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Abstract We study the long-time asymptotics of the total mass of the solution to
the parabolic Anderson model (PAM) on a supercritical Galton-Watson random tree
with bounded degrees. We identify the second-order contribution to this asymptotics
in terms of a variational formula that gives information about the local structure
of the region where the solution is concentrated. The analysis behind this formula
suggests that, under mild conditions on the model parameters, concentration takes
place on a tree with minimal degree. Our approach can be applied to locally tree-
like finite random graphs, in a coupled limit where both time and graph size tend to
infinity. As an example, we consider the configuration model, i.e., uniform simple
random graphs with a prescribed degree sequence.
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1 Introduction and main results

In Section 1.1 we give a brief introduction to the parabolic Anderson model. In
Section 1.2 we give the basic notation. In Sections 1.3 and 1.4 we present our results
for Galton-Watson trees and for the configuration model, respectively. In Section 1.5
we discuss these results.

1.1 The PAM and intermittency

The parabolic Anderson model (PAM) concerns the Cauchy problem for the heat
equation with a random potential, i.e., solutions u to the equation

Oiu(t,x) = Au(t,x) + & (x)u(t,x), t>0,xe 2, (1)

where 2" is a space equipped with a Laplacian A, and & is a random potential
on 2 . The operator A + & is called the Anderson operator. Although Z% and R¢
are the most common choices for 2, other spaces are interesting as well, such as
Riemannian manifolds or discrete graphs. In the present paper we study the PAM on
random graphs. For surveys on the mathematical literature on the PAM until 2016,
we refer the reader to [A16, K16].

The main question of interest in the PAM is a detailed description of the concen-
tration effect called intermittency: in the limit of large time the solution u concen-
trates on small and well-separated regions in space, called intermittent islands. This
concentration effect can be studied particularly well in the PAM because efficient
mathematical tools are available, such as eigenvalue expansions and the Feynman-
Kac formula. In particular, these lead to a detailed description of the locations of
the intermittent islands, as well as the profiles of the potential £ and the solution u
inside these islands.

The analysis of intermittency usually starts with a computation of the logarith-
mic large-time asymptotics of the total mass, encapsulated in Lyapunov exponents.
There is an important distinction between the annealed setting (i.e., averaged over
the random potential) and the quenched setting (i.e., almost surely with respect to
the random potential). Often both types of Lyapunov exponents admit explicit de-
scriptions in terms of characteristic variational formulas that contain information
about how the mass concentrates in space, and serve as starting points for deeper
investigations. The ‘annealed’ and the ‘quenched’ variational formula are typically
connected, but take two different points of view. They contain two parts: a rate func-
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tion term that identifies which profiles of the potential are most favourable for mass
concentration, and a spectral term that identifies which profiles the solution takes
inside the intermittent islands.

From now on, we restrict to discrete spaces and to random potentials that con-
sist of i.i.d. variables. For Z¢, the above intermittent picture was verified for several
classes of marginal distributions. It turned out that the double-exponential distribu-
tion with parameter p € (0,), given by

_elt/P

P(E(0) >u)=e , ueR, (2)

is particularly interesting, because it leads to non-trivial intermittent islands and to
interesting profiles of both potential and solution inside. There are four different
classes of potentials, distinguished by the type of variational formula that emerges
and the scale of the diameter of the intermittent island (cf. [HKMO06]). The double-
exponential distribution is critical in the sense that the intermittent islands neither
grow nor shrink with time, and therefore represents a class of its own.

The setup of the present paper contains two features that are novel in the study
of the PAM: (1) we consider a random discrete space, thereby introducing another
layer of randomness into the model; (2) this space has a non-Euclidean topology,
in the form of an exponential growth of the volume of balls as a function of their
radius. As far as we are aware, the discrete-space PAM has so far been studied only
on Z? and on two examples of finite deterministic graphs: the complete graph with
n vertices [FM90] and the N-dimensional hypercube with n = 2N vertices [AGH20].
These graphs have unbounded degrees as n — oo, and therefore the Laplace operator
was equipped with a prefactor that is equal to the inverse of the degree, unlike the
Laplace operator considered here.

Our main target is the PAM on a Galton-Watson tree with bounded degrees.
However, our approach also applies to large finite graphs that are sparse (e.g.
bounded degrees) and locally tree-like (rare loops). As an illustration, we consider
here the configuration model or, more precisely, the uniform simple random graph
with prescribed degree sequence. We choose to work in the almost-sure (or large-
probability) setting with respect to the randomnesses of both graph and potential,
and we take as initial condition a unit mass at the root of the graph. We identify
the leading order large-time asymptotics of the total mass, and derive a variational
formula for the correction term. This formula contains a spatial part (identifying the
subgraph on which the concentration takes place) and a profile part (identifying the
shape on that subgraph of both the potential and the solution). Both parts are new.
In some cases we can identify the minimiser of the variational formula. As in the
case of Z¢, the structure of the islands does not depend on time: no spatial scaling
is necessary.
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1.2 The PAM on a graph

We begin with some definitions and notations, and refer the reader to [A16, K16]
for more background on the PAM in the case of Z¢.

Let G = (V,E) be a simple undirected graph, either finite or countably infinite.
Let Ag be the Laplacian on G, i.e.,

Acf)x) =), [f0)—f@)], xeV,fiV =R 3)

yev:
{xyteE
Our object of interest is the non-negative solution of the Cauchy problem for the
heat equation with potential £&: V — R and localised initial condition,

oiu(x,t) = (Agu)(x,t) + E(x)u(x,t), xeV,t>0, @
u(x,0) = do(x), xevV,

where O €V is referred to as the origin or root of G. We say that G is rooted at O
and call G = (V,E, O) a rooted graph. The quantity u(z,x) can be interpreted as the
amount of mass present at time 7 at site x when initially there is unit mass at O.
Criteria for existence and uniqueness of the non-negative solution to (4) are well-
known for the case G = Z¢ (see [GM90]), and rely on the Feynman-Kac formula

()=S0 |exp{ [ £0x)as p 10 =), )

where X = (X;);>0 is the continuous-time random walk on the vertices V with jump
rate 1 along the edges E, and Py denotes the law of X given Xy = O. We will be
interested in the total mass of the solution,

U() = Y u(e.r) =Eo {exp { /0 t 5(X5)ds}] . ©)

xeV

Often we suppress the dependence on G,& from the notation. Note that, by time
reversal and the linearity of (4), U(t) = @#i(O,t) with @ the solution with a different
initial condition, namely, constant and equal to 1.

Throughout the paper, we assume that the random potential & = (& (x))yey con-
sists of 1.i.d. random variables satisfying:

Assumption (DE). For some p € (0,0),

P(&(0)>0)=1, P(&(0) >u) = e foru large enough. @)

Under Assumption (DE), £(0) > 0 almost surely and £ (x) has an eventually exact
double-exponential upper tail. The latter restrictions are helpful to avoid certain
technicalities that are unrelated to the main message of the paper and that require
no new ideas. In particular, (7) is enough to guarantee existence and uniqueness
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of the non-negative solution to (4) on any discrete graph with at most exponential
growth, as can be inferred from the proof of the Z4-case in [GM98]. All our results
remain valid under (2) or even milder conditions, e.g. [GM98, Assumption (F)] plus
an integrability condition on the lower tail of £ (0).

The following characteristic variational problem will turn out to be important
for the description of the asymptotics of U(¢) when & has a double-exponential tail.
Denote by P (V) the set of probability measures on V. For p € P(V), define

Ig(p):= Y, (\/p(X)—\/p(y))z, Jv(p):==Y p(x)logp(x), (8

{xy}eE xeV

and set

xc(p):= inf [Ig(p)+plv(p)l,  p€(0,00). ©)

peP(V)

The first term in (9) is the quadratic form associated with the Laplacian, describing
the solution u(-,#) in the intermittent islands, while the second term in (9) is the
Legendre transform of the rate function for the potential, describing the highest
peaks of &(-) inside the intermittent islands. See Section 1.5 for its relevance and
interpretation, and Section 2.3 for alternate representations.

1.3 Results: Galton-Watson Trees

In this section we focus on our first example of a random graph.

Let Dy, D, be random variables taking values in N = {1,2,3,...}. The Galton-
Watson tree with initial degree distribution Dy and general degree distribution D,
is constructed as follows. Start with a root vertex O, and attach edges from O to
Dy first-generation vertices. Proceed recursively: after having attached the n-th gen-
eration of vertices, attach to each one of them an independent (D, — 1)-distributed
number of new vertices, whose union gives the (n+ 1)-th generation of vertices.
Denote by GW = (V,E) the graph obtained, by 3 its probability law, and by E the
corresponding expectation. The law of D, — 1 is the offspring distribution of GW,
and the law of D, is the degree distribution. Write supp(Dy) to denote the set of
degrees that are taken by D, with positive probability.

We will work under the following bounded-degree assumption:

Assumption (BD).
dmin := minsupp(Dy) > 2, E[Dg] >2, (10)
and, for some dax € N with diax > diins

maxsupp(Dy) < dinax- (11)

Under Assumption (BD), GW is almost surely an infinite tree. Moreover,
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lim 108 |B(O)]

r—o0 r

=logE[Dy—1]=:9>0 PB—a.s., (12)

where B,(O) is the ball of radius r around O in the graph distance (see e.g. [LP16,
pp-134-135]). Note that Assumption (BD) allows deterministic trees with constant
offspring dpin — 1 (provided dpyin > 3).

To state our main result, we define the constant

Z(p) :=inf{xr(p): T infinite tree with degrees in supp(D,) } (13)
with yc(p) defined in (9).

Theorem 1.1. [Quenched Lyapunov exponent for the PAM on GW] Let G =
GW = (V,E,O) be the rooted Galton-Watson random tree satisfying Assumption
(BD), and let O be as in (12). Let & = (&(x))xev be an i.i.d. potential satisfying
Assumption (DE). Let U (t) denote the total mass at time t of the solution u to the
PAM on GW. Then, as t — oo,

1 pto ~
—logU(t) =pl —p— 1 P -a.s. 14
Hoeu () = plog (L2520 ) < p-Flp) +oll).  PxBas  (4)
The proof of Theorem 1.1 is given in Section 4.

For p sufficiently large we can identify the infimum in (13). For d > 2, denote
by 7, the infinite homogeneous tree with degree equal to d at every node.

Theorem 1.2. [Identification of the minimiser]
If p > 1/log(dmin + 1), then 2(p) = x7, (P)-

The proof of Theorem 1.2 is given in Section 6 with the help of a comparison argu-
ment that appends copies of the infinite dpi,-tree to itself. We believe 7, . to be the
unique minimiser of (13) under the same assumptions, but proving so would require
more work.

1.4 Results: Configuration Model

In this section we focus on our second example of a random graph.

Forn €N, let 0" = (di("))l'-':1 be a collection of positive integers. The configura-
tion model with degree sequence " is a random multigraph (i.e., a graph that may
have self-loops and multiple edges) on the vertex set V, := {1,...,n} defined as
follows. To each i € V,, attach dl.("> ‘half-edges’. After that, construct edges by suc-
cessively attaching each half-edge uniformly at random to a remaining half-edge.
For this procedure to be successful, we must require that

d" +---4d" is even for every n € N. (15)
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Draw a root O, uniformly at random from V,,. Denote by CM,, = (V,,,E,, O,) the
rooted multigraph thus obtained, and by 33, its probability law. For further details,
we refer the reader to [vdH17a, Chapter 7].

We will work under the following assumption on 9:

Assumption (CM): The degree sequences ") = (df"))?zl, n € N, satisfy (15). More-
over,

1. There exists an N-valued random variable D such that dg)n = Dasn— oo,
2. dpin := minsupp(D) > 3.
3. There exists a dmax € N such that 2 < dl-(") <dmax forallneNand 1 <i<n.

In particular, 3 < dpyin < dmax < o0 and D < dpyax almost surely. It is possible to take
0™ random. In that case Assumption (CM) must be required almost surely or in
probability with respect to the law of 9™, and our results below must be interpreted
accordingly.

Proposition 1.3. [Connectivity and simplicity of CM,,] Under Assumption (CM),

[N

lgn B (CM,, is a simple graph) = e 1T, (16)
n—oo
where ED(D— 1)
vi= = e [2,00). 17

Moreover,

1211 Pt (CM,, is connected | CM,, is simple) =1. (18)

Nn—yoo
Proof. See [vdH17a, Theorem 7.12] and [FvdH17, Theorem 2.3]. O

Item (16) in Proposition 1.3 tells us that for large n the set
U (3" := {simple graphs on {1,...,n} with degrees d\", ... ,d,(,’”} (19)

is non-empty. Hence, we may consider the uniform simple random graph UG, that
is drawn uniformly at random from %,(0™).

Proposition 1.4. [Conditional law of CM,, given simplicity] Under the condi-
tional law B, ( - | CM,, is simple), CM,, has the same law as UG,,.

Proof. See [vdH17a, Proposition 7.15]. a

As usual, for a sequence of events (A,),cn, We say that A, occurs with high
probability (whp) as n — oo if the probability of A, tends to 1 as n — oo. This notion
does not require the events to be defined on the same probability space. We denote
by distTy (X,Y) the total variation distance between two random variables X and Y
(i.e., between their laws). Let
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Lo g o )
@, = (7 v distry (d% ,D)) : (20)
n n

and note that, by Assumption (CM), @, — o0 as n — oo.

Theorem 1.5. [Quenched Lyapunov exponent for the PAM on U/G,] For any
n €N, let G =UG, be the uniform simple random graph with degree sequence
0™ satisfying Assumption (CM). For any n € N, let & be an i.i.d. potential on 'V,
satisfying Assumption (DE). Let U,(t) denote the total mass of the solution to the
PAM on G = UG, as defined in Section 1.2. Fix a sequence of times (ty)nen With
ty — oo and tylogt, = o(log ®,) as n — oo. Then, with high P x B,-probability as
n — oo,
pt, ¥

loglogt,,) —p—2x(p)+o(l), (21)

1
—logU,(t,) = plog (
In

where ¥ :=1logVv > 0 with v as in (17), and X (p) is as in (13).

The proof of Theorem 1.5 is given in Section 5. The main ingredients in the proof
are Theorem 1.1 and a well-known comparison between the configuration model
and an associated Galton-Watson tree inside a slowly-growing ball, from which the
condition on ¢, originates.

Condition (1) in Assumption (CM) is a standard regularity condition. Conditions
(2) and (3) provide easy access to results such as Propositions 1.3-1.4 above. As
examples of degree sequences satisfying Assumption (CM) we mention:

e Constant degrees. In the case where d; = d > 3 for a deterministic d € N and
all 1 <i<n, we have dp, = D = d almost surely, and U/G, is a uniform regular
random graph. To respect (15), it is enough to restrict to n such that nd is even.
In this case distty(do,,D) = 0, and so @, = n in (20).

e Random degrees. In the case where (d;);cn forms an i.i.d. sequence taking values
in {3,...,dmax } classical concentration bounds (e.g. Azuma’s inequality) can be
used to show that, for any y € (0, %),

drv(do,,D) =o(n~") almost surely as n — oo, (22)

and so @, > n”. The condition in (15) can be easily satisfied after replacing
d, by d, + 1 when d; + --- +d, is odd, which does not affect (22). With this
change, Assumption (CM) is satisfied. For more information about CM,, with
i.i.d. degrees, see [vdH17a, Chapter 7].

1.5 Discussion

Our main results, Theorems 1.1 and 1.5, identify the quenched logarithmic asymp-
totics of the total mass of the PAM. Our proofs show that the first term in the asymp-
totics comes from the height of the potential in an intermittent island, the second
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term —p from the probability of a quick sprint by the random walk in the Feynman-
Kac formula from O to the island, and the third term ¥(p) from the structure of the
island and the profile of the potential inside. Below we explain how each of these
three terms comes about. Much of what follows is well-known from the study of
the PAM on Z¢ (see also [K16]), but certain aspects are new and derive from the
randomness of the ambient space and its exponential growth.

» Galton-Watson tree.

o First and second terms.

The large-t asymptotics of the Feynman-Kac formula (33) for U(¢) comes from
those random walk paths (Xs)se[O,t] that run within s, time units to some favorable
local region of the graph (the intermittent island) and subsequently stay in that re-
gion for the rest of the time. In order to find the scale t; of the distance to the region
and the time s; of the sprint, we have to balance and optimise a number of crucial
quantities: the number of sites in the ball By, (O) around O with radius v, the scale
of the maximal value of the potential within that ball, the probability to reach that
ball within time s;, and the gain from the Feynman-Kac formula from staying in
that ball during ¢ — s, time units. One key ingredient is the well-known fact that
the maximum of m independent random variables satisfying Assumption (DE) is
asymptotically equal to A, ~ p loglogm for large m. Another key ingredient is that
By, (O) has approximately e™? vertices (see (12)). Hence, this ball contains values
of the potential of height ~ h,» = p log (7;1), not just at one vertex but on a cluster
of vertices of arbitrary finite size. The contribution from staying in such as cluster
during ~ ¢ time units yields the first term of the asymptotics, where we still need
to identify v,. A slightly more precise calculation, involving the probabilistic cost
to run within s, time units over t; space units and to afterwards gain a mass of size
(t —s,)plog (1), reveals that the optimal time is s; = t;/p logt,. Optimising this
together with the first term plog (r,9) over t;, we see that the optimal distance is
t, = pt/loglogr. The term —p comes from the probability of making t; steps within
s, = t,/plogrt, time units.

e Third term.

The variational formula ¥ (p) describes the second-order asymptotics of the gain
of the random walk from staying ~ ¢ time units in an optimal local region (the
first-order term has already been identified as p log (r;9)). Indeed, pick some finite
tree T that is admissible, i.e., has positive probability to occur locally in the graph
G = GW. Many copies of T occur disjointly with positive density in G. In particular,
they appear within the ball By, (O) a number of times that is proportional to the
volume of the ball. By standard extreme-value analysis, on one of these many copies
of T the random potential achieves an approximately optimal height (= p log (r; %))
and shape. The optimality of the shape is measured in terms of the negative local
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Dirichlet eigenvalue —Ar (&) of Ag + & inside T. The shapes ¢ that £ can assume
locally are those that have a large-deviation rate value £(q) = ¥, e9®)/P at most
1 (note that £(g) measures the probabilistic cost of the shape ¢ on an exponential
scale). All allowed shapes g are present locally at some location inside the ball
B, (O) for large 7. Each of these locations can be used by the random walk as an
intermittent island. Optimising over all allowed shapes g, we see that the second-
order term of the long stay in that island must indeed be expressed by the term

sup  [—Ar(q)]. (23)
q:L(q)<1

When T is appropriately chosen, this number is close to the number x(p) defined
in (13) (cf. Proposition 2.3). This completes the heuristic explanation of the asymp-
totics in (14).

» Configuration Model.

The analogous assertion for the configuration model in (21 is understood in the
same way, ignoring the fact that the graph is now finite, and that size and time
are coupled. As to the additional growth constraint on ¢#,log?, in Theorem 1.5: its
role is to guarantee that the ball B, (O) is small enough to contain no loop with
high probability. In fact, this ball is very close in distribution to the same ball in an
associated Galton-Watson tree (cf. Proposition 5.1), which allows us to carry over
our result.

Minimal degree tree is optimal.

What is a heuristic explanation for our result in Theorem 1.2 that the optimal tree
is an infinitely large homogeneous tree of minimal degree dy;, at every vertex? The
first term in (9), the quadratic form associated with the Laplacian, has a spread-out
effect. Apparently, the self-attractive effect of the second term is not strong enough
to cope with this, as the super-linear function p — plogp in the definition of Jy
in (8) is ‘weakly superlinear’. This suggests that the optimal structure should be
infinitely large (also on Z¢ the optimal profile is positive anywhere in the ambient
space Z%). The first term is obviously monotone in the degree, which explains why
the infinite tree with minimal degree optimises the formula.

Hurdles.

The exponential growth of the graph poses a number of technical difficulties that are
not present for the PAM on Z¢ or R¢. Indeed, one of the crucial points in the proof
of the upper bound for the large-time asymptotics is to restrict the infinite graph G
to some finite but time-dependent subgraph (in our case the ball By, (O)). On Z¢, a
reflection technique that folds Z¢ into a box of an appropriate size gives an upper
bound at the cost of a negligible boundary term. For exponentially growing graphs,



The parabolic Anderson model on a Galton-Watson tree 11

however, this technique can no longer be used because the boundary of a large ball is
comparable in size to the volume of the ball. Therefore we need to employ and adapt
an intricate method developed on Z¢ for deriving deeper properties of the PAM,
namely, Poisson point process convergence of all the top eigenvalue-eigenvector
pairs and asymptotic concentration in a single island. This method relies on certain
path expansions which are developed in Section 3 and rely on ideas from [BKS18,
MP16].

1.6 Open questions

We discuss next a few natural questions for future investigation.

Unbounded degrees.

A central assumption used virtually throughout in the paper is that of a uniformly
bounded degree for the vertices of the graph. While this assumption can certainly
be weakened, doing so would require a careful analysis of many interconnected
technical arguments involving both the geometry of the graph and the behaviour the
random walk. An inspection of our proofs will reveal that some mild growth of the
maximal degree with the volume is allowed, although this would not address the real
issues at hand and would therefore be far from optimal. For this reason we prefer to
leave unbounded degrees for future work.

Small p.

The question of whether Theorem 1.2 is still true when p < 1/10g(dmin + 1) seems
to us not clear at all, and in fact interesting. Indeed, the analogous variational prob-
lem in Z¢ was analysed in [GdH99] and was shown to be highly non-trivial for small

p.

Different time scales.

In a fixed finite graph, the PAM can be shown to localise for large times on the site
that maximises the potential. It is reasonable to expect the same when the graph is
allowed to grow but only very slowly in comparison to the time window considered,
leading to a behaviour very different from that shown in Theorem 1.5. A more ex-
citing and still widely open question is whether there could be other growth regimes
between graph size and time that would lead to new asymptotic behaviours. We ex-
pect that Theorem 1.5 would still hold for times well above the time cutoff given.
For investigations of a similar flavour we direct the reader to [AGH20, FM90].
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Annealing.

In the present paper we only consider the quenched setting, i.e., statements that hold
almost-surely or with high probability with respect to the law of both the random
graph and the random potential. There are three possible annealed settings, where
we would average over one or both of these laws. Such settings would certainly lead
to different growth scales for the total mass, corresponding to new probabilities to
observe local structures in the graph and/or the potential. The variational problems
could be potentially different, but for double-exponential tails comparison with the
74 case suggests that they would coincide.

1.7 Outline

The remainder of the paper is organised as follows. In Section 2 we collect some
basic notations and facts about graphs, spectral objects, alternate representations
of the characteristic formula s (p), and the potential landscape. In Section 3 we
employ a path expansion technique to estimate the contribution to the Feynman-
Kac formula coming from certain specific classes of paths. In Section 4 we prove
Theorem 1.1. In Section 5 we prove Theorem 1.5. In Section 6 we analyse the
behaviour of the variational formula y7 for trees T under certain glueing operations,
and prove Theorem 1.2.

2 Preliminaries

In this section we gather some facts that will be useful in the remainder of the paper.
In particular, we transfer some basic properties of the potential landscape derived in
[BK16] and [BKS18] for the Euclidean-lattice setting to the sparse-random-graph
setting. In Section 2.1 we describe the classes of graphs we will work with. In Sec-
tion 2.2 we derive spectral bounds on the Feynman-Kac formula. In Section 2.3 we
provide alternative representations for the constant y in (9). In Section 2.4 we obtain
estimates on the maximal height of the potential in large balls as well as on the sizes
and local eigenvalues of the islands where the potential is close to maximal. In Sec-
tion 2.5 we obtain estimates on the heights of the potential seen along self-avoiding
paths and on the number of islands where the potential is close to maximal.

2.1 Graphs

All graphs considered in Section 2 are simple, connected and undirected, and are
either finite or countably infinite. For a graph G = (V, E), we denote by dist(x,y) =
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distg(x,y) the graph distance between x,y € V, and by
deg(x) = degg(x) :=#{y e V: {y,x} € E}, (24)
the degree of the vertex x € V. The ball of radius ¢ > 0 around x is defined as
By(x) = BY (x) := {y € V: distg(y,x) < £}. (25)
For a rooted graph G = (V,E, O), the distance to the root is defined as
|x| := distg(x, O), xev, (26)
and we set By := By(O), Ly := |By|.
The classes of graphs that we will consider are as follows. Fix a parameter dpax €

N. For r € Ny = NU {0}, define

&, — simple connected undirected rooted graphs G = (V,E, Q) with @7
" | V finite or countable, |V| > r+ 1 and max,cy degg(x) < dmax J

Note that if G € &,, then L, = |B,| > r+ 1. Also define

6"0 - mr €Ny 67'
__ [ simple connected undirected rooted graphs G=(v,£,0) with (28)
- { v countable, |V|=e and max,cy degg(x) <dmax } :

When dealing with infinite graphs, we will be interested in those that have an
exponential growth. Thus we define, for ¥ > 0,

logL,
@L?)z{(;eesm: lim —& :19}. 29)

r—oeo F

Note that GW € Qﬁg) almost surely, with ¥ as in (12).

2.2 Spectral bounds

Let G = (V,E) be a simple connected graph with maximal degree dmax € N, where
the vertex set V may be finite or countably infinite.

We recall the Rayleigh-Ritz formula for the principal eigenvalue of the Ander-
son Hamiltonian. For A C V and ¢: V — [—o0,00), let l/(\])(q;G) denote the largest
eigenvalue of the operator Ag + ¢ in A with Dirichlet boundary conditions on V\A.
More precisely,

1.(¢:G) == sup {{(Ac +9)9,0) 2(v): ¢ € R, suppd C A, |9l 2y =1} (30)
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We will often omit the superscript “(1)”, i.e., write 14 (¢; G) = A\ (¢; G), and abbre-
viate Ag(q) := Ay (¢; G). When there is no risk of confusion, we may also suppress
G from the notation, and omit ¢ when g = &.

Here are some straightforward consequences of the Rayleigh-Ritz formula:

1. ForanyI' C A,

maxq(z) — dmax < A" (¢:G) < A" (¢;G) < maxq(z). 31)
zell ZEA

2. The eigenfunction corresponding to l/(\”(q; G) can be taken to be non-negative.

3. If g is real-valued and I C A are finite and connected in G, then the middle
inequality in (31) is strict and the non-negative eigenfunction corresponding to
?L/(\l)(q; G) is strictly positive.

In what follows we state some spectral bounds for the Feynman-Kac formula. These
bounds are deterministic, i.e., they hold for any fixed realisation of the potential
EeRY.

Inside G, fix a finite connected subset A C V, and let H4 denote the Anderson
Hamiltonian in A with zero Dirichlet boundary conditions on A = V\A (i.e., the
restriction of the operator Hg = Ag + & to the class of functions supported on A).
Fory € A, let i, be the solution of
iu(x,t) = (Hau)(x,t), x €A, t >0, (32)
u(x,0) = 1(x), XEA,

and set U) () := Yea ) (x,1). The solution admits the Feynman-Kac representa-
tion

t
uf\ (x,r) =E, [exp {/ é(XS)ds} {tpe > 1,X, =x}|, (33)
0
where Ty is the hitting time of A€, It also admits the spectral representation
y & ZICINDS (k)
wy (x,0) = ) €4 00 ()9, (x), (34)
k=1
where /'L/(\I) > JL/(\Z) > > l/(\m and (j)/(\l), ¢j\2>, cey /(\W) are, respectively, the eigen-

values and the corresponding orthonormal eigenfunctions of H,. These two repre-
sentations may be exploited to obtain bounds for one in terms of the other, as shown
by the following lemma.

Lemma 2.1. [Bounds on the solution] For anyy € A and any t > 0,

(1) t 3
e ¢/(\l>(Y)2 <E, [efog(xs)ds H{TAC>t-,Xt=y}:|

. (35)
< Ey {e_foé(Xs)ds H{TAC >t}] < etl/(‘l) |A |1/2'

Proof. The first and third inequalities follow from (33)—(34) after a suitable appli-
cation of Parseval’s identity. The second inequality is elementary. a
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The next lemma bounds the Feynman-Kac formula integrated up to an exit time.

Lemma 2.2. [Mass up to an exit time] For anyy € A and vy > A0,

‘A

Tac dimax|A
B, Jexe{ [ (6000 - as}] < 14 2l 36)

Proof. See [GKMO7, Lemma 4.2]. O

2.3 About the constant y

We next introduce alternative representations for ¥ in (9) in terms of a ‘dual’ varia-
tional formula. Fix p € (0,0) and a graph G = (V,E). The functional

Ly(g:p):=Y et/P c[0,0], gV —[—o0,00), (37)

xeVv

plays the role of a large deviation rate function for the potential £ in V (compare
with (7)). Henceforth we suppress the superscript “(1)” from the notation for the
principal eigenvalue (30), i.e., we write

M(g:G)=A{(¢:G), AV, (38)
and abbreviate Ag(g) = Av(¢; G). We also define

An(p:G):=— sup  A(q:G) €[0,00),  Xg(p):=2v(p:G).  (39)

GV —[—oo.),
Ly (g:p)<1

The condition Ly (g;p) < 1 on the supremum above ensures that the potentials g
have a fair probability under the i.i.d. double-exponential distribution. Finally, for
an infinite rooted graph G = (V,E, O), we define

X6 (p) = inf 7, (p: G). (40)

Both ¥ and J give different representations for .

Proposition 2.3. [Alternative representations for y1 For any graph G = (V,E)
andany A CV,

A (P:G) > 2v(p:G) = 26(p) = xc(p). (41)
IfG=(V,E,0) € B, then

25 (p) = lim 75, (p:G) = x6(p)- (42)

Proposition 2.3 will be proved in Section 6.1.
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2.4 Potentials and islands

We next consider properties of the potential landscape. Recall that (£ (x)) ey are
i.i.d. double-exponential random variables. Set

ar, := ploglog(LVe®). (43)
The next lemma shows that gy, is the leading order of the maximum of & in B,.

Lemma 2.4. [Maximum of the potential] Fix r — g, > 0 with lim,_,. g, = co. Then

1 e
nggr P ( irgg'(‘g'(x) —ap,| > 1021,) < max{ﬂ,e b } Vr>2e2.  (44)
Moreover, for any ¥ > 0 and any G € 6&.1”, P-almost surely eventually as r — oo,
2plogr
- < . 45
22%’,‘5 (x)—ar,| < 5 (45)

Proof. Without loss of generality, we may assume that g, < 2plogr. Fix G € &,
and estimate

_ rlogr

8r
_1 ~ plogL _8r
)e phrlloalr)e PR < o7 <7, (46)

P <ap, ——-
<£Ié%§‘g'(x)_ab logL,

provided » > 2¢2. On the other hand, using e* > 1 +x, x € R, we estimate

loglog Ly+ !i)rr Ly gr
P<max§(x)2aLr+gr>:1—(l—ee plee > <e 7. (47)

XEBy, logr

Since the bounds above do not depend on G € &, (44) follows.

For the case G € & ,let g, := %p log r. Note that the right-hand side of (44) is
summable over r € N, so that, by the Borel-Cantelli lemma,

gr 2plogr
—ar,| < < 48
Ec%%fé(x) L logL, vr (48)
P-almost surely eventually as r — oo, proving (45). a

For a fixed rooted graph G = (V,E,O) € &,, we define sets of high excedances
of the potential in B, as follows. Given A > 0, let

g = IT(E) == {z € B,: £(2) > ar, —2A} (49)

be the set vertices in B, where the potential is close to maximal. For a fixed o €
(0,1), define
S, := (logr)* (50)
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and set
Dr,A = Dr,A (é) = {Z € B, diStG(Zvnr,A) < Sr} D Hr,A7 (51)

i.e., D4 is the S,-neighbourhood of IT,.4. Let €4 denote the set of all connected
components of D4 in G, which we call islands. For C € €,.4, let

z¢ »=argmax{&(z): z € C} (52)

be the point with highest potential within C. Since &(0) has a continuous law, z¢ is
P-a.s. well defined for all C € €,.4.
The next lemma gathers some useful properties of €, 4.

Lemma 2.5. [Maximum size of the islands] For every A > 0, there exists My € N
such that the following holds. For a graph G € &,, define the event

B, = {3C € € p with |C NI ] > My }. (53)
Then ¥.,cn, SUPgew, P(Br) < oo. In particular,

lim sup P(B,) =0, (54)

2% Ged,

and, for any fixed G € B, P-almost surely eventually as r — oo, B, does not occur.
Note that

on BE,YC € €4, Cl < MpdS,,.  (55)

CNIIp| < My, diamg(C) < 2M,S,,

Proof. The claim follows from a straightforward estimate based on (7) (see [BK16,
Lemma 6.6]). O

Apart from the dimensions, it will be also important to control the principal

eigenvalues of islands in €, 4. For this we restrict to graphs in s,

Lemma 2.6. [Principal eigenvalues of the islands] For any ¥ > 0 and any G €

Qﬁﬂj’), P-almost surely eventually as r — oo,

all C € €, 4 satisfy: A5 (E;G) <ar, —Ze(p;G) +e. (56)

Proof. We follow [GM98, Lemma 2.11]. Let € > 0, G = (V,E,0) € 6, and
define the event

B { there exists a connected subset A C V with AN B, # 0, } 57)
g |A| < Madiyg and A" (€;G) > ar, — Xa(p:G) + €

with M4 as in Lemma 2.5. Note that, by (7), eSW/pP g stochastically dominated by
CV E, where E is an Exp(1) random variable and C > 0 is a constant. Thus, for any
A CV, using (39), taking y := Ve€/P > 1 and applying Markov’s inequality, we
may estimate
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P(1(£:6) > a1, ~ Za(p:G) +€) <P(La(E —ar, —) > 1)

_ (58)

=P(y 'La(E) > ylogL,) <e VelrE[eY L, ©) < efylogLrKlyA\
for some constant Ky € (1,00). Next note that, for any x € B,, n € N, the number
of connected subsets A C V with x € A and |A| = n is at most e®" for some ¢, =
¢o(dmax) > 0 (see e.g. [Gr99, Proof of Theorem (4.20)]). Using a union bound and
applying log L, ~ ¥r, we estimate, for some constants cy,c2,c3 > 0,

| Myditas «
P(Br) < e*(}’*l)logLr Z eCO"K)’,Z < exp{—czr—i—ngi,g(r) } < ef%czr (59)

n=1

when r is large. Now the Borel-Cantelli lemma implies that, P-a.s. eventually as
r — oo, BB, does not occur. The proof is completed by invoking Lemma 2.5. a

For later use, we state the consequence for GV in terms of Z(p) in (13).

Corollary 2.7. [Uniform bound on principal eigenvalue of the islands] For G =
GW as in Section 1.3, 9 > as in (12), and any € > 0, P x PB-almost surely eventually
as r— oo,

max 1S (E;G) <ar, —x(p) +e. (60)
CE@,-A’A

Proof. Note that GW € &) almost surely, so Lemma 2.6 applies. By Lemma 2.4,
for any constant C > 0, the maximum of & in a ball of radius CS, around O is of order
O(loglogr). This means that O is distant from IT, 4, in particular, dist(O,D;4) > 2
almost surely eventually as r — oo. For C € €,4, let T¢ be the infinite tree obtained
by attaching to each x € dC := {y ¢ C: 3z € C with z ~ y} # O an infinite tree with
constant offspring dpi, — 1. Then T¢ is an infinite tree with degrees in supp(Dg) and,
by Proposition 2.3,

Xe(P;GW) = Xe(p;Te) > x1.(P) > X(p). (61)

so the claim follows by Lemma 2.6. ad

2.5 Connectivity

We again work in the setting of Section 2.1. We recall the following Chernoff bound
for a Binomial random variable Bin(n, p) with parameters n, p (see e.g. [BKS18,
Lemma 5.9]):

P (Bin(n,p) > u) <exp {—u (logr:;7 - 1) } Yu>0. (62)

Lemma 2.8. [Number of intermediate peaks of the potential] For any 8 € (0,1)
and any € € (0,3 /2), the following holds. For G € &, and a self-avoiding path T in
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G, set
Ny =Nz(&) := [{z € supp(7): §(z) > (1 —€)ay, }|. (63)

Define the event

there exists a self-avoiding path 7 in G with } (64)

B, =
' {supp(ﬂ) NB, #0, |supp(m)| > (logL,)P and Ny > 2B

Then ¥.,cn, SUpgew, P(Br) < oo. In particular,

lim sup P(B,) =0 (65)

2% Ged,

and, for any fixed G € &, P-almost surely eventually as r — oo, all self-avoiding

paths 7 in G with supp(7t) N B, # 0 and |supp(x)| > (log L,)? satisfy Ny < '(ii‘;f’gr’gl‘.

Proof. Fix B € (0,1) and € € (0,/2). For any G € &,, (7 implies
pri=P(E(0) > (1—¢€)ar,) =exp{—(logL,)' ¢}. (66)

Fix x € B, and k € N. The number of self-avoiding paths 7 in B, with |supp(7)| =k
and 7y = x is at most dX,,. For such a 7, the random variable Ny has a Bin(p,,

k)-distribution. Using (62) and a union bound, we obtain

P(a self-avoiding 7 with |supp()| = k, o = x and Ny > k/ (1ogL,)€)

(67)
< exp {—k ((logLr)l’28 —log dmax — 717(?;;%3%&) } :
Note that, since L, > r and the function x — loglogx/(logx)¢ is eventually decreas-
ing, for r large enough and uniformly over G € &,, the expression in parentheses
above is at least §(logL,)'~2¢. Summing over k > (logL,)P and x € B,, we get

P (3 self-avoiding 7 such that [supp(7)| > (logL,)P and (63 does not hold)
<2L,exp{—4(logL,) 1+B—2e} < crexp{—ca(logL,) ”5}

(68)
for some positive constants cy,cz, 8, uniformly over G € &,. Since L, > r, (68) is
summable in r (uniformly over G € &,). The proof is concluded invoking the Borel-
Cantelli lemma. a

A similar computation bounds the number of high exceedances of the potential.

Lemma 2.9. [Number of high exceedances of the potential] For any A > 0 there
is a C > 1 such that, for all § € (0,1), the following holds. For G € &, and a self-
avoiding path 7 in G, let

Nz := [{x € supp(m): §(x) > ar, — 24}, (69)

Define the event
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B there exists a self-avoiding path 7 in G with (70)
a supp() N B, # 0, |supp(7)| > C(logL,)® and Ny > %ﬂ '

Then Y. .cn, SUpges, P(B;) < e. In particular,

lim sup P(B,) =0 (71)

I Ged,

and, for any fixed G € &.., P-almost surely eventually as r — oo, all self-avoiding
paths T in G with supp(%t) N B, # 0 and |supp(r)| > C(logL,)® satisfy

Ny = [{x € supp(m): £ (x) > ar, —24}] < M (72)
(logL,)?
Proof. Proceed as for Lemma 2.8, noting that this time
pr:=P(£(0) >a;, —2A4) =L ¢ (73)
_24
where € =e” 7, and taking C > 2/¢. a

3 Path expansions

We again work in the setting of Section 2.1. In the following, we develop a way
to bound the contribution of certain specific classes of paths to the Feynman-Kac
formula, similar to what is done in [BKS18] in the Z¢-case. In Section 3.1 we state
a key proposition reducing the entropy of paths. This proposition is proved in Sec-
tion 3.4 with the help of a lemma bounding the mass of an equivalence class of
paths, which is stated and proved in Section 3.3 and is based on ideas from [MP16].
The proof of this lemma requires two further lemmas controlling the mass of the
solution along excursions, which are stated and proved in Section 3.2.

3.1 Key proposition

Fix a graph G = (V,E,O) € &,. We define various sets of nearest-neighbour paths
in G as follows. For ¢ € Ny and subsets A,A’ C V, put
N 11, MEAmEAN,
@g(/\ﬂ\).— (7170,...,71?[)6‘/ : {ﬂi,m,l}eEVISiSé R (74)
P(AN) = Ureny, Pi(AA),

and set
Py =Py (V,V), P =PV, V). (75)
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When A or A’ consists of a single point, we write x instead of {x}. For T € &, we
set || := ¢. We write supp(7) := {7y, ...,y } to denote the set of points visited
by .

Let X = (X;);>0 be the continuous-time random walk on G that jumps fromx € V
to any neighbour y ~ x with rate 1. We denote by (7;)en, the sequence of jump
times (with T := 0). For ¢ € Ny, let

(X)) := (Xo,....X7,) (76)
be the path in &, consisting of the first £ steps of X and, forr > 0, let
(X)) = 7(X),  where {; € Ny satisfies T;, <t < Ty, 1, (77)

denote the path in & consisting of all the steps taken by X between times 0 and ¢.
Recall the definitions from Section 2.4. For G € &,, 1 € &2 and A > 0, define

Ara(T) :=sup {),él)(é;G): C €y, supp(m)NCNIT4 # 0}, (78)

with the convention sup(® = —eo. This is the largest principal eigenvalue among the
components of €,.4 in G that have a point of high exceedance visited by the path 7.

The main result of this section is the following proposition. Hereafter we abbre-
viate log® x := logloglogx.

Proposition 3.1. [Entropy reduction] For every fixed dmax € N, there exists an
Ao = Ao(dmax) > 0 such that the following holds. Let a. € (0,1) be as in (50) and
let x € (a,1). For all A > Ay, there exists a constant ca = ca(dmax) > 0 such that,
with probability tending to one as r — oo uniformly over G € &,, the following
statement is true: For each x € By, each N' C P (x,B,) satisfying supp(7) C B,
and max, <<y dist (7, x) > (logL,)* for all & € N, and each assignment Tt
(Yr,2z) € R XV satisfying

Yo > (Mea(m)+e ) V(a, —A)  forallme N (79)
and
2z € supp(7) U U C forallme N, (80)
Ce(‘:r,A:

supp(ﬂ:)ﬁCﬂHryA #0

the following inequality holds for all t > 0:
logE, |elo 5<X‘)dsﬂ{n(x[0‘t])6/\/}} < suj{)[ {t}/,r — (log® L, — ca) distg (x,z,r)}. (81)
’ e
Moreover, for any G € ®.., P-almost surely eventually as r — oo, the same statement
is true.

The key to the proof of Proposition 3.1 in Section 3.4 is Lemma 3.5 in Section
3.3, whose proof depends on Lemmas 3.2-3.3 in Section 3.2. We note that all these
results are deterministic, i.e., they hold for any realisation of the potential &.
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3.2 Mass of the solution along excursions
Fix G = (V,E,O) € &,. The first step to control the contribution of a path to the
total mass is to control the contribution of excursions outside IT, 4 (recall (49)).

Lemma 3.2. [Path evaluation] For ( € No, © € &y and y > maxo<|z{& () —
deg(m;)},

T ¢ - o = deg(?ti)
Ex, [exp{ /0 (E(X,) —7) ds} 70 (x) = n} =5 ) aamy ®

Proof. The left-hand side of (82) can be evaluated using the fact that 7; is the sum of
¢ independent Exp(deg(7;)) random variables that are independent of 7¥)(X). The
condition on 7y ensures that all integrals are finite. a

For apath w € &2 and € € (0,1), we write
Mz = |{0<i<|r|: &(m) < (1—¢)ay, }|, (83)
with the interpretation that My® = 0 if || = 0.

Lemma 3.3. [Mass of excursions] For every A, € > 0 there exist ¢ > 0 and ny € N
such that, for all r > ng, all y > ar, — A and all T € & satisfying m; ¢ I, 4 for all
0<i<{:=|m

B

Ex e { [ (600 - n10s}

where ga := (1+A/dmax) " Note that 7y € I, 5 is allowed.

7(X) = n} < ghelerloe LMt ga)

Proof. By our assumptions on 7 and Y, we can use Lemma 3.2. Splitting the product
in the right-hand side of (82) according to whether & (m;) > (1 — €)ay, or not, and
using that & (m;) < ar, —2A for 0 < i < |x|, we bound the left-hand side of (84) by

Eap, —A

—[{o<i<t:§(m)<(1-€)ar, }|
] : (85)

¢
qa {CIA divx
Since a;, = ploglogL, > ploglogr, for large r the number within square brackets
in (85) is at least gagp (loglogL,)/2dmax > 1. Hence (84) holds with ¢ := log(1V
2dmax (qa€p) ™). O

3.3 Equivalence classes of paths

We follow [BKS18, Section 6.2]. Note that the distance between IT.4 and DS, in G
is at least S, = (logL,)%.
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Definition 3.4. [Concatenation of paths] (a) When 7 and 7’ are two paths in &2
with 7| = m), we define their concatenation as

RO i= (M, ooy Mgy Wy W) € P (86)

Note that |To 7’| = ||+ |7'|.

(b) When 7, # my, we can still define the shifted concatenation of 7 and 7’ as mo
&', where &' 1= (M|, M| + 7] — Ty, Wz + ﬂ\,n/\ — ;). The shifted concatenation
of multiple paths is defined inductively via associativity.

Now, if a path © € & intersects I, 4, then it can be decomposed into an initial
path, a sequence of excursions between II.4 and D7 ,, and a terminal path. More
precisely, there exists m; € N such that

T = fr(l)oﬁ-(])o,,,oﬁ(mn)oﬁ-(mﬂ)oﬁ-7 (87)

where the paths in (87) satisfy

AN @(v IM,) with #" ¢4, 0<i<|ZV],
0 € P(Ia, ,A) with 2 €D,4, 0<i<|#W], 1<k <my—1,
fz(k> P (D, Ip) with Y ¢ Iy, 0<i<|AY],2<k<my,
P(I 4, ) with 2" € D,4, 0<i<|f")|,
(88)
while
T e f@(Ds’A, )and ﬂ,%HrA Vi>0 1f7r<’"">69’( A, D A)’ (89)

7o € Dya, || = otherwise.

Note that the decomposition in (87)—(89) is unique, and that the paths %, A%
and 7 can have zero length. If 7 is contained in B,, then so are all the paths in the
decomposition.

Whenever supp(7) NIT.4 # 0 and € > 0, we define

My
e ML AR R O Wi Vi (90)
i i=1

to be the total time spent in exterior excursions, respectively, on moderately low
points of the potential visited by exterior excursions (without their last point).

In case supp(7) N IT4 = 0, we set mg := 0, sz := |7| and k5° := Mz*. Recall
from (78) that, in this case, A4 () = —co.

We say that 7,7’ € & are equivalent, written T’ ~ 7, if my = my, @ = %9 for
alli=1,...,mg,and &’ = 7. If 7’ ~ 7, then s, k;f and A,.4 (') are all equal to the
counterparts for 7.

To state our key lemma, we define, for m,s € N,

t@(m,s) — {7-[ c (@: Mg =M, Sy = S}, (91)
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and denote by
Cra :=max{|C|:C € €4} 92)

the maximal size of the islands in €,.4.

Lemma 3.5. [Mass of an equivalence class] For every A, € > 0 there exist ¢ > 0
and ry € N such that, for all r > ro, all m,s € Ny, all £ € 2") with supp(m) C By,
all y > Aea(m) V (ar, —A) and all t > 0,

E”() {efo (&(X)—y) du ﬂ{n(X[O_,] )Nﬂ}]

1/2 ]l{m>0} dmax C, mn § —1 (3)Lr kr’S (93)

S (Cr,.{i ) (1 + 7711‘,A(;1")) (dZ:x) e(c * ) " '

Proof. Fix A,€ > 0and let ¢ > 0, np € N be as given by Lemma 3.3. Set
N A R P P 94)

We use induction on m. Suppose that m = 1, let £ := |%")|. There are two possibil-
ities: either 7y belongs to D,4 or not. First we consider the case Ty € D4, which
implies that || = 0. By the strong Markov property,

Ty
Bz, [13 H{”<X[o‘z])~7f}] < Enx, {Io”tn ﬂ{ﬂ([)(X):ﬁ'(l)}H{T£<t}H{Xu+T[GDr.AVME[OJ*T/]}}

T "
=By [ 1" Wiz )20y Wz} <]Eﬁz“) {16 H{TDﬁA%u}D 7 ] '
, u=Ty

95)
Putz = ﬁ'}”. Since z € I, 4, we may write C; to denote the island in &, 4 containing
z. Since Tpe, = Tee P,-a.s., Lemma 2.1 and the hypothesis on 7 allow us to bound

172 Applying Lemma 3.3, we further bound (95)

the inner expectation in (95) by |C.|
by

T, 1/2
Ce| /B, [10( H{;:(D(x):ﬁ(l)}} < Cr,1/4 (

which proves (93) form =1 and Ty € D, 4.
Next consider the case 7y € D¢ ,. Abbreviating o :=inf{u > T: X, ¢ D4 }, write

¢ e
» ) R T T

dmax

Exr, [I(I)ﬂ{n(x[ov,])Nn}} < Eq, {Igﬂ{ﬁ(w(x):ﬁ(l),cq} (]Efro {Io_uﬂ{n(x[oat,u]):ﬁ}] ) } .

u=ao

Let £, := |7| and note that, since 7, ¢ IL.4, by the hypothesis on y we have

4y
_ 1, qA c—log®) L, ) M:E
Eﬁo [I(t) “]l{n(x[or,,u]):ﬁ}} < Eﬁo [Ioé ll{ﬂ(é*)(X):ﬁ}} < (dmax> e( 0g ) T
(98)
where the second inequality holds by Lemma 3.3. On the other hand, by Lemmas 2.2
and 3.3,
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B, [Igﬂ{”(“(x):ﬁ(”}} = Eny {IOD' ﬂ{ﬂ(f)(x):ﬁ'(l)}} E, MC%J 99
< (14 ol () g

Putting together (97)—(99), we complete the proof of the case m = 1. The case m =0
follows from (98) after we replace T by 7 and r — u by ¢.

Suppose now that the claim is proved for some m > 1, and let 7w € P mtls)
Define 7' 1= #? 0 #® 0 -.- 0 %"+ 6 #+1) o 7. Then &' € 2™5), where s = s’ +
|| and k5" = M;r’f1> + k77 Setting € := [#"], o := inf{u > Ty: X, ¢ D2} and

X2
x:= 7", we get

By [léll{n(xo,,)w}} < Eg, [13 20 ()=, 0.<) (Ex [Ié_uﬂ{mxo,tfu)w’}} )S:G] 7

(100)
from which (93) follows via the induction hypothesis and (99). a
3.4 Proof of Proposition 3.1
Proof. The proof is based on Lemma 3.5. First define
co:=1+3loglogdmax, Ao :=dmax (€0 —1). (101)

Fix A > Ag, B < a and € € (0,5/2) as in Lemma 2.8. Let ryp € N be as given
by Lemma 3.5, and take r > ry so large that the conclusions of Lemmas 2.5-2.8
hold, i.e., assume that the events /3, from both lemmas do not occur with either
G=(V,E,0) € 8, or G € B, accordingly. Fix x € B,. Recall the definitions of C,4
and 22("%)_ Noting that the relation ~ defined below (90) is an equivalence relation
in 2m3) we define

P = {equivalence classes of the paths in £ (x,V)N P ms) }. (102)

Lemma 3.6. [Bound equivalence classes]
| P < [2mas Cra )iy for all m, s € N,

Proof. The estimate is clear when m = 0. To prove that it holds for m > 1, write
0A = {z ¢ A:distg(z,A) = 1} for A C V. Then [dC UC| < (dmax + 1)|C]| <
2dmaxCra. We define a map &: ) Py(x,V) x {1,...,2dmaxCra }™ as fol-
lows. For each A C V with 1 <|A| < 2dpmaxCra, fix an injective function fo:A —
{1,...,2dmaxCra}. Given a path & € Pms) P (x,V), decompose 7 as in (87), and
denote by 7T € Z(x, V) the shifted concatenation (cf. Definition 3.4) of (V... %™,
7. Note that, for 2 < k < m, the point 7Vr(<)k) lies in dCy for some C; € €4, while
7y € dCUC for some C € C,.4. Thus, we may set

(1) = (T, foe, (B, fac, (B, Freue (Fo))- (103)
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As is readily checked, ®(7r) depends only on the equivalence class of 7 and, when
restricted to equivalence classes, @ is injective. Hence the claim follows. a

Now take A" C £ (x,V) as in the statement, and set
Nms) . — {equivalence classes of paths in V"N 5”(’”"">} c ). (104)

For each M ¢ ./\N/' (’"*S>, choose a representative myq € M, and use Lemma 3.6 to
write

e )du _ M B ) du
B (B0 0 e eny | = Dmsetty Ennerrons Bx o060 e )

< Yom,seNo (2dmaxCra)" dia SUP prms) Ex [ef‘; SX)du Lz (x, )~n}} ,
(105)
where we use the convention sup® = 0. For fixed = € N'"%) by (79), we may apply
(93) and Lemma 2.5 to obtain, for all » large enough and with cq as in (101),

(deax)mdfnaxEx [elé £(X)du ]I{E(X[ ] < el GCOerCIi\e(Cilogm Lr)k;f . (106)

OJ])N”}
We next claim that, for r large enough and 7 € N’ (m.s)
s> [(m—1)V1]S,. (107)

Indeed, when m > 2, |supp(%?)| > S, for all 2 < i < m. When m = 0, |supp(7)| >
max | <y<|q| | — x| > (logL,)* > S, by assumption. When m = 1, the latter as-
sumption and Lemma 2.5 together imply that supp(7) QD; 4 7 0, and so either
|supp(7"))| > S, or [supp (V)| > S,. Thus, (107) holds by (90) and (50).

Note that g4 < e 3%, g0

Sr “09F Sr “00rm ( 71)Sr — r
Z Z ecOmS’qi‘ _ qy +ecoS 0 +Zm22 ecoS qu . 4e—c0S -
m>05>[(m—1)V1]S, 1 —qa 1—qa
(108)
for r large enough. Inserting this back into (105), we obtain
logE, [ef(?@(Xs)d“‘n{n(Xm)e N}} < sup {zy,,+ (c—log¥ L) kjf}. (109)
’ neN

Thus the proof will be finished once we show that, for some &' > 0, whp (respec-
tively, almost surely eventually) as n — oo, all T € N satisfy

KEE > distg(x,27) (1= 2(log L) ). (110)

To that end, we define for each 7 € N an auxiliary path 7, as follows. First note
that by using our assumptions we can find points 7',z € supp(7) (not necessarily
distinct) such that
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distg(x,7) > (logL,)*,  distg(z",2z) < 2M4S,, (111)

where the latter holds by Lemma 2.5. Write {z1,22} = {Z/,Z”} with z1, z ordered
according to their hitting times by 7, i.e., inf{¢: 1, = z; } <inf{¢: 1y = z,}. Define 7,
as the concatenation of the loop erasure of 7 between x and z; and the loop erasure
of 7 between z; and z». Since 7, is the concatenation of two self-avoiding paths, it
visits each point at most twice. Finally, define 7, ~ 7, by substituting the excursions
of m, from Il 4 to D¢, by direct paths between the corresponding endpoints, i.e.,

substitute each £ with \fré”\ =Y, (7%5))0 =x; € I, 4 and (ﬁéi))/;l. =y;€Di, bya
shortest-distance path 7’ with the same endpoints and |7 | = distg(x;,y;). Since
7, visits each x € II,4 at most 2 times,

Kyt >kt > MyE —2|supp (7)) VT4 |(S,+1) > MzE —4|supp () NIT4]S,. (112)

Note that My" > |{x € supp(m,): & (x) < (1 —¢€)ay, }| (m)]
> distg(x,2') > (logL,)* > (logL,)**2€' for some 0 < & < &. Applying Lem-
mas 2.8-2.9 and using (50) and L, > r, we obtain, for r large enough,

€ 2 48, 1
K > [supp(m) | (1= (o — pempimsw ) = supp(m)| (1= o=l ) . (113)
On the other hand, since |supp(7,)| > (logL,)* and by (111) again,

|supp(7.)| = (|supp(7.)| +2M4S,) — 2MsS,
(dlStG(x Z”) +2MyS, ) (1 — 2M7ASrK) (114)

(logLy)
> distg (x,2z) (1 - m)

Now (110) follows from (113)—(114). a

4 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. We note that, after replacing
dmax bY dmax V Dy if necessary, we may assume without loss of generality that

oW e s, (115)

4.1 Lower bound

In this section we give the proof of the lower bound for the large-t asymptotics of
the total mass. This proof already explains the random mechanism that produces the
main contribution to the total mass. This mechanism comes from an optimisation
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of the behaviour of the random path in the Feynman-Kac formula, which in turn
comes from the existence of a favorite region in the random graph, both in terms
of the local graph structure and the high values of the potential in this local graph
structure. The optimality is expressed in terms of a distance to the starting point
O that can be reached in a time o(r) with a sufficiently high probability, such that
time ¢ — o(r) is left for staying inside the favorite region, thus yielding a maximal
contribution to the Feynman-Kac formula. The latter is measured in terms of the
local eigenvalue of the Anderson operator A + &, which in turn comes from high
values and optimal shape of the potential £ in the local region.

We write the total mass of the solution of (32) in terms of the Feynman-Kac
formula as

Ur) :E@[exp{/oté(Xs)dsH, (116)

where (X;)s>0 is the continuous-time random walk on GW, i.e., the Markov chain
with generator Agyy = A, the Laplacian on GW, starting from the origin O. As
usual in the literature of the PAM, this formula is the main point of departure for our
proof.

Fix € > 0. By the definition of ¥, there exists an infinite rooted tree T =
(V/,E',Y) with degrees in supp(D,) such that y7(p) < Z(p) + €. Let O, = BT ())
be the ball of radius r around ) in T'. By Proposition 2.3 and (39), there exist a radius
R € N and a potential profile ¢: B5 — R with L, (¢;p) < 1 (in particular, g < 0)
such that

N 1 _
Aop(@:T) = —Xor(P:T) — 5> —x(p) — €. (117)

For ¢ € N, let B; = B;(O) denote the ball of radius ¢ around O in GW. We will
show next that, almost surely eventually as £ — oo, B, contains a copy of the ball Qg
where £ is lower bounded by p loglog|B¢|+g.

Proposition 4.1. [Balls with high exceedances] 3 x P-almost surely eventually as
£ — oo, there exists a vertex 7 € By with Bg.1(z) C By and an isomorphism @ :
Bgr11(z) = Qg1 such that & > ploglog |By| +qo @ in Bg(z). In particular,

Agp(2)(§:GW) > ploglog |Be| — % (p) — €. (118)

Any such z necessarily satisfies |z| > ct 3 x P-almost surely eventually as { — oo for
some constant ¢ = c(p, ¥, x(p),€) > 0.

Proof. First note that, as a consequence of the definition of G, it may be shown
straightforwardly that, for some p = p(T,R) € (0,1) and ‘B-almost surely eventu-
ally as £ — oo, there exist N € N, N > p|B| and distinct zi,...,zy € By such that
Br+1(zi) NBry1(zj) =0 for 1 <i# j <N and, for each 1 <i <N, Bg;1(zi) C By
and Bg.(z;) is isomorphic to Qg41. Now, by (7), for each i € {1,...,N},

P(& > ploglog|By| +¢ in Br(zi)) = |Be| “ex(®. (119)

Using additionally that |[By| > £and 1 —x < e %, x € R, we obtain
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P(Aie{l1,...,N}:& > ploglog|Bs| +¢qin Bg(z;))

N 1-Lo.(q) 120
— (1_|B€‘7LQR(q)) S671)[ [ 3 ( )

)

which is summable in ¢ € N, so the proof of the first statement is completed using
the Borel-Cantelli lemma. As for the last statement, note that, by (31), Lemma 2.4
and L, ~ Or,

A, (E:6W) < nelgx!;‘(x) <ar,+o(l) <ap,+plogcd+o(l) <ar,—x(p)—¢
X€bcg

(121)

provided ¢ > 0 is small enough. a

Proof (Proof of the lower bound in (14)). Let z be as in Proposition 4.1. Write 7,
for the hitting time of z by the random walk X. For any s € (0,7), we obtain a lower
bound for U (r) as follows:

U(t) > Eo | exp { Joé (Xu)du} e <g H{XMEBR(z)VuE[Tz,t]}}

o v 122
=Ep efo® & (Xu)du H{Tz_és} E, {efo & (Xu)du ]l{XuGTVME[O,V]}} (122)

]
V=t—1,

where we use the strong Markov property at time 7,. We first bound the last term in
the integrand in (122). Since & > ploglog|By| + ¢ in Bg(z),

E,|eld €<Xu>duH{XL,EBR(Z)VMG[O,V]}] > evploglog|Bil ., | e/ 4(Xu) du ﬂ{xueQRVue[o,v]}}
> VP loglog|By|ovAgy (q,T)q)(lll (V)
> exp {v(ploglog|B/| —x(p) —€) },
(123)
for large v, where we used that Bg(z) is isomorphic to Qg and we applied
Lemma 2.1 and (117). On the other hand, since £ > 0,

Eo [exp{'/;z’g'(Xu)du}]]{Tz < s}} > P (T, < 5), (124)

and we can bound the latter probability from below by the probability that the ran-
dom walk runs along a shortest path from the root O to z within a time at most s.
l2l

Such a path (y;);Z, has yo = O, y|; =z, yi ~ yi—1 fori = 1,...,z|, has at each step
from y; precisely deg(y;) choices for the next step with equal probability, and the

step is carried out after an exponential time E; with parameter deg(y;). This gives

g g
Po(r. <3) = ([T gy )P( L5 = 5) = dmiPoiiuslllch =), (129

1

where Poiy is the Poisson distribution with parameter y, and P is the generic symbol
for probability. Summarising, we obtain
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U (1) > dipZledmins @nins) o(1—s)[ploglog B~ Z(p) ~¢]

max © EE
> exp { ~dmins + (1 =) [ploglog B ~ Z(p) — €] — |zl log (4= 2) }
> exp { ~dmins + (1 —5) [ploglog |B| — Z(p) —&] — Clog (£ .
(126)
where for the last inequality we assume s < |z| and use £ > |z|. Further assuming
that £ = o(¢), we see that the optimum over s is obtained at
14

= — =o(t). 127
dinin + ploglog |By| — x(p) — € ®) 27

Note that, by Proposition 4.1, this s indeed satisfies s < |z|. Applying (12) we get,
after a straightforward computation, almost surely eventually as r — oo,

1 ~
;logU(t) > ploglog|B,| — floglogf—x(p) —e+0 (f) . (128)

Analysing the main terms above and using log |By| ~ ©¢, we find that the optimal £
satisfies /loglogl — %‘;[ ~1p,ie., £ ~ pt/loglogr = t;. For this choice we obtain

1 ~
;logU(t) Zploglog|Btt—ttloglogt,—x(p)—8+0< ) . (129)

loglogt?

Substituting log |B,| ~ ¥r and the definition of t,, we obtain, J3 X P-almost surely,

.. 1 p Ut ~
- - >_p— —¢.
hlrgglf{ ; logU(t) — plog <log10gt) } >-—p—x(p)—c¢ (130)

Since € > 0 is arbitrary, the proof of the lower bound in (14) is complete. a

4.2 Upper bound

In this section we prove the upper bound in (14). A first step is to reduce the problem
to a ball of radius #log?. Here we include more general graphs.

Lemma 4.2. [Spatial truncation] For any ¢ > 0 and any ¢, € N, ¢, > ctlogt,

sup Ep [eféé(xﬁd“'n{fgc <t}] <e " whpast— . (131)
Ge®y, 4

Moreover, for any G € 69),

Eo {eféé()(s)d“']l{flgC <t}} <e ™ P-as. eventually as t — . (132)
i
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Proof. Forr>/{; and G € &y, let

B, = {maxé(x) >ay, —|—2p} . (133)

XEB,
By Lemma 2.4 and a union bound, we see that

sup P (U Br> < Z sup P(B,) — 0, t— oo, (134)
GE@(’ rzét rzét GE@/I

while, for G € 6&?), by the Borel-Cantelli lemma,

U B, does not occur P-a.s. eventually as t — co. (135)
>0,

We may therefore work on the event (,~, B;. On this event, we may write

[ E(Xy)d _ L E(Xy)d
Eo |:e[0§< ) SH{TBZ <t}:| = Zrzlr Eo efO'S( ) s]l{sul%e[(),t] |Xs|=r} (136)
<eUL,ny, P Po (S 2 1),
where J; is the number of jumps of X up to time ¢, C = p(2 + loglog dpmax ), and we

use that |B,| < dJ,. Note that J; is stochastically dominated by a Poisson random
variable with parameter tdp,x. Hence

(tdmax)" r
> < — <K —
Po(Ji>r) < 0 <exp{ —rlog e (137)

for large r. Using ¢, > ctlogt, we can check that, for r > ¢, and ¢ large enough,

,
1 —ptl 2 1
rlog <el‘dmax> ptlogr > 2r (138)

and thus (136) is at most e fe 4C1+2 « o=l O

In order to be able to apply Proposition 3.1 in the following, we need to make
sure that all paths considered exit a ball with a slowly growing radius.

Lemma 4.3. [No short paths] For any v € (0,1),

Eo e./é&(XOdS]l{TBC -
124

sup =o(l) whpast— . (139)
GE@BH U(t)

Moreover, for any G € &,
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! s)ds
Eg |efi¢0%) g, -

t“ﬁi U0 =0 P-as. almost surely. (140)
Proof. By Lemma 2.4 with g, = 2plogr, we may assume that

max §(x) < ploglogLyy +2p = yplogt +2p +o(1) ast — . (141)

xGqu

By (130), for some constant C > 0,

Eo eféé(Xx)dS]l{TBc -
M d < glroeVig-(-pprlogr ¢ e (142)

U(t)

For the remainder of the proof we fix y € («, 1) with a as in (50). Let

K, := [t'""logr], r,(k) =k[t"], 1<k <K and 4 =K [t"] >tlogt.
(143)
For1 <k<K;and G € Qﬁg), define

NB = {717 € Z(0,V): supp(m) C Br<k+1>,supp(ﬂ) ﬂB:(k> # @} (144)

and set

UY = Ee {eféé(xs)dsﬂ (145)

{7, <x>eNﬁ“}] '
Recall the scale t; = pt/loglogz.

Lemma 4.4. [Upper bound on U,(k)] For any € > 0 and any G € QSQ), P-almost

surely eventually as t — oo,

1 ~
sup —logU" < plog(dt)—p—7Z(p)+e. (146)
1<k<k; !

Proof. Before we apply Proposition 3.1, we first do a bit of analysis. For ¢ > 0, let
F.,(r) :==plog(v¥r) — ; (loglogr—c), r>0. (147)
Note that F,; is maximised at a point ., satisfying
Fet
pt =rc loglogre; —cre s+ ———. (148)
’ logre,

In particular, r.; ~ v;, which implies
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supF;(r) < plog(dt;) —p +o(1) as t — oo, (149)
r>0

Next, fixk € {1,...,K;}. Form € N® et
Yoi=A e (T) +exp{=Sim},  zx € supp(),|zz| > 11" (150)
By Proposition 3.1, almost surely eventually as t — oo,

|2z

1
~logU" <+ S (loglogr,(kﬂ)fc,q +o(1)). (151)

Using Corollary 2.7 and log L, ~ ¥r, we bound

1
Te < plog(dr V) = F(p) + 3€ +o(1). (152)
Moreover, |zz| > r*™ — [¢7] and
Y 2
(T] (1oglogr§k“> ch) < = loglog(2rlog1) = o(1), (153)

which allows us to further bound (151) by

(k+1)
_ 1
plog(vr") — % (loglogr,“‘“) *ZCA) —x(p)+5€+o(1). (154)
1 _
Applying (149) we obtain —log UM < plog(dt)—p—7%(p) +e. O

Proof (Proof of upper bound in (14)). To avoid repetition, all statements are as-
sumed to be made 3 x P-almost surely eventually as t — c. Let G = G}V and note

that GW € (’59) almost surely, where ¥ is as in (12). Define

" = 1
Ut(o) =Ep e-lOé(XS)ds]l{TBT " >t} Ut( V= Eo e'{()é(XS)ds ]I{TBC <t}|-
(155)

[tlogr]
Note that
Ut) <0 +U" +K, max U" (156)
1<k<K,
and, since U") + U < o(1)U(r) by Lemmas 4.2-4.3 and (129),

log(2K; 1
M—&— max flogUt(k).

1
U(r) < 2K, u® d —logU(1) <
(r) < 2K, max U, and so tog (1) < . max -
(157)

1<k<K;
By Lemma 4.4 and (143), for any € > 0,

HogU (1) < plog(d,) —p —X(p) +€+o(1) (158)
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therefore, 3 x P-almost surely,

) 1 vpt ~
- - <-p-— .
11£rl>s;1p{ - logU(t) — plog <10g10gt> } <—-p—x(p)+e (159)

Since € > 0 is arbitrary, this completes the proof of the lower bound in (14). a

5 Proof of Theorem 1.5

In this section we give the proof of Theorem 1.5. The proof is based on the fact
that, up to a radius growing slower than log &, (cf. (20)), the configuration model
equals a Galton-Watson tree with high probability. From this the result will follow
via Theorem 1.1 and Lemma 4.2.

To describe the associated Galton-Watson tree, we define a random variable D,
as the size-biased version of D in Assumption (CM)(1), i.e.,

_kP(D=K)

£ (160)

P(D, =k)
Proposition 5.1. [Coupling of U/G, and GW] Let UG, = (V,,,E,,O,) be the uni-
form simple random graph with degree sequence ") satisfying Assumption (CM),
and let GW = (V,E, Q) be a Galton-Watson tree with initial degree distribution
Do = D and general degree distribution Dy = D,. There exists a coupling P of UG,
and GW such that, for any my, € N satisfying 1 < m, < log ®,,
lim P (B49(0,) = BYY (0)) = 1. (161)
n—oo
Proof. For CM,, in place of UG, this is a consequence of the proof of [vdH17b,
Proposition 5.4]: the statement there only covers coupling |B,,, |, but the proof actu-
ally gives By,. The fact that m, may be taken up to o(log ®,) can be inferred from

the proof. In fact, m, could be taken up to clog @, with some ¢ = ¢(v) > 0. The
result is then passed to UG, by (16) (see e.g. [vdH17a, Corollary 7.17]).

Proof (Proof of Theorem 1.5). First note that, by Propositions 1.3—-1.4, we may as-
sume that UG, is connected, thus fitting the setup of Section 2. Let U, (¢) be the total
mass for UG, and U (¢) the total mass for GV as in Proposition 5.1. Define

U; (Z‘) = Eon ef(;é(XA)dT H{TBC >1} , (162)

tlogt
and analogously U°(¢). By Lemma 4.2 and Proposition 5.1, whp as n — oo,

Un(fn) = Ur(zj(tn) +0(1) = Uo(tn) +0(1) = U(tn) +0(1)7 (163)
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so (21) follows from Theorem 1.1 after noting that v in (17) is equal to E[D, — 1].
O

6 Appendix: Analysis of x(p)

In this appendix we study the variational problem in (9). In particular, we prove the
alternative representations in Proposition 2.3, and we prove Theorem 1.2, i.e., we
identify for p > 1/10g(dmin + 1) the quantity X (p) that appears in Theorems 1.1
and 1.5 as y¢ with G the infinite tree with homogeneous degree dpin € N\{1}, the
smallest degree that has a positive probability in our random graphs. In other words,
we show that the infimum in (13) is attained on the infinite tree with the smallest
admissible degrees.

It is not hard to understand heuristically why the optimal tree is infinite and has
the smallest degree: the first part in (9) (the quadratic energy term coming from the
Laplace operator) has a spreading effect and is the smaller the less bonds there are.
However, proving this property is not so easy, since the other term (the Legendre
transform from the large-deviation term of the random potential) has an opposite ef-
fect. In the setting where the underlying graph is Z¢ instead of a tree, this problem is
similar to the question whether or not the minimiser has compact support. However,
our setting is different because of the exponential growth of balls on trees. We must
therefore develop new methods.

Indeed, we will not study the effect on the principal eigenvalue due to the re-
striction of a large graph to a subgraph, but rather due to an opposite manipulation,
namely, the glueing of two graphs obtained by adding one single edge (or possibly
a joining vertex). The effect of such a glueing is examined in Section 6.2. The re-
sult will be used in Section 6.3 to finish the proof of Theorem 1.2. Before that, we
discuss in Section 6.1 alternative representations for y and prove Proposition 2.3.

In this section, no probability is involved. We drop p from the notation at many
places.

6.1 Alternative representations

Fix a graph G = (V,E). Recall that P(V) denotes the set of probability measures
on V, and recall that the constant g = xG(p) in (9) is defined as inf ,cp(v)[I£(p) +
pJy(p)] with I,J as in (8). As the next lemma shows, the constant ¥ in (39) can be
also represented in terms of /,J.

Lemma 6.1. [First representation] For any graph G = (V,E) and any A C V,

xv(p:G)= inf [Ig(p)+pJv(p)]- (164)
peP(V):
supp(p)CA
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In particular,

21 (p:G) > xv(p:G) = x6(p). (165)
Proof. For the proof of (164), see [GM98, Lemma 2.17]. Moreover, (165) follows
from (164). O

We next consider the constant xg) ) in (40) for infinite rooted graphs G = (V,E,O).
Note that, by (164), X5, (p;G) is non-increasing in r. With (165) this implies

%6 (p) = lim 75, (p3G) > x6(p)- (166)

Lemma 6.2. [Second representation] For any rooted G € .., xc(p) = xg)) (p).

Proof. Write G = (V,E,O). By (9), Lemma 6.1 and (166), it suffices to show that,
for any p € P(V) and r € N, there is a p, € P(V) with support in B, such that

timinf {Z¢ (p,) + pdv (pr)} < I (p) + v (p). (167)
Simply take
_ p()1, (x)
pr(x) = oB) xX€eV, (168)

i.e., the normalised restriction of p to B,. Then we easily see that

Jv(pr)=Jv(p ) ) )erg, (x)log p(x) +1og p(By) + Lsev p(x)log p(x)
( B,)) — 0, F— oo,

(169)
where we use log p(B;) < 0 and p(x)log p(x) < 0 for every x. As for the I-term,

(pr) = Br Z{x,y}eExyEBr (\/ —VvP )

)<IE(

e PB)) (170)
+3 Z{X)}GE XEB,,yEBS If((Br) p(By) + ]

2 pB)

and therefore

Ig (p) dmax p(B‘;_ )
e(pr) ~1e(p) < Jops (1= p(B)) + =55 =5 20, rven (17D)

O

Proof (Proof of Proposition 2.3). The claim follows from Lemmas 6.1-6.2 and
(166). a
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6.2 Glueing graphs

Here we analyse the constant ¥ of a graph obtained by connecting disjoint graphs.
First we show that glueing two graphs together with one additional edge does not
decrease the quantity y:

Lemma 6.3. [Glue two] Let G; = (V;, E;), i = 1,2, be two disjoint connected simple
graphs, and let x; € V;, i = 1,2. Denote by G the union graph of G|, G, with one extra
edge between x| and xy, i.e., G= (V,E) withV :=V,UV,, E := E; UE, U{(x1,x2)}.
Then

X6 = min{xlesz}' 172)

Proof. Given p € P(V), leta; = p(V;), i = 1,2, and define p; € P(V;) by putting

l .
4 p(x) 1y, (x) if a; > 0,
i(x) =4 4% ! 173
Pilx) { 1, (x) otherwise. (173)
Straightforward manipulations show that
2 2 2
Ie(p) = Z ailg,(pi) + ( p(x1) — P(x2)> ) Z ailv,(pi) —a;loga;]
i=1 i=1
(174)
and so
2
1e(p)+ pIv(p) 2 LI (p) + Py ()| = min{iay 26} 479)
The proof is completed by taking the infimum over p € P(V). O
Below it will be useful to define, forx €V,
6" = inf llp(p)+pdv(p), (176)
p(x)=b

i.e., a version of ys with “boundary condition” b at x. It is clear that XG > XG-
Next we glue several graphs together and derive representations and estimates
for the corresponding x. For k € N, let G; = (V;,E;), 1 <i <k, be a collection
of disjoint graphs. Let x be a point not belonging to Uf-‘zl V.. For a fixed choice
yi € Vi, 1 <i <k, we denote by G = (Vy,Ey) the graph obtained by adding an
edge from each yy,...,y, tox,i.e., Vi =ViU---UV,U{x} and E; = E;U---UE, U

{(ylao)a" '7(ykax)}'

Lemma 6.4. [Glue many plus vertex] For any p > 0, any k € N, and any G; =
(Vi Ei), yi € Vi 1 <i<k
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XG = inf o<, <4<l {Zé{:l a; (Xg:,ci/ai) -p loga[>

ap+- +ak<l
Th (va-yi-xta) o (1-xk ) s (128 )}
a77)
Proof. The claim follows from straightforward manipulations with (8). ad

Lemma 6.4 leads to the following comparison lemma. For j € N, let

Giy)  ifi<j
G/, (G RRNEA 178
( y’) {(Gi+1ayi+1) ifi> j, (178)

ie., (G{ )ien is the sequence (Gj)ieny Wwith the j-th graph omitted. Let 5,{ be the
analogue of Gy, obtained from G{ , 1 <i<k,i# j, instead of G;, 1 <i<k.

Lemma 6.5. [Comparison] For any p > 0 and any k € N,

X6, = nfi<jcppr infoo o o 1 infoce<q<1,

ST ap+-+ap<1
X (}'o'j(i)"ci/ai)
(1—u) [Zizl ai(qu(i) —ploga;)
(B ) (-t )2 0]

+ x’f . (ﬁ—\/u—u)(l—z )

—p [ulogu+ (1 —u)log(1—u))

(179)
Moreover,
X6, > infi<j<py inf <u

< L
k+l

: (y-.,v) / 2
{(1_u)xci+lnfve[0.l] {MXG; +]1{u(l+v)21}[\/v>_ 1_”‘} } (180)
—p [ulogu+ (1 —u)log(1—u)] }

Proof. Note that
{(Clval)l 1- :0<¢i <a; <1, Zl+l algl}
B kUl ((1 —u)(c,-,ai){:ll, (c,u),(1 —u)(ci,ai)f:j): (131)

=1 0<C<u<k+170§0i§ai§1,ﬂ-{=1ai§1
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from which (179) follows by straightforward manipulations on (177). To prove

(180), note that the first term within the square brackets in the first two lines of

(179) equals the term minimised in (177), and is therefore not smaller than Xgi- O
k

Lemma 6.6. [Propagation of lower bounds] If p >0, M € R, C >0and k € N
satisfy p > C/log(k+1) and

. . . Ojw)
f yi>M f f >M-C 182
1§}I§1k+1xG£ - 13}I§Ik+1velf<l),1]fo - ’ (182)

then X6, > M.
Proof. Dropping some non-negative terms in (180), we obtain
. rjv)
X6k+1 _MZTnf()gugl/(lH»l) {M (ZGIJ _M) _pulogu} (183)
> infocy<1/s1) {u(plog(k+1)—C)} =0

by the assumption on p. a

The above results will be applied in the next section to minimise ) over families of
trees with minimum degrees.

6.3 Trees with minimum degrees

Fix d € N. Let Ty be an infinite tree rooted at O such that the degree of O equals d —
1 and the degree of every other vertex in 7; is d. Let ﬂd(m = {74} and, recursively,

let 9}"*” denote the set of all trees obtained from a tree in 90[1(") and a disjoint copy

of Ty by adding an edge between a vertex of the former and the root of the latter.
Write 7 = Unen, ﬂod(”). Assume that all trees in .%; are rooted at O.

. Recall that 7, is the inﬁniote regular d-tree. Observe that 7; is obtained from
(7a,0) and a disjoint copy (7;,0’) by adding one edge between O and O0’. Con-
sider 7 to be rooted at O. Let Z;m = {74} and, recursively, let %("“) denote the set
of all trees obtained from a tree in '74(") and a disjoint copy of Ta by adding an edge
between a vertex of the former and the root of the latter. Write 7 = U,en, ﬂd("),
and still consider all trees in .7 to be rooted at O. Note that yd(”) contains pre-
cisely those trees of jd(”l) that have 7; as a subgraph rooted at O. In particular,
yd(") C jd("“) and 7, C .

Our objective is to prove the following.

Proposition 6.7. [Minimal tree is optimal] If p > 1/log(d + 1), then

x7,(P) = Trreli%m(p)

For the proof of Proposition 6.7, we will need the following.
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Lemma 6.8. [Minimal half-tree is optimal] For all p € (0,0),

X7,(p) = min x7(p).

Ted,
Proof. Fix p € (0,00). It will be enough to show that

Xj, = min xr, n € Ny, (184)
Teji(n)

which we will achieve by induction in n. The case n = 0 is obvious. Assume that
(184) holds for some n € Ny. Any tree T € yd("“) can be obtained from a tree

T e j;’” and a disjoint copy ’70;' of Ty by adding an edge between a point ¥ in the
vertex set of T to the root of ’7;1'. Applying Lemma 6.3 together with the induction
hypothesis, we obtain

xr = min{ gz 7, | = 7, (185)

which completes the induction step. a

Lemma 6.9. [A priori bounds] For any d € N and any p € (0,c0),

X+, (P) < 27,(P) < x1,(P) + 1. (186)

Proof. The first inequality follows from Lemma 6.8. For the second inequality, note
that 7, contains as subgraph a copy of 74, and restrict the minimum in (9) to p €
P(Ta)- O

Proof (Proof of Proposition 6.7). Fix p > 1/log(d + 1). It will be enough to show
that
X7, = min xr, n € Np. (187)
re7;"

We will prove this by induction in n. The case n = 0 is trivial. Assume that, for some
ng >0, (187) holds for all n < ng. Let T € Z;"OH). Then there exists a vertex x of T
with degree k+1 > d+ 1. Let yy,...,yry be set of neighbours of x in 7. When we
remove the edge between y; and x, we obtain two connected trees; call G; the one
g)ntaining yj, and éi the other one. With this notation, 7 may be identified with
Gi+1-

Now, for each j, the rooted tree (G}, y;) is isomorphic (in the obvious sense) to a
tree in 90;/" ), where (; € Ny satisfy 1 4 -- 4+ {31 < np, while 61 belongs to ,?d(nj )
for some n; < ng. Therefore, by the induction hypothesis,

X@‘ > X7 (188)
while, by (176), Lemma 6.8 and Lemma 6.9,

Velﬁ)f”%cj 2X6; 2 Xy, 2 X7 — 1. (189)
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Thus, by Lemma 6.3 applied with M = y1, and C =1,

XT = XGyy = XTa> (190)
which completes the induction step. ad

Proof (Proof of Theorem 1.2). First note that, since 7 . has degrees in supp(Dy),
2(p) <x7, (p).For the opposite inequality, we proceed as follows. Fix an infinite

tree 7 with degrees in supp(D,), and root it at a vertex ). For r € N, let T, be the
tree obtained from B, = B! () by attaching to each vertex x € B, with |x| =r a
number dp, — | of disjoint copies of (7; . ,O), i.e., adding edges between x and

‘min’

the corresponding roots. Then T, € 9 and, since B, has more out-going edges in

‘min

T than in T}, we may check using (164) that

28, (0:T) = 25, (s T) = 23:.(P) = 27, (P)- (191)
Taking r — oo and applying Proposition 2.3, we obtain yr(p) > X7, (p). Since T
is arbitrary, the proof is complete. a
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