals Hg(f). O

We kept this proof short since we are not going to use Lemma 1.4 in our proofs. Loosely speaking,
this principle says that

2
Jim “(f) log Prob (&, ~ ¢ in Qr) = —Lz(), (1.15)

for sufficiently regular functions 1. Using this principle in combination with Varadhan’s lemma [DZ98,
Sect. 4.3] and making R very large, we arrive at

<U(t)>e*H(ta(t)—d)a(t)d ~ <exp {ﬁ/\lz@)w A exp { oz(i)Q wei}tg | [)\R(¢) — LR(@Z))] }

~ exp{ — Xﬁ}

This ends the heuristic derivation of Theorem 1.2. Hence, we see that there is a competition between
two forces for large R: the potential tries to keep the value of the eigenvalue Ag(&;) as high as possible,
but has to pay an amount of Lz(£,) for doing that. The best contribution comes from potentials &,
that make an optimal compromise, i.e., optimize the difference of the two contributions. This is
precisely what is expressed in (1.11).

1.6 Our result: potential confinement.

The purpose of the present paper is to give rigorous substance to the heuristics of Section 1.5. We
prove that there is a one-to-one correspondence between approximate minimisers v of the variational
formula in (1.11) and the contribution to the expected total mass coming from the event {£, ~ ¢}.
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More precisely, we prove that the contribution to the expected total mass that comes from potential
shapes outside a neighborhood of any shift of the parabola 1 is asymptotically negligible with respect
to the full expectation.

Let us first introduce the topology of potentials we are working with. We write Qr = [~ R, R]¢ for
the centred cube of sidelength 2R. Introduce the distance
dist(f1, f2) = Zz w(/ |f1(z) — folz)] dx), fi. fo € LMRY), (1.16)
Qr

where ¢(s) = 1—_“;8 for s > 0. The metric dist induces the topology of L'-convergence on every compact
subset of R%. For describing general potential realisations, we enlarge the space of continuous functions
to a much larger function set, the set F of all measurable functions »: R? — R that are bounded from
above. Now we can formulate our main result, a law of large numbers for &, defined in (1.12)-(1.13)
towards the set of minimizers of the formula in (1.11).

Theorem 1.5 (Potential confinement). Suppose that Assumption (AB) holds. Then
(U(t) pte(&)}

where R ) L
Iye= ﬂ ﬂ {¢ € F: dist (eﬁ(w(m+')AM),eEw(')) > 5}_ (1.18)

M6(07OO) TEQY logt

Theorem 1.5 says that the totality of all potential reahsatlons ¢ such that every shift of ep(gtAM)

is, for any M > 0, away from the Gaussian density eﬂ by some positive amount gives a negligible
contribution to the expected total mass. It is sufficient to consider only shifts by amounts < tlogt
since the mass coming from farther away contributes negligibly at time ¢ anyway. It will turn out in

the proof that the quotient on the left hand side of (1.17) decays exponentlally on the scale ta(t) —2

1z, AM

The appearance of the parameter M is necessary since distances between e and eﬂgt cannot be

controlled on that exponential scale.

A similar confinement property can also be formulated for the moments of U (t) instead of U(t) itself;
the proof will be not much different, but some additional technical steps will have to be added.

With much more work, it should be possible to derive a large-deviations principle for £, under the
measure with density U(¢)/(U(t)) with an explicit rate function; then Theorem 1.5 would be a corollary
of this principle.

An interesting open task is to formulate and prove a ‘dual’ confinement property or even a large-
deviations principle, for the appropriately rescaled random walk local times in the Feynman-Kac
representation in (2.2) below. The characteristic variational problem is introduced in Lemma 3.1
below, and its minimiser, g2, will play the same role for the local times as the the minimiser 12 in
(1.11) for the potential. The main point will be to determine an appropriate topology for both the
probabilistic and the functional analytic arguments. Presumably, our Lemma 3.2 will be crucial in
that proof.

1.7 Comments on the proof.

The proof of Theorem 1.5 has a functional analytic side and a probabilistic side. On one hand, we
show that any sequence of functions that asymptotically minimise £ — A in (1.11) converge, after an
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appropriate spatial translation, to the minimiser 1; in the topology used in Theorem 1.5, and on the
other hand we derive effective estimates for the expectation of the total mass on the event that &,
is bounded away from 1Z in the same sense. The main point is that these two properties have to be
proved in the same topology, which is a non-trivial issue. Note that the topology we work with is much
stronger than the one in which we have a large-deviation principle, see Lemma 1.4. In the literature,
other topologies are considered in which the variational formula in (1.11) has a related approximation
property (see the remarks at the beginning of Section 3); however these topologies turned out to be
not suitable for our probabilistic approach.

The analysis part of the proof will be handled in Section 3 by more or less standard methods from
analysis. The probabilistic part is treated in Section 2. The large-deviations principle of Lemma 1.4
can serve as a guidance only since the topology used in that principle is too weak. Our proof indeed
follows another route, which we informally describe now.

Similarly to the heuristics of Section 1.5, we have

e O™ 9O U (1)1, (€) ~ (exp {ﬁh(&) fir. (€)).

where I'p. is some finite-box approximation of ftﬁ. Now we add und subtract the term
toz(t)_Q,olog(%ER(Et)) in the exponent. The difference term is estimated against the variational for-
mula
e
—Xr(e) = sup <>\R(1/1) — plog <—£R(¢)))7
1/J€FR75 P

such that we have
—H(ta(t)~V)a(t)? (7 —ta(t)~2xr(c) bt e, F
o (U1, ,(€) <e ? <exp{a(t)2plog (pﬁR(ft))}>-

With the help of the principle in Lemma 1.4 and Varadhan’s lemma one can convince oneself that the
exponential rate (on the scale ta(t)~2) of the last expectation should be equal to

sup (plog (%ER(¢)> - ER(W) = l:ﬁgo) (p log% - l)-

(However, the proof of that fact cannot be done with the help of Lemma 1.4, since the functional
Y — plog(£LR(¢)) is not bounded and continuous in the topology used in that lemma.) The right-
hand side is easily seen to be zero with unique minimiser £ (¢) = = p. Hence, the only task that is
left to do is to prove that liminfg . xr(g) > x. This is indeed true; it relies on the representation

e
—x = sup (Ar(¥) = plog (=Lr(¥)) );
¥ P
see [HKMO06]. From this estimate, Theorem 1.5 follows since the denominator of (1.17) has the strictly
larger exponential rate —y by Theorem 1.2.
2. PROOF OF THEOREM 1.5

In this section, we prove Theorem 1.5. Recall that we suppose that Assumption (AB) holds, and recall
the parameter p € (0,00) from that assumption. Comparing to Theorem 1.2, it is easy to see that the
following proposition immediately implies Theorem 1.5.
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Proposition 2.1. For any e > 0,

2
lim sup % log (e*a?H(t/a?)<U(t)Ilft g(Et)>) < —X. (2.1)

t—o00

Indeed, Theorem 1.2 says that the denominator of (1.17), after inserting the factor et H(t/af) hoth in
numerator and denominator, has the exponential rate —y, while the rate of the numerator is strictly
smaller, according to Proposition 2.1 (both on the scale ta; 2). Hence, Proposition 2.1 implies that

the quotient in (1.17) even decays exponentially on the scale to, 2,

One of the most important tools in the study of the parabolic Anderson model is the Feynman-Kac
formula, which represents the solution of (1.1) and its total mass in terms of an exponential expectation
of a functional of simple random walk (X (s): s € [0,¢]) on Z? with generator AY. We denote by P, and
[, probability and expectation with respect to the random walk, when started at z € Z¢. The walker’s
local times are denoted by ¢;(z) = fg 5.(X(s)) ds, the amount of time the walker spends at z € Z< by
time ¢ > 0. Note that fot V(X (s))ds = (V, £) for functions V: Z¢ — R, where (f,g) = Y, 74 f(2)9(2)
for any f, g. Then, also using (1.12), the Feynman-Kac formula may be formulated by saying

e*afH(t/O‘g)U(t) =Ey [exp { /Ot &(X(s)) ds}] =Ey [ewt’@] . (2.2)

We divide the proof of Proposition 2.1 into a sequence of steps. In Section 2.1 we show how we reduce
the infinite state space Z? to some finite large box. In Section 2.2 we replace the shifted and rescaled
potential, £,, by a truncated version &, A M and show that the replacement error vanishes as M — oo.
This technical step turns out to be crucial in Section 2.3 since our proof of Lemma 2.6 would fail for
&, in place of £ A M. After the two preparatory steps in Sections 2.1 and 2.2, the main strategy of
the proof of Proposition 2.1 is carried out in Section 2.3.

2.1 Reduction to a large box.

Our first main step is to estimate the expectation on the left-hand side of (2.1) in terms of a finite-box
version. In other words, we argue that we may replace the full state space, Z%, by a box with a radius
of order a;. We will also insert an appropriate scaling, which will turn the discrete box of order ay
into continuous cubes of finite-order radius. By Bg = [~R, R]* N Z? and Qr = [~ R, R]? we denote
the discrete box and the continuous cube of radius | R], resp. R. A finite-cube version of the distance
dist defined in (1.16), appropriate for our purposes, is

l xr l X
dr(¢¥1,12) =/ \epwl( ) _ e ){ dz, Y1, € F, (2.3)
Qr

where we recall that F denotes the set of all measurable functions R¢ — R that are bounded from
above.

Lemma 2.2 (Reduction to a large box). Fize > 0. Then there is C > 0 such that for all R > 2—log §
andt > 1,

e—aiH(t/af) <U(t)11fm (Et)>

o (2.4)
< oH1(20)/2=af H(t/af) o~ Ftlogt | o T2a? <Et,R[e<€t,§t>]

H{VM>0¢ gtAMeFR,s/2}>7
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where we abbreviate BV, .| = Eql. .. - Lsupp 1 Bsa, }» and we put
Tpe= ﬂ {1/16.7—": dr((x + ), 9(-)) >€}, e>0. (2.5)
T€Q2R

Lemma 2.2 reduces the &,- expectatlon to an expectation of the restriction to the cube @3gr; the
constraint that any shift is away from 1/) on any compact subset of R i is replaced by the requirement
that the shift by any amount < 2R is away from the Q) g-restriction of 1/1 in L'(Qr)-sense.

Proof of Lemma 2.2. This is a refinement of the proofs of [BKO01, Prop. 4.4] and [HKMO06, Lemma
3.2]. Indeed, we use the Feynman-Kac formula for U(¢) and distinguish the contributions from those
paths that leave, or do not leave, respectively, the box Bjioe¢ up to time ¢. The first contribution
can be estimated against the first term on the right of (2.4), as is seen in [HKMO06, Lemma 3.2],
together with the subsequent text (see the display above (3.18) there). In order to see that the second
contribution can be estimated against the second term on the right hand side of (2.4), we have to
repeat parts of the proof of [BKO1, Prop. 4.4]; we shall replace the R there by 2Ra(t).

As a first step, we estimate, with the help of a Fourier expansion, against the principal eigenvalue. For
V:Z% - R, let /\?logt(V) be the principal eigenvalue of A+ V in the box By log¢t With zero boundary
condition. Then a Fourier expansion shows in a standard way that

Eo [e<gt,v>ﬂ{5upp (6)CB, logt}] < eolt/ad) PN iogi (V)
where o(ta; ) does not depend on the potential V. Now [BKO1, Prop. 4.4] says that the eigenvalue
in the box Bjg¢ may be estimated from above against a small error plus the maximal eigenvalue in
certain, mutually overlapping boxes:

C

d -
)‘tlogt(v) < ker%i}jg )‘4kROé(t)+BsRa(t)(V) T R2a(7§)2’

where C' > 0 does not depend on V nor on R nor on ¢. (Here A% (V) denotes the eigenvalue of A+ V
in a bounded set B C Z¢ with zero boundary condition.) Hence, we may estimate

_ Ct t}\d
<et)\t1ogz ]lft,g(gt)> < eRQQ% Z <e 4kRa(t)+B3Ra(t) Fta(gt)> (26)

kEBt logt

Now we estimate T, _ (€,). Observe that

.c N N N {zp € F: dp(v(4kR + 2 + ) A M, () > 5}. (2.7)

2
MG 0 OO) keBt logt ‘TGQQR

In order to show this, we show that the complement of the right side is contained in the complement
of the left side. Pick k € B;1og¢ and x € Q2r and 1 € F such that

L(y(4kR+a+y)AM) e%@(y)‘ dy.

5> dn(w(akh o) a0 00) = [ o

Then, for # = 4kR + x, we have (recalling that ¢(s) = 1= is increasing in s), for any M > 0,

dist(oF PEFIMD 790 22 r(b( / ‘ LW@EHAM) _ 3 y)‘ dy) Yo

r>R
sqb(/R

oL W@EHYAM) _ e%i(y)‘ dy) yo R < g +2 R<;

)
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by our assumption that R > 2 —log §. Hence, 1 lies in fae, which shows that (2.7) holds.

Now we use (2.7) on the right hand side of (2.6) and obtain that
(e Om, (@)

ot oy ©)
202 4kRa(t)+Bs gy - ~
<efei ) <e @ T Dvarsoveeqan: dR(ft(4kR+x+~)AM,w(~))>%}> (2.8)
kEBtlogt %eBtlogt

Ct

< e 3d(tlogt)? <et>‘gRa<i) ©

]I{VM>O: Et/\MeFR’E/Q}>’

where we have estimated the product of indicators against the k-th factor, and we have used the
shift-invariance of the potential. Now enlarge C' in order to absorb the term 3%(tlogt)?. O

2.2 Truncating the potential.

In the next lemma, we replace the random potential by a truncated version. In the proof of Lemma 2.6
below it will turn out to be crucial that the random potential under interest is bounded from above,
hence Lemma 2.3 is a necessary preparation for that.

Lemma 2.3 (Truncating the potential). Fiz R > 0 and € > 0. Then

2
. at t7R ¢ ’ =
lim sup—- log <E [e< ‘ £t>] Tryarso: £t/\M€FR,s}>

t—o00

(2.9)
2
< lim sup lim sup % log <Et’R [e%’&/\(M/O‘%))] Ip, . (& A M)>

M—oo t—o00

Proof. It is clear that we may estimate, for any M > 0,

1 <

(VAT>0: EaiTerp .} = W (& A M).

Fix some small parameter > 0. In the expectation on the left hand side of (2.9) we insert the sum
of the indicators on the event {({;,& — & A (M/a?)) < nt/a?} and on the opposite event. On the
first event, we estimate ({4, &) < nt/a? + (b, & A (M/a?)) in the exponent. The second indicator is
estimated as follows:

—Knt/a? K (b6~ M/a?
]l{<ft7ft_§t/\(M/Oé%)>>nt/o¢?} <e o oK (e, & —EeN(M/ t)>,

where K € (0,00) is some large auxiliary parameter. This gives that

<Et7R [e%’w] ]1{\71\7>0: Et/\Z\AIGFR,E}>
< om/ad <Et,R {ewtmw/a%»] Iy, (€ A M)> 1 o~ Knt/ag <Et7R [e%,§t>eK(ft7§t—§t/\(M/0¢§))} >

The last expectation is estimated with the help of the Cauchy-Schwarz inequality:
<E’*R [ewt,§t>eK<£t,§t7§t/\(M/ozf)>} > < <Et,R [ewt,&q >1/2<Et,R [ezK@t,gﬁgm(M/ag»} >1/2. (2.11)

We are going to show that, for any K € (0, 00),

2
lim sup lim sup a—tt log<Et’R [eK%’&_(&/\M/O‘%»] > <0, (2.12)

M—oo t—o00
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e., the exponential rate (on the scale t/a?) of the second term on the right-hand side of (2.11)
vanishes as M — oo. In the course of the proof, it will become obvious that the first term on the
right-hand side of (2.11) has a bounded exponential rate. Hence, the assertion of the lemma follows
from considering the large-t rate in (2.10) and making M — oo, K — oo and 7 | 0.

We now prove (2.12). We first sum on all subsets S of B = B3p,, in which the potential & is larger
than M/a? and distinguish large and small such sets. This distinction is made with the help of a
small auxiliary parameter 7 € (0, 00):

<Et7R[eK(tht—(gt/\M/o‘%»]> < <Et7R [eXp {K Z be(z) - &i(2) - ]l{ft(z)>M/Oé§}}]>

z€B

< Z <Et,R [eK Yies Zt(Z)gt(Z):| Il{S:{zeB: gt(z)>M/a§}}> (2.13)
SCB: |S|>Taf

I Z <Et,R{eKzzesét(z)-§t(z)] >

SCB: |S|<Tad

In the following, we show that the exponential rate of the first term tends to —oo as M — oo for any
7 > 0, and the rate of the second vanishes as 7 | 0.

We first consider a summand of the first sum, where |S| > T()ég. By using the Cauchy-Schwarz

inequality we obtain
<Et7R [eK EzESZt(Z).&(z)] ]l{S:{ZEB: §t(z)>M/ch}}> (2 14)
1 1 .
< <Et’R [GQKZZGS&(Z)@(Z)]>2 - Prob (S ={z€ B: &(z) > M/a?}) ’

We first estimate the probability. We use the definition of £;(z) in (1.12), the independence of the &(z)
for different z, the Markov inequality and the definition of H(-) in (1.5), to obtain

Prob(S ={2: &(2) > M/ag}> < Pmb(g( ) Ht/ad) | y)i'

t/agl a%
[S]
£0)t/ag H(t/af)  ,Mt/af > 15
= Prob Ot > o0/ ) (2.15)
[S]
< < Mt/ag+2e_H(t/ag)< £(0)t/ad >)7
< eter *M7/2.

The exponential rate of this tends to —oo as M — oo. Hence, it suffices to show that the exponential
rate of the expectation on the right hand side of (2.14) is finite on the scale ta, 2. This is surprisingly
difficult and cannot be handled with rough arguments. We do this by extending some results of
[HKMO06, Sect. 3.2], the only additional issue being that the set B is replaced by some subset S
of B. This is some technical issue since &; can assume also negative values, such that we have to
repeat some of the steps from [HKMO06]. We use the definition of &; in (1.12), apply Fubini’s theorem,
execute the expectation with respect to &, recall the definition of H(-) in (1.5) and use the abbreviation

hi(z) = H(2K/(z)) — 2K€t(z)%. This gives

<Et,R [e2K zzeset(z)-&(z)} > _ ELR {ezzes ht(z)] , (2.16)
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We split the sum on z € S into the subsums where £;(z) < t/a and the remainder. For ¢;(z) < t/a¢
we may apply the asymptotics for H from Lemma 1.1. This gives, as t — oo, also using the relation
between oy and k(t) in (1.7),

d af of
Y ) < (proalt/al) Y 2K6(2)% log (2K€t(z)7>
2€S: L (2)<t/af 2€S: Ly(2)<t/af
o151 t
IBI

(2.17)

< 2p2K log(2K) |S] <

d+2

where C' € (0,00) depends on p and K (and R) only.

Now we handle the subsum on z € S satisfying ¢;(z) > t/af. For this purpose, we need the following
estimate for differences of H-terms, which follows from [BGT87, Theorem 3.8.6.(a)]. For any é € (0, 3],
there are A,tp € (1,00) such that

H(ty) —yH(t)
T < Ay1+5,

We pick a small § > 0 and apply (2.18) with & replaced by §2/3, for y = 2K/;(2)af/t and with t/af
instead of ¢, to get, for z satisfying ¢;(z) > t/af,

€ [1,00),t € [tg,00). (2.18)

he(z) = H2K(2) — 2K {4z ) H(t/of) < An(t/of) (2K0(2)%F ) o
o s (2.19)
- Caf+2 ( t t Z)> ’

where we have used the definition of ay in (1.7), and Ce (0,00) depends on A and K only. Using
this and (2.17) in (2.16), we can estimate

EHE [ezzes ht(z)} < ec%t/a% Et’R{exp {C%ad62/3 Z (Le,(2)) 1+52/3}] . (2.20)
ot 2€S: by(2)>t/af

Now in the same way as in [HKMO6, Sect. 3.2], we see that, for any probability measure p on B, for
any 0 <a<b<1andO0<c,

S up)tre < gl D0mateitetl] <ZM Lbe )Ha_b. (2.21)

z€B: u(z)>at_d zeB

This is proved as follows, using Jensen’s inequality (we write ), instead of )

S = (L) (3 gty e)
< <ZZ:M( ><ZZ M1+b )1+a—b
= <ZM(Z)b(M(z)ozf) - ) <ZM(Z)1+b(M(Z)ag)C)1+a*b

d[(1=b)(b—a)+c(1+a—b ) 1tab
< at[( )(b—a)-+c(14+-a—b)] <Z ,u(z)l+b+ > )
z€B

z2€B: ,u(z)>ozt_d):
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Applying (2.21) for p = %&, a=0%/3,b=262/3+ % and ¢ =6 — 62/3 — %, we obtain

v 4523 1462/3 _  —1i5(d+(2-d)(1+9))
o’ Y (@) e eelves, (2:22)
¢ ZEB: Ly(2)>t/ad

where || - ||1+5 denotes the (1 + &)-norm on £'+°(Z%). Now, picking § > 0 so small that 6(d — 2) < 2,
[HKMO6, Prop. 2.1] states that the large-t exponential rate of the right hand side of (2.20) on the
scale t/a? vanishes as C 1 0. However, the proof shows that this rate is finite for any C e (0, 00).
Using this fact in (2.16), and substituting this in (2.14) we see because of (2.15) that the exponential
rate of the first sum on the right hand side of (2.13) on the scale t/a? tends to —oo as M — oo, for
any 7 > 0.

Now we address the second sum on the right hand side of (2.13). We show that its large-t exponential
rate on the scale t/a? vanishes as 7 | 0. We consider S C B = B3paa with |S| < Tad. We start from

(2.20), which is valid for any S C B. We use Hélder’s inequality with new parameters % + % =1 for
the last sum to obtain

S Gue)T sy (%Mz))p“””‘”’))%- (2.23)

2E€S: be(2)>t/afd 2EB: Ly (2)>t/ad
Now we apply (2.21) for = 14, a = p+ pé?/3 — 1, some b € (a,1) and ¢ = W, where
we assume that § > 0 is small enough and p > 1 close enough to one such that all the assumptions
0 <a<b<1and c> 0 are satisfied. This gives, using (2.23),

t o d5%/3 14+62/3
pviel / > Gue)t
¢ 2E€S: Ly(z)>t/ad
B T e LU T VAR
a

—-1_(d+(2—d)(143))
= 71/9q, 1+ 14¢ll1 5

where s =b+e Picking 6 > 0 small enough and p > 1 close enough to one, we also have that
d(d —2) < 2, and we may again apply [HKMO06, Prop. 2.1] and see that the exponential rate of the
second sum on the right hand side of (2.13) vanishes as 7 | 0. This ends the proof. O

2.3 Main part of the proof of Proposition 2.1.

Using Lemmas 2.2 and 2.3, it is clear that Proposition 2.1 now follows from the following assertion.

Proposition 2.4. For any e > 0,

2
lim sup lim sup lim sup % log <Et’R {e“t’&/\(M/o‘%» I, (& A M)> < =X (2.24)

R—oo M—oo t—o00

Let us now prove Proposition 2.4. For any potential V: Br — R, we denote by A%(V') the principal
eigenvalue of A1+ V in the box Bg with zero boundary condition. Introduce a rescaled version of this
eigenvalue by putting, for v € F(QRr),

)\%)(1/)) = af)\%a(t)(#ibd), where 1/Jd(z) = a? // a1y Y(y) dy for z € A (2.25)
t z/at+[0,0
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Observe from (1.12) and (1.13) that ﬁgf = &. Recall the definition of EX# from Lemma 2.2. Hence,
t
using a Fourier expansion, one has, for any R,M >0, as t — oo,
RtR e<zt,5m(M/a%>>] — °t/98) exp {t)‘gRat (& A ( M/af))}
(t/02) t o = (2.26)
=2\ %) exp {—zAgR(ft A M)}
i

Now we multiply (2.26) with I, (£, A M) and take expectation with respect to £&. We subtract and
add the term tat_Q,o log(%ﬁgR (€,AM)) in the exponent. The next step is to pick some small parameter
3 € (0,00) and to distinguish the events {{, A M € Dg r} and its complement, where

Dsr={¢ € F(Qsr): [Lsr(®) — p| < B}. (2.27)

On the event {{, AM € I'g .}, we estimate the first two terms in the exponent differently on {£,AM €
Dgs g} and on the complement:

- e - — e,t) on{§, AMeD ,
NSp(E A M) = plog (SLan@ A 2)) < § TXEDS0 o b ()
p —Xr(t) on {§ A M ¢ Dg R},
where the variational formulas are defined by
e
—Xr(B,€,1) = sup {Agg(w — plog (;E:m(?/))) 1 €N DB,R}, (2.29)
and we put —xg(t) = —xr(00,0,t) = SUPyc (s [Nk (¥) — plog(£Lsr(¥))].
Making the above explicit and abbreviating
t e
Fun(¥) = exp { 5 plo (Lan()) }. (2.30)
we obtain
<Et,R {eut ,&A(M/a%»] Iy, (&, A M)>
t v = e - — _
< D (exp { 25 [MR(E A M) = plog (= Lon(E A M) )|} Pl A M) Ty € A M)
t
< eo(t/a%)< [HDB,R(E: A M)e~tor Xr(Bet) 4 1pg (& A M)eftafm(t)] (2.31)

x Fy (& A M)y, (& A M)>
< eo(t/a%) [e_mt_QXR(ﬁ’a’t)<Ft,R(gt A M)> + e_tat_QXR(t)<Ft,R(gt A M)]ng R(Et N M)>] :

Now we need the following asymptotics for the approximate variational formulas:

Lemma 2.5. (i)
liminf lim inf x g (t) > x.

R—oo t—o0

(ii) For any e > 0, and any > 0 small enough,
lim inf lim inf x (5, ¢,t) > Xx-
o

R—o>o t—

The proof of Lemma 2.5 is deferred to the end of Section 3.

The large-t exponential rate of the expectation of Fy, r(&, A M) is nonpositive for any M > 0, as is
seen from an application of part (i) of the following lemma for K = p.
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Lemma 2.6. (i) Fix R >0 and M > 0. Then, for any K >0,
K/ K
lim Sup — log <Ft Rr(&E N M) p> < Klog — (2.32)
t—o0 p

(ii) For any 8 > 0,

a2
lim sup lim sup lim sup — log <E R(EL A M)1pg (& A M)> < 0. (2.33)

R—oo M—oo t—o0

It is elementary to see that an application of Lemmas 2.5 and 2.6 to the terms on the right hand side
of (2.31) implies that (2.24) holds for any € > 0. This ends the proof of Proposition 2.4.

It remains to prove Lemma 2.6. Let us mention that our proof crucially depends on the appearance
of the cut-off potential £, A M instead of &,;, even though the cut-off parameter M does not appear in
the asymptotics. This is the place where Lemma 2.3 turns out to be important.

Proof of Lemma 2.6. First we prove (i). Recall the definition of Fy g(¢) from (2.30). We recall
that &,(z) = a?&;(|ray|) and rewrite

<Ft7R(Et A M)K/p> _ <( ~d Z exp { (2) A M) })Dt>, (2.34)

where we abbreviated D; = Kt/a? and B = B3p,,. (For the ease of notation, we assume that D; and
3Ra; are integers.)

Now we calculate the right hand side with the help of elementary combinatorics. We denote by
M (B)={pu € (D%NO)B: > pep 1(b) = 1} the set of probability vectors y on B such that Dyu has
solely integer coefficients. Then we have

Lh.s. of (2.34) = a; % Z <H exp{ (%?ft(b) A %)#{1 Zi = b}}>

21,%2,..,2D, €B ‘bEB

—a Y #{z € B #{i: 2z = b} = Dt,u(b),\v’b}

HeMZ B 2.35
< K tu(b) (st<o>A—2)> (2:35)
< T1 (e
beB
—dD, K tu(v) (€1 (0N 2% )>
=«
3 Ty I
HEM TV (B)
Use Stirling’s formula and recall that D; = Kt/a? to deduce that, uniformly in p € ./\/l(lD”(B),
at—thD—t!‘ _ ot/a?) exp{ - Z 1(b) log (1 d)}‘ (2.36)
HbEB(Dt/’L(b)) t beB

Now we analyse the last product on the right hand side of (2.35). We use the formula E[X] =
fo (X > s) ds for nonnegative random variables X, introduce an auxiliary variable N > 0 (which
will be chosen later) and apply the Markov inequality with the map s — s". Then we make the

change of measure via s = exp{—k5r}, which implies % = —t5 exp{—L7}. We use the abbreviation
Qay Qay Qi
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a= 7u(b)atd. Hence, we have, for any @ > 0,

K M exp{tMa/aff "2} 6(0)a
R R I S I

p{tQ/af "%}
exp{tMa/a;HQ} ¢
< olQ/af™ / 37N< exp {—d§t(0)aN}> ds (2.37)
exp{tQ/af*?} o

Ma
=it {r=m e {Ga0an)
= el@/ " 4 27 ), exp < r(l N)ag+2 exp agQ(O)aN dr.

Now we use the definition & (z) = &(2) — H(t/ad)af/t of the shifted potential (see (1.12)) and recall
that H(s) = log(e®©) and t/adt? = k(t/al), to proceed with

dt2 t Ma t
Lh.s. of (2.37) < '@/t 4 / expy — (N — 1)r——
e e

X exp{ —aNH(aitd>}<exp{ai?§(O)aN}> dr

Ma d d
_ tQ/ad+? t / _ N1 aNH(t/of) — H(aNt/af) d
e +a§l+2 ; exp{ —af+2<( )+ w(ijod) >} T.

Now we have to distinguish the case of bounded aN, where we can use precise asymptotics in (1.6)
for the last quotient, and the case of arbitrarily large a/N, where we can only bound the last quotient.
Introduce a new parameter L > 0, which will later be chosen large enough. First we handle those a
satisfying @ < L, and we now pick N = ¢’/% /ae. Note that aN lies then in the interval [é, ejvé/p].

Hence, we may use the asymptotics in (1.6). This gives, picking @ = 0,

Ma
o Oéd+2 t
Lh.s. of (2.37) < 1 + et/ )/0 exp{ — W((N — 1)r — paN log(aN))} dr
t

Ma
t T
=1+ eo(t/ai™?) / exp{—m (—7“ + §eaﬂ>} dr.
0 Qy

The term —r + geaLﬂ is minimal for r = palog(ae) with value —palog(a). Hence, we may estimate for
a < L as follows.

t t
Lh.s. of (2.37) <2+ t/o ™) g exp{ T2 Pa log(a)} < ot/ef™?) exp{mpa log(a)}. (2.38)
ay ay

Now we turn to a satisfying a > L. This time we pick N = rl/‘S(A(l + 5))71/5(1*(1*5)/5, where we
have picked some small 6 > 0. With A as in (2.18) we have, for every ¢ large enough,
aNH(t/af) — H(aNt/a})
K(t/af)

This time we pick @ = A(1 + ¢)L and note that alN > 1 on the integration interval [A(1 + 0)L, Ma].
Hence, for a > L, we may estimate

A1+ 96)L -t ar2y [Ma t
Lh.s. of (2.37) < expy ————— {4eot/o )/ expd ——(r — Nr+ A(Na)' ™)\ dr.
3 { of 2 } AQ+O)L {af“ ( (Na) > }

> —A-(aN)*, aN > 1.
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Note that we may estimate —N7 + A(Na)'*% < 0 in the exponent. Furthermore we extend the
integration area to the interval [0, Ma]. Hence,

A(1+0)L -t a+2y [Ma t
Lh.s. of (2.37) < expy ———— teolt/oy )/ expy ——=rp dr
(2.37) p{ al+? } ; p { o2 }

. t (2.39)

dt2
Qi

d+2

< eolt/a >eXp{

Ma,}7

where the last step is valid for M > A(1 4+ ).

Now we go back to (2.35) and substitute (2.36), recall that a = %,u(b)ozf and substitute (2.38) for
a < L and (2.39) for a > L. We now write Lp/K instead of L and obtain

Lhas. of (2.34) < eot/ed) ™ ( 11 eXp{—O%K p(0) log (u(b)or) })

MEMth)(B) beB

« ( H exp{#Ku(b)atd log <%p(b)af) })

beB: pu(b)ad<L

<(II e {Q;HMEM@)@?}) (2.40)

beB: p(b)ad>L

_ olt/a?) Z exp{%Klog <5> Z ,u(b)}
peM{PY(B) “ P7 s p(b)ad<L
t

X exp {y > (Mgu(b) — Kp(b) log (M(b)af)) }

 beB: p(b)ad>L

Estimate the last term by

t K
) Z <M?M(b)a? - Kﬂ(b)a? log (Mb)af))
X beB: p(b)ad>L
t K
<= D> u(b)(M?—KlogL»
! beB: p(b)ad>L
which is nonpositive for L large enough (only depending on M, K and p). Now observe that
> vep 1(b) = 1 and that the cardinality of M{""(B) is c(t/e?) | This gives that
.o - a? K
Jim Tt log < Fyn(E A M)K/p> = lim Tt log (Lh.s. of (2.34)) < K log ”
and the assertion (i) is proved.

Now we prove assertion (ii). We use the exponential Chebyshev inequality and (i) as follows. We split
the event {{, A M € I {|L3r(E, A M) — p| > 3} into the events {L3r(&; A M) > p + 3} and
{L3r(€, N M) < p — 3}. Let us consider only the first of these events, the other is handled in the
same way. On this event, we multiply both sides of the inequality with e/p, take logs, multiply with
Bta(t)™? and take exp. This gives, recalling the definition of Fy (1)) in (2.30),

L £y @ nmry>pt8) = LiF, n@AM)P/o>expltar2Blog(e(1+6/0)}}

< Fon(€ A M) esxp { — S plog (e(1+ 2)) ).
t
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Hence, we can estimate, with the help of assertion (i),
(Fur(€ A Mgy @ nary>prsy)

— t
< (Fur(€ A M) ) exp { = —Blog (e(1+2)) |
¢
< 2t/o) exp {ép[(% + 1)log(% +1) — % — %log (1+ %)} }
¢

= 2t/%}) exp {ép[log(l + %) - %] }
¢

Since the term in square brackets is negative and does not depend on R nor on M, the proof is
complete. n

3. THE VARIATIONAL FORMULAS

In this section we identify the constant y appearing in Theorem 1.2 in terms of a ‘dual’ variational
problem which will be of importance. Furthermore, we prove a minimisation property of that formula:
every asymptotically minimising sequence converges, along a suitable subsequence, after appropriate
spatial translation, towards the minimiser of the formula in L?(R%)-sense. This is one of the crucial
ingredients of the subsequent proof of Lemma 2.5, the last open step in the proof of Proposition 2.4.

Recall the parameter p € (0,00) from Assumption (AB). Then [HKMO06, Prop. 1.11] identifies x as
follows.

Lemma 3.1 (Dual representation of x). For any g € H'(R?),

M) = [ Pa)logg(o) do € [-o0.00) (3.1)
R4
is well-defined. Furthermore, £ and H on L?(R%) are Legendre transform of each other, more precisely,
L) = suwp  ((¢%9) —H(g") and  H(g*)= sup ((¢%9) = L(¥)). (3.2)
geH(RY) PeC(RY)

Furthermore,
= inf Voll3 —H(g%) - 3.3
= et IVl - (o)} (33)

Moreover, the minimum in (3.3) is attained, uniquely up to translation, at the Gaussian density
L~
P = (&)pe i = Le?@ g eR?,
The function § is the unique L?-normalized positive eigenfunction of the operator A—i—z/b\ with eigenvalue
AY)=p—pd+ p%l log 2. Furthermore, L(¢) = p.

The main point in the proof of Lemma 3.1 is the well-known logarithmic Sobolev inequality,
IVal3 > H(g®) + pd(1 - $log 2), g€ L*RY), gl =1, (3.4)
with equality if and only if g is equal to g; see, e.g., [LLO1, Thm. 8.14].

Now we consider the infimum in (3.3) under the additional constraint that any translation of g2 is
away from the minimizer g2 introduced in Lemma 3.1 in L'(R%)-sense, i.e.,

x(e) = inf {|IVgll3 = H(g>): g € H'RY), |igllz = 1, Vo € R || 2@ +) = G*()], 2 e} (35)
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The following lemma says that, given any L2-normalised sequence (g, ), of approximate minimisers of
g — | Vgl3—H(g?), there is some shift z,, € R? such that, along some subsequence, g2 (x,,+-) converges
in L'(R?) towards the Gaussian density g2 introduced in Lemma 3.1. Let us remark that a similar
result is obtained in [C91] using a different approach. It is shown there that, for any L2Z-normalised
g € H'(RY),

IVgll3 - 27r/92 log g? > x + 219 (|§g|? | 2¢/2e2mlel"), (3.6)

where §g(z) = [pae ?™*Yg(y) dy is the Fourier transform, and § denotes the relative entropy between
probability measures with the respective densities. Note that the latter density is equal to the Gaussian
density g% with p = 27; by x we mean our parameter with precisely that choice of p. Certainly, (3.6)
can easily be generalised from 27 to any value of p. However, the result in (3.6) is not sufficient for
our purposes since we found no way to make the entropic distance between two densities used in (3.6)
compatible with our large-deviations arguments for the normalised random walk occupation measures.
Neither we were able to estimate the quotient on the left hand side of (1.17) in terms of anything
that involves the entropy between the square of a Fourier transform of the squareroot of a density and
the Gaussian density, nor we we able to apply useful probabilistic techniques to it if the distance dist
introduced in (1.16) is replaced by some entropic distance in the above spirit. Hence, we do not use
(3.6) in our proof.

We also would like to mention that the discrete variant of the variational formula in (3.3) (i.e., where
the Laplace operator in R? is replaced by its discrete version in Z%) has been analysed in detail in
[GH99, Theorem 2.II} and its dual variant in [GKMO7, Proposition 1.1 and Lemma 3.2]. These are
the formulas that appear in the analysis of the parabolic Anderson model in the universality class of
the double-exponential distribution.

Lemma 3.2. For any e > 0, x(¢) > x.

Proof. It is sufficent to show that, for any sequence (g,), in H'(R?) such that |g,|j2 = 1 for all
n and lim, e (|[Vgnll3 — p [ gn?log(g2)) = x, there is a suitable shift z,, € R? such that, along a
suitable subsequence, lim,, o dist(g2(z, + -),9%(-)) = 0. Let (gn)n be such a sequence. Hence, for
some K > 0,

IVgnl3 — p/gn2 log(gn®) <K, meN. (3.7)

Now we show that (||Vgy]|2)n is bounded: In the case d > 3 we use Jensen’s inequality and the Sobolev
inequality [LLO1, Theorem 8.3] to estimate

d—2 4
1Vgnl3 < K+p/gi log(g2) = K+p—— /gi log(gn~?)
(3.8)

9 2d_
5 log (CIVgall ),

d—2 d2—d2
<K+p——log( [ 977) <K+p

2d
where C' > 0 is a Sobolev constant that satisfies ffal%d2 < C||Vf||l572 for any f € Ld%(Rd). Hence
(IIVgnl|2)n is bounded and therefore ( [ g2 log g2), as well. In a similar way, we see the boundedness of
(IVgnll2)n also in d = 2, using the Sobolev inequality of [LL0O1, Theorem 8.5(ii)]. In dimension d = 1,
we estimate, using the Sobolev inequality of [LL01, Theorem 8.5(i)],

IVgal3 < K +p / log(g2) < K +p / 2108 [lgnll% < K + plog (3[Vgal3 + 1)

and conclude as above.
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Now we construct, for any n € N and any small § > 0 and any sufficiently large R = Rs > 0, some

2,(6, R) € R? such that
/ aly) dy =1 -0, (3.9)
zn(6,R)+Qr

We pick a smooth auxiliary function ® = ®z: R? — [0, 1] satisfying supp (?) C Qr and ® = 1 on
Qpr-1, and we put ®,(y) = ®(x +y) for z,y € R% Consider h,, , = ®, - g,. Then we have

/ Inall? dz = / dy / de (1 y)g () = | @2
R4 R4 R4

Similarly, we get

/ dz / dy h2,(y) log(h2 , (4))
Rd Rd ’
= /Rd dy g2 (y) /Rd dz ®*(z + y) log(®*(z +y)) + H‘P\%/gilog(gi)
— [ @ 108(8%) + 01 [ g2 og(a?).
Using the product rule of differentiation, we get
[ Vel do= [ do [ ay [V + )P + 82 + ) Tou )
R R R
+20,(1)®(@ + y)VO(@ + ) - Vga(y)|
= 9013 + 19810015+ [ a0(0) o - Va(o) d.

where up = [pq dz V(®?)(z). Using the Cauchy-Schwarz inequality in the last term first for the
Euclidean inner product and afterwards for the integral and recalling that ||g,||2 = 1 and that C' =
sup,en [[Vgnll2 is finite, we see that

/Rd IVhnoll3 dz < VO3 + | @113 Vgnl3 + Clual.

Now fix § > 0 and summarize the above estimates to obtain, for any n € N,

[ o [19halp o [ duh o) lo802,0(0) = -+ 0) ]
Rd Rd
< [V + |01 (199a15 [ 62108(53) — x — 6) + Clus| ~p [ 8% log(®)

= —[|®3(6 — o(1)) + V|3 + Clua| — p/‘1>2 log(®?),

where o(1) refers to n — oo (recall that (g,,), is asymptotically maximal in the definition (3.3) of x).
It is possible to choose R = Rs so large that the right hand side is negative. Indeed, since ® equals
one in Qr_1 and equals zero in Q%, all the terms ||[V®||3, |us| and [ ®%log(®?) are of order R~ as
R — oo, while ||®||2 is of order R?. Since the integral on the left hand side is therefore also negative,
there is some z,, = 2,,(5, R) € R? such that the integrand is negative, that is,

2 h 2
[V, = [ () os (s ) < e o+ plo o
n:vn||2 ||hn:rnH2 ||hn,rn||2
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using some elementary manipulations. By definition of x in (3.3), the left hand side is no smaller than
X, and it follows that § + plog||hn.s, || is nonnegative. This in turn means that ||hy s, |3 > e=%/7 >
1 —6/p. Replacing 6/p by 6, we have arrived at our first goal: the construction of some z, (8, R) € R?
such that (3.9) holds.

Now put @, = (3, Ry/4). We claim that the sequence (g2(—an + -))nen (conceived as probability
measures on R%) is tight. Indeed, for any € (0, %) and any n € N, we pick Rs and x, (0, Rs) as above.
Since the masses of g2 both in the box xn(%, Ryjy) + @R, ,, and in the box xn (8, Rs) + Qr, exceed
%, the two boxes must have an non-empty intersection. Hence, the latter box is contained in the box

xn(%, Ryjy) + @R, ,,+2R,- Consequently, putting Rs = Ry/4 + 2Rs,

/ go(—zy +y) dy > / g2 (y) dy >1—6.
Qﬁé $”(&Pzﬁ)"_QR&

This shows the tightness of (g2 (—2y + *))nen-

Now we use the Banach-Alaoglu theorem [LLO1, Theorem 2.18] and [LLO1, Theorems 8.6, 8.7, 2.11].
Since (||Vgn(—zn+-)|l2)n is bounded, there is a subsequence of (g, (—xyn+-))n, still denoted (g, (—zn+
N, and a g € H'(R?) satisfying ||g||2 < 1, such that g,,(—x, + -) converges to g weakly in L%(R%)
and strongly in LP(Qg) for any p < d2Td2 in d > 3 and for any p < oo in d € {1,2} and for any
R € (0,00) and almost everywhere, and Vg, (—x, +-) converges to Vg weakly in L?(R%). Furthermore,
IVgll3 < liminf, o ||Vgnll3. Since (g2(—xpn + -))nen is tight and by local L2-convergence, we also

have that ¢ is L?-normalized.

Now we argue that lim sup,,_, fgfl log(g2) < ng log g>. To derive this for d > 3, we first estimate
the integrals over complements of large boxes. A similar estimate as the one in (3.8) shows, for any
R>0andn €N,

/ ga(—n + ) log(ga(—zn +y)) dy < —/
Q

92 (—an +y) dylog </ 92 (—xn + ) dy)
Qs Qs

R
+C | gn(—an+y) dy,
Qg
where C' > 0 is again a Sobolev constant. By tightness, the right hand side vanishes as R — oco. A
similar argument applies for d < 2.

Now we turn to the integral over the interior of a box. Observe that, for any R > 0, the sequence
g2 log g2 converges in probability to g2 log g? with respect to the normalized Lebesgue measure on Q g,
that is,

lim Ay 0162 (— 2, 44) log (92 (—wn+1))—g2 (1) log(g2 ()| >n} = 0 1 >0,

T JQR

as is easily deduced from the almost everywhere convergence of g,(—z, + ) to g, using Lebesgue’s
theorem. Furthermore, (g2 log(g2)), is uniformly integrable with respect to the normalized Lebesgue
measure on (g, which is seen, for d > 3, as follows. Note that, for any p € (1, d%lz) and any 5 € (0,1),
there is ¢ > 0 such that

lzlog(z)] < c(|z|P + |z|%), z >0, (3.10)
and recall that (]|g2|l,)n and (|lgnll2)n are bounded for any p’ with p < p’ < —%. From this
it is easy to deduce the uniform integrability on Qgr for d > 3. A similar argument is used

for d = 1,2. Hence lim, fQR g*log(g?) = fQR g*log(g?). Using the above, we even see that
msup,, oo fpa 9 108(97) < Jga 97 log(g?).



POTENTIAL CONFINEMENT PROPERTY OF THE PARABOLIC ANDERSON MODEL 23

Hence we see that ¢ is a minimizer in the definition (3.3) of x. Without loss of generality, we may
therefore assume that g is equal to g introduced in Lemma 3.1. Since g, (—x, + -) converges to g on
every compact subset of R? in LP for any p € (1, d2—_d2) in d > 3 and for any p < oo in d < 2, and by

compactness of (g2 (—z, +-), we have also that g2(—x, +-) converges towards g in L?(R%)-sense. This
ends the proof. O

Now we show that the variational formula x(¢) can be approximated by finite-box versions. Introduce

Xr(e) = inf {IIVgH% —H(g*): g€ H'(RY),||g|2 = 1,supp (9) C Qsr,

) y (3.11)
Vo € Qap: /Q 9" (@ +y) =g (y)| dy = 6}-
R
Then xr = xr(0) = nf{||[Vg|3 — H(g%): g € H'(R),[lgll2 = 1,supp (9) C Qsr}-
Lemma 3.3 (Finite-box approximation of x). For any e > 0,
liéninf xr(e) > x(e). (3.12)

Proof. Let (gr)r>1 be a family of L2-normalised functions g € H'(RY) satisfying supp (gr) C Q3r
and fQR lg%(z +y) — §%(y)| dy > € for any @ € Qag such that |[Vgg||3 — H(g%) converges towards
liminfr .o Xr(€) as R — oco. Precisely as in the proof of Lemma 3.2, we see that, for some sequence
R,, — o0 as n — oo, there are suitable shifts x,, € R? and some L2-normalised g € H'(R9) such that
gr,, (x, + ) converges towards g in L?(R?) sense and

liminf xp(e) = lim ([|Vor, 5 - H(gz,)) = [Vall; - H(g*)- (3.13)

By L%(R%)-convergence of gg, (z, + -) towards g, and since fQR lg%(z + y) — §%(y)| dy > e for any
T € QQ2r, we know that g lies in the set of functions over which the infimum is taken in the definition
(3.5) of x(g). Hence, the right hand side of (3.13) is not smaller than x(g), which finishes the proof.

U

After these preparations, we finally can prove the last building block in the proof of Proposition 2.4.

Proof of Lemma 2.5. Recall the definition of xr(5,¢,t) from (2.29); recall also (2.25), (2.27) and
(2.5). We prove (i) and (ii) jointly. Let ¢ € F(Qsr), depending on R > 0, 3 € (0,00] and € > 0,
be an approximately maximizing function in the definition (2.29) of —x (8, ¢,t). More precisely, we
require that

k() — plog (%waa) < —xn(B.et) + %

By the two extra conditions, we have

o~

|Lsr(ve) —pl < B and  dr(e(z+),9()) 2 €, for any z € Qap.
By the first condition, we may pick some ¢ € R (to be precise, ¢ = plog(p/L3r(1¢))) such that
1 1
1= —/ e W@t qpand 1 —emlr| < h (3.14)
€ 3R p
Since /\g}g("i/ft +c) = /\g}%(z/}t) + cand L3p(¢y +¢) = ec/PﬁgR(zpt) and since L3r(¢r + ¢) = p by the
choice of ¢, we have

—liminf xr(0,¢&,t) = limsup )\g;g(wt +c¢)—p.
t—o0 t—o0
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Recall the Rayleigh-Ritz formula A%(V) = maxjep(py): |fl.e1((A'f, f) + (V, f?)) for potentials
V: Br — R. Hence, there is an /?-normalized function f; € ¢?(Z%) in that is positive in B3zga,
and zero outside and satisfies

Nsp (e +€) = 0f Ngpa, (5108 + ) = af (&' fu fi) + (0f! + . f7)- (3.15)
For any i € {1,...,d}, introduce g;”: R? — [0, 00) defined by

géi)(x) = a?/Q [ft(MatJ) + (Oétl“z‘ - LOétCUiJ) <ft(L$OétJ + ei) - ft(LﬂCOétJ)ﬂ,

where © = (2;)i=1,.. 4, and e; € R? is the i-th unit vector. Abbreviate z; = ()2 € R41 and
denote gi%l (z;) = g”(z). For almost every 7; € R4"! the map gi%l is continuous and piecewise
affine, and hence lies in H'(R) with support in [~3R,3R]. Now let (¢,)nen be a sequence in (0, 00)
with lim,,_,.t, = oo such that the limit superior of /\é%(l/)t + ¢) is realized along this sequence.
Using Fubini’s theorem and Fatou’s lemma, one shows, in the same way as in the proof of [HKMO06,
Proposition 5.1], that

d
Z/ dz; liminf/ dz; ‘(gff;),(mz)f < o0.
— Jri1 n—oo JR o
Furthermore, since |z; — [a(ty)x;]/a(tn)] < a(tn) ™!, one also derives that
lim g — altn)™? fr, ([a(ta) - l2 = 0.

Hence, one sees that, along some subsequence, for almost every z; € R, géi)i, converges towards
n e

some g%) € HY(R?%). According to [LLO01, Theorems 8.6 and 8.7], the convergence is strong in L? for
any q < dQTdQ for d > 3 and for all ¢ < oo for d € {1,2}, pointwise almost everywhere and weak in L2
for the gradients. Furthermore, as also is shown in the proof of [HKMO06, Proposition 5.1], there is
some L%normalized g € H'(R?) with support in Q3 such that g(x) = gfmfl) (z;) for almost all 2 € RY,
and we have

limsup a2 (A fy, f;) < —||Vgll3.

t—o00

Observe that, for any i € {1,...,d},
Wi g2 = [ )il ds
Rd
i 2
= [ ) (67 @) — o (awms — L)) (Fullwa) +¢0) — fillzar))) ) d

R4

It is also clear from the proof of [HKMO06, Proposition 5.1] that the function in the brackets on the
right hand side has an L? distance to gf) that vanishes as ¢ — oo and that gf) converges towards g
strongly in L2. We write now g; instead of g’ /||gi"||2; recall that lim; .. ||gi"||2 = 1. Hence, we have

—liminf xr(0,¢e,t) = limsup )\g}g(lﬂt +c)—p
t—oo t—oo

< limsup (a§n<Adftn7ftn> + (¥ + ¢, ft2n>> P

n—oo

< —||Vgll3 + limsup (¢, + ¢ — p, g7.).-

n—oo
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Now we employ the definition of H in (3.1) to rewrite

(r, +c—p,9i.) = H(g},) — <g log¢>-
n s Ity tn tno %W’tn‘f'c_l)}

L[ptn4c—pl

Recall that g; is L?>-normalized and that er is a probability density on Q3r by (3.14). Hence,

1
the last term is equal to the entropy between the two probability measures with densities %eﬁ[wt"“]
resp. g2. According to [DZ98, Ex. 6.2.17], we can estimate this entropy against the variational distance

between these measures as follows.

2
2 gtn 1 1 W’t +C]
dog i) 2 gl - G
<gt" o8 opltnte=pl/ = 2 Iin — 1,3R’
where || - ||1.3r denotes the L'-norm on L'(Q3g). In the same way as in the proof of Lemma 3.2 (see

around (3.10)) one sees that limsup,,_,. H(g7,) < H(g?). Hence,

—lim _ _r 1 l[wmc]
lim inf x £(3,e,t) < H(g*) — [Vgl3 hmmf 9,

3.16
1,3R (3.16)

Recall that ¢ € H'(R?) is L?-normalized with support in Q3z. Hence, the right hand side is not
larger than —xpg, and this ends the proof of Lemma 2.5(i), since we know from Lemma 3.3 that
limpg 00 XR = X-

However, for proving (ii), we have to work harder in order to get an upper bound that is strictly
smaller. Recall the definition of xgr(e) in (3.11). If g is bounded away from g in the sense that
fQR l9%(z + y) — 9*(y)| dy > £ for any = € Q2p, then we can estimate the first two terms on the
right hand side of (3.16) from above against —x r(;5), which finishes the proof of Lemma 2.5(ii), since
liminfr oo XR( 46) > x(5) > x by Lemmas 3.3 and 3.2. Hence, it remains to consider the case that
Jox l9%(z +y) — g*(y)| dy < < for some z € Q2. Then we also have Jox 92 (z+y) —3*(y)| dy < £
for all sufﬁClently large n, since g;, converges towards g in L?(Q3r). Now we estimate the last term on
the right hand side of (3.16) as follows. Recall that g2 = %ew/ P and use the reversed triangle inequality
to estimate

C 1 = T C
o[V te 2 o5 [Wen(w+y))+] —gtzn(ﬂy)‘ dy

2/ e
1,3R Lle
ZeC/P/ le

R €

eclr 1 _ezw(w dy—/ 5°(y) — g7, (z +v)]| dy.
Qr € Qr

Hgtn

Lpu, (ay) _ e%@(y)‘ dy (3.17)

Recall that v, € ', i.e., we have in particular that fQ 1|epwt"($+y) e%w(y)| dy > £, see (2.5).
Furthermore, we use the estimate for ¢ in (3.14) and the above mentioned one for the distance between
gfn and g2 to see that, for 3 > 0 small enough, the right hand side of (3.17) is positive and may be
estimated by

> ol _oelrB
1,3R — e P 2e

th‘f'c] (3.18)

I -2

If one picks 3 > 0 so small that e*/? > 3/4 and ec/pﬁ < &, then the right hand side of (3.18) is not

£

smaller than g-. This ends the proof. O
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