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Preface

This book is one of the outcomes of a long-standing research process that ultimately led
to the funding of the Collaborative Research Centre (CRC) Transregio TRR 154 by the
German Research Foundation (DFG) from 2014 to 2026. The path leading to this point
was shaped by many developments and occasionally winding stages whose origins reach
far back into the past. In the following, we briefly retrace the most important milestones
of this development.

We begin in the year 1998. Prof. Dr. Martin Grotschel approached Alexander Martin,
Riidiger Schultz, and Marc Steinbach with a request from a former fellow student work-
ing at Ruhrgas AG, asking whether they could prepare an expert report. The question
was to what extent, beyond the ongoing digitization efforts at that time, optimization of
the Ruhrgas gas network would already be possible. By way of background, Ruhrgas
had commissioned PSI to digitize the entire network, among other things to enable sim-
ulations. At the same time, PSI also offered optimization capabilities, i.e., the optimal
control of compressors and other active elements. Ruhrgas was apparently not entirely
convinced and therefore requested an expert opinion from the Konrad Zuse Center for
Information Technology Berlin, today the Zuse Institute Berlin (ZIB). This report was
ultimately prepared by the three aforementioned researchers. The conclusion of the re-
port was that simulations were certainly feasible, something that PSI, which at the time
held a pioneering role in this area, was able to provide. However, automatic optimiza-
tion using the methods available at that time remained a highly challenging problem
requiring substantial further research. This led to the proposal of a joint research project
to analyze which possibilities already existed, which approaches might become feasible
in the short and medium term, and where important gaps still remained.

As a result, an initial research project entitled “Mixed Integer Optimization for
Operative Gas Management,” funded by the German Federal Ministry of Education and
Research (BMBF), was launched in the year 2000. In this project, involving Alexander
Martin, Riidiger Schultz, Marc Steinbach, as well as PST and Ruhrgas, the first promising
results for the operation of gas networks were achieved.

By the year 2003, the three colleagues approached E.ON Ruhrgas again with these
results. In the meantime, Ruhrgas had been acquired by E.ON, which explains the
change in the company name. Along with the renaming came changes in management
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structures and funding responsibilities. After proudly presenting their first results, the
researchers were informed that the real profits in the gas sector now lay in trading rather
than transportation. Whether compressors could be controlled 10% more efficiently
was considered no longer relevant or only of marginal interest. The three researchers
left somewhat disappointed, as they still regarded the topic as socially relevant and, if
anything, even more deeply connected to fascinating mathematical research questions.

In the meantime, the professional situations of the three researchers had also changed:
Riidiger Schultz had accepted a position in Duisburg, Marc Steinbach had moved to
Hannover, and Alexander Martin had gone to Darmstadt. Each of them tried, in one way
or another, to keep the flame of mathematical modeling, simulation, and optimization for
gas networks alive at their respective institutions and to further develop the topic through
various funding programs. Among other things, Alexander Martin, together with Jens
Lang and Giinter Leugering (who at that time was still at TU Darmstadt), succeeded in
obtaining DFG funding for a coordinated project entitled “Hybrid Dynamical Transport
Systems on Networks,” in which PDE and optimal control aspects were integrated more
intensively.

We now move to the year 2008. Further developments had also taken place at E.ON
Ruhrgas. Among other things, the regulatory authority had decided that trading and
transportation operations had to be separated. E.ON Ruhrgas initially became E.ON
Gastransport, whose core business focused on transport capacities in the German long-
distance gas network and still does today. Later, the company was renamed Open Grid
Europe (OGE), accompanied by its complete organizational unbundling from the parent
company and certification as an Independent Transmission Operator (ITO)'. Suddenly,
gas transportation once again became a central issue for the company, and the former
cooperation was revived.

OGE therefore approached its former contacts at ZIB, where, however, very few
experts in this area were still present. As a consequence, OGE effectively traveled
across Germany to Hannover, Darmstadt, and Duisburg to reunite the former expertise.
This situation turned out to be particularly fortunate for academia because OGE also
provided substantial funding. Together with all partners, including ZIB and under the
coordination of Thorsten Koch, OGE funded a major project entitled “Development of
Mathematical Methods for the Optimization of Gas Transport Networks” from 2009 to
2013.

By then, the real world had become significantly more complicated due to the lib-
eralization of gas markets. The development of models and methods for nomination
and booking validation as well as technical capacities became central topics. Conse-
quently, challenging research questions arose that touched virtually the entire spectrum
of applied mathematics: stochastics, optimal control, partial differential equations, non-
linear optimization, combinatorial optimization, and discrete optimization. The circle
of participating researchers was therefore expanded to include the expertise surrounding
Werner Romisch and Marc Pfetsch, complemented theoretically by the BMWi-funded
project “Technical Capacities of Gas Networks.” During these years, substantial sci-

1 Incidentally, the industrial team with whom the collaboration was established — and with whom
collaboration continues to this day — has essentially remained the same over the years, apart from
natural personnel fluctuations, regardless of the company’s changing name.
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entific progress was achieved, and, in particular, functioning prototypes for stationary
cases were developed. The book Evaluating Gas Network Capacities, edited by Thorsten
Koch, Benjamin Hiller, Marc Pfetsch, and Lars Schewe, comprehensively documents
these results. Nevertheless, it should also be noted that at that time it was still not
possible to enter real-time operation for a gas transmission operator, especially given
the complexity of the OGE network. Despite this, mathematical curiosity and the desire
for deeper insights remained entirely undiminished.

Another important impulse emerged in 2011 during a reception at the Dutch Em-
bassy in Berlin. The senior scholars Martin Grotschel and Volker Mehrmann, together
with Alexander Martin, who had by then moved to Erlangen, reflected on the develop-
ments described above. The idea arose that the topic was rich enough in mathematical
challenges to justify the proposal of a Collaborative Research Centre/Transregio. It is
not difficult to guess who, within this constellation of three, was entrusted with the
coordination task. The idea of TRR 154 was born.

Within a small core team, later expanded by Giinter Leugering, Stefan Ulbrich, and
Marc Pfetsch, the central concepts for the proposal were developed and old collabo-
rations were reactivated. This initiative benefited greatly from the DFG Priority Pro-
gramme SPP 1253 “Optimization with Partial Differential Equations,” running from
2006 to 2013 under the coordination of Giinter Leugering, within which many im-
portant preliminary ideas had already been developed. It was thus possible to recruit
outstanding principal investigators at all three locations (Berlin, Darmstadt, Erlangen),
who not only excelled individually but also formed a highly effective team through their
personalities and collaborative spirit.

At this point, an important remark should be made. At that time, DFG regulations
permitted only three participating sites in a Transregio (Berlin, Darmstadt, Erlangen),
plus at most one satellite location (Duisburg). We would therefore like to express
special gratitude to Marc Steinbach (Hannover), who refrained from participating in
the Transregio despite the fact that he could have contributed substantially to it.

Most readers are familiar with the procedures associated with such Collaborative
Research Centre proposals: following the successful preliminary proposal in 2012, the
decisive two-day review meeting took place in January 2014. We successfully defended
the proposal, as usual comprising around 400 pages. The final positive decision by the
DFG Senate and Grants Committee in May 2014 became possible only because many
individuals, including several not explicitly mentioned here, supported the initiative
until the very last moment.

From 2014 onward, two further equally demanding 400-page renewal proposals
followed, together with the corresponding review meetings. Altogether, these became
twelve extraordinarily successful years. This book provides a selection and partial doc-
umentation of these achievements. In total, more than 400 publications were produced,
most of them appearing in leading international journals. Over the years, many new and
exciting topics were incorporated, ranging from market economics involving Veronika
Grimm and Gregor Zottl to later hydrogen-related topics, ensuring that current develop-
ments in society and the energy sector were continuously reflected within the research
program. These developments repeatedly gave rise to fascinating new mathematical
questions and insights.
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The team spirit mentioned above manifested itself time and again, whether in the
leadership of teams, demonstrators, or subprojects: volunteers could always be found.
It should also be highlighted that Frauke Liers took over the role of spokesperson in
2023 after Alexander Martin moved to the University of Technology Nuremberg.

Beyond all these mathematical achievements, it is worth emphasizing that all post-
doctoral researchers and early-career scientists who worked within TRR 154 as principal
investigators have meanwhile obtained permanent academic positions or professorships
— a fact that makes us particularly proud as a team.

We are deeply grateful for the financial support provided by the DFG throughout the
entire twelve-year period, without which these achievements in both research and the
promotion of young scientists would not have been possible.

This book is structured into several thematic sections:

* hierarchical modeling for simulation and optimal control on gas networks,
¢ discrete—continuous optimization for gas networks,

* optimization under uncertainty for gas networks,

* PDE-based optimization and control for gas networks,

* practical challenges and a benchmark instance for gas—hydrogen networks.

The TRR 154 team wishes all readers an enjoyable exploration of some of the results
achieved over these years. We hope that these contributions will inspire further devel-
opments — whether within mathematics itself or in transferring mathematics toward
broader societal impact. Particularly the latter challenge is one that mathematicians
should embrace as well, although it is not the focus of this book.

Berlin, Darmstadt, Erlangen, and Nuremberg, Alexander Martin
May 2026 Falk Hante
Jens Lang

Frauke Liers

Marc Pfetsch

Caren Tischendorf
Stefan Ulbrich
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Chapter 1

Introduction to Hierarchical Modeling for
Simulation and Control of Gas Network Dynamics

Jens Lang[0000700037460376554] and
Caren Tischendorf[0000—0002—842 1-7199]

Abstract The three chapters collectively develop a coherent framework for the mod-
eling, simulation, optimization, and control of gas and hydrogen transport in pipeline
networks, addressing both theoretical foundations and practical challenges arising in
the transition toward low-carbon energy systems.

The first chapter, A Catalog of Gas Network Models: PDEs, Coupling Conditions,
and Numerical Schemes, provides a structured introduction to gas flow modeling. It
organizes models into hierarchies according to their physical detail and mathematical
complexity, ranging from fully dynamic partial differential equation models for com-
pressible flow to simplified algebraic formulations used in large-scale network studies.
Special attention is given to the modeling of individual network components such
as valves and compressors, whose behavior significantly influences system dynamics.
The chapter also discusses consistent coupling conditions at network junctions to ensure
mass and energy conservation. In addition, it introduces energy-based port-Hamiltonian
formulations, which emphasize physical structure and facilitate model reduction and
control design. A concise overview of numerical schemes for hyperbolic balance laws
and port-Hamiltonian systems completes the chapter, highlighting the computational
techniques required for reliable simulation of gas networks.

The second chapter, Gas Mixtures on Networks: Modeling, Simulation and Opti-
mization, extends the discussion to isothermal mixtures of hydrogen and natural gas,
motivated by the growing need to integrate hydrogen into existing infrastructure. It
systematically analyzes different mixture model classes and studies their convergence
behavior, particularly in regimes where strong interactions between constituents occur.
Both stationary and time-dependent single-pipe scenarios are examined, before gener-
alizing the analysis to network settings. Since mixture modeling strongly depends on
the pressure law, the chapter compares the industry-standard GERG equation of state
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with simplified alternatives that preserve convex energy structures and significantly
reduce computational effort. For network applications, consistent coupling conditions
across different model classes are derived, ensuring compatibility between modeling
levels. The chapter also investigates steady-state flow optimization using the algebraic
Weymouth formulation and presents numerical evidence for its validity in practically
relevant operating regimes. Overall, it identifies when simplified mixture models are
justified and outlines key open challenges in accurately modeling hydrogen-natural gas
blends.

The third chapter, Optimal Control under Constrained Pressure Fluctuation, focuses
on the safe and efficient operation of gas and hydrogen networks under material and
operational constraints. Building on differential-algebraic equation formulations of gas
network models, it develops an optimal control framework that incorporates not only
bounds on control inputs but also constraints on their time derivatives. These derivative
constraints are particularly important for mitigating hydrogen embrittlement and reflect-
ing the physical limitations of existing pipeline infrastructure. The resulting systems
of differential-algebraic equations maintain physical consistency, energy awareness,
and compatibility with hierarchical model reductions introduced earlier. Numerical ex-
amples demonstrate how derivative-constrained control strategies can effectively limit
pressure fluctuations while ensuring reliable and efficient hydrogen transport. Together,
the chapters provide an integrated perspective on modeling depth, computational effi-
ciency, and operational safety in modern gas and hydrogen pipeline networks.

Acknowledgements This work was supported by the German Research Foundation (DFG) within
Subprojects AO1, BO1, B03, C02, C03, C05, and C09 in the Sonderforschungsbereich/Transregio 154
“Mathematical Modelling, Simulation and Optimization using the Example of Gas Networks”
(Project ID 239904186).

Open Access This chapter is licensed under the terms of the Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License (http://creativecommons.org/licenses/
by-nc-nd/4.0/), which permits any noncommercial use, sharing, distribution and reproduction in
any medium or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license and indicate if you modified the licensed
material. You do not have permission under this license to share adapted material derived from this
chapter or parts of it.

The images or other third party material in this chapter are included in the chapter’s Creative
Commons license, unless indicated otherwise in a credit line to the material. If material is not
included in the chapter’s Creative Commons license and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder.

ooee


http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

®

Check for
updates

Chapter 2

A Catalog of Gas Network Models: PDEs,
Coupling Conditions, and Numerical Schemes

Tobias Brelten[OOOO 0002-9815— 4897]
Pia Domschke [0000-0001-6286— 1613]
Jan Glesselmann[0009 0008-0217- 7244]

Benjamln Hiller! [0000—-0003-4335-0775]
Attila Karsai[OOOO—OOOl -9905-433X] ,

Jens Lang[OOOO 0003-4603— 6554]

Volker Mehrmann[0000-0001— 5051— ~2870]

: - [0000-0003—2511-041X
Riccardo Morandin! 1
Caren Tischendorfl0000-0002-8421-7199] ' 454
Tabea Tscherpel[()ooo-0002—5899—1279]

Abstract This chapter aims to provide a concise and clear introduction to the topic of
gas flow modeling. We present several models for gas flow, organized into hierarchies
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based on complexity. We discuss in detail the modeling of individual components such
as valves and compressors. Network model classes based on purely algebraic relations
and energy-based port-Hamiltonian models are included, along with a brief overview
of basic numerical methods for hyperbolic balance laws and port-Hamiltonian systems.
We do not claim completeness and refer in many places to the existing literature.
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2.1 Introduction

In this survey, we present a compilation of different models, including a hierarchical
model structure for the description of gas flow in networks in order to facilitate the
introduction to the topic. In particular, we consider progressively simplified models,
starting from a quasi-linear hyperbolic model and ending with an algebraic model.

The gas flow inside a gas duct is governed by some dynamic laws obtained by
applying the conservation of mass, momentum and energy, constituting a quasi-linear
hyperbolic system of PDEs. It is sufficient to consider one spatial dimension. Gas
pipes are typically installed underground for safety and protection from damage. So
temperature is often taken as constant, yielding the famous class of isothermal models.
Further simplifications of the dynamics leads to (semi-)linear as well as purely algebraic
equations. In the first three Sections, we give detailed information on these models.
Physical and technical fundamentals of gas networks are described in particular in [49,
Chap. 2]. In that book, further questions on the evaluation of gas network capacities can
be found as well.

Gas flows through the network from regions of high pressure to regions of low
pressure, with a pressure reduction occurring due to friction. We therefore pay special
attention to modeling the friction coefficient in the momentum equation. Here hy-
draulically smooth, technically rough, and fully rough pipes are distinguished. Moody
diagrams are presented to identify appropriate formulas for the friction coefficient,
depending on the relative pipe roughness and the Reynolds number.

In Sect. 2.5, we discuss energy-based coupling conditions for the gas flow through
junctions. Current developments in studying hydrogen—natural gas blends motivate a
closer look at mixture models presented in Sect. 2.6. Models with one mixture velocity
as well as individual velocities for the constituents are considered. Port-Hamiltonian
model formulations are introduced and discussed in Sect. 2.7.

We also give a short overview of existing discretization methods for the numerical
solution of hyperbolic balance laws and port-Hamiltonian systems in Sect. 2.8. A
detailed description of individual components and network model classes including
purely algebraic relations and energy-based models are presented in Sect. 2.9. Finally,
we state overall network models which combine dynamic equations on pipes, coupling
conditions, and various network elements as compressors, valves and resistors.

2.2 The Euler Equations

The flow of gas in a network is typically modeled by the Euler equations, which are a
system of nonlinear hyperbolic partial differential equations that describe the behavior
of compressible, inviscid fluids. They encode the conservation of mass and balances
of momentum and energy. A constitutive equation closes the equation by relating the
pressure to the density and the inner energy. Its choice depends on the specific gas under
consideration. The model reads
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0rp + 0x(pv) = 0,
A
2 —_— e —_—— fa—
G:(pv) + Ox(p + pv7) = — - pu o] — gpdxD, (TAD)
1 1 k
0 (p(zv2 + e)) + Oy (/ov(iv2 +e)+ pv) = _Ew (T -Ty),

together with an equation of state p = RpTz(p,T), cf. Sect. 2.2.1. Here p denotes the
density, v the velocity of the gas, T the temperature and p the pressure. Furthermore,
g is the gravitational acceleration, b is the height of the bottom of the gas pipe above
a reference level, A is the pipe friction coefficient, D is the pipe diameter, k,, is the
thermal conductivity coefficient, T, = Ty (x) is the surface temperature of the pipe
wall, R is the specific gas constant, and z = z(p, T) is the compressibility factor. The
variable e = cyT + gb denotes the internal energy, i.e., the sum of thermal and potential
energy. Here cy is the specific heat at constant volume. A short derivation of the
equations is given in, e.g., [4], while a more extensive one focusing on thermodynamic
considerations can be found in [19]. Let us briefly mention that the label TA stands for
“Temperatur abhiingig”, the German for temperature dependent and let us comment on
the physical interpretation of the equations. The first equation encodes that mass in any
(fixed) subset of the pipe only changes via mass flux across its boundary and that mass
flux is given by density times velocity. The second equation encodes that momentum
changes due to its advection d,(pv?), pressure gradients 9, p, friction forces exerted
by the pipe walls puv|v| and gravitational forces (if the elevation of the pipe changes).
The last equation encodes balance of energy where we would like to mention that heat
exchange between the gas and its surroundings is modelled via 7 — Ty,.

Depending on which model is chosen for the compressibility factor, one can resolve
the equation of state according to the pressure p and insert it into the equations. The
conservation or balance quantities in this system are the density p, the mass flux g = pv,
and the total energy E = ,0(%02 +e).

In hyperbolic conservation and balance laws, information is transported in space-time
along so-called characteristic curves, or characteristics for short, see [19] for details.
There are three characteristics of the equations (TA1). Their speeds are given by the
eigenvalues of the Jacobian matrix of the flux function, see [87, Table p. 347]. The
eigenvalues are

Ai=v—c, Ar=v, Az =v+c. 2.1

Here, c is the speed of sound. It is generally calculated from ¢* = 2_5 (at constant

entropy). In natural gas, it is about 340ms~!. In the theory of hyperbolic conserva-
tion laws genuinely nonlinear and linearly degenerate characteristics are distinguished,
see [19]. The first and third characteristic families of (TA1) are genuinely nonlinear,
whereas the second characteristic family is linearly degenerate. In the linearly degener-
ate case, contact discontinuities occur. The characteristics are decisive for how or with
which velocity information is transported in the gas and which boundary conditions
may be set in which way, see [35] for more details.

In the following two sections, two parameters of the Euler equations will be explained
in more detail: the compressibility factor z, which enters into the equation of state for
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real gases, and the pipe friction coefficient A4 on the right-hand side of the momentum
equation.

2.2.1 The Equation of State for Real Gases and the Compressibility Factor

Recall the equation of state
p = RpTz(p,T). (2.2)

In the case of ideal gases, we have z(p,T) = | and the equation simplifies to p = RpT.
For real gases, the correction z(p,T) is not derived from first principles but instead
inferred from experimental data. For low pressures and high temperatures, real gases
behave approximately ideal. In Fig. 2.1, we plot the variation of the compressibility
factor for a variety of pressures and temperatures. We assume the gas is mainly com-
posed of Methane (90-95 %) and Ethane (2-6 %). For low pressures, we see that z
approaches 1, i.e., the gas behaves in an approximately ideal fashion. The following
model for the compressibility factor is used by the American Gas Association (AGA)
(see AGA Report No. 8) and provides a good approximation for pressures up to 70 bar,
see, for example, [4,82]. It reads

T
2(p,T)=1+0.2572 - 053327

» ool (2.3)

Here, p. and T, are the pseudocritical pressure and the pseudocritical temperature,
respectively, which in turn depend on the mixture of the gas [4]. For isothermal equa-
tions, T is constant so that z(p, T') = z(p). Another model to describe the compressibility
factor is the formula of Papay [73], see also [82],

T
100°C
0.9} L
40

. 08f 20
S
2 0.7 2
: o
B -20
2 06] .
g
oy -40),
g 05| |
Q

04 | | | |

0 50 100 150 200 250

Pressure [bar]

Fig. 2.1: Compressibility factor z of natural gas with standard density pg =
0.776 kg m~3, according to [81].
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2p,T)=1-3522 exp ( - 2.261) + 0.274(£)2 exp ( - 1.8781), 2.4)
pC TC c TC
which provides good results up to a pressure of 150 bar. Thus, it has a larger range of
validity than (2.3) but is harder to solve.

In [72], different equations of state are considered. Osiadacz and Chaczykowski
conclude that the selection of the equation of state has only a minor influence on the
result of the simulation. In contrast, the pipe friction coefficient, for which there are
various calculation models, has a major influence [72].

2.2.2 The Pipe Friction Coefficient

The key parameters in the calculation of the pipe friction coefficient are the pipe
roughness k and the Reynolds number Re. Pipe roughness is a measure of the small-scale
irregularities or bumps on the inner surface of a pipe. These microscopic and sometimes
visible surface features create friction as gas flows through the pipe, increasing resistance
and causing pressure drop. Roughness is the average height of surface irregularities,
measured from peak to valley on the inner pipe wall. A pipe is hydraulically smooth if
the surface roughness has negligible effect on the frictional resistance, even in turbulent
flow. It is technically rough if surface roughness and viscous effects significantly affect
the friction and pressure loss. If the friction factor becomes independent of the Reynolds
number and depends only on the relative roughness k/D of the pipe, the flow is fully
rough, also known as hydraulically rough. The Reynolds number is a dimensionless
quantity that predicts the flow regime, i.e., whether a fluid is laminar, transitional, or
turbulent. It is calculated from

Re="—. 2.5)

The dynamic viscosity 7 depends on the type of fluid and is about 10> Pas for natural
gas [4].

For pipe flows, the (empirical) critical Reynolds number at which laminar flow starts
to transit to an unstable flow is approximately 2300 [90]. If the pipe wall is smooth,
it can be shown that the pipe friction depends only on the Reynolds number for both
laminar and turbulent flow. However, if the pipe wall is fully rough (in fluid mechanical
terms), the pipe friction coefficient A depends only on the relative pipe roughness k/D.
The dependence of the pipe friction coeflicient on the pipe roughness and the Reynolds
number is often shown in the so-called Moody diagram, see Fig. 2.2.

2.2.2.1 Laminar Flow

Below the critical Reynolds number Re,, the flow is laminar, also called Hagen—
Poiseuille flow. The velocity profile is parabolic for this flow, see Fig. 2.3. The pipe
friction coeflicient A in this case is calculated from
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Re (Reynolds Number)

Fig.2.2: A Moody diagram showing the friction factor as a function of Reynolds number
and relative roughness for flow in circular pipes.

64
A=—, 2.6
Re (2.6)

see [83,90]. In the Moody diagram (Fig. 2.2), the pipe friction coefficient in the case
of laminar flow is shown as a green line (curve on the far left).

2.2.2.2 Turbulent Flow

In turbulent flow, the velocity profile is significantly flattened because the layers flowing
side by side constantly mix with each other (see Fig. 2.3). In this case, a distinction is
made between hydraulically smooth, technically rough and fully rough pipes.

Hydraulically Smooth Pipe Here different models exist for the calculation of 4, e.g.,
the Blasius correlation

1= (100Re)" ¢, Q2.7)

which, however, is only suitable for Reynolds numbers smaller than 10°. Further there
is the the nonlinear model of Karman—Prandtl[83]

= 2log,, (ReV1) — 0.8. (2.8)

2~
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r turbulent
N laminar
,,,,,,,,,,,, e\ T
Vv
4

Fig. 2.3: Velocity profiles for laminar flow (parabolic, with maximum velocity at cen-
terline) and turbulent flow (flatter profile with steeper wall gradient) in circular pipe
flow.

This implicit formula is suitable for all Reynolds numbers in the turbulent range. The
course of the curve is shown in a solid red line in the Moody diagram Fig. 2.2.

Technically Rough Pipe In the transition region between smooth and fully rough pipe
wall, the law of Colebrook—White

25226 & ) 29

— =2logg| — =+
Vi g‘“( Revl | 3.7065
is generally used. The pipe friction coefficient is plotted in blue for different values

of k/D in the Moody diagram (Fig. 2.2).
The formula of Chen [16] from 1979

k k\1.1098
£ 5.0425 (%) 5.8506 ]) 2.10)

I} | _D 2
1 °g1°(3.7065 Re 210 728257 T Re0®o81

is an explicit formula that matches the Colebrook—White formula very well, see Fig. 2.4.
The values for A from equation (2.10) are shown as light blue dotted lines.

Fully Rough Pipe For a fully rough pipe, the pipe friction coefficient depends only
on the relative roughness. For this regime, the following formula is used, named after
Prandtl, Karman and Nikuradze:

k 1-2
A=]1.14-2log, (5) . (2.11)
This explicit formula is obtained by taking the limit of Re — oo in (2.9). The border

between a technically and fully rough pipe is marked by a horizontal dashed line in the
Moody diagram.
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Fig. 2.4: A Moody diagram including Chen’s formula

2.2.2.3 Explicit Formulas from Practice

Since implicit formulas for the calculation of the pipe friction coefficient were his-
torically too elaborate, some simple explicit approximation formulas were established.
In [83] a brief overview of approximate formulas from practice is given and partly their
fields of application are described. We summarize some formulas in Table 2.1. In the
Moody diagram in Fig. 2.5 the different formulas are plotted (except the formula of
Spitzglass, because here D = 1 m was used, so that the formula of Spitzglass is not
applicable).

2.2.2.4 Summary

The gas flow model most widely accepted in practice is the Colebrook—White equa-
tion (2.9). This equation is applicable across the entire turbulent flow regime. All other
formulas, particularly those from Sect. 2.2.2.3, are approximations valid only within
relatively narrow ranges, see (2.5). On a double-logarithmic scale, these formulas ap-
pear only as tangents to the Colebrook—White model and only for specific parameter
values. An exception is the explicit formula by Chen (2.10), which provides very accu-
rate results throughout the entire turbulent range. Therefore, for turbulent flow, either
the implicit Colebrook—White or Chen’s explicit formula should be used.
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Table 2.1: Empirical friction factor correlations for gas pipelines

Name Correlation for A Validity/Application
) 4(1+ 3£ +0.03D) ) )
Spitzglass (1912) A= B — Tubes with D < 10.951n (27.8 cm) [83]
Weymouth (1912) A 4 Approx. k ~ 0.005 in fully rough regime, see Fig. 2.5
u =— X. k =~ 0. in fu u ime, .2.5.
Y (11.18 D1/6)? Y
4
Panhandle A A= m Small Reynolds numbers [83]
4
Panhandle B A= ——— e Higher Reynolds numbers than Panhandle A; both below
(16.49Re™ ) smooth-pipe curve in Fig. 2.5 [83]
4
IGT Hydraulically smooth pipes, Re ~ 10~107 [83]

A=—
(4.619Re?1)?

2.3 Model Hierarchy for Isothermal euler Equations

In this section we present a model hierarchy for the isothermal case, i.e., we assume that
T = Ty is constant. Having a model hierarchy is important since it enables applicants to
choose models that are appropriate for their use cases. In general, more complex models
are more accurate and/or are applicable in a wider variety of flow regimes whereas

0.09 S ————y ———y SN
N k/D

008 I\\* 1

007 | < 4 005

0.06 ~_technically rough *+ _ fully rough J
z 005F | 3 1 002
f= D ~
o 1 ~
© L b J
£ 0.04 N — 0.01
3 Weymouth
§ 003 0.005
k7]
i
[ 0.002
2
& o.02f 0.001
= laminar

0.0005
6e-05
0.01
10°

10
Re (Reynolds Number)

Fig. 2.5: A Moody diagram including formulas from practice
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simpler models are easier to solve numerically. Thus a use case specific compromise
between different targets is needed.

As discussed in [19], a constant temperature requires heat fluxes that immediately
equilibrate temperature or in other words, the energy balance decouples from the rest
of the equations and can only be used to determine the heat flux. Hence it is omitted
from the PDE system. Since, in the isothermal case, the temperature is fixed, the
compressibility factor is a function of only the pressure. The isothermal Euler equations
are given by

0;p + 0x(pv) = 0,
A Iso1)

9(pv) + Bx(p + pv*) = =5 pv o] = gpdch,
together with the equation of state p = RpTz(p) with z(p) = 1 + ap as in (2.3) for
fixed T. We denote this class of models by ISO as short for isothermal.

Here the eigenvalues of the Jacobian matrix of the flux function are 4| = v — ¢ and
Ay = v+c. Thus, in the subsonic case (|v| < ¢) one always has one characteristic directed
to the right and one characteristic directed to the left.

In the following, we present a sequence of increasingly simpler models going from the
quasi-linear hyperbolic model (ISO1), to semilinear hyperbolic models, to a parabolic
model and, finally, to an algebraic model.

2.3.1 Semilinear Equations

Throughout this section, we assume the compressibility factor z(p) = zg to be constant.
The result is a constant speed of sound ¢ = +/p/p, and the term in the spatial derivative
of the momentum equation can be transformed into

2
p+pv2=p(1+v—2). 2.12)
C

For small velocities |v| < ¢, Osiadacz [71] suggests to approximate the term in paren-
theses by 1. The method from [71] eliminates the nonlinearity on the left-hand side and
results in a semilinear model that reads

Orp + 0x(pv) =0,

A (ISO2)
0:(pv) + Oxp = =5 pu |v| — gpdxb.
In this model, the eigenvalues of the Jacobian matrix of the flux function are 1; = —c and

Ay = ¢, i.e., we have one negative and one positive characteristic velocity. Alternatively,
one can assume that 0, (pvz) is small and continue to calculate with nonconstant z-factor.
However, the resultant model is only semilinear if z is constant.

Another possibility to derive semilinear equations is to study small perturbations on
a fast timescale around a constant density and velocity zero [11, Sect. 3.2.2], which
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implicitly assumes dyxb = 0. To see this, we set
t 5 t 51 t
r=2 pn=po+efpr(ns), wen=Flw(x ) @13)
& & £

with a small & > 0 and & := D/A, 8 > 0. Then, we recover model (M1) from [11],
which reads

0rp1 + podxw = 0,

b p,(pO)axpl _ _M, (ISO2F)

Po 2
completed with the gas law p(p) = pTwz(p, Tw), where T is the wall temperature. We
denote this model as ISO2F to stress its similarity to ISO2 and also to make it clear
that it was derived based on studying fluctuations around a constant state. An advantage
of (ISO2F) over (ISO2) is that it comes with an energy inequality, see Sect. 2.7.2.2.
Introducing go = pow as a first-order approximation around pq to the mass flux, we
may write

0:p1+ 0xgo =0,
qolqol (2.14)

9:Go + p’(p0)oxp1 = — 200

This is a well-known model on the fast timescale.

2.3.2 Parabolic Equation

The next model that we present was derived from (ISO1) for the friction-dominated
case in [11] using asymptotic expansions and denoted by (FD1) therein. The model is
of nonlinear parabolic type and since it is isothermal, we denote it by ISO3. It reads

0rp + 9x(pv) =0,
(IS03)

1
Oxp = ~5pP? || — gpdxb,

where, additionally, the gravitational force was neglected in the asymptotic consid-
eration. The parabolic character of the pressure evolution can be made visible by
equivalence transformations. With d,b = 0 this results in

1 [DRT 2
op = 5,/ ; <0 ax( Oxp ) (ISO3P)
|

|0, p?

which is model (FD1b) from [11]. Typically, the pressure is then specified at both ends of
the pipe. If one is interested in the velocity, it can be computed from d,p = —% pv |v]
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once the pressure is known. These types of models are also discussed in the gas
literature [71]. These models and their numerical approximation were studied in [5, 85].
A rigorous derivation of (ISO3) as a low Mach and large friction limit of (ISO1) can be
found in [23]. Optimal transport problems based on such PDE models can be formulated
using a 3-Wasserstein distance, see [29].

2.3.3 Algebraic Equations

The model (ISO3) can be further simplified, to yield an algebraic equation, if we restrict
our attention to stationary states. In the stationary case the time derivatives disappear.
Neglecting gravity and using a constant compressibility factor z = z, the equations are

Ox(pv) =0,
2 I504)
Oxp = ~5pPY [v] .
The mass flux pv is thus constant in space and given by the boundary datum. Moreover,
2
the second equation can be solved analytically for p with pv |v| = %lpv‘, which yields
Acx
px) = \/pfn -5 Pvlevl
and
Ac2t
Pout = \/ ph - 5 Y lpvl, (ISO4-ALG)

respectively. Here € is the length of the pipe with coordinate x € [0,£] and pj, and
Pout are the inlet and outlet pressure, respectively. If the flow is now represented by the
pressure difference in this case, the so-called Weymouth equation is obtained by solving
for pv.

Let us emphasize that while it is possible to also incorporate the effects of gravity,
the analytic solution of the resulting Bernoulli differential equation is more involved.
For this reason, we will not discuss this any further here.

The models presented here differ in each case by omitting individual terms or
applying scaling arguments from [11]. In addition, simplified equations of state may be
assumed. Fig. 2.6 gives a brief summary of the simplification steps.

2.4 Model Hierarchy for Temperature-Dependent Euler Equations

In this section we present a model hierarchy for the temperature-dependent models. We
proceed as in the isothermal setting.



18 Breiten, Domschke, Giesselmann, Hiller, Karsai, Lang, Mehrmann, Morandin et al.

isothermal Euler
equations (ISO1)

time scaling %me scaling + perturbatlon [11]\x (0v?) small

%emlhnear model (ISO2F)
[ (ISO3) il (FD1) in [11] ] [ A M1) in [11] semilinear model (ISO2) ]

at:\A %)

[ stationary model (ISO4)

J

Z = const.
Y

[algebraic model (lSO4—ALG)]

Fig. 2.6: Model hierarchy for the isothermal Euler equations

2.4.1 Simplified Nonlinear Equations

Starting from the full Euler equations (TA1), we derive a first simplified model, that
should apply for flows with small velocities. To be precise, the simplifying assumption
is that the temporal and spatial derivatives of pv”> and also pv® are negligible. This
results in the model

O;p + Ox(pv) = 0,
Pl
3, (pv) + O p = ~5pP" |v] — gpdxb, (TA2)
k
0 (pe) + 9y (pve + pv) = = (T = Tw),

together with the equation of state p = RpTz(p, T). In contrast to the isothermal case,
the equation remains nonlinear when these terms are omitted. The total energy E is now
given only by E = pe (compared to E = pe + % pv? for the full equations), i.e., in the
simplified model there is only inner energy, but no kinetic energy. Also, the equation of
state continues to depend in a nonlinear way on p and 7.

If we again follow the scaling approaches in [11] for the friction-dominated case, we
obtain their model (ET3), which is of mixed hyperbolic-parabolic type. It reads as

0ip + 0x(pv) =0,
A
Oxp = —EPU ] — gpdxb, (TA3)
ku
dr (pe) + 0x (pve + pv) = == (T —Tw) .
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By (artificially) adding the term the term £, (pv) in the second equation the system can
be made hyperbolic so that characteristics can be computed. In the limit case € — 0,
the eigenvalues 1] — —oo0, 4 = v and A3 — oo are obtained, i.e., one characteristic
propagates depending on the flow direction and there is one characteristic to both left
and right which has infinite propagation speed.

2.4.2 Stationary Model

As with the isothermal models, we can write down a steady state model. Neglecting
gravity, the resulting equations are

Ox(pv) = 0,
A
Oxp = ~5pPY lv], (TA4)

k
@UWHP@=-%WT—NI

From the first equation it follows again that pv is constant in space. However, since the
more complex equation of state, with z = z(p, T) nonlinear, applies here, the other two
equations cannot directly be solved analytically. For this purpose, further simplifications
may have to be assumed, such as a constant compressibility factor. If one assumes that
the compressibility factor is constant, the speed of sound ¢ is also constant and c? = p/p
holds. The energy equation can then be simplified using e = cyT to

o, (pv(ch + cz)) - —%“’ (T-Ty), (2.15)

and since pv is constant in space, we obtain

k

0T =——""—(T-Ty). (2.16)
Dcypv
The complete equations are thus given by
Ox(pv) =0,
bup = —2E
xP = _2Dppv lpvl, (TA4b)
k
0T =——"— (T -Ty).
x DCVpU( w)

The exact solution of the energy equation is

kw —X
T(x) = (T(xg) = Ty)e Pover ™ 4 T, (2.17)
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and the overall system reads (with xo = 0 and x = ¢)

PV = const.,

Ac2t
Pout = \/pizn —p PV |ov], (TA4-ALG)

— ke,
Tout = (Tin — Tw)e Pever” +T,.

Similar to the situation in the isothermal case, incorporating gravity complicates the
analytic solution of the resulting differential equation and will not be discussed any
further here.

The previously discussed simplification steps are visualized as a model hierarchy in
Fig. 2.7.

Euler equations (TA1)

—

time scaling [11] 5 (pv?), Oy (pv?) small

\
ﬁ/

[ (TA3) £ (ET3) [11] (TA2) ]

6, =0

/
N

stationary model (TA4)

~—

Z = const.

A\
temperature-dependent
algebraic model
(TA4b) resp. (TA4-ALG)

Fig. 2.7: Model hierarchy for the temperature-dependent Euler equations

2.5 Energy-Based Coupling Conditions

In this section, we discuss the specification of suitable coupling conditions between mul-
tiple pipes on a network, using the example of the isothermal Euler equations (ISO1). It
also ensures that the involved energies in the network are conserved. Such energy con-
servation will subsequently be the starting point for a structural energy-based modeling
concept by means of port-Hamiltonian systems [93], see also Sect. 2.7. Throughout
this section, we mostly follow the exposition in [22,24]. Let us also refer to the earlier
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contributions [69, 79], which discuss coupling conditions that yield well-posed Rie-
mann problems. Moreover, entropy-preserving coupling conditions for polytropic Euler
equations as in (TA1) are discussed in [67, Sect. 3.1], see also [55] for the Euler system.

For the sake of simplicity, we will not specify the required function spaces and
assumptions that are needed to carry out all manipulations. While the derivations
should therefore be understood formally only, we refer to the previously mentioned
references for more details.

2.5.1 Network Topology

The network topology can be described by a directed and weakly connected graph
G = (V, &) with vertices V = {v,v,...,vy} and edges & = {ey, 2, ...,eg} where
V = |V| and E = |&E| denote the cardinalities of the sets V and &. Each edge (Vin, Vout)
is assumed to have different incident vertices vin # Vou. All edges incident to some
vertex v € V are collected in the set E(v).

For each edge e = (vin, vour) With the vertex v, and the vertex vqy, see Fig. 2.9, we
define

-1 ifv=yy,
né)=3+1  ifv = vou, (2.18)
0 ifveV\{Vin, Vou)-

Note that the indices “in” and “out” are properties of the directed graph and do not have
anything to do with a flow direction.

For the assignment of the vertices vj, and v, of each edge to the vertices V, we
further introduce the incidence matrices Ain, Aout € RV with

—1 if vertex v; = vj, of edge ¢,

(Ain)ij = { e g e (2.19)
0 else,
+1 if vertex v; = vou of edge e ;,

(Aow)ij = out O €C8€ € (2.20)
0 else.

In the following, denoting by A the cross sectional area of the pipe network, which is
assumed to be spatially constant on each pipe, we denote the mass flow by

q=Aq=Apv. (2.21)

To distinguish those quantities in the following we refer to ¢ as mass flow and to g as
mass flux.

For a given flow ¢ defined on each edge, and for each vertex v € V, we further
introduce
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q<0 q<0 SO

Fig. 2.8: Illustration of the in- and out-flows of a vertex v. The edges in Eiy(v, g) with
an inflow into v are marked solid together with the signs of the flows. Similarly, the
edges in Eque(v, ) are marked dashed. Arrows represent the orientation of the edges in
the graph.

PVin) P (Vour)
l qe(vin) qe(Vout) l
[ ®
Vin g Vout

Fig. 2.9: Flows g°(vin) and g€ (vout) as well as pressures p(vin) and p(voy) at the vertices
Vin and vqy of an oriented edge e. Note that a positive flow value g(vi,) corresponds to
a flow from vj, to vqy at vertex vj, whereas a negative flow value ¢°(vj,) corresponds
to a flow directed to v;, from vy at vertex v;,.

Ein(v,q) = {e € E):n°(v)q°(v) 2 0},

o (2.22)
Sou(v, q) = {e € EM):n°(v)q°(v) < 0}.

Thus, Eiy(v, g) and Eyy (v, g) are the sets of edges for which the gas flows into and out
of vertex v, respectively, i.e., these sets depend on the flow directions and “in” and “out”
are understood from a nodal perspective, see Fig. 2.8 for an illustration. Note that this
notation fixes an orientation for each component and g¢ > 0 corresponds to flow from
Vin t0 Vour and g€ < O corresponds to flow from vy to vy, see Fig. 2.9.

2.5.2 Coupling Conditions for (ISO1)

We first revisit the model (ISO1) on a single pipe of length ¢ to isolate the essential
momentum and pressure effects without additional geometric or topological compli-
cations. This single-pipe formulation serves as a reference problem from which the
junction conditions are derived and later generalized to the full gas network. Moreover,
we replace the momentum equation by an evolution equation for the flow velocity v as
in [24, Appendix A]. Starting from the equations

Op + 0x(pv) =0

1
Oi(pv) + Ox(p + pv*) = =5 pvlvl-gpdch,
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using the product rule in the momentum equation in combination with the first equation
we obtain

1 A
00 = ==y p + x(p + pv°) + =— pv|v|+gpdib)
o 2D
1 A
= ——(—v0x(pv) + By (p + pv*) + Z—pv|v|+gpdxb)
P 2D

1 pl 1 1 A
= —/—)(Bxp + pvdyv + Epu|v|+gp6xb) = —Eﬁxp - Eaxvz - Ev|v|—gc’)xb.

If we define the pressure potential P(p) = p I’l) —= ds, it holds that

p(s)
sz

0xP'(p) = Ox (M + Jp &;) ds) = —p(f) dxp + epp) p(f)axp =2 P (p)-
p 1S p p p P

Hence, we obtain an equation for the evolution of the velocity of the form

v? , A
0r0 + Oy E+P(p)+gb =—E|v|v.

Altogether, this leads to the following set of equations

0;p+0,g=0,
P+ 0xq (2.23)
Opv + Oh = —y|v|v,

for the velocity v, the mass flux g = pv and total specific enthalpy h = %vz +P'(p)+gb
and y = %. Moreover, we have the relation pP”'(p) = p’(p). Recall that A denotes
the pipe diameter and ¢ = Apv is the mass flow.

For the set of equations (2.23) we may define an energy functional

4
1
H(p,v) = IO A(zpvz +P(p) + gpb) dx (2.24)

and interpret (p, v) and (A, g) as state and co-state variables which are related via the
variational derivative

H' = (6,H(p,v), 6, H(p,v)) = (Ah, q), (2.25)
If we assume that (p, v) satisfies (2.23), formally we obtain

d _
57—[ = (0pH, 0;p) + (0,H, 0;v) = (Ah,—0xG) + (g, —0xh — y|v|v) (226)

= —(h, 0xq) + (xq, h) — qhl{—y(q. vlv]) = —ghl;-R(p, v),

where R(p, v) = Ig Ayp|v]* dx > Oforall p > 0and (-, -) denotes the L? scalar product.
Therefore, we conclude that the system energy changes only due to dissipation (friction)
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and energy flow across the boundary. In particular, we obtain a dissipation inequality
of the form

d
M < hOq(O) = h(0)g(0). 2.27)

Let us now turn to gas transport problems on pipe networks. All edges of the network-
describing graph G = (V, &) correspond to pipes and are identified by spatial intervals
(0,¢,) for e € &. Using the notation in Sect. 2.5.1, the spatial values 0 and £, of an edge
belong to the vertex v, and the vertex v, of the edge. Similarly, as in (2.23) on each
pipe e € &, we consider

8,0 +8.G° = 0, (2.28)
00° + 0, h® = —y°|v°|v°, (2.29)

on (0, £¢) and for ¢ > 0. Here, g¢ and k¢ denote mass flux and specific enthalpy for the
individual pipes, i.e.,

1
qe =peve, he = 5@6)2 +P'(pe)+gb.

Let us now discuss coupling and boundary conditions, which ensure energy consistency.
We generalize the exposition in [79] by allowing more flexibility in the sense that at
each vertex either mass flow g or the enthalpy /¥ can be prescribed, while the other
results from the model. A thermodynamically consistent behavior at pipe junctions can
be guaranteed by requiring mass conservation

9"+ >, ¢“n(v)=0 foranyv eV, g¢ = A°g° (2.30)
ee8&(v)

and continuity of enthalpy, i.e., for each v € V there exists 2" such that
hé(v) =h” foranye € E(v). (2.31)

Together these condition also imply conservation of energy at the vertices.
While equation (2.30) is used throughout the literature, alternatives to equation (2.31)
are commonly considered. A frequently considered choice is continuity of pressure

p¢(v)y=p¥ foranyv e V,e e EW), (2.32)
while continuity of momentum flux
—e 2
% +p°) = f¥ foranyv eV, ee&W), (2.33)
pe(v

with an external force f” is used less frequently. It was shown in [80] that if either (2.32)
or (2.33) is used at a vertex with more than one adjacent edge, and at which ¢” is
prescribed, then energy can be created at these vertices in certain flow regimes. It
should be noted that all these coupling conditions coincide for zero velocity, and hence
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their difference is rather small if the fluid velocity is very small compared to the speed
of sound which is typical for flows in gas networks.
Building on (2.24), it seems reasonable to define the total energy of the network as

€ 1
Hp,v) = >, ) E,oe(v‘f)2 + P(p®) + gp°b dx. (2.34)
ee&

Utilizing similar arguments as for a single pipe, one can easily show that

%W = > h"q" = R(p,v), (2.35)

veV

where the energy dissipation is R(p,v) = Yeesg I((;( A°y¢p€|v°|3dx > 0 as long as
p¢ > 0. We conclude that the change of energy is completely determined by the energy
flow across the boundary and potential dissipation due to friction within the pipes. We
can thus summarize our findings as follows.

* The equations can be formulated in a specific structure with states and co-states
that are related via variational derivatives of an energy functional.

* Ifno external energy is fed into the system, energy can at most decrease or dissipate.

» Extending the modeling from a single pipe to a network of pipes canonically leads
to the total energy being the sum of the individual energies on the pipes.

2.5.3 Coupling Conditions for (TA1)

To derive coupling conditions for (TA1), we follow the discussion in [67] and in [76].
As in Sect. 2.5.2, also for the full one-dimensional Euler equations one would require
conservation of mass

q” + Z ¢¢n°(v)=0forany v € V, ¢°=A°G° (2.36)
ecEW)

and continuity of enthalpy
hé(v) = h” forany v € V, e € E(v), (2.37)

where it is important to note that for the non-isobaric case the enthalpy is given by

e\2 e
he = % TR (2.38)
P
Here, s¢ is the specific entropy and e€ is the inner energy. In case of an ideal gas the
latter is given by s = cy ln((ppT;) where cy is the heat capacity at constant volume

and ¢ is the adiabatic index. Since the full Euler equations have one more family of
characteristics than the isothermal ones and the additional family moves with the fluid
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velocity, we need one set of coupling conditions that only applies to pipes and vertices
for which the gas flows into the pipe at this vertex. Here it is important to note that if
q" is positive, i.e., gas is fed into the network, then also a specific entropy s of that gas
needs to be prescribed. Using the notation introduced in Sect. 2.5.1, we set

) = max{g”,0}s” + Yecg(v.q) 4°(V)s(VIn€(v)
max{q", O} + Zeeé)in(v,q) qe(V)ne(V)

forany v € V,e € Equ(v, q).

(2.39)
This encodes perfect “mixing” of the entropy. This condition ensures energy conser-
vation and entropy conservation at junctions [76, Lem. 3.19]. The fact that s” can be
prescribed if and only if ¢” > O reflects the fact that there is one characteristic field
in (TA1), which moves with the fluid velocity.

2.6 Mixture Models

In this section we consider extensions of the models (ISO1) and (ISO3) to binary
mixtures. There are two different types: models with one mixture velocity, and others
with individual velocity functions for each constituent. Furthermore, we review which
pressure laws lead to thermodynamically consistent models as discussed in [9].

2.6.1 Balance Laws

In the modeling of (isothermal) fluid mixtures, two classes of models can be distin-
guished. In [9], one (mixture) velocity models are referred to as Class I models and
models containing one velocity per constituent are called Class II models.

Before presenting the models let us note that we shall use a mass density p; of
constituent 1 that is to be understood as the mass of constituent 1 per mixture volume.
We proceed analogously for p,. Throughout this section we will discuss binary mix-
tures. Mixtures with more than two constituents can be handled analogously. Here, we
discuss the extension from the (ISO1) model for a single component to the case of two
components.

Let us now present two versions of isothermal Class I models for inviscid, com-
pressible and non-reacting constituents. The following version showcases conservation
of mass for each constituent as well as conservation of momentum

01p1 + 0x(p1v) =0, (2.40a)
0, p2 + Ox(p2v) = 0, (2.40b)
1
O1((p1 + p2)v) + Ox ((Pl + p2)v” + p(p1, Pz)) =—5p1 p2)lvlv (2.40¢)

—g(p1 + p2)0xb,
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where v is the common gas velocity, p = p(p1, p2) is a constitutive function relating
the pressure to the densities, and the other parameters are as before. Specific choices of
constitutive relations for the pressure are discussed in Sect. 2.6.2 below.

Let us present a reformulation of (2.40) that showcases conservation of total mass
and advection of (molar) concentrations. We employ the change of variables for the
total density p := p1 + p2, and the molar fraction of component 1 given by

ni

= . 241
Jz o (2.41)

Here n; = p;/M; denotes the number of moles of constituent i in a certain volume of
the mixture, and M; is the given molar mass of constituent i.
Then, we can rewrite system (2.40) as

0;p + dx(pv) =0, (2.42a)
At + 095 (1) = 0, (2.42b)
- A
3 (pv) + 05 (pv* + Plp, ) = —5pPlolv =g pdsb, (2.42¢)

for some transformed pressure function p(p, w).

In case of isothermal Class II models there is conservation of mass as well as balance
of momentum for each constituent: The model in [9, Equation (101)] in the isothermal
case extended by global friction forces F; acting on component i = 1,2, reads

0rp1 + 0x(p1v1) = 0, (2.43a)
01p2 + 0x(p2v2) =0, (2.43b)
011 + 010x01 + 0x(0p, P) = = fp2(v1 — v2) — yF1(v1,v2) — g0xb, (2.43¢)
0102 + 0120x02 + 0x(0p, P) = — fp1(v2 — v1) = yF2(v1, 02) — 80xb. (2.43d)

Here P = P(p1,p2) is a given energy and y := %. It remains to discuss how p is
connected to some pressure terms, see Sect. 2.6.2 below. In [9], the authors assume
that f is a function of p1, p» which is a “friction factor” for the relative friction between
the two components. Friction between the constituents is modeled in such a way that it
does not change the total momentum.

2.6.2 Pressure Laws and Energy Balance

In (2.42), a constitutive relation for the pressure has to be chosen, whereas in (2.43), the
question arises in what sense the terms involving the energy P are related to pressure
terms.

The thermodynamic pressure is defined as
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2
p=-P+ > pi0,(P) (2.44)
i=1

for P = P(p1, p2) = p¥(p1, p2), where i is the Helmholtz free energy, see [9, Equa-
tion (64)]. Note that (2.44) implies

axp = plax(aplp) +p26x(apzp)- (245)

For temperatures above the critical temperatures of all mixture components, the energy
P has to be convex in (p1, p2). As a consequence, stability of the mixture is guaranteed
in this regime. Note that for both natural gas and hydrogen under typical pipeline
flow conditions, this condition is satisfied. Therefore, assuming convexity of P is both
physically justified and crucial for stability.

2.6.2.1 Pressure Laws Based on Free Energies for One-Velocity Models

For given free Helmholtz energy  or given energy P(pi, p2) by (2.44) the pressure
law for Class I models is fully determined. The resulting equations (2.40) and (2.44)
correspond to the isothermal case of a Class I mixture model in [9].

By choosing a suitable energy P(p1, p2) = p¥(p1, p2), the following pressure laws
fit into this framework:

1. Pressure laws only depending on the total density
p=pp)=plp1+p2). (2.40)

For such pressures, the model reduces to the model for a single component and one
of the mass conservation equations may be dropped. Such pressures result from
the free energy ¥ = ¥ (p) as p(p) = p26p¢r(p). This family includes the case of an
ideal gas.

2. Simple mixtures are mixtures with pressure laws of the form

p(p1, p2) = p1(p1) + p2(p2). (2.47)
This results from an energy P of the form
P(p1, p2) = Pi(p1) + P2(p2).

Then, one has p = p1(p1) + p2(p2) for pi(p;) = —Pi(p;) + pi P{(p;) and i = 1,2.

2.6.2.2 Mixing at the Speed of Sound for One-Velocity Models

One popular approach for prescribing pressure laws is based on the speed of sound in
a mixture of gases, see [59, 88]. We shall see that it yields a pressure law which is a
special case of the one for a simple mixture in (2.47).
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The following ansatz is based on the speed of sound

p=cw’p,
RT . (2.48)
c(u)* = —— with M(u) := uM; + (1 — )M,
M ()
for given molar mass M; of constituent i. Furthermore, p = p; + p; is the total density,
and u = u(p1,p2) as in (2.41) is the molar fraction of component 1. The pressure
law (2.48) can be rewritten as

pL P2 ) (2.49)

,00)=RT|= + &=
p(p1, p2) (Ml M

Thus, it is evident that this represents a simple fluid with convex energy

1 1
P =RT|—p;1 — ol }
(p1,p2) (Mlm og(py) + " og(pz))

2.6.2.3 Pressure Laws Based on Free Energies for Two-Velocity Models

For the two-velocity model (2.43), thermodynamic consistency is ensured by writing
the equations in terms of the energy P. Under the assumption that the mixture is simple,
i.e., the energy is of the form P(pi,p2) = Pi(p1) + P2(p2) one can define the partial
pressures p;(p;) = —P; + p;0,,(P;) satisfying

1
—O0xpi = 0x(0p, P). (2.50)
Di

1

2.6.3 Coupling Conditions for ISO1 Based Mixture Models

Coupling conditions for Class I mixture models (2.42) based on (ISO1) are very similar
to those for (TA1), see Sect. 2.5.3. This is due to the fact that compared to ISO1 for both
models there is one additional family of characteristics moving with the fluid velocity.
Similar to the coupling conditions in the temperature-dependent case, at each vertex v
amass flow ¢” or an enthalpy #” can be prescribed. In addition, if a mass flow into the
network occurs, i.e., ¢” > 0, then also a composition ¢!’ can be prescribed that specifies
which fraction of the mass flowing into the network is constituent i. Obviously, the sum
of the cl‘.’ at each vertex needs to be one. The ¢, 1” and ¢ that are not prescribed are
part of the solution of the networked problem.

An obvious coupling condition at each inner vertex is conservation of mass for each
species, i.e.,

q’cl + Z Apf (¢ (mnc(v) =0 fori € {I1,2} and all v € V, (2.51)
ee8(v)
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with notation as in Sect. 2.5.1. Conservation of energy at vertices is guaranteed if we
prescribe continuity of enthalpy, which in this setting is given by

13 1,
- (piap,.P) + =02, (2.52)
Pz 2

where P denotes the energy and p = p; + p3.

The conditions in (2.51) and (2.52) are not sufficiently many. Since currently it is not
clear what the right choice of coupling conditions is, let us describe a plausible choice,
which provides the correct number of conditions. It is to combine continuity of (2.52)
and conservation of total mass at vertices, i.e., the equation we get from summing (2.51)
over i, with perfect mixing for each species

pf () max{q”,0}¢) + Seeg, v, A°PF (VU (V€ ()
p€ (V) max{q¥,0} + Zeeg,(v.q) AP (V0 (1ne(v)

forany i € {1,2} (2.53)

forv € V and e’ € Egy(v, q), see [48]. Note that if we combine (2.53) with total mass
conservation, this implies the conservation of mass for each species (2.51).

One may also introduce coupling conditions for Class II mixture models (2.43).
Conservation of mass for each species (2.51) seems obvious, and it appears meaning-
ful to choose the remaining conditions such that mechanical energy is conserved (or
dissipated). The way to achieve energy conservation is continuity of the enthalpies

Op P + %ug fori € {1,2}, (2.54)
at the vertices. A more detailed discussion can be found in Chap. 3, “Gas Mixtures on
Networks: Modeling, Simulation and Optimization”.

With this choice the correct number of coupling conditions is achieved. The nu-
merical simulations presented in Chap. 3, “Gas Mixtures on Networks: Modeling,
Simulation and Optimization” suggest that on a single pipe it depends on the choice of
the boundary conditions whether stationary solutions to the Class IT model converge to
stationary solutions to the Class I model as f — oco. On networks, we observe consis-
tency of the coupling conditions in the sense that stationary solutions to the Class II
model converge to stationary solutions to the Class [ model as f — oo if we prescribe
pressures on outflow vertices and mass flows on inflow vertices. This is consistent with
our observations in the single pipe case. In the case of networks, there are boundary
layers so that the observed convergence is not pointwise. Rigorous results are missing
to date.

2.6.4 Low Mach High Friction Limit

In resemblance to the limit taking (ISO1) to (ISO3) we formally derive some lim-
iting models for the mixture models of Class I (2.40) and for the mixture model of
Class IT (2.43).
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Indeed, we want to take the limit £ — 0 in the following formulation for (o1, p2,v)
of a generalization of (2.40)

0;p1 + 0x(p1v) = 0, (2.55a)
0:p2 + 0x(p20) = 0, (2.55b)
1
£0,0 + V0,V + ;axp = —y|v|v — g0xb. (2.55¢)

Formally, for (o1, p2) with p = p(p1,p2) and p = p; + po we obtain the following
system

. p ' dxb
a,pi—ax(ﬂ e i ):0 fori=1,2 (2.56)
VY Jlo~10.p + g0

if @ = 3 in (2.55). For linear friction, i.e., @ = 2 in (2.55), we obtain
1
api = s (p,-(p_laxp + g(')xb)) -0 fori=1,2. (2.57)

The latter can be rewritten as the gradient flow
0p — 0x(M(p)dx(VpE)) =0 (2.58)

for the density vector p = (p1,02)" and E = P + gpb. The mobility matrix M = M(p)
is symmetric and has entries M; ; = “% andi=1,2.
Analogously, for linear friction in (2.43) meaning that F;(vy, v2) = v;, the limite — 0
in
0rp1 + 0x(p1v1) = 0,
01 p2 + 0x(p2v2) =0,
£0,v1 + gv10x01 + 0x(0p, P) = — fp2(v1 — v2) — yv1 — g0xD,
£0102 + £020x02 + 0x(0p, P) = = fp1(v2 — v1) — yv2 — g0xb,

with o = (p1, p2)" formally leads to the gradient flow
0ip = 0x (M(P)3x(V5E)) = 0 (2.59)
with symmetric mobility matrix

2
fei+ypr  fpip2 (2.60)

M(p)=7(f,0+)/)( fpipx fP3+vp2)
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2.7 Port-Hamiltonian Model Formulations

In Sect. 2.5, we have seen that solutions of (ISO1) dissipate energy and suitable coupling
conditions at pipe junctions make the coupling energy conservative. These properties
can very easily be seen when (ISO1) is considered in terms of density and velocity. In
addition, the total energy of the network is just the sum of the energies of the individual
pipes. It is well-known, see, e.g., [93,95], that from a control theoretic perspective,
properties such as dissipativity and passivity, respectively, are intimately related to
the special class of port-Hamiltonian (pH) systems. In particular, if the modeling is
done by means of an adequately chosen storage function, dissipativity properties and
the existence of a monotonically decreasing Lyapunov function candidate are ensured
automatically. In the linear case, computing possible storage functions is linked to the
so-called Kalman—Yakubovich—Popov matrix inequality, see [97, 98] for more details.

In the following, we will briefly introduce port-Hamiltonian systems, recapitulate
their most important structural properties and consequences thereof as well as con-
nect them to some of the equations introduced in the beginning of this catalogue.
Subsequently, we provide several port-Hamiltonian model formulations for some of
the (simplified) Euler equations of the non-stationary model hierarchy presented in
Sect. 2.3. We consider models for one constituent and also discuss mixture models.

Let us emphasize that we will not consider the most general class of port-Hamiltonian
systems, neither on a finite nor an infinite-dimensional level. In particular, we will
mostly omit detailed derivations verifying the required structural assumptions. For a
more detailed discussion together with the appropriate functional analytic framework,
we refer to [65,68,93].

2.7.1 The Abstract Setting

To present the abstract setting of port-Hamiltonian system models, on the time interval
[0, T] we consider a dynamic state z: [0, 7] — R" described by a system of controlled
differential equations of the form

0;z=(J() - R@)VH () + B(Qu, z(0)=zo, (2.61)

where J,R:R" — R™" H e C'(R",R) with gradient VH € C(R",R") and B €
R™™_ Assume further that (2.61) is complemented by an output equation, e.g., modeling
a measuring device, of the form

y =B(2)"VH(2). (2.62)
We call the system described by (2.61) and (2.62) a port-Hamiltonian system (pH) if

e J(z) =-J(z)" forall z € R",
* R(z) = R(z)" = 0 for all z € R,



2 Catalog of Gas Network Models 33

Here, for a matrix A € R™" we write A = 0 if xTAx > O for all x € R". The
matrices J and R are sometimes called structure and dissipation matrix, while H is
typically referred to as a Hamiltonian or storage function, often representing energy.
The port matrix B resembles the possibility to interact with the dynamics via a control
u:[0,T] — R™. Let us note that, in contrast to classical control theory, the role of u
is often to be understood rather as a specific kind of coupling matrix which allows to
distribute energy from one pH-system to another one, see also the subsequent discussion
below.

Due to the particular structure of pH systems, for the Hamiltonian function H, we
immediately obtain that

d
3 1 m) = VH (2() " 0rz = =VH (2(1)) "R(z(0) VH (z(0) + y(O) Tu(®)  (2.63)

where we have used skew symmetry of J and the output relation (2.62). In the sequel
we may refer to VH(z) as the co-state of the system. Equation (2.63) obviously is
reminiscent of (2.26). In particular, since R is positive semi-definite, as in (2.27), we
have a dissipation inequality of the form

d
a?—((z(t)) <y'u, (2.64)

where we may interpret the term yu as the energy introduced into the system. In the
context of pH-systems, the latter inequality is often defined to be dissipative with respect
to the supply rate s(y,u) = y"u, see [97,98]. Of course, by simple integration of (2.63)
we directly arrive at the so-called energy balance equation

I

H(E() = H i) = [ (~THE0) RETHED) + 50 u0) & 2659

to

As a consequence of the previous relations, the Hamiltonian /H defines a Lyapunov
function and the system is automatically passive, cf. [92].

Another interesting property is that two pH-systems are structurally invariant under
interconnected feedback relation. More specifically, for i = 1, 2, consider the dynamics
7 given by

0:7i = (Ji(zi) = Ri(z))VHi(zi) + Bi(ziui, zi(0) = z; 0, (2.66)
yi = Bi(zi) " VH;(z). (2.67)

Let us further assume that u; and y; satisfy the following linear affine coupling relations
Uy =—-yz2+v1, Uy =yp+ug, (2.68)

where v1, v; are additional external inputs. Defining an accumulated Hamiltonian func-
tion via

H(z1,22) == Hi(z1) + Ha(z2),
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we can rewrite the coupled system as follows

(9,Z1 _ J] —BlB; _ R1 0 V7’[1 + Bl 0 U1
8;22 B BQB-II— J2 0 R2 V7’[2 0 32 %) ’
Finally, if we define a new output of the coupled system via

()= (0 5 57
vy o0 B;— VH, |’
then the overall system is in port-Hamiltonian form. We recognize that this property re-
sembles the behavior of the energy consistent coupling discussed for (ISO1) in Sect. 2.5.
Constitutive relations more general than (2.68) are possible provided that the semidefi-
niteness property of the dissipation operator is preserved within the coupling process,
see [65].

At least on a formal level, if z:[0,7] — X maps to an infinite-dimensional state
space X, it seems natural to replace (uncontrolled) formulations of the form (2.61) by

0z =(J (@) - R@)H (2) + B(2)u (2.69)

where J(z) = -9 (2)",R(z) = R(z)* = 0 are formally skew- and self-adjoint (non-
negative) linear operators and H’(z) denotes the derivative of an abstract energy func-
tional H. The term B(z)u models an external input to the system, e.g., boundary con-
ditions. In the context of port-Hamiltonian systems the assumed control affine structure
is a common assumption. Note that this model class does not generally include all
boundary conditions which are necessary for the system to be well-posed. In particular,
the class does not provide a formalism that reveals the required constraints. Similarly, by
replacing the Euclidean inner product by duality pairings, analogue versions of (2.63),
the dissipation inequality (2.64) and the energy balance equation (2.65) can be derived.
In contrast to the finite-dimensional case, this typically requires a careful choice of the
state space. Let us note that in some cases, instead of (2.69) it is more convenient to
use the following descriptor formulation

E(2)0iz = (J(2) — R(2))e(z) + B(2u, (2.70)
where in addition to J(z) = = J(2)*, R(z) = R(z)* = 0 it holds that H'(z) = E*(2)e(2).
In particular, we still obtain a dissipation inequality since

d
3 1@ = (H'(2), 0i2) = (e(2), E(2)6,2)
= —(e(2), R(2)e(2)) + (B(2)"e(2), u) < (B(2)"e(z), u).

In the context of port-Hamiltonian modeling, the term B(z)*e(z) is typically referred
to as the collocated output y to u, and the term (y,u) has the physical interpreta-
tion of the supplied energy. In the next chapter, we will provide examples of both
formulations (2.69) and (2.70), respectively. Approaches exploiting such dissipative
Hamiltonian structures have been discussed in, e.g., [23,24,94]. For a detailed discus-
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sion on more general infinite-dimensional port-Hamiltonian descriptor systems from
a bounded operator point of view, we refer to [68]. When the operators in (2.69) are
unbounded, rigorous definitions for port-Hamiltonian systems so far have been limited
to the case of linear dynamics related to a strongly continuous semigroup. A rather
complete treatment of a specific class of first-order PDEs can be found in [47]. More
recently, in [75] the authors provide a new port-Hamiltonian definition for the class of
well-posed linear systems which is motivated by the theory of system vertices.
Another approach to model port-Hamiltonian systems was recently presented in [34].
For infinite-dimensions, the formulation (2.69) is then replaced by the weak formulation

(0rz, ¢)xr x = j(H'(2), ¢) = r(H'(2), ¢) + 5. H'(2), ¢), 2.71)

where X is a Banach space, ¢ € X is a test function and j,7: X X X — R and
s:[0,7] X X X X — R are linear and Lipschitz in their last argument. We assume
that the state space X embeds continuously into a Hilbert space Z with inner product
(-,+). In (2.71), j models conservative processes, » models dissipative processes, and
s models source terms, such as, e.g., boundary controls. The functions j and r are
assumed to satisfy j(v,v) = 0 and r(v,v) > O for all v € X. Similar to the situation
before, the properties of j and r then ensure that the energy balance equation

t

H(z(11)) - H(z(10)) = J —r(H'(2), H' () + s(t, H'(2), H'(2)) dt 2.72)

4]

is satisfied. In contrast to (2.69), the action of j and r on H’ may be nonlinear. Fur-
thermore, this modeling directly incorporates the weak form and can be advantageous
in situations where the operators (2.69) exhibit singularities, see [34, Remark 2.4]. For
finite-dimensional systems, one may omit the test function in (2.71) to obtain

Oz =J(H' @) ~F(H'(2)) + 5, H'(2)), (2.73)
where J,7:R" — R" and 5: [0, T] x R" — R” satisfy j(v)Tv = 0 and 7(v)Tv > 0 for all
v € R™. Again, an energy balance equation of the form (2.72) is available.

Having the abstract framework established, in the next sections we provide port-
Hamiltonian model formulations for some of the systems used in gas network modeling.

2.7.2 Isothermal Model Hierarchy

In this section we present a port-Hamiltonian formulation of the model hierarchy for
isothermal Euler equations.

2.7.2.1 Isothermal Euler Equations (ISO1)

Let us recall (ISO1) which reads as
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9ip + 0x(pv) =0,

A
3 (pv) + Ox(p + pv*) = —5 5 PuIvl=pgdch.

In the following, we assume the pressure potential to be defined by P(p) = p I’; &;) ds.
s

As shown with the derivations from Sect. 2.5, the previous dynamics can also be
expressed as
Op +0xq =0,

Oiv + Oy h = —y|vlv,

1
where g = pv, h = zvz + P’(p) + gb and pP” (p) = p’(p).
For the sake of simplicity we assume that the cross section area is A = 1 throughout
the remaining section. In this case the energy functional is given by

14

1
H(p,v) = JO 50U° + P(p) + pgh dx

and satisfies H’ = (h, §). Consequently, we arrive at

o 0o -a.\ (° 9 \\n
017 = 0, (v) =(J - R@)H'(2) + B(x)u = (—5x Ox) 1o yﬂ ((j) + B(2)u,
p

which is a port-Hamiltonian formulation as in (2.69). As before, the term B(z)u corre-
sponds to external inputs such as boundary conditions. Alternatively, we may represent
the dynamics in the form (2.70) by considering

£z = (é 2) 2 (’j ) = (T (D)~ RE@e(2) + B
i ((—pax 0 ) ) (0 wlvl)) (v) -

E*(De(z) = ((1) 2) (il) =H'(2)

For this example, it thus seems to be convenient to work with (2.69) rather than (2.70)
as in the former case, the operators & and J are constant.

To represent the system in the form (2.71), we multiply (2.23) by smooth test functions
¢ and ¢ and integrate over [0, £] to arrive at

where we indeed have

¢ ¢
I POip + YO dx = I —¢0xq — Y Oxh —Yylvvdx
0 0

t
= L —¢0xq + (OxY)h — Yrylolodx + h(-, 00y (0) = h(-, O (0).
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-2
Note that v can be expressed in terms of & and g if the subsonic condition p'(p)> L
re

is satisfied, since then with pP”(p) = p’(p) also 2 R 2 h = P"(p) — 4 > 0 holds. In this
case, with v = v(h, g) we can consider
¢
1.0 = [ =00, o,

i} ¢ (2.74)
(D), (.0 = 7 L oo d,

sC, (h, @), (@, ) = h(:,00¢(0) — h(-, OY(£)

to arrive at a port-Hamiltonian formulation of (2.23) in the form (2.71).

2.7.2.2 Semilinear Model (ISO2F)

The model (ISO2F) admits a port-Hamiltonian structure, not with respect to the orig-
inal Hamiltonian but with respect to a quadratic Hamiltonian that can viewed as an
approximation of the original Hamiltonian, see the discussion from Section 2.3.1. We

have
_ P’ (po)
o (pl)= ( ; ax)_ D || [
w —(9x 0 0 % Pow

9z = (T - REH' @)+ B@u, H) = -I P ;"0) 24 oot dx,  (276)
0

+ B(2)u, (2.75)

and therefore

with z = (p1, w)". Here, as before, the term B(z)u represents an external control input
such as, e.g., boundary conditions.

To represent the system in the form (2.71), first note that H'(z) = (p (pO)p q0),
o

where go = pow is the first-order approximation around pg to the mass flux. Multiply-
ing (ISO2F) by smooth test functions ¢ and ¢ and integrating over [0, ], analogously
to the ISO1 case, we obtain

’ t
H(F2201, ). 0.00) = [ =00+ ZE%p10,0 0,
PO 0 £0

’ 1 14
r((p - O)pl,q'o),(qﬁ,w)) =5 | ot @.77)
Po

S(’(p(m)m’%) (W)): L 0w - LY oo,
P 00 00
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2.7.2.3 The Friction-Dominated Model (ISO3)

Recall the friction-dominated model (ISO3), which reads as

0:p + 0x(pv) = 0,
Oxp = —ypv |v] — gpdxb.

We can equivalently consider

e0iz= (o) [£] = (7 - R@pete) + 8w

{0 =8 (0 0)\)(zb+P o)
_((—@c 0)_(07Ivl))( pv )+B(Z)u’

such that for H(z) = Ig pgb + P(p)dx we have H'(z) = (gb + P’(p),0) = E*e(2).
Since the formulation (2.71) does not model algebraic equations, we refrain from
writing the model in weak form.

2.7.3 The Euler Equations (TA1)

To derive a port-Hamiltonian formulation of the 1D Euler equations, recall (TA1),
which can be written as

Orp + 0x(pv) =0,
A
2
0:(pv) + Ox(p + pv°) = —EPU [v] — gpdxb, (2.78)

OE +0x((E +p) = —%w(T - Tw),

together with the equation of state for real gases p = RpTz(p,T), for x € I = [0, (]
and r € 7, where £ < oo is the length of the pipe and 7 C R is the time interval.
As mentioned before, the variable E = p(%v2 + gb + cyT) is the total energy density,
where cy is the specific heat. The first, second and third differential equation represent
conservation of mass and balance of momentum and energy, respectively. The system
is associated with the Hamiltonian

¢
1
H(z) = I §p1)2 + pgh + cyTpdx
0

for z = (p, v, T), which satisfies

%vz +gb+cyT n
H'(2) = pY =1 4

cyp cvp
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In the following we present port-Hamiltonian formulations (2.70), (2.69) and (2.71)
of (2.78).
We can rewrite the equations with respect to the state variables z = (p,v,T):

0;p + 0x(pv) =0, (2.79a)
P00+ pd (lvz+gb)+p +ipv|v| =0 (2.79b)
t p 2 X 2D ) .
A ky
cypo:T + cypvTy + pvy — ﬁpv2 [v] + E(T —-Ty) =0. (2.79¢)

and express this as

E(2)0;z = (J (2) = R(2))e(z) + BTy + B(2)u, (2.80)
where
10 0 2 +gb+cyT 000 0
E@)=|0p 0 |, e(x)= v , R=(000|, B8,=(0],

00 cyp 1 005 b

0 —0x(p*) 0

J (@) =|—pox 0 —0x(p) — 55p0 |v] + cypTy
0 —-poy+ %pv [v] — cypTy 0

and B(z)u models external inputs such as boundary conditions. It is easy to see that
indeed E(z)*e(z) = H’(z), and hence we have a reformulation of the form (2.70). Com-
paring with the port-Hamiltonian formulation for (ISO1), we see that the operator J°
contains friction terms in the off-diagonal blocks.

To obtain a formulation of the form (2.69) we start by dividing the second and third
equation by p and cy p, respectively, and we arrive at the system

Orp + O0x(pv) =0, (2.81a)
1 2 -1 /l _
Btu+6x(§v +g)+p pa+ 55010l =0, (2.81b)
1 -1 A 2 kw
0T +v0,T + —p~ posv— v o] + —— (T - Ty) =0, (2.81c)
cy 2Dcy Dcyp
which in port-Hamiltonian form reads as
012 = (J (@) = R@))H'(2) + Bu(2)Tw + B(2)u (2.82)

with
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0 -8, 0
J@=|-0x 0 J32)],
0 ) 0
1 A 1
Fz(2) = ———ax(By - olo]+=(8,T),
pcv ~p - 2Dcyp P
1 A 1
In(2) = ——5 (p )+ ZDCVpU|U|—;(5xT),
00 0 0
R(z)=[00 0 , Bu)=| 0
Dc‘ffp

To represent the system in the form (2.71), we multiply (2.82) by smooth test functions
¢, ¥ and ¢ and integrate over [0, £] to arrive at

¢
J ¢(9,p + lﬁatl} + cp@,de
0

14
=‘[ _¢6xq
0

_ 1
-y (an +p 'op+ Evlvl—cVaxT
ky

A k
- L()Xv— V2 |o]+00x T + —2—T — w| dx
cvp 2Dcy Dcyp Dcyp
£ _ !// A
=| —¢0g+noxy +p(0x—) - ¥ vo[+evipdxT
0 p 2D
A ky ky
P g+ o0* o] —pvd, T — oT + @Ty dx

_(pcvp x0 2Dcy Dcyp Dcyp

¢
- [tﬂ(n + 2
P lo
Then, setting

14
A
J((T]’ q_’ CVp)s (¢9 1105 90)) ::J _¢6xq_ + U(ax‘vl’) + p(axﬂ) - le, U|U|+CV¢/8XT
0 P 2D

ov? [v]—vd, T dx,

p
- (,Dmaxl)+ 2DCV
r((m. q,cvp), (. ¢, ¢)) —J —sonx

14

ku ‘
s (g, cvp), (¢, 9)) = D dx - [t//(n + 2
0o Yevp P lo

we arrive at a port-Hamiltonian formulation of (2.81) in the form (2.71). In the context
of port-Hamiltonian modeling, taking n + as boundary conditions seems natural.
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However, the formalism does not make the PDE analysis obsolete, as the system is not
well-posed with only these boundary conditions. For a detailed discussion of necessary
boundary conditions, we refer to [67, 76]. Here, we have used that (7', v, p) can be
expressed as a function of (1, 7, cyp) as

1 1, 2
T\ [—n-sc} L —gb)
ol=|"" a4
p v cvp

p(cy! (cvp). T)

2.7.4 Mixture Models

To derive port-Hamiltonian formulations for the mixture models we refer to the notation
and derivations carried out in Sect. 2.6. In particular, note that an alternative formulation
of the isothermal Class I model (2.40) is given by

O,p1 + dx(p1v) =0, (2.83a)

0, p2 + 0x(p2v) = 0, (2.83b)
1

00 + 000+ — O p = —y|v|v — gOxD, (2.83¢c)
P

withy = %. Recall that by (2.45) for the energy P := py we have the relation
plax(aplp) + pZax(apzp) = 3xl7-

For z = (p1, p2,v), and p = p; + p» we may then define the operators

0 0 -5 00 0
J@= 0 0 -6:(2)|, R:=|00 0 [
20, -2, 0 00 2ol

and the Hamiltonian
Hp1, p2,v) = J gvz dx + JP(pl,pz)dx + ngp dx
to formally rewrite the dynamics as

0z =(J (@) - R@IH' (2). (2.84)

Let us return to the isothermal Class II model (2.43)
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0rp1 + 0x(p1v1) = 0,

01p2 + 0x(p2v2) = 0,
0101 + 010x01 + 0x(0p, P) = = fp2(v1 — v2) — yF1(v1, 02) — g0y,
0102 + 020x02 + 0x(0p, P) = = fp1(v2 — v1) — yF2(v1, v2) — g0y b.

Here, we consider the Hamiltonian

H(p1, p2,v1,02) = %vf+ %U%dx+IP(Pl,p2)dX+Igbp dx,

with energy function P = py(p1, p2). For z = (p1, p2, U1, 02), we define the operators

0 0 -0, O
|1 0 0 0 -0
J = -0, 0 0 O [
0 -0, 0 O
000 0 00 0 0
000 0 00 0 0
R(2) = f(p1,p2) 002 —1|t7[00 &) )
P1 P1
_1 £ $2(v1,02)
00 lp2 00 O %

assuming that F;(vq, v2) = ¢;(v1, v2)v; for some scalar function ¢;, fori = 1, 2. Then, we
may write the above system in the port-Hamiltonian form

0,2 =(J - R@)YH'(2). (2.85)

Note that R is state dependent, but 7 is not.

2.8 Discretization
2.8.1 Hyperbolic Balance Laws

In the following, we present a brief summary of basic numerical methods and con-
cepts for the treatment of hyperbolic balance laws. These have to be supplemented by
appropriate handling of boundary and coupling conditions as well as further network
components like compressors and valves. A review on hyperbolic balance laws on
networks can be found in [10].

The Euler equations (TA1l) on a single pipe can be formalized into a system of
nonlinear balance equations of the form

dru + 0xf(u) = g(x,u). (2.86)



2 Catalog of Gas Network Models 43

The standard method for solving these equations is the finite volume method. This method
is based on the integral form of the equations above, which is often closer to the physics
of the problem. This offers elegant ways to numerically approximate even non-smooth
solutions containing physical phenomena such as shock waves, contact discontinuities
and rarefaction waves at high precision. Among the best known classical methods are
the Lax—Friedrichs and Godunov methods [56]. The latter uses the solution of local
Riemann problems at cell boundaries, which is often replaced in practice by suitable
approximations. For an extension of Godunov’s methods to networks see [91]. In one
space dimension, several finite volume methods can be reinterpreted as conservative
finite difference methods. A rigorous convergence analysis of finite volume schemes for
conservation laws on networks can be found in [31].

A common strategy is the usage of TVD or TVB methods (total variation diminishing,
total variation bounded) that couple high-accuracy methods in regions with smooth
solutions with lower order methods in regions with discontinuities. This is achieved by
using flux and slope limiters. In between, flux and slope limiters mediate, as for example
in MUSCL methods (monotonic upstream-centered scheme for conservation laws). An
excellent summary can be found in the book by LeVeque [56]. Generalizations of the
polynomial reconstructions of solutions across multiple cells used in these methods
lead to the class of ENO and WENO methods (essentially non-oscillatory, weighted
essentially non-oscillatory). An overview with further references can be found in the
monograph by Shu [86].

Solving Riemann problems, especially at junctions in networks, can become very
costly and also prevents a compact notation of a discretization to be used in optimization.
Central methods, originating from work by Nessyahu and Tadmor [70] that use staggered
grids, avoid this difficulty and are easy to implement, especially in 1D. Among this
class are the attractive box methods introduced by Wendroff [96]. In time, both explicit
methods, which have to satisfy a Courant—Friedrichs—Levy (CFL) condition of the form
At < c(u)Ax for stability reasons, and implicit methods are used. The special class of
IMEX (implicit-explicit)-Runge—Kutta methods allows to discretize certain parts of the
equations explicitly and others implicitly, in order to avoid both too severe time step
restrictions and having to solve very difficult systems of equations in each time step. The
IMEX methodology has, in particular, been used to construct asymptotic-preserving
schemes, see, e.g., [20,36,89]. Among explicit methods, “strong stability preserving”
(SSP) methods are very popular, cf. SSP-Runge—Kutta and SSP multi-step method [46].

In contrast to finite volume methods, discontinuous Galerkin methods (DG) [18] do
not require reconstructions, since a higher-order polynomial is already used in each cell.
However, this also requires multiple degrees of freedom to be stored and transported
per cell. Classical monotone flow approximations can still be used. DG methods have
excellent stability properties, they can be easily constructed for arbitrary orders, and
they allow simple hp-adaptive strategies to improve local approximation properties.
Space-time DG methods have also been developed. We refer to the two review articles
by Cheng and Shu [17] and Ekaterinaris [26] for recent comparisons and numerous
further reading.

For convergence studies towards the (physically correct) solution, satisfying the
entropy admissibility criterion [19, Sec. 4.5], the so-called viscous equations are often
used:
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0u® + 0, f(u®) = g(x,u®) + £d,xu”. (2.87)

These equations are themselves a starting point for further discretizations, which are
derived from the treatment of parabolic differential equations, see the discussion on
numerical viscosity in [56]. Adding further terms, e.g., second derivatives in time,
motivates the widely used relaxation methods for hyperbolic balance equations. An
overview of the procedure and convergence results can be found in [57].

An appropriate choice of a discretization method will always depend on the objective
for numerical simulation, such as stability, high accuracy, low computation time, low
memory demand, certain structure for optimization, complexity of adjoint equations,
etc.

2.8.2 Port-Hamiltonian Systems

Spatial Discretization Various approaches to preserve port-Hamiltonian structure af-
ter space discretization exist [25, 34, 68], and we refer to [34] for an overview of
available methods. In the following, we will briefly summarize the method presented
in [34], which is based on a Galerkin approach and suitable for fully nonlinear infinite-
dimensional systems. The approach can be viewed as an extension of [15] to infinite-
dimensional systems.

Recall the port-Hamiltonian model (2.71) given by

(0rz, P)x . x = j(H'(2), ¢) = r(H'(2), §) + s, H'(2), ¢). (2.88)

In the following, our goal is to approximate z € X by z;, € X, where X, € X is
a finite-dimensional subspace. Recall that X < Z and let I1,: Z — X, denote the
Z-orthogonal projection onto Xj,, which satisfies (@, z,) = (¢, z) = (I, z) for
all z;, € X;, and ¢ € X. In order to preserve the structure (2.88), we utilize a modified
Galerkin approach. We seek z; € Xj, such that for all test functions ¢;, € Xj, we have

(Orzn, dn) = JARH (zn), ¢n) — r(AyH' (zn), o) + sC. U H ' (zn), dn).  (2.89)

If (2.88) is subject to the initial condition z(0) = zg, then a possible choice for the initial
condition for (2.89) is z;,(0) = IT,zo. Due to the properties of the projection ITj,, the
system (2.89) is again in the form of (2.71). Further, solutions zj, of (2.89) satisfy the
space-discrete energy balance

H(zn(tiv1)) — H(zn(t)

liv1 (290)
I —r(IyH (zp), T H (zp)) + s (6, T H (z), T H (z1)) dt,

ti

which, up to the projection operators and the fact that it only holds on the time grid,
coincides with the energy balance equation (2.72). If the projection II; in (2.89) is
omitted, then an energy balance is not available if the operators j, r and s are nonlinear.
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Equivalently, we can state the dynamics for the coefficients wy, € RIMX) of 7, € Xj,.
For this, note that each z;, € Xj is uniquely determined by a coefficient vector wy, €
RYmX) For a fixed basis of X;,, we denote the canonical interpolation operator mapping
a coefficient vector to the corresponding element in Xj, by I;,: R4m&) — X, = Similarly,
cn: X, — RIMX) maps a function in X, to its corresponding basis coefficients. We can
now define the space-discrete Hamiltonian ,: R4mX) — R by

Hp(wp) = Hpwp).

Since the interpolation operator [, is linear, using the projection property of I, for any
vy, € RIMX) we obtain

d d
VH (wp) vy, = aﬂh(wh + 50p)|5=0= a(]‘{(lh(wh) + 515 (0n))ls=0

= (H' (In(wp)), In(vp)) = Tp(H Tn(wn))), In(vp))
= (Mpcn (M H' (In(wr)))) T op,

so that VH}, (wy,) = Myc, (0, H' (In(wy))). Here, My, is the mass matrix corresponding
to the basis of X;, with respect to the inner product of Z. We now define jy,, rj,: R4mX0) —
RIMXn) and sj,: [0, T] x RAME) — RAMEn) yig

Jnr) " @n = jUnn), In(dn)), rr(wn) én = r(ln(vn), In(én)),
sn( o)  @n = sC, In(on), In($n))

for all vy, ¢y, € RIMXn) - Ap equivalent formulation of (2.89) is then
Mydrwy, = ja(M;; ' VHwp) = ri(My, ' VHy (wp) + s5,C My VH (wr)), (2.91)

which can easily be recast in the form of (2.73) by multiplying with M, I, Since by
construction j,(vy) v, = 0 and r,(vy) v, > 0 holds for all vy, € RImMX:) solutions wy,
of (2.91) satisfy the space-discrete energy balance

r1

Hp(wr(t1)) — Hu(wi(to)) = | VHu(wpy)" 8wy, dt

J 1y

rt)

= | (M;,"VHu(wn))" (Mnd;wp) dt

J 1y

r1

= | (M VHL W) T M, VY H), (wh)

J 1y

+ 5 (- My, "VH(wp)) " M, VH (wy) dt.

In [15], the authors consider model order reduction of finite-dimensional nonlinear port-
Hamiltonian systems. With the projection matrices V and W satisfying W'V = I and the
reduced-order state approximation z, € R”, they suggest to approximate VH (Vz,) ~
WVH(Vz,) to preserve the port-Hamiltonian structure of the original system in the
reduced-order model with state z,.. Here, the matrix W plays the role of the projection
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operator I1j, in (2.89). Furthermore, let us remark that an approach similar to (2.89) can
be used for the structure (2.70), see [68].

Time Discretization In the context of time discretization, the main focus of structure-
preserving methods typically is the availability of a time-discrete energy balance of
the form (2.72) in prescribed time discretization points. Available structure-preserving
methods include collocation schemes [12,39,52,64], operator splitting approaches [32],
discrete gradient approaches [63, 84], and (Petrov—)Galerkin methods [3, 25, 34, 68],
see [34] for a more detailed overview. Furthermore, the applicability of Runge—Kutta
schemes for differential algebraic systems of the form (2.70) was studied in [68]. A
discretization of (TA1) based on a pH formulation can be found in [41]. Here, we will
shortly present the method from [34], which is a Petrov—Galerkin method suitable for
fully nonlinear infinite-dimensional systems. The approach is related to the method
from [68, Sect. 7.4] and mainly differs in the underlying port-Hamiltonian formulation.
Again, let us recall the port-Hamiltonian model (2.71) given by

(0iz, ¢)xr x = j(H'(2), ¢) = r(H'(2), ¢) + 5. H' (). ¢), (2.92)

and assume that X < Z with Z being a Hilbert space. In the following, for a given
polynomial degree k € N, our goal is to approximate z € C([0,T], X) by z. € P;.
Here, for given time discretization points 0 = fg < - - - < t,,, = T with maximal distance
7 = max,|t; — t;—| the space P} is defined as

Pr={pe L*([0,T],Z) | Plit;_,.61 is polynomial of degree k} N C([0,T1], Z).
If z, € Py, then d,z; € Pk-1, where
Pr_1 = {p € L*([0,T1,2) | plys,_,.1;) is polynomial of degree k — 1}.

To obtain a time-discrete energy balance, we use a similar approach as (2.89). Let
I,: L%([0,T],Z) — P denote the Lz-orthogonal projection onto Pj_; satisfying
[o(f.g)dr = [; (f.g)dt forall f € LX([0,T1,Z) and g € Pr_y. We seek z, € PE
such that z,(0) = zo and

(0122, ¢<) = j(HTﬂ’(ZT)9 ée) — r(IlH' (z7), dc) + 5, I H (z7), é+) (2.93)

for all ¢, € Px—_1. As before, due to the properties of the projection I, solutions z,
of (2.93) satisfy the time-discrete energy balance

H(z () — H(z<(t;i-1))
ti—1

=I LM G TLH () + 5 TLH o TLH (2 di- (2.94)

5

foralli =1,...,m, again closely resembling the energy balance equation (2.72). As in
the space-discrete case, if the projection I1; in (2.93) is omitted, then an energy balance
is not available if the operators j, r and s are nonlinear.
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2.8.3 ISO1 Pipe Model

Spatial Discretization For the spatial discretization of the ISO1 pipe model we use
the scheme presented in [24] based on the Galerkin equations

<at,0h’ph> = _<0x57h,ph>’ (295)
(Orvn, ) = (hn, Oxri) + Bint(Vin) = houtrh(Vour) = (Y |Vn|0R, 1) (2.96)

with the specific enthalpies hi, and hqy prescribed at the vertex vi, and vertex vy, of
a single pipe e represented by a bounded interval Q. Here, the notation is

] ’
Gn=puon,  hn= S0, + P (o) + g0xb (2.97)

for basis functions p; € Py and r,, € Ry, of the finite dimensional subspaces #;, and
Ry, with

P = Po(Th), Ri = Pi(Th) N H(Q).

By Po(7,) and P1(7,) we denote the spaces of piecewise constant and piecewise
linear functions over the equidistant mesh 7}, of Q with grid length /. Furthermore, let
I}, L*(Q) — Po(75) be the L?-orthogonal projection. For a spatial discretization of Q
with n subintervals 71, ..., 7, with 7; = [x;-1, x;], we choose basis functions pjq, ...,
pn of Py, and basis functions ry, . .., r,, of Ry, with m = n + 1. With the ansatz

pn(r,1) = 2 AP0, Gnn) = LDk
j=1 k=1

testing (2.95) with p;, = p; reads leads to the following system
ESM0icp + AZ%cg =0, (2.98)
with EJ® € R and AF e R"™™ with entries
(E5™)ij =<pj> Pi)s (AZYik = (OxTk, pi)-

Consequently, the matrix EJ* is a positive definite matrix. According to (2.97) the
velocity and the specific enthalpy are given by

_ 4nx0)
pr(x, 1)’

1
vp(x, 1) hp(x,t) = Eufl(x, D+ P (pp(x,1)) + g0 b(x).

Introducing ¢ = (cp, ¢4), and denoting
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- G pg(c,x)
Qple,x) = D pix),  ggle,x) = D clr),  @ule,x) = '
j=1 k=1 pp(c, x)
1 ,
gn(e,x) = 5 (pu(e, ) + P/(p(c, X)) + gOxb(x)
testing (2.96) with test functions r;, = r; yields the system
EZ°(c)0icp + EG°(c)drcg = fM(c) — g™°(c) — B} h. (2.99)

with EJ°(c) € R™", ET°(c) € R™™, BJ® € R™¥IVI  with entries given by

(E5)ij(c) = <ac§90v(0, ), Ti), (EZ®)ik(c) = (3CZ<PU(C, ), Ti),
(BI;?O)i = Vi(Vin)ai-rrl + ri(Vout)a;—ur
Here, ai, and aqy are the columns of the incidence matrices Aj, and Ay defined by
(2.19) and (2.20) belonging to the pipe edge. Furthermore, f™°(c) € R™, g™°(c) € R™
are defined by their entries

(f™)ie) = {en(c, ), Oxri), (8™)i(c) = (yleule, Ipu(c, ), i)

Note that A, in (2.99) is the vector of enthalpies at the vertices of the network.

If one chooses hat functions [77, Chap. 3] as basis function r; (namely r; piecewise
linear with r;(x;) = 6;; for the grid points x; € ), then the matrix Eg°(c) is a
tridiagonal, symmetric and positive definite matrix. Finally, we get with (2.98) and (2.99)
the spatially discretized mass and momentum balance equations in the compact form

Epip(c)0rc = foip(€) = gpip(€) — Bpiphs (2.100)
with
o B0 o) = [Hd e
Epip(c) = (E;glo(c) E;nO(c)) s Jpip(c) = ( fmg(c) )’
0 0
i = mo > B ip = mo | *
)= (o) 800 = e

Let [lppp(c,x) = X, zi(c)pi(x) be the basis representation of the L2-orthog0nal
projection ITj, ;. We define the function zp;p : R — R by

(2.101)

z1(c)
for zj(c) = : and ¢ = (¢cp, ¢g)- (2.102)
Zn(c)

Zpip(C) = (ZZ((;))

Then, the Hamiltonian on the edge e

1
Hpip(c) := L A° (tpp(c,X)z(%(C,X))z + P(pp(c,x)) + @p(c, x)gdxb(x) | dx
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satisfies

VHpip(c) = A°E () Zpip(c) (2.103)

with the cross sectional area A°. Furthermore, for Dyip(c) = yA*{p,(c, ), l@.(c, I
one has that Dpip(c) = A¢ zplp(c)gpip(c). The functions fpi, and gpip satisfy

0 -AM
Jpip(€) = JpipZpip(c) for Jpip = ((Aqqla)r Oq ) ) (2.104)
0 O
gpip(c) = Rpip(c)zpip(c) for Rpip(C) = 0 R™(c) (2.105)
g
with R;PO(C) € R™™ and (Rq‘l‘o)ij(c) =y l"D”E )| rj,ri). By definition of Bpip,
Yo

e T e/ T = T = T T
A Zplp(C)Bplp = A°(a;,gin + AoyGout) = GiyGin + AgyGout

is valid for every solution ¢ of the pipe equation (2.100). The pipe equation (2.100)
together with the mass flow contributions g¢ := —a;qm qout Of pipe edge e to the
vertices of the network, forms the system

out

Epip(c)atc = piprip(C)T_ Rpip(¢)zpip(c) — Bpiph*y (2.106)

0=gqg¢+A° Bplpzpip(c)
with a non-singular matrix E};, and a skew-symmetric matrix Jpjp. Regarding (2.103)
and considering Zpip(c) = A®zpip(c), one sees that the system (2.106) forms a port-
Hamiltonian system in descriptor form [64] supposed ¢,(c, -) is non-negative, which
corresponds to non-negative discrete density values and a positive semi-definite matrix
Rpip(c). Furthermore, it can be shown that the matrix B;p plll)(C)Bplp is positive definite

and B;pzpip(c) BTpc Finally, for every solution ¢ of (2.106), the power balance

equation on the edge e

d
EHpip(C) + Dpip(c) = _<Q:a ) (2.107)

is satisfied.

2.8.4 ISO2 Pipe Model

Full Discretization in Space and Time (Implicit Box Scheme) One can apply var-
ious discretization approaches in space and time for stable simulation and efficient
optimization. One well-established method is the implicit box scheme [50, 51]. It is
commonly used in optimal control applications since mass conservation is given over
the control volumes and stability is ensured even for large time steps. However, it is
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not well-suited to simulate highly nonlinear wave interaction phenomena like shocks.
In this scenario, one should use explicit conservative numerical methods as discussed
in Sect. 2.8.1 instead.

Here, using a two-point discretization in space yields

1 At
1 1 —n+l ~—n+l
(prt + i) = 5 (Pl +pou) = (qmt - ).,

N = N =

~—n+l n+l _ n+1)

- L, At
(qﬁfl + Jou ) =5 @+ o) - (pout Pin
1 _ _
+30 (£ + Flotd amb)
for the flux g := puv, the spatial stepsize Ax = £ (pipe length) and

A glal

f(P’CD = _2D

gpoxb.

The upper index n denotes the n-th time step with stepsize A¢. Recall that gi, and Goy
denote the fluxes in edge direction at the vertices v, and vyt as described in Sect. 2.5.1
and Fig. 2.9.

This nonlinear method in combination with a piecewise linearization is used to derive
an efficient mixed-integer linear program for cost optimization of gas networks [21]. It
is suitable for stiff as well as for non-stiff source terms. The time stepsize is only weakly
limited by a lower bound A > % if the real gas factor z(p) is constant, see [50,51].

2.8.5 ISO3 Pipe Model

For the discussion of discretization methods for (ISO3), we follow [85, Sect. 2]. For
simplicity, in what follows we assume an ideal gas law p = ¢?p and that the elevation
of the pipe is constant so that d,b = 0 and the governing equations read as

Orp + Ox(pv) =0,
Pl (2.108)
2 R —
c“Oxp = 2Dpvlvl.

We now introduce w(p) = p* and observe that

Pl
Oxw =2pdyp = —prlpvl

pv=— /D Oxw
A \1oxw]
Setting a(s) = \/SI_I for (2.108) we obtain
S

and therefore
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Ora(w) — \/gﬁx (a(dxw)) = 0.

After testing with a smooth test function ¥, integrating over the length of the pipe and
integration by parts we are left with the weak formulation

£ D 4 D
f Ydha(w)d+ [ —J a(0,0)d,0 dx = | 2 [wa@w)];.
0 A Jo A

Now, a Galerkin approach can be utilized to discretize this weak formulation in the
spatial variable. For details and questions regarding existence of solutions, convergence
of the scheme and stability, we refer the interested reader to [85, Sect. 2].

2.9 Non-Pipe Gas Network Elements

The next sections describe models for typical gas network elements that are not pipes.
Such elements are represented by edges that we treat in a ‘lumped’ sense. This means
that we only consider pressures pin = p°(Vin), Pout = P°(Vour) at its vertices Vin, Vout
and a spatially constant flow g = ¢°(vin) = ¢°(Vour) On this edge. Note that all element
variables (pressure, flow, velocity) depend on time. As in the sections before, we neglect
the time argument for the purpose of better readability.

Simple Valves Various designs and models are available for valves [33,42]. The sim-
plest model describes a valve as a switch with two states open and closed. The isothermal
model is then simply given by

{pin = pout, if the valve is open, (2.109)

qg=0, if the valve is closed.

Check Valves Check valves are self-controlling valves that allow a flow only in one
direction. They are used to protect the network against pressure overload and loss of
outflow in the event of pipe breaks [8]. The isothermal model equations can be described
by

g = max{q, 0}, (Pin = Pou)q = 0. (2.110)

Resistances A resistance is a simple edge element to describe the hydraulic resistance
of a device. It is also used to model the pressure loss in network components as for
example filter systems. The pressure loss pin — pout under isothermal conditions can be
modeled by (see [30, 82])

¢ qlql
> (2.111)

{
Pin = Pou = 7 pintlvl= DAL



52 Breiten, Domschke, Giesselmann, Hiller, Karsai, Lang, Mehrmann, Morandin et al.

Here, ¢, v, pin and A are the pressure loss coefficient, the velocity of the gas, the gas
density at the in-terminal and the pipe cross sectional area. If the real gas factor z is
assumed to be constant then we have p;j, = pinc2 with the constant speed of sound c.

. 2 .
Hence, with r := ﬁg , we obtain

pin(pin_pout) = rC]|Q|. (2.112)

If the pressure loss coefficient and/or the pipe cross sectional area are not known then
the pressure loss is modeled as constant, see [82]:

Pin(Pin = Pour) = sign(q)cr (2.113)

with a pressure loss constant cg > 0.

Controllers with Characteristic Curves Under isothermal conditions, controllers
regulate the flow depending on the adjacent pressures and a proportional opening
parameter o € [0, 1], i.e.,

q = f(Pin> Pouts 0), (2.114)

where f is a given function describing the characteristic curve. One example is the
characteristic curve for Mokveld valves [44]:

241¢2(0)pin(po — 0.148p§)’ by = min {1'5’ 1.63  [pin — pout} ’
\VpTz c2(0) Pin

q = c1(0)
(2.115)

where the coefficients c(0), c2(0) € R depend on the parameter o.

Preheaters High pressure in the network is reduced at the take-off stations. Gas pre-
heating is required to prevent impermissible cooling when reducing the pressure (due
to the Joule-Thomson effect [13]). In heat transfer stations the gas is heated sufficiently
to ensure that its temperature exceeds the dew point of the gas after throttling [8]. The
temperature difference depends on the pressure difference and can be described by [82]

dT R T? 0z(p,T)
— =uyr(p,T) = S

= 2.116
dp cp p 0T ( )

Here, p1;7 is the Joule-Thomson coefficient and ¢, is the molar heat capacity. A simple
approximation using a single implicit Euler discretization step is usually sufficient for
simulation and optimization [82]. This yields

Tou — T R T2, 0z
== - ,uJT(poul’ Tout) = = out _(poul’ Tout)’ (21 17)
Pout — Pin Cp Pout oT

as the element equation for the preheater. There, T, and Ty, are the temperatures at the
vertices vip and vy of the preheater. Correspondingly, 7j, is the gas temperature before
the heating and 7oy is the gas temperature behind the heating.
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Operating Range of Turbo Compressor

surgeline
chokeline = -

45 -

/t/ll//\);.
30 [ ”/'/I/I '/ R

20 -

Adiabatic Head in kd/kg

<

| |
0 0.2 0.4 0.6 0.8 1
Volumetric Flow Rate in m%/s

Fig. 2.10: Compressor map of a turbo compressor: Isentropic enthalpy change hyq =
hout — hin vs. volumetric flow rate Q. The horizontal isolines describe the characteristic
curves with constant rotational speed . The vertical isolines represent the characteristic
curves with constant efficiency 7,4.

Compressors Compressors are required in gas pipelines since the pressure decreases
significantly after approximately 100 to 150km and the gas speed reduces due to the
friction of the gas flow on the pipe walls. The compression costs depend on the number
of compressors and the compression ratio. Low compression ratios result in lower
energy costs but require more compressor stations [8]. After compression, the pressure
within a gas pipeline is up to 100 bar [53]. The compression is usually described by
characteristic diagrams derived from measured values of the isentropic enthalpy change
hag, 1.€., the energy needed to compress one unit of mass of the gas, see, e.g., Fig. 2.10.

It must be ensured that compressors do not operate outside the stability limits of the
map given by the chokeline and the surgeline, see the red lines in Fig. 2.10. Otherwise,
the resulting stresses would exceed the machine’s design limits and could lead to
functional failure. The enthalpy change depends on the pressure and the temperature
and can be described in the steady state without heat-exchange [14] by

k=1
K K
haa(Q) = hout — hin = Z(pin> Tin)TinR—— ((pout) - 1) s (2.118)
k=1 Pin
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where the isentropic exponent x > 1 depends on pressure and temperature. However, in
practice it is often considered as constant k = 1.29 [66]. Furthermore, the volumetric
flow rate is
_ Z(pin, Tin)TinR
Pin i

with the temperature T, at the inflow of the compressor. The temperature 7oy at the
outflow is given by [14]:

Q

k=1

Tow = T (”°“‘) " 2.119)

Pin

For turbo compressors, the compressor characteristic curve h,4(Q) = haq(Q, n) can be
approximated by [43,49]

haa(Q, ) = a2(mQ” + a1(M)Q + ao(n) (2.120)

with coefficients a;(n) depending on the rotational speed n. Approximations of the
coefficients are given by

a;(n) = aignz + @ n + ao.

The compressor map, see Fig. 2.10, is typically used for quadratic approximations for
the lower, left, upper and right boundary of the compressor control curve. This gives
rise to the conditions

haa(Q) > @50% + @i Q +af, i € {choke, speedMin},

Ut 2.121)
haa(Q) < a50° + a0 + oy, i € {surge, speedMax},

. speedMin s AM: o ) ..
with qchoke a/;.p cedivim a/;.urge and aj.pee ™ describing the chokeline, minimum speed

line, surgeline and maximum speed line. Besides turbo compressors also reciprocat-
ing compressors are used [74]. Reciprocating compressors are usually used only for
small compressor capacities. For higher compressor capacities, one uses mainly turbo
compressors with gas turbine drive [14].

Coolers The compression of the gas leads to a temperature increase due to the Joule—
Thomson effect. Therefore, gas coolers are used for regulated cooling of the gas within
compressor stations. The temperature decrease can be modeled as in [66], i.e.,

k
Tow =Te + (Tin — Tc:) exp (__) . (2.122)
q

Again, T;, and T;,, are the temperature at the vertices vj, and voy of the cooler, T, is
the temperature of the coolant at the inflow and & is a constant.

Compressor Groups and Compressor Stations Typical real gas networks contain
compressor stations with multiple compressors. An important special case are simple
compressor stations that compress gas along one pipeline in a fixed direction. Common
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.- - -
pre-resistance post-resistance cooler

- <

bypass

Fig. 2.11: Schematic representation of a compressor group with two compressors mod-
elled as an edge from vj, to vy, all theoretically possible configurations of these
compressors and the bypass mode [74]. Depending on the selected configuration, gas
flows through exactly one of the dotted paths, i.e., either via the bypass without pressure
loss or via one compressor configuration, whereby the pressure loss in internal pipe
connections is modeled by additional resistances.

simulation software such as SIMONE [58] provides macro elements describing simple
compressor stations. In accordance to the terminology from [74] we denote them as
compressor groups.

A compressor group consists of a number of compressors, one upstream and one
downstream resistor modeling the cumulative pressure loss in the pipes within the
compressor station, a cooler to prevent overheating and a so-called bypass, which
controls the flow of the gas via a valve without compression, see Fig. 2.11. A compressor
group allows a number of configurations, whereby a configuration specifies how a subset
of the compressors is switched. There are series connections or parallel connections of
compressors possible. Each compressor within one configuration is used at most once.
Within the network, a compressor group is modeled by an edge connecting a vertex viy
with a vertex vqy. In the active case (no bypass mode), the compression direction points
from v, to Vour.

In complex gas networks, compressor stations connect several pipelines with each
other. They are used to distribute gas between these pipelines, see Fig. 2.12. A compres-
sor station can be operated in different routes. A route defines how the gas flows through
the compressor station and which compressors are active. The possible routes are usu-
ally modeled on larger subnetworks that contain valves as well as pipes, compressors
and compressor groups [74].

Suitable switching configurations for the valves and compressors can then be used
to model the possible routes in the real network. Each route corresponds to a fixed state
of each valve (open or closed) and each compressor (open, active, bypass) of the sub-
network. For an overview of additional, particularly simplified, models for compressors
and compressor stations, we refer to [43].
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Fig. 2.12: Four routes of a real compressor station that connects one north to south
pipeline with a pipeline directing to east in a T-shaped form.

2.10 Network Models

This section provides a hierarchy of gas network models with network element models on
different levels of complexity described in the previous sections. It starts with a variety of
coupling conditions. Those are natural extensions of the coupling conditions described
in Sect. 2.5 for pipe networks, to more general networks additionally containing elements
such as valves, resistances, controllers, and compressors. The descriptions here are
restricted to the case of one gas component only. In case of gas mixtures, they need to
be adapted to the pipe equations presented in Sect. 2.6.

Recall from Sect. 2.5.1 that the network topology is described by a directed and
weakly connected graph G = (V, &) with vertices v € V and edges e € &. The edges
incident to some vertex v € V are collected in the set E(v).



2 Catalog of Gas Network Models 57

2.10.1 Coupling Conditions

This section describes the natural coupling conditions at the vertices of a gas network.
They are canonical extensions of the coupling conditions for pipe networks described in
Sect. 2.5 to general networks with further network elements such as valves, resistances,
controllers, and compressors.

2.10.1.1 Flow Balance

Let us recall the coupling conditons for pipe networks from Sect. 2.5. Using the notation
from Sect. 2.5.1 for the description of the network topology, the flow balance at each
vertex v € V of the network is given by

v

q” + Z g*(Mn°(v) + Z ¢n(v)=0, foranyve YV, (2.123)

eeapipe(v) eesnopips(v)

with Enopipe (V) = Ecomp(V)UEvaly (V)U Eres(v). Here g is the prescribed inflow/outflow
at vertex v, namely ¢~ = 0 for demand vertices and ¢” < 0 for supply vertices, see (2.30)
in Sect. 2.5.2 and (2.36) in Sect. 2.5.3 for networks with pipes only. Note that the
definition of sign factors n®(v) is given in equation (2.18). Defining the vectors

din = (qe(Vin))eea q = (qe)ee&.(,pipe, qs = (qv)ve(%

pipe’

condition (2.123) is equivalent to
G + APPgin 4 APPEG o (ATOPPE 4 ATOPR g — ) (2.124)

out

with the incidence matrices Aj, and Aoy defined in (2.19) and (2.20) collecting the pipe

columns in AP'™ and ADR® and the rest of the columns in A*"" and Ag"™. Notice

that gin , gout, ¢ and g.. are time dependent functions. The equations (2.123) and (2.124)
are supposed to be satisfied for each point in time ¢.

2.10.1.2 Pressure Continuity

Pressure continuity for all vertices (cf. Sect. 2.5.2) can be written as
pe(v)=p’, veV, ec&EW), (2.125)
where p” is the pressure value at vertex v. Defining the vectors
Pin = (P°in)ecss  Pout = (P Voud)ecgs P+ = (P )vevs
condition (2.125) is equivalent to

Pout = A;)rutp* and piy = —A;P* (2.126)
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with the incidence matrices Aj, and Ay defined in (2.19) and (2.20). Notice that p.,
pin and pgoy are time dependent functions. Again equations (2.125) and (2.126) are
supposed to be satisfied at each time point ?.

Note that pressure continuity coupled with the flow balance equations does not guar-
antee energy conservation at inner vertices in certain flow regimes, see [80]. However,
energy conservation is ensured when enthalpy continuity is imposed instead of pressure
continuity, see [22,79] and Sect. 2.5.2.

2.10.1.3 Enthalpy Continuity

Enthalpy continuity at all vertices (cf. (2.31) in Sect. 2.5.2) can be written as
h(v)=h", forany v € V, e € E(v), (2.127)
where " is the specific enthalpy at vertex v. Defining the vectors
hin = (h*(Vin))eess  hout = (h*(Voud)eegs  hs = (W )ye,
condition (2.127) is equivalent to
hou = Aguhs  and  hin = —A; h. (2.128)

with the incidence matrices Aj, and Ay defined in (2.19) and (2.20). Notice that A,
hin and hoy are time dependent functions. The equations (2.127) and (2.128) are to be
understood as satisfied for each point in time ¢.

It should be noted that pressure and enthalpy continuity coincide for zero velocity.
Hence, their difference can be expected to be small if the fluid velocity is very small
compared to the speed of sound. Correspondingly, one should consider enthalpy con-
tinuity when models ISO1 or TA1 are used on the pipes. For the remaining models
(IS02, ISO3, ISO4, TA2, TA3, TA4) it is enough to consider pressure continuity, see
Sect. 2.5.2.

2.10.2 PDE Gas Network Models

This section collects gas network models that are described by systems of PDEs. Since
non-pipe elements are described by non-PDE models, we are restricted to gas networks
consisting solely of pipe elements and to pipe models of type ISO1, ISO2, ISO2F, ISO3,
TA1, TA2, or TA3. The following sections present the PDE systems for the pipe models
ISO1, ISO2, ISO3, and TA1. They are compiled from Sections 2.3, 2.4, and 2.5. Their
purpose is to illustrate the structure of the network PDEs and their boundary conditions
corresponding to the chosen pipe model.

For ISO2F, TA2, and TA3 one can easily adapt the systems using the pipe equa-
tions (ISO2F), (TA2) and (TA3). For details of the isothermal and temperature-
dependent pipe models see Sections 2.3 and 2.4.
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2.10.2.1 ISO1 Pipe Network

The network equations are given by the isothermal Euler equations (ISO1) equipped
with the enthalpy continuity equations (2.127) and the flow balance equations (2.123)
ensuring energy conservation in the vertices, cf. Sect. 2.5.2:

0p¢ +0:q° =0, 0v°+0,h®=—y°, e€é,
h(v) = hl, vevV, eec&EW),

'+ >, ¢‘Mn() =0, vev,
ec&E(v)

(2.129)

with the mass flux g¢ = p®v®, the mass flow ¢g¢ = A°4° and the specific enthalpy
e 1 e\2 1o e e
h =§(v)+P(p)+gb

for each pipe e and the pressure potential P(p) = p /1) &ZS) ds satisfying pP”'(p) =
s

p’(p). They are completed by an equation of state f(p€, p¢,T¢) = 0 for each pipe, for
example as described by (2.2) with 7¢ being fixed as the wall temperature T, of the

pipe.

2.10.2.2 ISO2 Pipe Network

The network equations are given by the semilinear pipe equations (ISO2) for small
velocities, see Sect. 2.3.1, equipped with the pressure continuity (2.125) and the flow
balance (2.123):

0 p¢ +0x3° =0, 0,0 +0,p° =y —gp°Oxb, e€&,
e _ v
p‘wv)=p’, veV, e &EW), (2.130)
'+ > ¢“om‘(») =0, vew,
ee&E(v)

with the mass flux g¢ = p®v® and the mass flow g = A°4¢ for each pipe e. They are
completed by an equation of state p¢ = RpT;z(p¢,T;;) for each pipe where T}, is the
wall temperature of the pipe.

2.10.2.3 ISO3 Pipe Network

The network equations are given by the doubly nonlinear parabolic pipe equa-
tions (ISO3) for the friction-dominated case, see Sect. 2.3.1 equipped with the pressure
continuity (2.125) and the flow balance (2.123):
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0 +0xG° =0, 0yp°=—y°° —gp°Oxb, e€&,
pe(v)=p’, veV, ec&EW),

q” + Z g°(v)n°(v) =0, vewv,
ee&(v)

(2.131)

with the mass flux g° = p®v® and the mass flow g¢ = A°g¢ for each pipe e. They are
completed by a equation of state p¢ = RpT;,z(p®,T,) for each pipe where T}, is the
wall temperature of the pipe.

2.10.2.4 TA1 Pipe Network

The network equations are given by the full Euler equations (TA1) equipped with
the enthalpy continuity equations (2.127), the flow balance equations (2.123) and the
perfect mixing condition for the entropy (2.39) ensuring energy dissipation and entropy
conservation at junctions, cf. Sect. 2.5.3:

0 +0xG° =0, O0,v°+ 0 h® =—y°|v°|v°, ee€é&,

k
A E(p%, 06, TC) + 05 (E(p€, v, T) + p*)°) = D—“;(T; -TS), e €&,

hé(v) = hY, vevV, ec&EW),
"+ D, q°Mn(v)=0, vev,
ec&E(v)
max{q",0}s” + Zeeg,(v.q) ¢°Ms*n(v)
— =5°(v), veV,ee€Eulv,q),
max{q”, 0} + Secen(v.q) 4N ourtY- 4
(2.132)

with the mass flux §¢ = p®v®, the mass flow g¢ = A°§¢, the specific entropy s¢ and the
specific enthalpy

e\2 e
_ @9 WP

h¢ —
2 ol

+e® — Tys®

for each pipe e and the total energy density function E(p,v,T) = ,0(%02 +gb +cyT).
They are completed by an equation of state f(p°, p¢,T¢) = 0 for each pipe, for example
as described by (2.2).

2.10.3 PDAE Gas Network Models

This section shall demonstrate that a fully dynamic modeling of the gas transport in real
gas networks leads to a system of PDEs with algebraic constraints, or in other words,
to a partial differential-algebraic equation system (PDAE). The full dynamic model
system consists of PDE models describing pipe edges, non-differential equation models
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describing non-pipe edges and algebraic models describing the coupling conditions at
the vertices.

To enhance readability, here we restrict ourselves to a description of two model
classes only. Other model classes can straightforwardly be derived using different pipe
models from Sections 2.3 and 2.4 or other models for non-pipe elements described in
Sect. 2.9. First, we consider a pipe network with compressors using the full Euler equa-
tions (TA1) for pipes. It explains how PDE pipe models are coupled to non-differential
equation models for non-pipe edges using compressor edges as an example. Secondly,
we formulate the PDAE system for pipe networks with compressors, check valves, and
resistors using the semilinear isothermal equations (ISO2) for pipes. Stability and stable
spatial discretizations of this PDAE system are presented in [45]. The numerical analysis
for general PDAE systems, also considered as operator DAEs, is still an open research
topic. Several approaches for linear PDAE systems are presented in [28,54,60,61,78].
For the numerical analysis of nonlinear PDAE systems in specific applications we refer
to[1,2,6,7,27,37,62].

We introduce the notation Epipe, Ecomp» Evalv and Eres for the sets of pipe, compressor,
valve and resistor edges, respectively. Correspondingly, the pipe, compressor, valve and
resistor edges incident to some vertex v € V are collected in the sets Epipe(V), Ecomp(V),
Evav(v), and Epes(v).

2.10.3.1 TA1 Pipe Network with Compressors

We consider a full dynamic model for pipe networks with compressors. It collects the full
Euler equations (TA1) for pipes, the equations (2.118), (2.119) for compressors equipped
with the enthalpy continuity equations (2.128), the flow balance equations (2.123) and
the entropy condition (2.39) for pipes:

0p¢ +0xG° =0, 0,0°+0h®=—-y|v°|v°, e € Spipe,

e e e e e e e e k e e
atE'(p s U ’T )+8x((E(p U ’T )+P )U )=D_u;(Tw_T )7668pipe7

e pe el
K K'
Z(pien’Tii)TiiR (( poem) - 1) = hﬁut - hien’ ec 8comp,

ke =1 in
N
Pour | ©
Tifl ( ; ) = Toeut’ e € 8c0mp’
in
q"+> qcm M+ > ¢n°(n) =0, vewv,
eeapipe(") €€ Ecomp(V)

max{q”,0}s” + Dees (v c(v)s¢(v)n(v
{q } 68‘"( ’q) q ( ) ( ) ( ) = Se(v)v vV € (Vve € Soul(vv ‘I),
max{g¥,0} + Xecesg,(v,q) ¢ (VIN¢(V)
hout = AT h*a hin = _Ai-rrlh*,

out

(2.133)
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with the mass flux §¢ = p®v®, the mass flow g¢ = A°§°, the specific entropy s¢ and the
specific enthalpy
(Ue)2 pe

h¢ = 5 +— 4 e’ —Tys®

for each pipe e and the total energy density function E(p,v,T) = ,0(%1)2 +gb +cyT).
They are completed by an equation of state f(p°, p¢,T¢) = 0 for each pipe, for example
as described by (2.2). The vectors hqy and Ay, in RE collect all enthalpy values h{ and

h¢, of pipes and compressors with ¢ = h®(vow) and kS, := h¢(viy) for pipes. Further,

the vector 4, € RY consists of all h” where h” is the specific enthalpy at vertex v.

2.10.3.2 ISO2 Pipe Network with Check Valves and Resistors

The network equations include the semilinear equations (ISO2) for pipes, the equa-
tions (2.110) for check valves, the equations (2.112) for resistors as well as the pressure
continuity (2.125) and the flow balance equations (2.123):

0rpp(p€) + 0xq° =0, e € Epipe,
. 2 q°19°|
hg" + 0" = 2D° 9,(p°) 8o (P*)0:b", ¢ € Epipe,
(pfn - pgut)qe =0, q¢ = max{q°,0}, e € Evaw,
pien(pien_pgut)=reqe|qe|s e € Eres,
p‘(v) = p., vevV, ee&EW),
-¢"= >, ¢“n°(+ > q°n°(v), vevV,
ee Spipe ) ee Scomp( VIUEres(v)
(2.134)
. e _ pes . : - D
with mass flux g¢ = p®v¢, mass flow g = A°4° and density function ¢, (p) = RT2p 1)

with constant temperature 7 and the pipe friction coefficient 1, see Sect. 2.2.2.3.

2.10.4 DAE Gas Network Models

Here, we present two spatially discretized network models resulting in differential-
algebraic equations (DAESs). The first one is based on the energy-preserving discretiza-
tion (2.106) for the model (ISO1) on each pipe which uses the port-Hamiltonian form
described in Sect. 2.8.3. We show that it results in a DAE system of perturbation in-
dex 2. The second one uses a topology adapted two-point-discretization [45] resulting
in a DAE of perturbation index 1 but does not guarantee energy preservation. Note that
a perturbation index higher than 1 corresponds to an ill-posed problem since a DAE
system
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[0y, y,)=0, y(to) = yo (2.135)

has perturbation index k [40] if and only if & is the smallest number with the property
that, for all sufficiently small perturbations J, there exists a constant ¢ > 0 such that

k-1
1y = ¥ lleo e{ lyo = ¥5 11+ 25116 o
i=0
for any solution y satisfying (2.135) and any solution y° of the perturbed DAE system

f@Oy°.y°.0=6,  y°(to) =) (2.136)

2.10.4.1 ISO1 Pipe Network with Compressors in Port-Hamiltonian Form

The energy preserving discretization (2.106) for model (ISO1) described in Sect. 2.8.3
provides, for each pipe edge e, a system in port-Hamiltonian form

Ee Ce ace=jeze Ce _Re Ce ~Z~e Ce —Beh*,

()0, ) ( e)T~e (e) (c%) (2.137)

0=gq;+(BY) Z°(c°),
- 1 - 1

where E¢ and B¢ are given by (2.101), J¢ = ;]e by (2.104), R := ;Re by (2.105)
and Z¢ = A°z° by (2.102).

The model for compressor edges can also be written in the form (2.137) with the
compressor flux 7¢(c®) = c¢ := ¢¢, the enthalpy change hi, — hoye =: B¢h. and

- - h e e e
EC =0, Jewm0, Ry @) e 4 —
¢ ®p(p5,)
The network DAE is then given by
E(c)d;c = Ji(c) — R(c)Z(c) — Bh.
(€)drc = JZ(c) A (©)Z(c) (2.138)
0=qg.+ B Z(c)
witheT =(..,(9)7,..), G =(..,(Z(c*)T,...)and
E(c) =diag,cg(..., E€(c®),...), J = diag,.g(...,J%, ...,

R(c) = diag, (..., R(c®),...) BT =(..,(B9",...) foralle€&.

Note that R(c) is positive semidefinite only if ¢, > 0 (which corresponds to non-
negative pipe densities) and the compressors are controlled such that R°(c¢) > 0 for all
compressor edges. If we collect all pipe edge variables A°c® in ¢pjpe and all compressor
edge variables ¢ in ccomp, then one can rewrite (2.138) as
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Epipc(cpipe)at Cpipe = ‘P(Cpipe) - Bpipch*,
0= ¥ (Ccomps Meomp) — Bcomph*, (2.139)
O = (s« + B;—ipeCPiPe + B(-;rompccomp

with Epipe(Cpipe) = diageespipe(. - %Ee(c“’), ...). Note that the in/out flow ¢, ; at
vertex v; corresponds to an unknown if and only if v; is a boundary vertex where
the enthalpy 4. ; is fixed. We take the usual assumption from practice that the speed
Neomp 18 controlled such that the second equation of (2.139) is fulfilled for a prescribed
desired enthalpy change Bcomp/. which corresponds to a prescribed pressure ratio for

COmMpressors.

For the analysis of the perturbation index of the DAE (2.139), we assume that E, ¢
and ¢ are sufficiently smooth. Additionally, we assume that the solution components
¢ = (cp, cg) satisfy ¢g > 0 for all pipe edges e and that each vertex of the network is
connected to at least one pipe edge. Then, Bpe has full column rank and we know from
Sect. 2.8.3 that Epjpe(cpipe) and B;i E _iée(CPiPe)BPiPe are positive definite.

Then, one can verify that the DAEJ)E (5. 139) has perturbation index 2 unless all vertices
of the network are either supply nodes with fixed enthalpy or have a compressor edge
directed to them. This becomes clear from the fact that those parts of /., that are not
prescribed by supply nodes or compressor edges are determined by a hidden constraint
resulting from the first derivative of the third equation of (2.139) inserted into the first
equation of (2.139).

2.10.4.2 ISO2 Pipe Networks with Valves, Resistors and Compressors

For each pipe edge e, we use the simple two-point discretization in space [38,45]

1
(9t(¢p(Pgut)) + Ae_fe(qgm - qien) =0,

Ae
Ordtin + g (Pou = Pi) = f* (Poue: i)
with ¢, defined in Sect. 2.10.3.2. In this formulation we take the flows ¢;, = A°g; and

qi. = A, with the pipe cross sectional area A€, the spatial stepsize £¢ (pipe length)
and

A qlql
2D¢A® ¢p(p)

. q) =~ — 8A%pp(p)0xb*

with the pipe diameter D®. Recall that ¢, and gg,, denote the flows in edge direction
at the vertices vy, and vy, as described in Sect. 2.5.1 and Fig. 2.9. For pipe networks
including valves modeled by (2.110), resistors described by (2.111) and compressors

expressed simply prescribing the output pressure as a given pressure p., we obtain the
DAE system
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1
9 (Lp(Pou)) + —o e (ow — 4in) = 0, e € Epipe,

e
Orqi, + ?—e(pﬁm = Pi) = P 4i)s € € Spipe,
(Pf, — Powd® =0, ¢° =max{g®,0}, e € En,
Pin— Pow = V(P 4°), € € Eres,
Pout = Pes e € Ecomps
Pin = —AjPe, Pout = —Agulss

pipe pipe nopipe nopipey
q+A," qint+Agy Gout + (AT +A T )g=0

(2.140)

with

e _ ¢ dldl
VD = e o)

and pin, Pouts P=» Gins Gout> ¢ and g, defined in Sect. 2.10.1. The system (2.140) has
perturbation index 1 if all of the following conditions are satisfied [45]

* No edge is directed to a supply vertex.

» All vertices that are not supply vertices have at least one pipe edge directed to them.

 If a vertex has a resistor or compressor edge directed to it then no pipe edges are
directed to it.

The conditions can be fulfilled by adapting the edge directions [45] if the gas network
graph satisfies the following assumptions:

 There is no pipe edge that directly connects two supply vertices.

» Each connected component of the network graph resulting from removing the valve
edges contains a supply vertex.

* Non-pipe edges do not have common vertices.

Note that the adaption of the pipe edge directions is in fact an adaption of the spatial
discretization since it selects at which pipe edge one evaluates the time derivatives.

2.10.5 AE Gas Network Models

We finish the section on network models with models containing only algebraic equa-
tions (AE). First, we consider the simplest case of pipe networks described by the
stationary model equations (ISO4) for pipe edges. It leads to constant flows on the pipe
edges and reduces, therefore, to a system of dimension |&|+|V| with one flux value
on each edge and one pressure value on each vertex. The second algebraic equation
model accounts for the instationary behavior. It results from the two-point implicit box
discretization given in Sect. 2.8.4 for (ISO2) pipe models. The resulting dimension is
here N;(|E]+2|V|) with N; the number of time steps.
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2.10.5.1 ISO4 Pipe Networks

With reference to Sect. 2.3.3, the stationary pipe equations (ISO4) are given by

axq = O’
2

2 _ _ C /1
0x(p”) =2pdxp = Y gl

with the mass flow ¢ = Apv and the speed of sound ¢ satisfying ¢? = RT'z, for z(p) = zo.
We see that ¢ is constant in space on each pipe e and the second equation yields

2
cA
Pouw = Pin = =34 lal &, (2.141)

where ¢ is the length of the edge e. Combining the flow balance equation (2.124) and
the pressure continuity (2.126), the whole network system is then given by

(Adup)* = (AL p)* = f(q),

2.142
qs + (Ain + Aou)g =0, ( )

with the vertex pressures p] = (..., pY,...) for all v € V and the edge fluxes ¢ =
(...,q%...)forall e € & and

(Ce )Z/le

T _ _ e e| pe
fl9 =C.., De(Ae)zq lg€|€¢,...) foralle € &.

Note, the squares of the vectors in (2.142) are considered as component-wise squares.

2.10.5.2 ISO2 Pipe Networks After Implicit Box Discretization

Applying the two-point implicit box discretization given in Sect. 2.8.4 to pipe networks
modeled by the (ISO2) equation, we obtain the following system of algebraic equations:

1
(sop(Ampf“) sop(Aoutpf“))

3 Pp(ALPD) = Pp(Agur?))

7
D (a5 - a),

1
3 (a + QQJJ) 5 (@ + ai) = ArD (AL + AT
1
+ S0 (FEATPE gl + AL ab))

n+1 + Amqm + AOUl(']out - 0
(2.143)

with g,(p) = (..., o (p°), .. )7 using ¢, defined in Sect. 2.10.3.2 and
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A q°lq°|

T2DeAY 0, (p°) gep(p)acbe,..)"  foralle € &,
0

fp.9)=0(..,

1
D, ::diag{...,g—e...} foralle € &.
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Abstract This chapter addresses mathematical models for isothermal mixtures of hy-
drogen and natural gas, motivated by the need for reliable simulation tools in future
low-carbon energy systems. We analyze several classes of mixture models and inves-
tigate their convergence properties in the regime of strong interaction between con-
stituents, covering stationary and instationary single-pipe settings as well as network
flows. Since mixture models critically depend on the choice of pressure law, we compare
the industry-standard GERG equation of state with simplified alternatives that preserve
convex energies and reduce computational costs. For network applications, we discuss
consistent coupling conditions across model classes, explore optimization of steady
flows using the algebraic Weymouth formulation, and provide numerical evidence for
its applicability in relevant operating regimes. The study reveals when simplified models
are justified and outlines key open challenges for the modeling of gas mixtures.
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3.1 Introduction

This chapter addresses the modeling, simulation, and optimization of isothermal gas
mixtures, with a specific focus on mixtures of natural gas and hydrogen. A key moti-
vation for this topic is the ongoing transition to carbon-neutral energy systems, which
includes the construction of dedicated hydrogen transport infrastructure. While this
transition is ongoing, blending hydrogen with natural gas offers a way to integrate re-
newable energy sources into existing gas transport networks [30]. The safe and efficient
operation of such networks requires mathematical models that are both accurate and
computationally tractable.

In practice, many studies approximate natural gas by its dominant component,
methane, when analyzing hydrogen blends [24,27]. This simplification is often jus-
tified for capturing bulk transport and pressure-flow behavior, though it neglects the
influence of higher hydrocarbons and inert constituents that may matter for combustion
properties or safety analyses. In this chapter we adopt this methane-hydrogen proxy,
with the understanding that it is a first approximation and its validity depends on the
intended application.

Although the balance equations for gas mixtures are well established (see, e.g., [3]),
different choices lead to distinct classes of models. In particular, one-velocity models
(also known as Class I models) for binary mixtures assume that the two constituents
share a common velocity. In contrast, two-velocity models (also known as Class II
models) for binary mixtures assume that each of the components has its own veloc-
ity, and that the velocities interact with each other via an inner friction between the
constituents. Understanding these model classes and the relationship between them is
crucial for reliable simulation. In particular, we focus on two key aspects. The first
is the convergence of (stationary solutions of) the two-velocity model to (stationary
solutions of) the one-velocity model as the inner friction goes to infinity. The second
is the behavior of instationary solutions of the two-velocity model over long times for
various levels of the inner friction.

In Sect. 3.2, we formally introduce the one- and two-velocity models for binary
mixtures in the isothermal instationary setting; for the one-velocity model, we also
introduce a simplified stationary model arising by dropping the convection term. As
the models are given by balance laws, they require the imposition of a number of
additional constitutive relations to be closed; in our case such a relation takes the
form of a pressure law (also known as an equation of state). We introduce the notion of
thermodynamic consistency of the models, which restricts the set of admissible pressure
laws to those with an associated energy function. We then discuss, in an informal sense,
the relationship between the two model classes.

In Sect. 3.3, we turn our attention to the investigation of pressure laws for methane-
hydrogen mixtures. The GERG-08 equation of state [21] is the industry standard for
a large class of mixtures, but for methane-hydrogen mixtures it may be unnecessarily
complex, resulting in high computational costs. Additionally, we were unable to find an
energy function for GERG-08 and thus could not find a thermodynamically consistent
formulation of the models in this case. As a result, we discuss several alternative
pressure laws of varying complexity which are easier to evaluate and possess key
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physical properties, in particular an associated convex energy. Computing the relative
deviation of the pressure laws from GERG-08 as functions of the mass densities, we
find an overall increase in accuracy with increasing complexity. However, outside the
methane-dominated mixture regime, the deviations from GERG-08 are comparatively
low for all pressure laws.

In Sect. 3.4, we further investigate the simplified stationary one-velocity model
introduced in Sect. 3.2. We show that this simplified model is equivalent to a generalized
Weymouth equation, and in particular is algebraic. This makes it extremely useful as
an optimization constraint and as a starting point for investigating stationary solutions
of the full one-velocity model.

In Sect. 3.5 we turn our attention to numerical investigations of the one- and two-
velocity models applied to methane-hydrogen mixtures on a single pipe. We begin by
discussing the imposition of compatible boundary conditions for the one- and two-
velocity models in Sect. 3.5.1 before introducing the numerical scheme and discussing
additional computational aspects in Sect. 3.5.2; these discussions are also relevant for
our investigations in the network case, cf. Sect. 3.6.

In Sect. 3.5.3, we investigate the convergence of stationary solutions of the two-
velocity model to those of the one-velocity model in the limit as the inner friction
goes to infinity. We find that whether or not the solutions converge depends on which
boundary conditions are prescribed. We proceed in Sect. 3.5.4 to investigate the impact
of varying the inner friction on instationary solutions of the two-velocity model. Here
we find that for short times, higher inner friction forces the two velocities to approach
each other more quickly, but on longer time scales we observe two different types of
behavior in the system as the friction varies.

In Sect. 3.6 we discuss the one- and two-velocity models on networks, beginning by
introducing coupling conditions at junctions for the one- and two-velocity models in
Sect. 3.6.1. In Sect. 3.6.2 we discuss optimization for a steady state model on networks
based on the algebraic Weymouth equation. We show that a global optimization of
mixture flows is possible for network sizes for which the single-component flows can
be solved. The computational time depends on the instance, but is about two to three
orders of magnitude larger compared to the single-component case.

In Sect. 3.6.3 we discuss aspects of computing stationary solutions for the one-
and two-velocity models on networks, in particular the implementation of coupling
conditions. Sect. 3.6.4 compares the influence of different choices of pressure laws
for stationary solutions of the one-velocity model on networks. We find that while the
pressure deviations are limited for the various pressure laws, the deviation in densities
is considerably larger.

We then investigate the consistency between the coupling conditions of the one- and
two-velocity models in Sect. 3.6.6 via numerical experiments. These are observed to
be consistent in the limit as the inner friction goes to infinity. Finally, in Sect. 3.6.7 we
perform a computational study investigating the convergence of the scheme for the one-
and two-velocity models in the space and times grid size. We find that the convergence
rates vary considerably, however, they are mostly better than expected, indicating that
our experiment remains in a preasymptotic regime.
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In this way, the chapter illustrates both the opportunities and the limitations of current
modeling approaches for natural gas-hydrogen mixtures. To conclude, Sect. 3.7 gathers
key open questions that require further investigation.

3.2 Introduction to Mixture Models

Since in the course of the chapter we address simulation and optimization for certain
mixture models, we first collect the models. For the convenience of the reader, let us
recall the mixture models introduced in Chap. 2, “A Catalog of Gas Network Models:
PDEs, Coupling Conditions, and Numerical Schemes”, Sect. 2.6, see also [3, 18]. In
the following, we consider a given friction coefficient 2 > 0, pipe diameter D > 0,
gravitational constant g and elevation b of the bottom of the gas pipe above a reference
level. In all subsequently discussed models, the densities p;, p denote the masses
of constituents 1 and 2 in a shared reference volume, respectively. Unless otherwise
specified, all quantities are given in SI units.

One-Velocity Models In isothermal one-velocity models, also called Class I models,
see [3, 18], the densities, the shared velocity v and the pressure p are governed by the
conservation of mass and balance of momentum

dip1 + 0u(p1v) = 0, (3.12)
B2+ 0u(p2v) = 0, (3.1b)

A
3i(pv) + 0x(pv* + plp1, p2)) = =55 plolo = gpdch, (3.10)

where p = p; + p» > 0 denotes the total density. In order to close the system, a
constitutive relation for the pressure p = p(p1, p2) has to be chosen. Denoting the mass
fraction of constituent 1 by

j=—L >o, 3.2)

p1+p2

one may consider a transformed pressure function p(p, fi). Then, for sufficiently smooth
solutions, system (3.1) can formally be rewritten as

8ip + Ox(pv) = 0, (3.3a)
Opfi + 00, (f1) = 0, (3.3b)

A
8 (pv) + dx (pv* + p(p, ) = —5pPlvlv = 2pdsb, (3.3¢)

similarly to (2.42) in Chap. 2, “A Catalog of Gas Network Models: PDEs, Coupling
Conditions, and Numerical Schemes”.
We also work with the following simplified auxiliary model
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0x(pv) =0, (3.4a)
00, () = 0, (3.4b)

A
0xp(p, i) = —Eplvlv — gpoxb (3.4¢)

which results from neglecting the convective term 9, (pv?) in the stationary case of (3.3).
This can be formalized by a rescaling as in the derivation of the ISO3-type models, see
Sect. 2.6.4 of Chap. 2, “A Catalog of Gas Network Models: PDEs, Coupling Conditions,
and Numerical Schemes”.

This model will be used in Sect. 3.4. A key feature of this model is that for specific
pressure laws, such as the ideal gas law it can be solved explicitly allowing for its use
as an algebraic constraint in solving optimization problems as done in Sect. 3.6.2.

Two-Velocity Models In two-velocity models, also called Class II models, for isother-
mal binary mixtures, the densities p1, p» > 0, the velocities vy, vp and the pressures p1,
p2 are related by

0rp1 + 0x(p1v1) = 0, (3.52)
01p2 + 0x(p2v2) =0, (3.5b)

A
3:(p101) + Ox(p1V] + 1) = = fp1p2(v1 — v2) — EPIFI(UI, 02) — gp10xb,  (3.50)

A
3 (p2v2) + Ox(p2v3 + P2) = = fp1p2(v2 — v1) — 35 P21, 02) = gp20ih.  (3.5d)

Here, f > 0 is an inner friction parameter, which determines the friction between the
two components. The terms F;(vy, v2), for i € {1, 2}, represent wall friction terms, and
should satisfy

Fi(vi,v)v; >0 fori € {1,2}
and for example can be chosen as
Fi(v1,vp) = |vi|v; fori e {1,2}. (3.6)

For the pressures pj, p», constitutive relations are required to close the system. For
sufficiently smooth solutions (o1, p2, v1, 02), system (3.5) can be reformulated as

Orp1 + 0x(p1v1) =0, (3.72)

0rp2 + 0x(p212) = 0, (3.7b)
0 A

0rv1 + 010501 + Pl —fp2(v1 —v2) - EFI(UI’UZ) — 80xb, (3.7¢)
Oy A

Orvs + 020507 + L2 £ 10 = 01) = = Fa(v1, 02) — g0, (3.7d)
P2 2D

Thermodynamic Consistency We shall consider pressure laws, i.e., constitutive rela-
tions for p; in terms of p1, p», which are compatible with the laws of thermodynamics,
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see [3,7]. For a given Helmholtz free energy P = P(p1, p2), the total thermodynamic
pressure is determined by the Gibbs—Duhem relation as

p(p1,p2) = =P(p1,p2) + D, pi 0o, P(p1, p2), (3.8)
=12

see, e.g., [3, eq. (64)]. Then, we consider p; such that one has

Dy(0p, P) = % fori € {1,2}, (3.9)
which is compatible with Dalton’s law p = p1 + p2. Such p; only exist as functions of
(p1, p2) only for special choices of P. Even if they do not exist, one may insert (3.9)
into (3.7) to solve the PDEs.

Choosing P and p; such that (3.9) holds ensures the thermodynamic consistency of
the two-velocity model in the sense that the energy balance

2
Pl 2, P2 2 1,
0, (7”1 + 702 + P(p1, p2) +gp6xb) + ax( lél pivi (0, P + Evi )

A A
= —fp1p2(v1 — v2)* - ﬁplvlFl(vl, v2) — EP202F2(U1, v) (3.10)
holds for any smooth solution to (3.5). Note that the one-velocity model (3.1) with p as
in (3.8) is also thermodynamically consistent with energy balance

1 A
0, (50 + P(p1. p2) + 800 + 0 3 it(0p, Plpr,p2) + 317 = =5 plol’.

In the regime relevant to gas networks it is reasonable to assume that P(pq, p2) is
convex. Indeed, for the relevant ranges of temperature and pressure, the mixtures are
supercritical and no spontaneous phase separation occurs, see [7, Ch. 2]. In contrast,
in the subcritical regime P may be non-convex in the densities, which allows for two
distinct phases to coexist at the same temperature and pressure.

Relation Between One- and Two-Velocity Models A formal derivation shows that
for f — oo, the two-velocity model (3.5) approaches the one-velocity model (3.1).
Neglecting boundary conditions, the limit f — oo leads tov; —v, — 0in (3.5). Inserting
v1 = vy = vinto (3.5), assuming the wall friction terms have the form indicated in (3.6),
and adding the momentum equations shows that

A
3i(pv) + dx(pu” + p1 + p2) = = plolv = gpdsb.
This formally yields the one-velocity model (3.1) since with (3.8) and (3.9) we have

Oxp = Oxp1 + 0xp2. (3.11)
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Practitioners are convinced that for the relevant regimes in gas transport, the one-
velocity model captures the essential physical features, since the time scales of interest
are far larger than the average time between molecule collisions [11]. However, from
the perspective of mathematical analysis it is less easily handled than the two-velocity
model. This is because, for simple pressure laws, the two-velocity model can be viewed
as two sets of one-component systems, see (ISO1) in Chap. 2, “A Catalog of Gas
Network Models: PDEs, Coupling Conditions, and Numerical Schemes”, coupled by
the internal friction. As a result, much of the inherent structure of the one-component
models carries over.

3.3 Pressure Laws

The one- and two-velocity mixture models (3.1) and (3.5) presented in the previous sec-
tion still require some pressure laws to close the system. Here we collect several choices
of pressure laws; for more details on mixing theory and more pressure laws see [6,7] and
references therein. After introducing relevant properties of pressure laws, we collect sev-
eral concrete examples in order of increasing complexity: ideal gas law [19], a law based
on linearized compressibility factors [5], laws using virial expansion [8, Sec. 1.1], laws
using mixed! virial expansion [9, Sec. 1.1], and GERG-08 [21]. Recall that throughout,
we consider the isothermal case and thus treat temperature as constant.

Furthermore, we compare most of these pressure laws for a binary mixture consisting
of methane and hydrogen. In this and later sections wherever numerical experiments
are conducted, quantities with index 1 refer to methane, and quantities with index of 2
refer to hydrogen. For example, p; denotes the methane density and p; the hydrogen
density.

Notation In the following, let ¢; and ¢, denote the speed of sound of constituent 1
and 2, respectively, which are considered as given constants. The space of polynomials
of degree at most » € N is denoted by P, (X), where X = R for d = 1,2. The molar
density is given by

pLy (3.12)
My M,

where M|, M, are molar masses of each constituent in kg/mol and T the temperature
in K. For methane and hydrogen, the values of the molar mass constants are M| =
16.042460 kg/mol and M, = 2.015880 kg/mol respectively, see [21,32, Tab. AS].

Moreover, we define the mole fractions by

Pmol(p1, p2) =

&
xi(p1,p2) = M; , forie{l,2}, and set  x := (x1,x2). (3.13)

mol

Properties of Pressure Laws A mixture is called

(1) simple, if the pressure law is of the form

! Here ‘mixed’ refers to the fact that bivariate polynomials are used rather than univariate ones.
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p(p1, p2) = p1(p1) + p2(p2), (3.14)

for some p;: R.g — R.o,i € {1,2};
(ii) thermodynamically consistent, if there exists an energy P = P(p1, p2) such that (3.8)
holds, see [3].

Note that simple pressure laws are particularly easy to analyze and to implement. For
thermodynamically consistent mixtures also convexity of P is of interest.
Thermodynamically consistent mixtures with energy of the form

P(p1,p2) = P1(p1) + P2(p2) (3.15)

are simple. Indeed, in this case it follows from (3.8) that (3.14) holds for the partial
pressures p;(p;) = —Pi(p;) + pi0p, Pi(p;) fori € {1,2}.

Thermodynamic consistency can be verified for general bivariate polynomial pres-
sure laws. Indeed, for expressions of the form P(p;, p2) = p{ p§ withj,k e R, j+k > 1,
we obtain

p(p1,p2) = —P(p1, p2) + P10y, P(p1, p2) + p20,, P(p1, p2)
] . -1 i k-
=—plph +p1jp]” p5 + p2kp]ps”!

=(j+k-1plp5.

Furthermore, for monomials of order 1, e.g., p(p1) = p1, we derive the energy P(p;) =
log(p1)p1. Since the monomials form a basis of the polynomials, there exists an energy
for every polynomial in (o1, p3). Thus, for each p € P, thereis a P € P, such that (3.8)
holds. Since we never used that k, j € N, there exists also an energy for non-integer
valued exponents larger than 1.

3.3.1 Collection of Pressure Laws

Let us now collect some standard pressure laws widely used in the literature.

Ideal Gas The ideal gas pressure law is based on computing the change of the speed
of sound in a mixture. For a detailed derivation and physical motivation we refer to [2].

They show that
P1 P2 2 2
pior.p2) = RT3 + 77 ) = clpi + Spn (3.16)

where R is the universal gas constant in kg m?%/ (s> K mol), T is the temperature in K and
M\, M, are the molar masses in kg/mol of methane and hydrogen, and recall that c;
and ¢, in m/s denote the constant speeds of sound.

Note that a mixture with the ideal gas law is simple and by the above consideration
thermodynamically consistent with convex energy P(p1, p2) = P1(p1) + P2(p2), where
Pi(p;) = c%pi log (;if) for a reference density prr, see Table 3.1.
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Linearization of Compressibility Factors The pressure law suggested in [5] is based
on linear approximations of compressibility factors. It is given by

Pp1R1\T + po Ry T
—-p1RTa\(T) — paRoTax(T)

pr(p1,p2) = 1

where R{, R, are specific gas constants and a(T'), a»(T) are the slopes of linear ap-
proximations of the compressibility factors. This law is not defined for p1R1Ta(T) +
p2RyTar(T) = 1. The values of ap,a; are such that the relevant range for pipeline
operation is p1R1Ta(T) + p2R2Tay(T) < 1. This law is thermodynamically consistent
with convex entropy on its domain of definition.

Virial Expansion This model uses the ansatz

pv(p1, p2) = p1(p1) + pa(p2), (3.17)

and hence models simple mixtures. The partial pressures are given by the so-called
virial expansion, for i € {1,2},

. 2 3
pi<p,-)=RT(Z—’i+Bi(Z—’i) +ci(]f;—‘i) ) (3.18)
with constants B; and C; determined by experiments. A more detailed introduction can
be found in [8, Introduction], and coefficients for hydrogen are presented in [8, Inorganic
Compounds] and for methane in [8, C4 Organic Compounds, Second Virial Coefficients]
and in [8, C4 Organic Compounds, Third Virial Coefficients]. Note that therein, the
units of volumes are cm?, and a rescaling before and after applying the pressure law is
needed.

Again, by the above consideration the pressure law is thermodynamically consistent,
see Table 3.1. Convexity can be tested for specific ranges of density values and specific
mixtures.

Mixed Virial Expansion Virial expansions have been extended to non-simple mixtures

by using bivariate polynomials of the form

pm(p1,02) = RT (Dol + Buix()p2; + ConixX)p2. ) (3.19)

with pmor as in (3.12), and where Bpix and Cpix are functions of the mole fraction
vector x, see (3.13). The functions Bpix and Cpix are defined by

Buix(x) := x{B1) + 2x1x3B12 + X3 B2,

Crmix(¥) := x7C111 + 3x7x02C112 + Cioox1 x5 + %3 Cona,
where Bi1, By and Cjj1, Cy; are the second and third virial coeflicients of the pure

substances and the remaining coefficients are again fitted to experimental data for the
specific mixtures.
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This model is referred to as the mixed virial expansion, compare [9, Introduction].
The coefficients for a methane-hydrogen mixture and a wide range of substances can
be found in [9, F6S — N2 (Sulfur hexafluoride — Nitrogen)].

By the above consideration, the mixed virial expansion is thermodynamically con-
sistent, and again convexity of P has to be checked for concrete coefficients and for the
relevant range of densities, see Table 3.1.

GERG-08 The GERG-08 model [21] represents the industry standard. It is fitted to
data and based on an ansatz for the free Helmholtz energy

a(6(p1, p2), T(P1, P2), X(P1, P2)) = @o(Pmol(P1, P2), T, x(p1, p2))
+a,(6(p1, P2), (01, P2), X(P1, P2))-

The quantities J, T are given by

Pmol (01, 2)
pr(x(p1, p2))’

T, (x(p1, p2))

T , (3.20)

o(p1, p2) = 7(p1, p2) =
and depend on the so-called reduced density and temperature functions p,, 7, given in
terms of the mole fractions. These quantities are described by a fractional polynomial
ansatz, whose coefficients are determined from experimental data. The energy a consists
of an ideal gas part @ and a residual part «,, and @, @, as well as p,, T, consist of
several parts, which are sums of polynomials and exponents of polynomials.

For a comparison to the other pressure laws, we note that the polynomial degree
of the methane part of @, is 24, and therefore much more complex than the models
introduced before. The total pressure is defined as [21]

P6(p1.p2) 1= RT pmai(p1, p2)(1+ (01, p2)050, (8(p1. p2), T(p1. p2), (o1, p2)) ).
(3.21)
with pmor as in (3.12). The GERG-08 model is fitted to (p, p,T) data sets and vapor-
liquid equilibrium (VLE) data sets for the specific mixtures. We note that the volumes
for reduced densities are given in dm? in the context of GERG-08.

Itis immediate that the pressure law is not simple, but from the presentationin [21] we
were not able to determine whether or not it is thermodynamically consistent in the sense
of (3.8). Hence, we refrain from making any claim here, see Table 3.1. Consequently,
we were unable to determine partial pressure laws for GERG-08. Therefore, we cannot
use GERG-08 for simulating the two-velocity model.

Evaluating pg requires computing derivatives of the energy «,, for which we use
automatic differentiation with the Python package jax [4]. Alternatively, one may
precompute the derivative using the symbolic toolbox sympy, but this does not improve
the computation speed, since evaluating the symbolic expression is similarly expensive
as computing the derivative via automatic differentiation.

Below, we consider a binary methane-hydrogen mixture at constant temperature 7' =
273.15 K. In this case, the GERG-08 model is valid for molar fractions of constituent 2
(hydrogen) x, € [0.05,0.91] only, since the measurement data used for the fit covers
this range.
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Least Squares Fit to GERG-08 Since the GERG-08 model (3.21) is the industry
standard, we treat it as sufficiently accurate. However, it is significantly more complex
than the other pressure laws. Fitting polynomial pressure laws of higher order to the data
of GERG-08 allows for a compromise, in the sense that the structure is only moderately
complex, and the accuracy is higher than for the ideal gas law as well as the (mixed)
virial expansions. The resulting pressure laws are easier to evaluate and have structural
advantages. Fitting a polynomial ensures that there exists a corresponding energy P,
whereas it is unclear to us whether the GERG-08 model satisfies (3.8). Thus, it may be
a compromise in situations where the evaluation of GERG-08 is too costly or an energy
is needed. Since the GERG-08 model is based on (p, (p;);, T)-data and we consider
isothermal situations, we shall use a fit in the quantities (p, p1, p2). One may restrict
this procedure to the range of density values needed for a specific application.

For simplicity, we use a least squares approximation in polynomial spaces, but other
methods would also be possible. In our experiments, we consider simple and non-simple
mixtures with polynomial pressure laws

pr(p1, p2) = p1(p1) + pa(p2) for p; € Pr(R) and ke {l,4}, (3.22a)
pr(p1, p2) € Pe(R?) for ke {2,4}. (3.22b)

As mentioned before, the resulting pressure laws are thermodynamically consistent,
see Table 3.1. Convexity of the energy is not immediate to hold, but has to be tested
for concrete polynomials and the specific range of densities. For the least squares fit
for methane and hydrogen below we use densities p; € [0.1,60] and p, € [0.1,6]
uniformly distributed with 1000 data points in each p;-direction, for pressures not
exceeding 80 bar, and the coefficients of the resulting pressure laws pr can be found
in the Git repository [10].

3.3.2 Comparison of Pressure Laws

In the following, we compare several pressure laws on the binary mixture of methane
and hydrogen as functions of the densities. Since the GERG-08 pressure law (plotted
in Fig. 3.1) is expected to be the most accurate, we present the absolute pressure

Table 3.1: Properties of pressure laws

Pressure law simple consistent

Ideal gas [2] v
Lin. compr. factors [5] X
Virial expansion [8] v
X
X
v

(P convex)
(P convex on domain of def.)

Mixed virial expansion [8]
GERG-08 [21]
Least squares fit to GERG-08 (

SEEENENENEN

)
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Fig. 3.1: pg of (3.21)

deviations p — p and relative pressure deviations lp6 =Pl petween pg and p for each of
the pressure laws p € {py, pv, Pm, PFr}, see Fig. 3.2, 5. 3,3.4 and 3.5. In the following,
the first constituent is methane and the second constituent is hydrogen, with molar mass
constants as below (3.12). The different pressure laws are compared for pressures up
to 80 bar, which is reasonable for most pipes, see [26] for common example networks.
We consider densities p; € [0.1,65] and p, € [0.1, 6] as long as they do not surpass
a pressure of 80 bar and do not leave the validity range x, € [0.05,0.91] of GERG-08.
We use a fixed temperature of T = 273.15 K corresponding to 0°C.

Figure 3.3 shows that the ideal gas model deviates by up to 14.84 bar, corresponding
to a maximal relative deviation of 18.6 % (see Fig. 3.2), in regions of high methane
density (see Fig. 3.1), but exhibits significantly smaller deviations at lower pressures.
The virial expansion pressure law only has a difference of at most 4.74 bar, and again
the deviation is largest for high methane densities. This corresponds to a maximal
relative deviation of 5.9 %, see Fig. 3.2. For the mixed virial expansion, the difference
increases more slowly with methane content in the high-pressure region, remaining
below 4.58 bar and below 2.55 bar over most of the domain. In the high methane area
a relative deviation of up to 4.9 % occurs, see Fig. 3.2. In the region of nearly pure
hydrogen, the model behaves considerably worse than the virial expansion. All in all,
we see a higher accuracy with increasing complexity, in the practically relevant area of
high methane percentage. Let us remark that experimentally the virial expansions have
a convex energy for densities (o, p2) € [0.1,65] X [0.1, 6] and p < 80 bar.

In the following, we investigate the results for a simple polynomial least squares
fit and a non-simple polynomial least squares fit. We start with a simple polynomial
pressure laws of the form (3.22a) with polynomials p; € Pr(R), for i € {1,2} and
k € {1,4} determined by the fit. The pressure deviation between the fitted model and
the GERG-08 model are presented in Fig. 3.4.

In Fig. 3.4 we can see that the fitted model with polynomial degree k = 1 is more
accurate than the ideal gas law. The maximal deviation for the fitted model is below
3.5 bar in comparison to up to 14.84 bar. For higher polynomial degrees, the accuracy
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Fig. 3.2: Relative deviation in pressure over p1, p».

improves up to a polynomial degree of k = 4, for which a maximal deviation of 0.76 bar
is achieved, see Fig. 3.4. For simple laws, increasing the polynomial degree beyond
k = 4 does not provide any further gain. Since the GERG-08 model is not simple, such
a limitation is not surprising.

To further increase accuracy we consider mixed polynomials pr € Px(R?) with total
degree k = 4, see (3.22b). The pressure deviation with respect to the GERG-08 model
is presented in Fig. 3.5. We notice that the maximal deviation decreased by two orders
of magnitude for k£ = 4 compared to the fit to a simple law, see Fig. 3.4. Overall, we
obtain a much smaller deviation with the non-simple approximate pressure.

Let us note that all fitted pressure laws in Fig. 3.4 and 3.5 have an energy P, which
is numerically verified to be convex for densities (o1, 02) € [0.1,65] x [0.1,6] and
p < 80bar. For even higher polynomial degrees a least square fitted polynomial might
not be convex anymore and convexity would have to be imposed by other means.
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Fig. 3.3: Pressure difference over p1, ps.

3.4 A (Simplified) Stationary One-Velocity Model

Let us now introduce a simplification of the stationary version of the one-velocity
model (3.3), which can be solved analytically, and hence serves as an auxiliary problem.
We consider the special case of the ideal gas law (3.16).

In the stationary case, the time derivatives vanish. Furthermore, we drop the convec-
tive term O0x(p v?), which is motivated by the fact that it is often small in comparison to
the other model components, for details see [2] and Chap. 2, “A Catalog of Gas Net-
work Models: PDEs, Coupling Conditions, and Numerical Schemes”. We then arrive at
a stationary version of the ISO3-type model for € = 0 (see also (2.55) in Chap. 2, “A Cat-
alog of Gas Network Models: PDEs, Coupling Conditions, and Numerical Schemes”,
Sect. 2.6.4):
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Fig. 3.4: Simple polynomial least squares approximation of GERG-08 with polynomial
of degree k in each direction, see (3.22a).
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Fig. 3.5: Non-simple polynomial least squares approximation of GERG-08 with a mixed
polynomial pr € Pr(R?) and k, see (3.22b).

dx(pv) = 0, (3.232)
8:(fi)v =0, (3.23b)

3 2
Oxpi(p, ) = —Eplvlv- (3.23¢)

Since we use the ideal gas law (3.16), the solution of (3.23), denoted by (p*, i°, v*)
can be computed explicitly: Indeed, it follows directly from (3.23a) and (3.23b) that
the mass flux ¢g° = Ap®v®, where A is the (constant) pipe cross section area and 7° are
spatially constant (on Q = (0, £)), provided that v* # 0 on Q. Thus, each of the quantities
q°®, [@° is uniquely determined once one boundary value is specified. For given values
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q? and [i%, we obtain
Ap(x) v’ (x) = q‘9 and @°(x) = /1‘9 ateitherx =0 orx = ¢.

Multiplying the pressure equation (3.23c) by p* and integrating in Q yields an explicit
formula for p;(p?®, @*) on Q, provided a pressure value is prescribed on one boundary
vertex. For this reason, we impose the boundary condition p;(p7, p3)(0) = pg for given
value pg or pr(py, p3)() = p? for given value p?.

The simple structure of this model allows us to rephrase it as an algebraic problem
where the unknowns are the pressures p“ at vertices, mass flow ¢ and mass fraction ¢
on pipes, with constant values on each pipe. They satisfy a generalized Weymouth
equation

(P’ = (PE)* = Ae(@®) ¢ 1q°l, (3.24)
Al

where A := 7. The appearance of c(ji%)? on the right hand side of (3.24) is a result
of (3.16). For more details see [2].

In the following, models (3.23) and (3.24) shall be used as auxiliary models. Since
the model (3.24) is given in algebraic form and can be solved explicitly, one may use
it as constraints for optimization problems, see Sect. 3.6.2 below. In fact, we shall see,
that in some situations, the simplification can be justified a posteriori, see Sect. 3.6.5.
Furthermore, (3.24) will be used to generate initial and boundary conditions for the
corresponding models with convection.

Note that there is a one-to-one relationship between the functions (p*, @°, p;(p*)) on
Q solving (3.23) and the quadruple (¢, i, pg, py) € R* solving (3.24). The relation-
ship between g, u“ and p*v®, u® is straight-forward thanks to (3.2) by identifying a
constant function with its function value. For the pressure, we have pg = p;(p7, 05)(0)
and p7 = pi(p}, p3)(€). Similarly as before, the values of p;(p}, p3)(x) for x € Q can
be obtained from one of the boundary values by integration.

3.5 One- and Two-Velocity Mixtures on a Single Pipe

In this section, we investigate and compare the behavior of the one-velocity and the two-
velocity models on a single pipe using numerical simulations. Recall that in Sect. 3.2
we have argued that, as the inner friction parameter f — oo, the solutions to the
two-velocity models are expected to approach the solutions to the one-velocity model,
when neglecting boundary conditions. Here, we investigate this limit by numerical
tests when boundary conditions are included. This requires us to impose boundary
conditions which are compatible between the one- and the two-velocity model, as shall
be discussed in Sect. 3.5.1. In Sect. 3.5.2 we introduce the implicit box scheme, used for
the numerical discretizations, and we collect further parameters used in the following.
In Sect. 3.5.3 we compute stationary solutions to the one-velocity and two-velocity
models by setting up auxiliary instationary problems and computing solutions in the
long time limit. The discussions on how to choose initial and boundary conditions for
these auxiliary problems are also relevant for the case of networks, see Sect. 3.6. In our
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experiments, it depends on the specific boundary conditions whether the solutions to
the two-velocity model approach the solutions to the one-velocity model as f increases,
and we use a toy example to explain this surprising behavior.

In Sect. 3.5.4 we investigate the effect of varying f on instationary solutions of the
two-velocity model on a single pipe with no outflow boundary conditions. We find that,
on short time scales of seconds, higher inner friction leads both velocities to approach
each other more rapidly. On the time scale of minutes, however, the roles are reversed.

3.5.1 Boundary Conditions

In Sect. 3.2, we have noted that, when ignoring boundary conditions, we expect the
two-velocity model to approach the one-velocity model as the inner friction f — oo,
since this forces (v; — vp) — 0.

Meaningful comparisons of the models can only be obtained if no artificial differ-
ences are introduced via boundary conditions. Clearly, the two-velocity model has one
more equation than the one-velocity model. Since the type of equations does not change,
the two-velocity model needs more boundary conditions. Indeed, for subsonic flows the
two-velocity model has two left-going and two right-going characteristics, whereas the
one-velocity model has three characteristics: One is left-going, one is right-going and
the third one moves with the fluid velocity. This means that for the two-velocity model
two conditions need to be prescribed on each end of the pipe and for the one-velocity
model one condition needs to be prescribed per pipe end and at pipe ends where the
flow enters the computational domain an additional condition is needed.

In the following, we consider examples where the flow enters the pipe on one end
and leaves it at the other. Thus, from the view of the pipe there is a well-defined inflow
vertex and a well-defined outflow vertex. One has various options of how to impose
boundary conditions, see Table 3.2 for two of them. Both of them are physically sound,
and one has a choice here.

Note that in this section we restrict our consideration to simple pressure laws. Let us
now describe how we choose boundary data in our numerical simulations so as not to
introduce ‘artificial’ differences between the models via boundary conditions. In all of
the following cases we address how the imposed data for the one-velocity model can be
used to generate consistent boundary data for the two-velocity model. For simplicity, we
assume that the map (p1, p2) — (p, [) is invertible in the relevant domain of pressure p

Table 3.2: Possible imposition of boundary conditions

Model Inflow Outflow
Option A one-velocity p, q

two-velocity P1, P2 q1, q2
Option B one-velocity q, i p

two-velocity qi, q2 P1, P2
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and mixture ratio i. One natural, sufficient condition for this is that for any fixed mixing
ratio /i the pressure is a strictly monotone function of the total density.

+ (Option A inflow) For given values (p?, ji%) for the one-velocity model we impose

p(p1,p2) = p°, (3.252)

P _ g0 (3.25b)

ﬁ: =
pP1+ P2

Due to the invertibility of the map (o1, p2) — (p, ) we may compute (p‘f, pg ) from
the values (p?, i%). Provided that the pressure law is simple, the partial pressures
are given as p; = p;(p;). In this case, for the two-velocity model we prescribe

pi(pi) = p? = pi(p?), (3.26)

fori € {1,2}.
* (Option B inflow) Note that with ¢ = A(p; + p2)v we have in the one-velocity model
that

q1=Apiv=fq and g2 =(1-f)g.
Thus, for given values (¢?, ji%) we impose in the one-velocity model
q=4q° and =g, (3.27)
and in the two-velocity model we impose
qa1=q):=i%" and  gq2=4q3 =1~ (3.28)

* (Option A outflow) For a given value ¢? we prescribe the total mass flux g = ¢ for
the one-velocity model. We then extract i from the solution to the one-velocity
model and impose for the two-velocity model the same as in (3.28).

+ (Option B outflow) Similarly, for a given value p? we prescribe the pressure p = p?
for the one-velocity model, and extract /i from the solution to the one-velocity
model. From (p?, i%) as above we compute (p?, p?), and impose on the two-
velocity model the same as in (3.26).

3.5.2 Numerical Scheme and Computational Aspects

We consider an interval Q = (0, ) representing the pipe. In order to compare the one-
velocity (3.1) and the two-velocity model (3.5), we restrict ourselves to the case of a
spatially constant elevation b and the ideal gas pressure law (3.16).

Discretization We discretize both the one-velocity model (3.1) and the two-velocity
model (3.5) with the implicit box scheme. This method was developed for a subsonic
transient homogeneous gas flow in [20]. For a balance law of the form
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Oru+ 0 F(u) = G(u) (3.29)
we define t, := nAt, x; = iAx and approximations u!' =~ u(ty,x;), F' = F(ul),
G! = G(u}).

Then the scheme reads
Wl gl gy A G+ g+l
J j-1 j - f( n+l n+l) J Jj-1
= - — | F" - F" + Af—————. 3.30
2 2 Ax\"J J-1 2 (3.30)

For example, to write the one-velocity model (3.1) in the form (3.29), we set

P1 pP1V 0
u=|p2|, Flu) = o2V , Guw) = 0 . (3.31)
pu pv? + p(p1, p2) —55plvlo — gpdxb

Implementation All computations in the remainder of Sect. 3.5 are done in Python.
Since the scheme is implicit, we make use of a Newton solver at each time step. This in
turn requires the Jacobian of the flux, which we compute using the automatic differenti-
ation module jax, see [4]. In addition, in order to work with data from GasLib-style net-
work structures, we make use of the xml todict module, to access the network structure
and pipe and vertex parameters. Plots and simulations are created using matplotlib,
see [17], in combination with numpy, see [16], for algebraic manipulations.

Data and Discretization Parameters We summarize the physical parameters in Ta-
ble 3.3. The first column represents given model parameters, including the pipe param-
eters, the constant given temperature, and fundamental physical constants. The second
column displays certain derived quantities, which are needed for our computations. The
pipe friction coefficient is determined using the pipe diameter and pipe roughness via
the Nikuradze formula scaled by a factor of 0.65. This scaling ensures that the values
match with the ones provided on https://www.pipeeng.com/ff_ng.html. The speeds of
sound are determined as c% = % where T is the temperature, see (3.16).

Table 3.3: Physical parameters in the implementation

Given parameters Derived quantities

Pipe length 10*m Pipe friction coeflicient 8.92094 - 1073
Pipe diameter 0.5m Speed of sound in CHy (c;) 3.76255 - 102 m/s
Pipe roughness 104 m Speed of sound in Hy  (¢2) 1.06141 - 10° m/s
Temperature 273.15K

Molar mass of CHy (M) 1.60424 - 10~2 kg/mol
Molar mass of H, (M>) 2.01588 - 1073 kg/mol
Molar gas constant (R) 8.31447 kg m?/(s? K mol)
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3.5.3 Computation of Stationary Solutions

In this section, we compare the stationary solutions to the one-velocity (3.1) and two-
velocity model (3.5). We present in particular our strategy to impose boundary data for
both models, which relies on the options described in Sect. 3.5.1. Then, for the special
case of the ideal gas law p; (3.16) we perform a comparison.

We experimentally investigate the limit f — oo, which formally transforms the two-
velocity model to the one-velocity model. We shall see that only one of the options
of imposing boundary conditions in Sect. 3.5.1 yields convergence of the stationary
solutions as f — oo.

For both the one- and the two-velocity models we compute the stationary solutions
as long time limits of solutions to certain auxiliary instationary problems. Hence, we
require compatible boundary conditions for the stationary model (see Sect. 3.5.1), as
well as both an initial state and (possibly) time-dependent boundary data for the auxiliary
instationary problem.

This discussion is relevant also to the network case, see Sect. 3.6.

Setup for the One-Velocity Model We shall use the solutions to the simplified
model (3.24) to generate boundary conditions for the stationary version of the one-
velocity model (3.1), since it is not straight-forward to obtain admissible boundary data
otherwise. Solutions to the simplified model are computed in Sect. 3.6.2 below for a
variety of different networks. More specifically, from these computations on a single
pipe, we obtain the values (g%, g, p(‘)‘, p?) solving (3.24) (and on a network we under-
stand ¢¢, i as one constant value per edge, and p¢ as one value per vertex). Following
the strategy in Sect. 3.5.1, for the stationary model (3.1) we prescribe

* in Option A, the pressure p(‘)’, % on the inflow and g on the outflow vertex, and
¢ in Option B, the mass flux ¢¢, ¢ at the inflow, and p? at the outflow vertex.

For simplicity we consider flow from left to right, i.e., x = 0 is the inflow vertex of the
pipe and x = ¢ is the outflow vertex.

Next, we require initial data for the auxiliary instationary model. Our implementation
for networks as described in Sections 3.6 below cannot handle changing flow directions,
since this would result in a much more complicated nonlinear system of equations. For
this reason it is crucial that the initial state is sufficiently close to the stationary solution
to (3.1). From the given data (¢“, @“, pg, py) we reconstruct the solution (o7, p3,v*)
to (3.23) as described in Sect. 3.4.

Then, we determine (p(l), pg, UO) such that

P}, NG = pr(p3. p3)(x),
O o
P
0 ] o (i) =
1 TP Pi
0 0\ O\ _ (A8 SN S (4.
(p] + P v (x;) = (p] + Py) v (x:),

holds at each grid point x; by using Newton’s method. We emphasize that the cor-
responding transformation of the functions (p(l),p(z),vo) attains the algebraic values
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(g%, A, p§, py) at the vertices (pipe ends). When applied on networks, this property
ensures that the initial data are compatible with the coupling conditions, see Sect. 3.6
below. However, in general (p(l), pg, %) does not represent a stationary solution to (3.1).

It remains to specify the boundary conditions for the auxiliary instationary model.
Since the initial data satisfies the boundary data we want to impose for the stationary
model, we may choose constant in time boundary data.

Setup for the Two-Velocity Model Recall that we aim to compare solutions to the one-
and the two-velocity model. As discussed in Sect. 3.5.1, boundary conditions for the
one- and two-velocity model have to be prescribed in a compatible manner. As before,
for the two-velocity model we assume that the pressure law is simple. To this end, as
boundary data we prescribe

* in Option A, p;(p 1.1”) at the inflow and p l.l"vl" at the outflow vertex, and
¢ in Option B, pil” v'? at the inflow and p,-(p[.l”) at the outflow vertex,

where (pi”, p%",vl”) denotes the boundary values of the previously computed one-
velocity solution.

Next, we need to specify initial data for the auxiliary instationary model. For the
two-velocity model, in contrast to the one-velocity model, no auxiliary problem with an
explicit solution is available. This has the consequence that in the network case we do
not have functions which satisfy the coupling conditions, see Sect. 3.6.1 below. Indeed,
the solution to (3.5) does not allow us to reconstruct an admissible initial state for the
two-velocity model, since the coupling conditions for the two-velocity model do not
simply reduce to the ones for the one-velocity model for f = co. For this reason, for the
two-velocity model we proceed differently than for the one-velocity model.

We choose functions (p?, po o0 vg) that are constant in Q = (0,¢) with p; > 0

as initial data. Furthermore, for2 thflz auxiliary instationary problem we need boundary
conditions and data that agree with the initial data at the points (¢,x) = (0,0) and
(t,x) = (0,¢). For this purpose, in Option A at the inflow vertex we use the time-
dependent function which interpolates the tuples (0, pi(p?)) and (", p [(p}”)) linear-in-
time for t* = 75 days for each i = 1, 2. For larger times ¢ > ¢* the function is extended as
constant in time. Similarly, at the outflow vertex we use the linear-in time interpolation
of the values (0, p?v?) and (¢*, pl.l”vlv), and extend it as constant for *. We proceed

analogously in Option B.

Computational Parameters For the space step we fix Ax = 200m; recall that we
identify the pipe with the domain Q = (0, £), where £ = 10 000 m, see Table 3.3. For the
time step we take Ar = 2.5 days.

For both models, we numerically solve the respective auxiliary instationary problems
using the implicit box scheme until we arrive at a stationary solution. Since the scheme
is implicit, at each time step #"*!, we solve for u"*! using Newton’s method.

More precisely, at t"*!, for a given approximation u”, we define ®(-, u"") by moving
all terms in scheme (3.30) to the left-hand side. Setting u™° := u™, we compute u’-**!
as the solution of Jo(u™*, u™)(u**1 — 4Ky = —d(u"™*, u™), where Jo is the Jacobian
of ®. We stop the Newton iteration when [|®(u"*, u™)||,» < tol, where tol is a fixed
tolerance, and set u"*! := u™*. At the first time step ¢” such that ||®(u", u™)||,» < tol,
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we stop the time iteration and take u™ as our (approximate) stationary solution. In the
two-velocity case, we additionally require that " > ¢* := 1050 days, where we recall
that * is the time after which the boundary data is kept constant. In our computations,
we set tol := 1077,

Results The results of the stationary solutions to the one- and two-velocity model are
presented in Fig. 3.6 and 3.7 for Options A and B, respectively, see Table 3.2. Recall that
both ways of imposing the boundary conditions are viable. However, only for Option B
one can observe that the solution to the two-velocity model (p{ , p{ , v{ , v{ ) converges to
(p1, p2,0,0), as f increases, where (p1, p2, v) is a stationary solution to the one-velocity
model. This behavior is exhibited in Fig. 3.7 with pressure imposed on the outflow
vertex. In contrast, for Option A, the values of all quantities on the outflow vertex can
be observed to diverge for increasing f. This suggests that the models are compatible
on a single pipe in the limit f — oo, only if the pressure is imposed at the outflow
vertex.

We observe a conceptually different behavior of the two-velocity solutions in the
limit f — oo depending on the choice of boundary conditions. We aim to understand
this phenomenon on a heuristic level in the following.

Explanation on a Toy Problem We consider the following toy problem to discuss the
impact of boundary conditions on the f — oo limit mentioned above. For given 6 > 0,
we seek functions u: (0, c0) X Q — R such that

Oru — Oxu = —6u, (3.32)

where Q = (0,¢) as above, subject to initial and boundary conditions. Note that the
parameter 6 > 0 determines how much dissipation occurs in the time evolution. Specif-
ically, along each characteristic the solution decays exponentially with rate 6, i.e., larger
values of @ lead to faster decay along each characteristic. For well-posedness of ini-
tial boundary value problems for the advection-reaction problem at hand, it is natural
to prescribe boundary data on the inflow boundary, i.e., u(-, £) = u® for some given
function u?: (0, ) — R. In this case, we obtain

et M1y < 67 lu lLo-e.0-
In contrast, for the stationary version of (3.32), which reads
—O0yu = —06u (3.33)
integration in (y, z) yields

2 2 2 _
—|M(Z)| + |’4(}’)| + 29||u||L2((y,z)) =0.
Considering y = 0, this shows that if we prescribe u(0) = u9 > 0, then for fixed 6 > 0,
we have that |u(z)|> grows in z, and indeed the faster, the larger 6 is. In particular, by
(3.33) we can show that the value u(¢) diverges as § — oo.
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Fig. 3.6: Stationary solution to the one-velocity model (solid line, indicated with 1v) and
two-velocity model (dashed line, indicated with 2v) with the ideal gas law p; for several
inner friction parameters f € {0.01,0.1, 1, 10, 100} in m> /(kg x s) with compatible
boundary conditions and boundary data where the pressure is imposed at the inflow

vertex (Option A in Table 3.2).

This is not the case when considering z = ¢ and prescribing u(¢) = u® > 0. In this
case the functions converge as § — oo.

Explanation of f — co limit A similar effect occurs for solutions to the two-velocity
model as f — oo. To heuristically investigate this and to explain the type of phenomena
observed in Fig. 3.6 and 3.7, we consider the stationary equations (3.7) together with
the ideal gas law p as in (3.16) and with linear friction and flat bottom. Since for the
stationary solutions ¢g; = p;uv;, for i € {1,2}, is constant in space, it is irrelevant on
which part of the boundary we prescribe the mass flux. It only matters on which part of
the boundary we impose the pressure.

Applying equation (3.7a) and (3.7b) in (3.7¢) and (3.7d), respectively, yields
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Fig. 3.7: Stationary solution to the one-velocity model (solid line) and two-velocity
model (dashed line) with the ideal gas law p; for several inner friction parameters
f € {0.01,0.1,1, 10, 100} in m3 /(kg x s) with compatible boundary conditions and
data, where the pressure is prescribed at the outflow vertex (Option B in Table 3.2).

2

C* ~
U—;—l +fpj(Ui—Uj)+/lUi=0,
i

—0;OxU;

where i € {1,2}, j € {1,2} with j # iand A = %. In the subsonic regime we have
|v;| <« ¢; and hence a(v;) := c%/v? — 1 > 0. Multiplying by 2/a(v;), yields
P —vj) Py

a(v;) a(v;)’

Ox(v]) = 2f (3.34)

We assume that v; > 0 for i € {1,2}, i.e., both components exhibit flow in positive
x-direction.
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Provided that independently of f we impose vf > v? at one interval end point, then

8X(vl.2) > 0, and it is larger, the larger f > O is. In turn, for sufficiently large f, the
derivative of (v;)? is negative.

This is the type of behavior that can be observed in Fig. 3.6¢ and 3.6d, where data is
imposed at the inflow vertex x = 0 and v? > vg . Indeed, one may notice that imposing
data on the inflow vertex has the effect that the faster component is accelerated and the
slower one is decelerated.

In Fig. 3.7c and 3.7d, where the data is imposed at the outflow vertex x = ¢, we
have v? < v? for all f, and hence the roles are inverted. Indeed, the derivative of vﬁ({’)
increases in f, and the derivative of v% decreases in f. This has the effect that the
velocities align at x = £, as f increases.

It should be noted that the discussion depends on the flow direction v; > 0,i € {1, 2}.
For this reason, the imposition of boundary conditions is linked to the (expected) flow
direction.

In the following, we shall focus on Option B in Table 3.2, since in this case com-
patibility of the two- and the one-velocity model is at least a possibility as observed
above.

3.5.4 Instationary Solutions

In this section we investigate the effect of the inner friction parameter f on instationary
numerical solutions to the two-velocity model (3.5) on a single pipe Q := (0, ). Let
us note the proof of exponential convergence for any f > 0 in [12]. Specifically we
investigate [|v; — v2l1(q)(f). We consider initial conditions of constant mass density for
each component and velocities oriented in opposite directions, and impose ql.a =0as
boundary values at both ends of the interval for i € {1,2}. We investigate solutions for
a range of values of f.

We find that on a short time scale, corresponding to the first minute, |lv; — v2[|1(q)(?)
is decreasing in time for all f and is smaller for larger values of f; i.e., the inner
friction causes the velocities to converge to each other and for larger inner friction the
convergence is faster in time.

Over the time range corresponding to several minutes, however, we see that this
monotonicity no longer holds. In particular, we find that there is a threshold value of the
inner friction f* for which the quantity [|v; — val|,1(q)(f) experiences the quickest decay
to machine precision; for f both greater and smaller than f*, the decay is slower. We
also observe a difference in behavior of the quantity [|v; — v2||,1(q)(¢) depending on f*
on this time scale; for f < f*, the norm decays with oscillations, whereas for f > f* it
becomes monotonically decreasing.

Though we find evidence that on short time intervals higher inner friction forces the
velocities to converge more quickly, understanding the mechanism behind the different
behaviors observed for f > f* and for f < f* and the transition between them remains
an open question. As seen in Sect. 3.5.3, the choice of boundary condition may have an
influence on the behavior of the two-velocity model when varying f.
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Computational Setup

Initial and Boundary Data As in Sect. 3.5.3, we consider a pipe length of ¢ :
10000 m. For the initial data, we set p| 9(x) := 10kg/m3, P5 9(x) := Skg/m?, and for the
velocities, we set v* := 14 m/s and deﬁne

%x for 0 < x <100,

(x) i= {v* for 100 < x < 9900, (3.35)
T8x +1000*  for 9900 < x < 10000,

vy(x) == —0)(x). (3.36)

As boundary data, we fix ql.a(t) =0 fori € {1,2} at both ends of the pipe.

Computational parameters For the simulation, we set Ax := 50m, Ar := 12, and
consider a time horizon of 7 := 12h. Since here we do not approximate long time
solutions, the time horizon is considerably shorter than before. In each time step we
employ Newton’s method as discussed in Sect. 3.5.3. For the stopping criterion, we
compute iterates until ||u"* — u™¥*1||,» < tol := 1077, at which point we take u"*! :=
u**1 'We consider inner friction values of f € {0.001,0.01,0.1, 1, 10} m3/(kg X 8).

Results Let N’ and N¢ be the total number of temporal and spatial discretization
points, respectively, so that 7 = N'Ar and £ = N¢Ax. For a given inner friction value f
let v;(f;¢,x):[0,T] X [0, €] — R denote the velocity of constituent i € {1,2}. Then we
set

D(f;1) := {,(Ne Z|v1 (fst.x7) = va(f31,x))], (3.37)
which is a scaling-invariant, i.e., constant-preserving, version of |[v; — v2||1(q)(?) for
given f. We compute D(f;t") for 0 < n < N" and f € {0.001,0.01,0.1, 1, 10}
m?/(kg X s); the results are presented in Fig. 3.8. The time axis is linear between 0s
and 12 s (i.e., for the first time step), and logarithmic beyond, in order to clearly display
the results for short time scales.

We see that, for 0 < t < 7 ~ 107 s, D(f;1) oscillates while tending to decrease
overall for all f. Additionally, for f1 > f,, one has that D(f1;1) < D(f;t). On this time
scale, we thus see evidence that the inner friction forces the velocities to converge to
each other, and that larger inner friction causes this to occur more quickly.

For t > 1, we observe different phenomena for different values of f. For f €
{0.001,0.01} m3/(kg x s), we see that D(f; 1) remains oscillatory and decays rapidly
until reaching values of the order of 107!%; we do not interpret results below this
level, since we expect rounding errors to have a significant impact. Additionally, for
t > 1~ 10> s, we observe that D(0.01;¢) < D(0.001;¢), supporting the idea that, for
f <£0.01, alarger inner friction increases the speed of convergence.

For f € {0.1,1, 10} m3/(kg xs)and 1018 s ~ 1* <1 < ** ~ 1032 s, we see that
D(f;t) becomes monotonically decreasing in 7, with a decrease in the overall rate of
change. To investigate this more closely, in Fig. 3.9 we plot the results for f € {0.1, 1, 10}
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Fig. 3.8: Plot of t — D(f;t) as defined in (3.37) for inner friction values f €
{0.001,0.01,0.1, 1, 10} m3/(kg X s); the time axis is linear for the first time step and
logarithmic afterwards. On short time scales up to around 10! s, larger inner friction
forces the velocities to converge to each other more quickly. On longer time scales,
D(f;1) remains oscillatory for f € {0.001,0.01} m?/(kg x s) while decaying more
quickly for f = 0.01. For f € {0.1,1,10} m?/(kg x s), D(f;t) becomes strictly de-
creasing and the rate of change slows down; this effect is stronger for larger f.

m3/(kg X s), where time is scaled linearly and restricted to ¢ € [0,21600] s, i.e., the first
6h.

The results demonstrate that, after the initial oscillatory period, the decay of D(f;1)
for these values of f becomes monotonically decreasing, with a more rapid decay in
time for smaller f. This indicates that, if the velocities are near each other, higher
inner friction somehow seems to impede the ability of the system to come to rest, in
a manner reminiscent of overdamping. However, the precise mechanism behind this
remains unclear.

Overall, we see evidence that, on short time scales, higher inner friction causes
the velocities to converge to each other more rapidly. However, we also see that on
the time scale of minutes to hours, while the results are in line with expectations
for f < 0.01 m?/(kg x s), they deviate considerably from expectations for f > 0.1
m3/ (kg x s). Understanding the transition in behavior of the system for f € [0.01,0.1]
m3/(kg x s) merits further investigation, however, it is outside the scope of the current
work. We thus leave this as an open question for future studies.

3.6 Mixtures on Networks

In this section we consider several mixture models on networks. Understanding the
behavior of gas mixtures on networks is interesting from a mathematical perspective as
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Fig.3.9: Plotoftr — D(f’;t) asdefined in (3.37) for inner friction values f € {0.1, 1, 10}
m?/(kg X s) restricted to ¢ € [0,21600] s. After the initial oscillatory period, the decay
of D(f;t) for the considered values of f becomes monotonically decreasing, with
smaller f inducing a faster decay.

well as from a more applied perspective like that of a gas network operator. Important
questions are how the mixture is distributed across the network and if nominations with
mixing involved are feasible, to name only a few.

After introducing coupling conditions on networks in Sect. 3.6.1 we address opti-
mization in Sect. 3.6.2 and subsequently their numerical discretization in Sect. 3.6.3
and 3.6.7, for the stationary and the instationary case, respectively. Furthermore, in
Sect. 3.6.4 we investigate the effect of the choice of the pressure law, and in Sect. 3.6.6
we numerically investigate the compatibility of the coupling conditions between the
one- and the two-velocity model. In Sect. 3.6.5 the simplified model used for the
optimization is justified.

3.6.1 Coupling Conditions on Networks

Before we discuss specific choices of coupling conditions, let us mention that there is
a fundamental difference between one- and two-velocity models when it comes to the
number of coupling conditions (which is related to the different number of equations in
both systems). For a detailed discussion of coupling conditions, we refer to Chap. 2, “A
Catalog of Gas Network Models: PDEs, Coupling Conditions, and Numerical Schemes”,
Sect. 2.6.3.

For neither of the two models is conservation of momentum (or equivalently force
balance at the vertices) a meaningful concept to consider. This is because the pipes exert
a variety of forces on the gas that are beyond the scope of network models and probably
also depend on the junction geometry, which is not considered in network models.
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In the model catalog we describe coupling conditions which ensure that, if mechan-
ical energy enters or leaves the network at vertices, this is due to mass fluxes into or out
of the network.

For the one-velocity model (3.1), this is ensured by imposing the conservation of mass
for each mixture component, the continuity of the total enthalpy, and perfect mixing for
each component; these are, respectively, (2.51), (2.52), and (2.53) in Chap. 2, “A Catalog
of Gas Network Models: PDEs, Coupling Conditions, and Numerical Schemes”. For
the two-velocity model (3.5), energy consistency is ensured by imposing both the mass
conservation and the enthalpy continuity for each component individually, as described
by (2.51) and (2.54) in the same chapter. Let us mention that in the context of non-
isothermal, single constituent flows perfect mixing of the temperature was considered,
e.g.,in [22,25].

However, these coupling conditions rely on the existence of a pressure energy P,
fulfilling the relationship (3.8), which is not clear for GERG-08 to us. Therefore, we
replace enthalpy continuity by pressure continuity in the one-velocity model (3.1) and
by partial pressure continuity in the two-velocity model (3.5). This may lead to an
artificial increase in energy, but for small velocities we expect the change to remain
moderate.

For the reader’s convenience, we state the coupling conditions in the form which we
use, with the notation of Chap. 2, “A Catalog of Gas Network Models: PDEs, Coupling
Conditions, and Numerical Schemes”, Sect. 2.6.3.

One-Velocity Coupling In addition to mass flux on the pipes, for each vertex there is a
mass flux into or out of the network ¢ that is either prescribed or part of the solution.
Then, mass conservation is expressed as

q; + Z ApfMv*(Mn®(v)=0 forie{l,2}andallv €V, (3.38)
ecE(v)

where A€ is the cross-sectional area of a pipe e which we assume to be constant in x.
Pressure continuity requires that

for each vertex v € V' there exists a p” with p(p{, p5) = p” forall e € E(v). (3.39)

Perfect mixing is enforced by

pf () max{q),0} + Secg,v.q) APE NN (V)
p¢ () max{q} +q3,0} + Zees,v.q) AP (V0N (v)

forany i € {1,2},

(3.40)
forallv € V, e’ € Eoue(v, q), for given mass flux ql‘.’. Note that which edge e adjacent
to a vertex v is in &y, or Eqye, respectively, depends on the flow direction g€ in the pipe.
Therefore, if the flow direction remains unchanged, then the sets &;, and &y, do not
change over the entire duration of the simulation. Otherwise, &;, and Eqy¢ would depend
on the solution, which results in a much more complicated system to be solved. These
coupling conditions are used in the following for all one-velocity type models.

In addition to the coupling conditions, we need to prescribe certain ‘boundary’ values
q”, p”. Indeed, in terms of the number of coupling conditions at each vertex v either
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q” or p” should be prescribed. In the following we denote the set of vertices where ¢”
is prescribed by I'y, and the set of vertices where p" is prescribed by I",,. Note that they
are disjointand I', U'y = V. We assume that the sets I', and I, are both non-empty. In
addition, at those vertices where mass flows into the network, we also need to prescribe
7. We define
gy =q ", qy=q"(1-g").

It should be noted that not every such set of boundary data p¥ and g leads to a
well-posed problem, since, e.g., it might lead to negative pressures.

Two-Velocity Coupling Componentwise mass conservation is given by

gl + >, ApiMuf(n() =0 fori € {1,2} and all v € V, (3.41)
ec&E(v)

for given mass flux ¢'. This is consistent with the perfect mixing condition for the one-
velocity model in the sense that perfect mixing (3.40) together with mass conservation
implies partial mass conservation (3.41).

As before, provided that the mixture is simple, the partial pressures are available.
Continuity of the partial pressure requires that

for each v € V there is p} with p;(p{) = p} foralle € &(v), andi € {1,2}. (3.42)

As in the one-velocity case we need to prescribe certain ‘boundary’ values g, p;.
Indeed, in terms of the number of coupling conditions at each vertex v and each i either
q; or p} should be prescribed, and we denote the respective disjoint vertex sets by I, [i]
and Iy [i] such that I', [i] U Iy [i] = V. Again, we assume that they are non-empty. As
before, not every such set of boundary data p) and g} leads to a well-posed problem,
since, e.g., it might lead to negative pressures.

3.6.2 Optimization

This section aims to give a brief overview over optimization of gas mixtures on networks
for the stationary case. For simplicity we only cover the coupling of the flow to the
pressures with an algebraic equation. The model used here is the algebraic one-velocity
model (3.24), which relies on the ideal gas pressure law (3.16).

The network is modeled as a directed graph G = (V, &), where V denotes the
set of vertices and & the set of directed edges. Vertices represent junctions of pipes,
sources and sinks. Edges represent pipes or other network components, e.g., compressor
stations. For the modeling of active elements we refer to [13, 14, 19]. The sets of in- and
outgoing edges of a vertex v € V are defined as

S Wi={e=,v): ec&E} and 67 (v):={e=(,u) : ec &},

respectively. In the stationary setting it is convenient to use the mass-flow ¢ = pv as
introduced in Sect. 3.4. Given these definitions, flow conservation at vertices can be
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expressed as

Z Ge - Z ge=b, forall v € V. (3.43)
ecst(v) e€d(v)

Here, g, denotes the mass flux on edge e € &. We assume that the given balance vector
b e RV satisfies Svey by =0. Thus (3.43) is equivalent to (3.38).

Calculation of the Mixing Ratio In networks the gases mix at vertices and we assume
perfect mixing, i.e., the gas leaving the vertices is perfectly homogeneous. More details
can be found in Sect. 3.6.1.

Here, we show how the mixing ratio is calculated in the variables ¢ and f. For
each edge e, we introduce variables i, for the mass percentage of constituent 1 in the
mixture. At each vertex, the mass percentage mixing ratio is calculated as the weighted
average of the mixing ratios of the in-flowing pipes

2 He |Qe|+b$/jv

~ ee&pn(v,q)
v = forallv € V, (3.44a)
: S lgel+b3
e€&in(v,q)
f. = [, forall e € Equ(v, q), v e V. (3.44b)

In (3.44a), fi, denotes the given fixed mixing ratio for all sources v, i.e., {v € V :
b, > 0} and b} = max{0, b, }. Note that (3.44b) is equivalent to (3.40) using different
variables.

Modeling of the Flow As shown in Sect. 3.4, the system (3.3) can be simplified
using (3.16) and solved analytically in the stationary case. In the single gas case,
the algebraic model is often called the Weymouth equation. For mixtures we obtain
a generalized Weymouth equation, in which the pressure loss also depends on the
gas composition and not only the mass flux. Using (3.24), the coupling of pressure
differences and flow then can be expressed as

P2 —p? = Ao c(ide)? qelqe] foralle = (u,v) € &, (3.452)
c(fie)? =2 e +(1 - fie)ch foralle € &. (3.45b)

Here c; and ¢, again denote the speed of sound of constituent 1 and 2, respectively,
and A, is a pipe dependent coeflicient, for details see [19]. Equation (3.45b) is a result
of the use of (3.16). For details see [2].

Note that the use of other more more complex pressure laws leads to nonlinear
dependency of the pressure on the density, which complicates the explicit solution of
the ODE. We therefore only consider the ideal gas pressure law here.

Objectives of the Optimization A natural objective for gas network operators is to
reduce the operating cost of the network. We choose to minimize the sum of active
compressor stations as objective for the optimization. However, even finding a feasible
solution for a given supply and demand scenario is not easy, since it requires determining
whether compressor stations are needed and which valves to open or close.
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Global Optimization For stationary gas flows, we aim for a computation of a globally
optimal solution, in particular, with a proof of optimality. As we will show in the
computational results below, this is possible in reasonable time for networks of practical
size. One benefit of such global optimization is that it allows to detect infeasibility with
respect to mixing, i.e., a scenario might be feasible for a single gas, but not for a certain
mixture. Even very small changes on the mixing ratio at sources can turn a scenario
infeasible. In contrast, a search for local solutions cannot prove infeasibility.

The algorithm that we use for performing global optimization is spatial branch-and-
bound, which is implemented in the framework SCIP [1]. The main idea is to recursively
decompose variable domains, using dual bounds based on solving linear programming
(LP) relaxations, see [28] for more information.

Complete Optimization Model To present the complete optimization model, we first
note that for each edge e € & there is a lower bound 4, and an upper bound g,
for the flow g.. Similarly, there are lower and upper pressure bounds for each vertex
v eV, p, and p,, respectively. Furthermore, we partition the set of edges & into

&P UEC UEY. The edges EF represent pipes. Edges for valves are denoted by &Y.
A valve edge e = (u,v) € &Y can be ‘open’ or ‘closed’, which is represented by the
corresponding binary variable s, being 1 or 0, respectively. The flow g, through a valve
edge e € EVis coupled to s, via q,5e < ge £ q,Sc. If s, = 0, then the pressures at
u and v are decoupled, while they are required to be equal if s, = 1. Instead of giving
a complete model for valves, we abbreviate the coupling by C(g., py, py. Se) and refer
to the literature for details, see, e.g., [19]. The edges in &€ represent compressors,
which allow to increase pressure. They can be turned on/off using a binary variable s.,
e € €. Similarly to valves we refer to the literature and denote the coupling constraints
by C(ge, pu,> Pv, Se)- Then the model can be represented by

ec&C
Z qe — Z ge =b, Yy eV,
ecot(v) ecod(v)

Pa—py=Acc(ic) qelgel  Ve=(u,v)e&”,
c(fie) = clfie +(1 - fi,)c3  Veeé&,
2 felgel + b:ﬁv

e€&in(v.q)
i, = Vv eV, (3.46)
g S gl +b}

e€&in(v,q)

fe = fiy Ve € Eou(v,q), v €V,
C(qe’pu,pv’ 5¢)=0 Ve = (u,v) Egc U(SV,
zeSQeSEe Ve € &,
PVSPVSI_%, Vv eV,
se € {0, 1} Vee ECUEY.

This full mixed-integer nonlinear problem is solved in the following.
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Table 3.4: Time and branch-and-bound nodes needed to solve the mixing scenarios to
global optimality

GasLib instance time (seconds) # nodes
GasLib40 Scn. 1 0.3 1
GasLib40 Scn. 2 0.9 25
GasLib60 Scn. 1 831.4 16634
GasLib60 Scn. 2 451.0 6991
GasLib60 Scn. 3 81.6 1342
GasLib60P Scn. 1 1.6 37
GasLib582 Scn. 1 403.7 6064
GasLib582 Scn. 2 2532.6 30895

Table 3.5: Time and branch-and-bound nodes needed to solve the scenarios to global
optimality without mixing

GasLib instance time (seconds) # nodes
GasLib40 0.2 1
GasLib60 3.0 29
GasLib60P 0.6 1
GasLib582 434 4134

Computational Study In the following we present a small computational study show-
casing the additional time required for solving mixing scenarios in comparison to the
single gas case. This study shows that solving large, but not too complex, networks with
mixtures is possible.

For this purpose, we created different mixing scenarios based on instances of the
GasLib [26] and the ones used in [29]. For GasLib60, GasLib60P and GasLib582, we
use different scenarios with different sources selected to supply the mixture. GasLib60P
is a passive variant of GasLib60, i.e., it has no compressor stations. In comparison to
the single gas case, the complexity of a scenario is not only determined by the supply
and demand, but also where mixing happens. For GasLib40 we created two mixing
scenarios. The molar mass of the inflowing gas at source 3 is 16.5 in the first and 16.3 in
the second scenario. This small change results in the second scenario being infeasible.
The computational results for this can be found in Table 3.4. In Table 3.5 one finds the
time needed to solve the same scenarios but without mixing, i.e., a single gas.

The code, instances and generated data can be found at https://github.com/TRR 154/
GasAO1 and https://github.com/TRR 154/StationaryMixingData.

3.6.3 Computational Details of Stationary Flow

In this section, we provide computational details of computing stationary solutions on
networks for the one-velocity model (3.1) and the two-velocity model (3.5). Similarly as
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in Sect. 3.5.3, we use the auxiliary instationary model and compute the long-time limit
with the implicit box scheme presented in Sect. 3.5.2. Here, the additional challenge
compared to the single pipe case consists of handling coupling conditions on the
network, see Sect. 3.6.1. We now need to choose boundary and coupling conditions
for the stationary model, as well as both initial data and time-dependent boundary and
coupling conditions for the auxiliary instationary model.

As in the single pipe case in Sect. 3.5.3, we distinguish between the one- and two-
velocity models.

Setup for the One-Velocity Model Stationary problem. As stated in Sect. 3.6.1 for
the one-velocity model (3.1) at each vertex v of the network either the pressure p” or
the mass flux ¢” can be prescribed. We refer to the respective (disjoint) vertex sets
as I'p, I’y # 0, respectively. In addition to the coupling conditions in (3.38), (3.39),
and (3.40) we need to impose a value of 7" at vertices at which there is mass flux into
the network (independently of whether p” or ¢ is imposed).

Next, let us discuss how to choose the boundary data. For this we use the solution to
the algebraic model (3.45) subject to the coupling conditions (3.44) as a starting point.
In particular, we are given one value of p“ per vertex, and one value of ¢, g per edge.
On vertices v € I'), we impose p” = p“(v), whereas for v € I';, we impose

7" == >, ¢“leMn‘(),

ecE(v)

i.e., the value that ensures mass conservation (3.38) for the simplified model. The
case ¢” = 0 corresponds to no mass flux. On vertices, where we additionally need to
impose ", as in Sect. 3.6.1 we use the values “(v). In the following, consistently
with Option B in Table 3.2, we choose all vertices with only one edge to be in I'y, if
the vertex is an inflow vertex of the edge, and to be in I";, otherwise. Furthermore, any
vertex v with more than one adjacent edge is in I'; if ¢ = 0 and in I}, otherwise.

Auxiliary instationary problem. Next, we turn to the construction of the initial state,
where we follow the procedure in Sect. 3.5.3 to construct an initial state based on the
solution of the stationary model (3.23). That it is close to the stationary solution is
essential, because our method cannot handle changes in the flow regime due to our
implementation of the perfect mixing coupling condition (3.40). We hope that by this
procedure, for each fixed edge e the sign of ¢¢ does not change in the time iteration,
and hence the sets Eiy(v, ¢) and Eqy (v, ¢) do not change in time.

Moreover, we notice that this initial state satisfies the coupling conditions (3.38),
(3.39) and (3.40), see (3.43) and (3.44).

As boundary conditions for the auxiliary instationary model, we prescribe the con-
stant in time ‘boundary’ data t + p”,t + ¢” and t — ", on the respective vertices,
which are compatible with the initial data. Similarly as in Sect. 3.5.3 this means that
long time limits to the scheme satisfy the boundary conditions and data as described
before.

Setup for the Two-Velocity Model Stationary problem. Recall that for the two-velocity
model (3.5) we use the coupling conditions as in Sect. 3.6.1 and recall that no flow
directions enter the conditions. As described therein, on each vertex and each i € {1, 2}
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one may impose either a value on g} or on p. We denote the respective stets of vertices
by I'y[i] U T',[i] = V. In the comparison of the one- and the two-velocity model, for
the sake of consistency, we choose I',[1] = I'p[2] = T', and I'y[1] = I'y[2] = I',.
Similarly as before in Sect. 3.5.3, to obtain compatible boundary and coupling data
we first compute the solution (1, p;%,v') to the one-velocity model. Then, based on
v%” = v%“ = v'" we compatibly choose the data q; atvertices v € I'y[i] and p} at vertices
v € I', [i], respectively, for the two-velocity model.

Auxiliary instationary problem. For the two-velocity model, other than for the one-
velocity model, no auxiliary problem similar to (3.23) with explicit solution is available.
Furthermore, the initial state constructed from solutions to the auxiliary problem for the
one-velocity model does not satisfy the coupling conditions for the two-velocity model.
Specifically, the conditions in the two-velocity model do not reduce to the conditions
in the one-velocity model even when v; = v,. Hence, we cannot use it as initial state for
the two-velocity model.

Therefore, as initial state we choose (0¥, p9, 19, 19) € Roo X R X R X R as constant
across the whole network. For each vertex inI', [{] we determine the value p? =p i(p?),
where we again consider only simple mixtures. Furthermore, for each v € I',[i] we
determine (ql‘.’)O for each i € {1,2} and each vertex v € I';[i] such that the initial state
satisfies the mass conservation at v (3.41). Then, similarly as in the case of a single pipe,
we consider time-dependent boundary data, which arise as linear-in-time interpolants
of (0, (ql‘f)o) and (t*,q}), and then are extended as constant functions for t > *.
Those functions are imposed as ‘boundary’ data on all vertices in I';[i]. We proceed
analogously for the vertices in I, [i], where we impose a linear-in-time interpolant of
0, (p;’)o) and (%, pY), which is extended as constant in time. Those boundary data
agree with the initial data at # = 0 and at all vertices, and for long times coincide with
the (compatibly chosen) boundary data for the stationary problem.

3.6.4 Comparison of Pressure Laws on Networks for One-Velocity Model

In this section, we compare the influence of the choice of pressure law p €
{p1.pPv,PM>PG,PF}, collected in Sect. 3.3, in the one-velocity model (3.1) on a
network referred to as GasLib40-3 network, see Fig. 3.10. We measure the deviations
between solutions to the stationary one-velocity model (3.1) with the GERG-08 pressure
law and solutions to the same model, but with other pressure laws p € {py, pv, pm, Pr}-

Modified Network On complex networks such as the GasLib40 network, see [26],
approximating solutions to the various mixture models is challenging. One reason is
that it is not obvious how to choose admissible boundary (and coupling) conditions, for
which a solution exits. Indeed, characterizing the set of admissible boundary conditions
is a non-trivial task and only in the recent work [31] a sufficient condition on the
boundary conditions was presented. For the full problem (3.1) well-posedness is even
less clear, and in situations, where no solution exists, discrete schemes might very well
fail.
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Only for the simplified model (3.23), we succeeded to approximate a stationary
solution by computing a long-time approximate solution of the instationary model.
Indeed, we have observed many scenarios, in which after small changes of the problem
parameters, e.g., adding the convective term, or changing the pressure law, the numerical
method fails. This is likely due to the fact that the code as implemented cannot handle
changes of flow direction.

In order to demonstrate our method on a reasonably large network, we thus slightly
modify GasLib40. We remove the problematic pipe and the small component (with
three pipes) from the remaining network. The resulting network has 37 vertices and is
referred to as GasLib40-3, see Fig. 3.10 and [10]. As in Sect. 3.5.3 we use the solution
to (3.45) generated by the GasLib40 optimization and restrict it to the remaining vertices
and edges to obtain initial and boundary conditions, see Sect. 3.6.4 and [10]. As in
Sect. 3.6.1, I', and I, are the disjoint sets of vertices, where a value of the pressure
and of the mass flux is imposed, and their choice is described in Sect. 3.6.3.

On this network, and for these initial and boundary conditions, for all pressure laws
the discrete solutions to the instationary model (3.1) tend to a stationary solution, i.e.,
our method to compute them works. See Fig. 3.11 for the solutions for GERG-08.

Results Similarly as in Sect. 3.3.2, we use the GERG-08 pressure law as benchmark.
We compare the deviations between stationary solutions (07, p§',v%) as well as the
associated pressure function p© to (3.1) computed with pressure law p and solutions
to the model with other pressure laws, denoted by superscript corresponding to the
pressure laws, see Sect. 3.3. Recall that those are the ideal gas law (3.16), the virial
expansion (3.18), the mixed virial expansion (3.19) and the least squares fit (3.22b) to
GERG-08 with a mixed polynomial of total degree k = 4.

e I, = Iy —— Dpipe

(a) GasLib-40 (b) GasLib40-3

Fig. 3.10: Graph of GasLib40 network (left) and modification GasLib40-3 (note that fur
the purpose of better visualization the edges are not scaled correctly). The sets I',, and
Iy denote the set of vertices, where a value of the pressure or the mass flux is imposed,
respectively.
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Fig. 3.11: Stationary solution to the one-velocity model (3.1) with pressure law GERG-
08 on GasLib40-3 network, see Fig. 3.10.

Figure 3.12 shows the resulting relative pressure deviations and Fig. 3.13 shows the
relative density deviations, both plotted over the network. We see that the pressure is
rather robust to the choice of the pressure law, since the maximal deviation relative to
GERG-08 is 0.6 % for the ideal gas law, 0.2 % for the virial expansions and mixed virial
expansions and 0.0001 % for the least squares pressure law, see Fig. 3.12. However, in
the relative density difference we see a maximal relative deviation up to 16 % for the
ideal gas law, 8 % for the virial expansions and mixed virial expansions and 0.007 %
for the least squares pressure law in Fig. 3.13.

3.6.5 Validation of the Optimization Results

For the optimization on stationary networks in Sect. 3.6.2 the simplified model (3.23)
is used. However, (3.23) is an approximation of the stationary version of model (3.1).
This raises the immediate question whether the solution obtained by the optimization
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Fig. 3.12: Relative pressure deviation between stationary solution to the one-velocity
model (3.1) obtained with ps in (3.21) and the corresponding stationary solutions
obtained with p; of (3.16), py of (3.18), pas (3.19), respectively, on GasLib40-3,
see Fig. 3.10.

is a solution to the stationary version of the full model (3.1). The goal of this section
is to show that the difference between the solutions is negligible and thus validate the
solution obtained by the optimization in Sect. 3.6.2.

Recall that the simplification leading to (3.23) arises by using the ideal gas law
and by neglecting the convective term. This simplification has allowed us to derive an
algebraic model. For the validation, we compare the respective solutions. We denote
the solution to the stationary version of the full model (3.1) with ideal gas law for the
pressure by superscript I, and the solution to the simplified model (3.23), i.e., (3.24)
with superscript s.

The discrete solution to the simplified model (3.23) is obtained as described in
Sect. 3.6.3. Specifically, we use the algebraic solution of the optimization problem in
Sect. 3.6.2 to create an initial state for the auxiliary instationary model. The objective
of the optimization problem is to maximize the network pressure. The boundary data
for both problems is identical. Furthermore, the flow directions in the initial state of
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Fig. 3.13: Relative density deviation between stationary solution to the one-velocity
model (3.1) obtained with pg in (3.21) and the corresponding stationary solutions
obtained with p; of (3.16), py of (3.18), pas (3.19), respectively, on a GasLib40-3,
see Fig. 3.10.

the auxiliary instationary model are set to the flow directions of the solution from the
optimization problem.

The results are depicted in Fig. 3.14. They show that the relative deviation of the
solutions to the different models in density as well as pressure and velocity are at
most around 0.04 % on the whole network. This means that for the solution to the full
model we can determine bounds on the pressure and on the flow on the whole network.
Furthermore, it is straight-forward to check whether the solution to the full model also
satisfies the feasibility constraints in (3.6.2).

This leads to the conclusion that—up to a small error—a solution to the optimization
problem is a solution to the full model and vice versa.

Furthermore, we want to mention that choosing a different pressure law (Sect. 3.6.4)
results in relative errors of up to 16 %, and thus the simplification of the model has a
much smaller effect on the solutions than the choice of the pressure law. We conclude
that if one is limited to the ideal gas law, one may use the algebraic model instead of the
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stationary version of the full model (3.1) and hence work with explicit solutions instead
of a numerical discretization.
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Fig. 3.14: Relative differences of stationary solutions to the simplified one-velocity
model (3.23), i.e., (3.24) and the stationary version of one-velocity model (3.1) with
the ideal gas law p! (3.16) on GasLib40-3, see Fig. 3.10. Superscript I: Solution of
the stationary version of model (3.1) with ideal gas law. Superscript s: Solution of the
simplified model (3.23), i.e., (3.24).

3.6.6 Consistency of Coupling for One- and Two-Velocity Models

In this section, we experimentally investigate the compatibility of the coupling condi-
tions of the one-velocity model and the two-velocity model, as introduced in Sect. 3.6.1
for the ideal pressure law.

Recall that on a single pipe in Sect. 3.5.3 and Sect. 3.5.4 we have seen that, for
Option B of the boundary data, the solution to the two-velocity model (3.5) approaches
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20

(a) One-velocity p%” (b) Two-velocity p%” with f =10

Fig. 3.15: Density p; of one- and two-velocity solution with ideal gas law on Gaslib40-3
network

the one to the one-velocity model (3.1) as f increases. Here we shall see a similar
behavior, even though some boundary layers may form due to the coupling conditions.

Fig. 3.16: Notation of vertices adjacent to junction in Gaslib40-3 network

Figure 3.15 shows the density p; for the one-velocity model, and the corresponding
one for the two-velocity model for f = 10. At first glance no difference is visible. At the
vertex labeled with Z mixing occurs, and we label the adjacent vertices with A, ..., E.
To investigate the behavior at this vertex more in detail we plot the densities p; on the
neighboring edges, see Fig. 3.17 and 3.18.

More specifically, we plot the density p; for the one-velocity model and the one for
the two-velocity model for several values of f. While on all outflow edges the density
functions agree well for all tested values of f, for the inflow edges some boundary layer
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Fig. 3.17: Density p; on the inflow pipes (A, Z), (B,Z), (C,Z) of vertex Z in the
Gaslib40-3 network (see Fig. 3.16 for labels) for the one-velocity model and the two-
velocity model for f € {1,5, 10,20} m?/(kg x s), both with ideal gas law.

emerges as the parameter f increases. This shows that there is no convergence of the
two-velocity solutions to the one-velocity solution in L*((0, £)) as f — oo. However, as
indicated by the convergence plots, the L'-norms can be observed to converge nearly at
first order in f~!, as f increases. Note that due to the boundary layer formation, already
for moderately large values of f we obtain oscillations in the solutions. To circumvent
this, one would have to use a considerably finer mesh or even graded meshes for the
space discretization.

Our observations indicate that even though the coupling conditions do not reduce to
each other in the limit f — oo, they are consistent in a weaker sense.
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Fig. 3.18: Density p; on the outflow pipes (Z, D),(Z, E) of vertex Z in the Gaslib40-3
network (see Fig. 3.16 for labels) for the one-velocity model and the two-velocity model
for f € {1,5,10,20} m3/(kg X s), both with ideal gas law.

3.6.7 Instationary Flows on Networks

In this section we perform a computational study investigating the numerical conver-
gence of the numerical scheme (3.30) described in Sect. 3.5.2 applied to the one- and
two-velocity models (3.1) and (3.5) on the GasLib40-3 network, see Fig. 3.10. We
compute instationary solutions on successively refined space-time grids, treating the
solution computed on the finest available grid as a reference solution to compute a rate
of convergence in the discretization parameters Ax and Az. We find considerable vari-
ation in the convergence rate values which are mostly better than expected, indicating
that we remain in a preasymptotic regime. We note that, due to the network structure
and the consideration of instationary solutions, the experiments are computationally
expensive; further refinements required to reach the asymptotic regime would be even
more so.
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Spatial and Temporal Discretization We wish to discretize the edges of the GasLib40-
3 network, which vary in length, into quasi-uniform spatial meshes. We thus discretize
each edge into a spatial mesh of fixed width, i.e., the mesh is given by an integer number
of evenly-spaced grid points; the mesh widths are allowed to vary mildly for different
edges. We similarly discretize the time interval into a temporal mesh of fixed time step
size.

More precisely, for a given candidate space step Axcyng and an edge e with length ¢,
we define N¢ := round (€¢ - (Axcana)~") and Ax€ := £¢- (N¢) ™! foreach e € &. Decom-
posing the edge e into N¢ closed subintervals of size Ax®, we define the discretization
of the edge to be the set of intersection points between adjacent subintervals as well as
the endpoints corresponding to {0, £¢}; taking the union over all edges in the network
defines the set of spatial grid points 4. Similarly, for a given candidate time step Azcang
and time horizon T, we define N, At, and the set of temporal grid points [0, T],.

Foro € Ng={0,1,...} we set

A =157 Axeana,  and ALY, = 1.577 Ateand (3.47)

cand * cand *

corresponding to space and time grids Q(A‘T) and [0, T](‘T), respectively; we specify the

values of Axcang and Atcang in our experiment below. We denote numerical solutions
computed on the corresponding space-time grids by
NN

7Py

in the one-velocity case, and
o) v;(’—) in the two-velocity case.

We perform numerical experiments using the ideal gas law (3.16).
Computational Setup

Initial and Boundary Data: One-Velocity Model As initial data for the one-velocity
model we use stationary solutions computed as long time limits to the auxiliary insta-
tionary problem; for details, see Sect. 3.6.3. Note that at any vertex v we can evaluate
the stationary solution to obtain the values p}, kg/(m ), Gy Kg/s, and fiY,, (dimen-
sionless).

Fori € {1,2} and some fixed 7", let

t-T
bl-(T';t):=1+i(0.02—0.08| T | , t>0.

Then for the boundary data at v € I';,, we prescribe

T. T
oy [P 051 < F,
20 otherwise.

and for v € I';, we prescribe



3 Gas Mixtures on Networks: Modeling, Simulation and Optimization 117

bi($i0qY, 0<t <L,

T I B R UL {?L(%;rm;m, fsr<al,
b7 0G5 3 ST<37, Htars otherwise.
Gtars otherwise,

Initial and Boundary Data: Two-Velocity Model For the initial data we set p?(x) =
10kg/m?, pY(x) := 5kg/m?, and v)(x) = vY(x) = 0 m/s. For the boundary dataat v € T},
we define p3** := p;(p?) kg/(ms?) for i € {1,2} and prescribe

st otherwise.

T. ¥ T
Py = {bt’ﬁ’”l’?t‘“’ 0<t<3,

For v € Iy, we prescribe mass flux in units of kg/s as

T

10(47’), 0<r<Z, 0, 0<r<Z,

4 T T

Voo 10, %St<§, v S(Tt_l), 7 t<3,
q,(1) = —4t T r 0= 44 T T
10(T+3),7Sl<31, 5(T+3),5St<31,

0 otherwise, 0, otherwise.

Computational Parameters In the GasLib40-3 network, the shortest pipe length is
approximately 3000 m while the longest is approximately 70 000 m; we have chosen to
fiX Axcang := 1500 m. We consider a time horizon of T = 4 h and take Af.ang := 720s.
Note that, since our scheme (3.30) is implicit in time, we are able to use larger time
steps than would be required with an explicit scheme, which must maintain the CFL
condition (see, e.g., [23, Sec. 4.4]), i.e.,

M > wave speed ~ 500ms~! for i = 0.85.

A[cand
In our case for Axcang = 1500m we would need to consider Afcang = 3s. For the
refinements, we consider Axggl)d and Ati;l)d as defined in (3.47) for o € {2,3,4,5,6,7}.

We fix a Newton tolerance tol = 1077, using the same stopping criterion as in

Sect. 3.5.3. For the two-velocity model, we fix an inner friction of f = 1 m3/ (kg xs).

Results

One-velocity model We compute numerical solutions { pg‘r), p;”), (9} for o as above,
taking the solutions for o = 7 as the reference solutions. We extend these via linear
interpolation to functions in C([0,T] x Q;R). For the linear interpolants, we use the
same notation as for the corresponding numerical solution.

For g € C([0,T] x Q;R), we may consider its restriction to the space-time grid

[0, T](A7) X Q(Z), also denoted by g; for functions on this grid we set:

llglla = IIgIIZI([O’T]WI(QZ);R)). (3.48)
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Table 3.6: Norms and log-ratios for the box scheme (3.30) applied to the one-velocity
model (3.1) (3 sig. digits)

o 2 3 4 5 6
N(o,p1) 1.92e-03 1.20e-03 6.82e-04 3.24e-04 1.78e-04
R(o, p1) 1.16 1.40 1.83 1.48 -
N(o,p2) 2.16e-03 1.35e-03 7.67e-04 3.65e-04 2.01e-04
R(o, p2) 1.16 1.39 1.83 1.47 -
N(o,v) 1.53e-03 9.16e-04 5.07e-04 2.46e-04 1.25e-04
R(o,v) 1.26 1.46 1.78 1.67 -

Then, for @ € {p1, p2,v} and o < 6, we may define the relative error

(@ = o™l

N(o,a) = (3.49)
@l
and for o < 5 the rate of change
N(o,a)
R =1 . .

We record our results in Table 3.6.

Interpreting the numerical scheme (3.30) as a finite difference scheme, we may
determine via Taylor expansions that the scheme is second-order consistent in space
and first-order consistent in time. Since linear interpolants are second-order consistent,
this should not impact the observed convergence of the scheme in our case. Fixing
the ratio A#'” /Ax(‘r) and sending AL 0, we therefore expect that the error

cand cand cand
should decay as O(Atégl)d) asymptotically for small Atigl)d, i.e., that R(o, @) — 1 for

a € {p1, p2,v} as o increases.

While we see some variation in R(o, @), we note primarily that all values are
> 1, and most are close to or greater than 1.5. This indicates that we are still in a
preasymptotic regime where the spatial refinement contributes to better-than-expected
numerical convergence rates.

Two-Velocity Model For the two-velocity model (3.5), we proceed similarly to the
one-velocity case, computing numerical solutions {a(?)} for & € {p1, p2,v1,v2} and
o €{2,3,4,5,6,7}, and we construct linear interpolants which we restrict to the grid
[0, T](A7) X Q(Z). The definitions of ||g||a, N(o, @) and R(o, @) carry over unchanged.
‘We present the results in Table 3.7.

Following the above argument presented for the one-velocity model, we expect the
error to decay as O(Atig; ;) asymptotically for small Atg;)d.

As in the one-velocity experiment, we observe that the majority of R(o, @) values are
greater than 1, and most of these are approximately 1.5, which again indicates that the
spatial refinement plays a role in this regime. However, we also note far more variation
in the trends between R(o, @) values for a as o increases. In particular, we note that
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Table 3.7: Norms and log-ratios for the box scheme (3.30) applied to the two-velocity
model (3.5) (3 sig. digits)

o 2 3 4 5 6
N(o.p1) 7.69e-04 4.15e-04 2.12e-04 1.15e-04 6.90e-05
R(o, p1) 1.52 1.66 1.50 127 -
N(o.p2) 2.37e-04 1.3e-04 6.71e-05 3.52¢-05 2.11e-05
R(o, p2) 1.48 1.64 1.59 1.26 -
N(o,v) 1.11e-01 6.58¢-02 3.66e-02 1.74e-02 1.28e-02
R(o,v) 1.29 145 1.83 0.766 -
N(o. ) 1.35e-01 8.01e-02 4.52¢-02 2.18¢-02 1.64e-02
R(o, 1) 1.29 141 1.79 0.701 -

for a € {vy, 02}, R(4, @) ~ 1.8 while R(5, ) ~ 0.7. This also indicates that we are in
the preasymptotic regime.

3.7 Open Questions

As this chapter demonstrates, a lot is known and can be done concerning modeling,
simulation and optimization of flows of gas mixtures on networks. Nevertheless, several
important questions remain open:

 For our choice of boundary and coupling conditions for mixtures on networks we
have observed consistency between the one- and the two-velocity model in the
sense that the solutions converge in a sufficiently weak norm, as f — oo, see
Sections 3.6.6. Can this be proved rigorously?

* Can other thermodynamically consistent coupling conditions be modeled by taking
the 3D behavior of the flow at junctions into account?

* How can data for the coupling conditions in the two-velocity model be chosen if
no solution to the one-velocity model is available?

* Can the optimization framework in Sect. 3.6.2 be extended from one-velocity to
two-velocity models? Can this be used to generate compatible initial data for the
simulation of the two-velocity model?

* Can local NLP-methods be used to obtain better solutions for the stationary opti-
mization problem? See, e.g., [15] for an application of NLP methods to a reformu-
lation of the mixing equation.

¢ Is the GERG-08 model introduced in Sect. 3.3 thermodynamically consistent and
is the corresponding energy convex in the relevant regime?

* How can the numerical schemes for the one-velocity model be adapted to account
for changing flow directions in an efficient manner?

* In the two-velocity model, what is the relationship between the inner friction
parameter f and rate with which the velocities of the two constituents approach
each other?
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Optimal Control Under Constrained
Pressure Fluctuation
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Caren Tischendorfl0000-0002-8421-7199]

Abstract This chapter presents a modeling and control framework for gas and hydrogen
transport in pipeline networks with a particular focus on mitigating hydrogen embrittle-
ment, based on differential-algebraic equation (DAE) formulations of the gas network
model. Therefore constraints on the controls and, crucially, on their time derivatives are
incorporated to reflect material limitations of existing infrastructure. The resulting DAE
systems remain physically consistent, energy-aware, and compatible with hierarchical
model reductions. Numerical examples illustrate how derivative-constrained control
within a DAE setting enables safe and efficient hydrogen transport.

4.1 Introduction

The transition toward carbon-neutral energy systems places increasing emphasis on
hydrogen as a large-scale energy carrier. While a dedicated hydrogen pipeline infras-
tructure remains a long-term objective, the near-term strategy of blending hydrogen
into existing natural gas networks offers a reasonable path to integrate renewable en-
ergy sources into current transport systems. This development creates new operational
challenges: the networks must be controlled safely and efficiently, and the associated
mathematical models must remain both accurate and computationally tractable.

A central concern in hydrogen transport is hydrogen embrittlement, a degradation
mechanism in steel pipelines whereby hydrogen diffuses into the material, leading to
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a reduction in ductility and fracture toughness, a process that is further accelerated
by cyclic loading. Experimental and theoretical studies (e.g., [9, 15-17]) show that the
fatigue crack growth rate increases with the amplitude of pressure fluctuations, making
the limitation of such fluctuations as crucial as the regulation of the absolute pressure.
Recent modeling efforts (see [2]) further highlight the need to incorporate embrittlement
effects into system-level control and optimization strategies.

In gas networks, compressor stations serve as the primary actuators. To mitigate
embrittlement risks, it is therefore natural to consider optimal control problems in which
the compression ratios and their rates of change are subject to bounds, and the state
variables (pressures and their temporal derivatives) must satisfy constraints reflecting
material safety limits. Incorporating derivative constraints requires a solution framework
that guarantees sufficient regularity. The results for semi-global classical solutions of
hyperbolic balance laws on networks provide the necessary setting: they ensure the
existence of continuously differentiable solutions, allowing pointwise constraints on
pressure derivatives to be meaningfully imposed.

Building on this analytical foundation, we define an optimal control problem for
gas transport on networks that includes control bounds, rate constraints, and state
constraints involving the pressure and its fluctuation amplitude. We discuss existence
results derived from direct methods under suitable regularity assumptions, and we
develop necessary optimality conditions within a differential-algebraic (DAE) adjoint
framework. Numerical examples illustrate how appropriately constrained compressor
control can effectively reduce pressure fluctuations while satisfying operational and
safety requirements.

This chapter thus provides a mathematically rigorous step toward the systematic
control of gas networks under embrittlement-relevant constraints, combining physical
insight, analysis of hyperbolic PDEs on networks, and optimal control with state and
derivative constraints.

4.2 Mathematical Modelling

Consider a connected, directed graph G = (V, &), where the set of vertices V represents
network junctions and the set of edges & € V X V represents network pipelines and
compressor stations. Every edge can either be a flow edge or a compressor edge. The
set of flow edges given by Ef and the set of compressor edges given by Ec are disjoint
and we have & = & U &c. For each pipeline e € Ef, the gas dynamics are described
by the semilinear isothermal Euler equations (introduced in Sect. 2.3)

gpe(l,x) + aiqe(f,x) =0,
! x (4.1)

A° q°(t, 0)lq° (1, x)|

0 0
— g€ t, —_p€ t, J——
th &%)+ 0xp (#,%) 2D¢ pe(t, x)

Here, p®, ¢¢ and p® denote density, mass flux and pressure of the gas along the
edge e € &, while 1¢ and D° denote the pipe friction coefficient and pipe diameter,
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respectively. At each network junction v € V, as coupling conditions, we consider the
conservation of mass and the continuity in pressure (see Sect. 2.5.2). The boundary data
is given by prescribed gas outflow b’(¢) at exit nodes (where gas leaves the network)
and inlet pressures pg(t) at entry nodes (where gas enters the network).

Each compressor station is represented by a compressor edge e € Ec. While the
pressure and thus also the density are increased by gas compression, mass conservation
requires the flow to be constant along the compressor edges for every ¢t € [0,T]. The
effect of the compressor is represented by the reachable pressure ratio. The required
time-dependent compressor power P¢(¢) is modeled as

PE(1) = A€ ¢°(1) ((me) - 1), (4.2)
Pin(t)

where pip, and poy denote the ingoing and outgoing pressure, A° is the cross section,
q°¢ denotes the flow through the compressor, and « is the isentropic exponent. In the
optimal control framework of this chapter, the pressure ratio serves as control variable,
while the compressor power is to be minimized.

The existence theory for gas flow on networks with controls of bounded total vari-
ation, originating from [5], ensures L'-regularity of optimal controls for hyperbolic
balance laws. However, the pressure fluctuation constraints considered here require that
control and state variables possess higher regularity, since pointwise bounds on time
derivatives of pressures are imposed. To this end, we rely on the theory of semi-global
classical solutions for quasilinear hyperbolic systems. The foundational work of Li
Tatsien and collaborators (e.g., [10]) establishes exact boundary controllability results
based on classical solutions. A comprehensive summary tailored to gas networks is
provided in [4]. This theory guarantees that, on a finite time horizon [0, T], the net-
worked system admits classical C'-solutions under suitable smallness and compatibility
assumptions on the initial and boundary data. Moreover, it provides an a priori bound
for the C'-norm of the state that is linear with respect to the C'-norm of the initial and
boundary data.

4.3 The Optimal Control Problem

In this section, we consider an optimal control problem of a similar type as in [6]. Let
Ec denote the set of compressor edges in the network. For each edge e € &¢, the
control variable is the pressure ratio, expressed as

p(e)ut(t) e e
—— =u‘(t)+u.,,
PE, (0 !

where ug; denotes a reference control compatible with a static reference state of the
network. We impose the control constraint

e e e e
1 <egp,, Su(t) +us < epaxs (4.3)
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which restricts the feasible pressure ratios. A value of u®(¢) + u;,; = 1 corresponds to
the compressor being inactive, in which case the state is unaffected by that compressor.

In order to avoid fast pressure fluctuations, we impose bounds for the first and second
time-derivatives of the control function

d
’Eue(z‘) < uﬁ’lax,der re [O’ T]’
e 4.4)
ﬁue(t) S Upaxsecder @ €-0n (0, T).
The objective functional is defined as
r 1 e e e e \K e 2
Jow)= > — A () [(We@) +uly) — 1] + u@)* dt, 4.5)
ec&c Y0 Y

with a penalty parameter y > 0. The first term of Jy models the fuel consumption of
the compressor (see, e.g., [11]), while the second term penalizes high pressure ratios to
account for high operational costs.

In our control problem, in addition to the C'-compatibility conditions, state con-
straints are also imposed on all edges e € &. We consider box constraints for the
pressure

e <Pt ) < Phax (4.6)

and for the temporal derivatives of the pressure

0
pfnin,der < Epe(ta )< prenax,der' 4.7)

To avoid further model complexity, we assume that the initial state coincides with the
static reference state associated with u.¢, and that this reference state is feasible, i.e., it
satisfies all state constraints.

The optimal control problem is therefore to find controls

u® € HX0,7), ec&c,

that are C!-compatible with the given initial state, satisfy the control constraint (4.3),
(4.4), and generate a state that satisfies the state constraints (4.6) for the pressures
and (4.7) for the pressure derivatives, such that the objective function Jy defined in (4.5)
is minimized. Here, H>(0, T) is the Sobolev space W22(0, T) (cf. [1]), which is in fact
a Hilbert space.

Asin [6], one can show the existence of an optimal control by the direct method of the
calculus of variations, provided that y > 0 is chosen sufficiently large. In [6] and [14],
an explicit H2-regularization term is included in the objective functional. In the present
formulation, the control cost contains only the L’-term, while regularity is enforced
through the derivative constraints (4.4). A related problem for boundary control in flood
management is treated in [3], where no Hz—regularization term is added. However, in
that case the existence of an optimal control is not established.
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4.4 Optimal Control with DAE Constraints

Discretizing (4.1) in space yields the optimal control problem

T
inf T, u) = g(d(x(T))) + J hx, u, 1) dt (4.82)

xeX,uelU %

s.t. A%(d(x)) +b(x,u, 1) =0, dx(ty)) = yo (4.8b)
for a given initial value yo € RF with A € R”*, U := C([to, T],R"),
X = Cl(lo, TLR™) = { x € C(l1o, TLR™) [ d(x() € C' (110, TL R },

and continuous functions

d:R™ — R, b:R™XR" X [t0,T] — R™,
g:RF SR, h:R™XR" X [t9,T] — R.

Note that X is not necessarily a linear space in case of a nonlinear function d but
a natural subset of C([tg,T],R™) to which solutions of (4.8b) shall belong. In our
numerical examples, A is given by a finite differences matrix for the space derivative.

The next theorem provides a necessary optimization criterion for the optimal control
problem (4.8). It extends the first order condition from [8] to DAE control problems
with a nonlinear function d(x).

Theorem 4.1 (see Chap. 4 in [12]) Let A have full column rank. Let the nonlinear
functions b, d, g and h be sufficiently smooth such that the matrix

. A bx(x, u, t) bu(x, u, t)
M(x,u,t) = 0 dux) 0
and the derivatives gy, hy and hy, exist. If M(x, u, t) has full row rank for all (x,u,t) €
R™ X R" X [ty, T, then each solution (x.,u.) € X X U of the optimization problem (4.8)
with initial value yo € R¥ yields a solution (x.,u.,1,) € X X U X A of the optimality
DAE

A%(d(x)) +b(x,u,t)=0 (4.92)
—dx(x)T%(AT/l) + by u, )" A= hy(x,u,t)" (4.9b)
by, u, )T A = hy,(x,u,t)" (4.9¢)
d(x(10)) = Yo (4.9d)

T
ATAT) = g, (d(x(T))) (4.9¢)

with A := Cl+ ([to, T],R™) := {1 € C([1o,T1,R™) | ATA € C'([10, T],R¥)}.
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4.5 Numerical Examples

In this section, two numerical examples based on gas transport in pipeline networks
are presented, where the solution of the optimal control problem (4.8) exploits the
optimality DAE (4.9). In the first example we consider a compressor edge connected
to a pipeline and we explicitly formulate the optimality DAE (4.9), while in the second
example, we consider the GasLib-11 I a network instance that consists of 11 nodes with
3 inflows and 3 outflows, 8 flow edges and 2 compressor stations.

4.5.1 One Compressor Connected to One Pipe

Consider a pipeline that is connected to a compressor station as shown in Fig. 4.1. In
this example, we provide an explicit formulation of the optimality DAE (4.9).

compressor p2 pipe
p1 p3
qc q qr

Fig. 4.1: Pressure and flow variables for a compressor coupled with one pipe

The DAE model equations of (4.8b) are given by

p1=po (fixed pressure at vertex 1)
qgc—q1=0 (flow balance at vertex 2)
qr=D>b (flow balance at vertex 3)

%9%(173) +dg(gr —q)=0  (pipe mass balance)

iql +dp(p3 — p2) +cy m +C20p(p3) =0 (pipe momentum balance)

dr ¢p(p3)
p2\"
— ] —1=u. (compressor control)
P1

max{1, P2y P2 _ 0 (compressor constraint)
P1 P1
with the parameters
A c Adc . R,T
dp=7, dg=7, a=—-, o= C%Sln(a), Ce=— k=04,

and the density function

! Data can be found on https:/gaslib.zib.de/.


https://gaslib.zib.de/
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Table 4.1: Network and gas parameters for the example with a pipe connected to a
compressor [7]

Variable Letter Value Unit
Final time T 24 h
Pipe diameter D 0.7 m
Pipe length L 1 km
Pipe roughness & 5-1073 m
Gravitational constant g 9.8067 m/s?
Universal gas constant R 8.3145 J/(mol K)
Molar mass of the gas M 0.0182 kg/mol
Gas temperature T 283.2 K
Pseudocritical temperature Teri 202.72 K
Pseudocritical pressure Pyit 46.6614 bar
Lower pressure bound Pmin 40 bar
P . .
p(p) = Tp) with real gas factor z(p) = 1 + cagap for p in bar.

The network and gas parameters are given in Table 4.1. The pipe friction coefficient is
implicitly given by the pipe roughness

-2
&
A= (—2 1og10(—3_7065D)) . 4.10)

The specific gas constant Rg is given by the quotient of universal gas constant R and
molar mass M. The constant caga in the compressibility factor z(p) is given by

1
Perit ’

T .
CAGA = (0.257 - 0.533i“) 4.11)

Note that this compressibility factor is also applied by the American Gas Association
(see, e.g., [13]).
For the boundary data, we define the inlet pressure at the node v; by

po(t) = 40.1 bar,

and gas demand at node v3 given by

16 . nt 16 nt kg
b(r) = 140 — — sin [— ) Pos (— 1) £
® 7rsm(12~60-60) ncos(8-60~60) s

The functions g and 4 in the objective function (4.8a) are chosen as g(y) = 0 and
, 2 2
h(x, 1, 1) = wo [q‘(t) (ug(r) - 1)] +or (w50 = 1), wo =10, w1 =001

where £ is the weighted, regularized, squared compressor power (4.2). The DAE model
equations of (4.8b) are completed by the pressure constraints
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p2 —max{pz, pmin} =0, i.e. p2 2 Pmin,
p3 —max{p3, pmin} =0, i.e. p3 > Pmin,

and the box constraints for the derivatives of the control

’ /7 7 144 ’” 14
u, —max{u,,u,; } =0, u, —max{u, ,u; . } =0,
’ : ’ ’ 144 : 144 144
u,, —min{u,, up,. } =0, u,, —min{u/, u; .} =0,
: ’ — ’ _ "ooo_ ’” _ :
withu' . =—-1,up,, =1, u’. =-1anduf, =1 reflecting
7’ ’ !’ 144 124 144
umin < u. < Umax and Urnin < Ue < Umax -

The problem was solved using Python and the results are shown in Fig. 4.2. The gas
demand at node v3 is represented by the green curve g,. Since the inlet pressure at
node v is fixed at 40.1 bar, the shifted compression factor u. increases as long as the
demand increases. The factor is optimally chosen such that the lower pressure limit of
40 bar is always satisfied. Notice that the flow g. equals the inflow g; of the pipe and
is, therefore, hidden behind the curve of ¢; in Fig. 4.2.

Pressure variables

P2

40.2 4 — D3
40.0
T T T T T T
0 5 10 15 20 25
timein h
Flow variables
160 A = Qc
1501 a
— a
1404
1301
T T T T T T
0 5 10 15 20 25
timein h

Control variables

0.006 1

0.005 1

0.004 4

T T T T T T
0 5 10 15 20 25
timein h

Fig. 4.2: Numerical solution with piecewise quadratic ansatz functions (with subinterval
length of 1 hour) for a compressor coupled with one pipe (see Fig. 4.1) with the shifted
compression factor u, = ’;—? — 1 as control.
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4.5.2 Gaslib-11

Consider the optimal control problem (4.8) on the gas network instance GasLib-11,
which consists of 11 nodes (3 inflows, 5 inner nodes, 3 outflows), 8 edges and 2
compressor stations, as visualized in Fig. 4.3. This example demonstrates, that imposing
bounds on the derivative of the control can lead to less pressure fluctuation.

@—b Outflow

[ Outflow
€2 €5 er @

€1 /\ CS1 - CSo
Inflow Inflow @/ @
€3 Outflow

Inflow

Fig. 4.3: A scheme of the GasLib-11 with closed valve

For each flow pipe e € & we consider the isothermal Euler equation (4.1) with
the compressibility factor (4.11) and pipe friction coefficient (4.10). For the readers’
convenience we consider equal pipe length, diameter, roughness and angle for every
flow pipe e € Ep. The network and gas parameters are given in Table 4.2.

For the inlet pressures we consider

p1(t) = 55 bar, p2(t) =52 bar, pe(t) = 53 bar.

Table 4.2: Network and gas parameters for the GasLib-11 example

Variable Letter Value Unit
Final time T 24 h

Pipe diameter D 0.5 m

Pipe length L 5.5 km
Pipe roughness & 5.107° m

Pipe angle @ 0

Gravitational constant g 9.8067 m/s?
Universal gas constant R 8.3145 J/(mol K)
Molar mass of the gas M 0.0182 kg/mol
Gas temperature T 283.2 K
Pseudocritical temperature Teri 202.72 K
Pseudocritical pressure Peit 46.6614 bar

Lower pressure bound Pmin 40 bar
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The gas outflow is given by

K
bo(t) = 30 sin (27r 1) +115 ~&
T m-s

3 K
bio(t) = 50 sin (27r (% - g)) +100 m—fs,

1 K
b11(t) = 40 sin (27r (% - Z)) +120 m—fs.

For the initial condition we compute the steady states corresponding to the boundary
dataatr =0 and u; = up = 1 with uer; = 0. For the objective function, we consider

2
gy =0, and h(x,u,t) = Z A g“i (ufl (t)).

i=1
Further, we consider bounds for the control derivative, given by
()| <5-107°  ie{1,2}.

Note that the control derivative bounds are small, since the control is small compared to
the time interval of 86400 seconds. The optimal compressor controls with and without
bounds on the control derivative are shown in Fig. 4.4, and the corresponding optimal
pressures at the outflow nodes v7, v19, and v1; are shown in Fig. 4.5. In the absence of
bounds on the control derivative, the optimal control exhibits pronounced fluctuations
and highly nonlinear behavior. In contrast, imposing bounds on the control derivative
leads to significantly smoother and partly linear control profiles, as seen in Fig. 4.4.
This difference in control behavior is reflected in the resulting pressure trajectories at
the outflow nodes. While the overall pressure amplitudes remain comparable in both
cases, the bounded control derivative yields smoother pressure profiles with reduced
temporal variation, as shown in Fig. 4.5. In particular, changes in pressure occur more
gradually, with reduced rates of change over time when control derivative bounds are
enforced.

1.4 1.4
no bounds on the derivative no bounds on the derivative
1316 - with bounds on the derivative 13 - with bounds on the derivative
=12 =12
]
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Fig. 4.4: Optimal compressor controls with bounds on the control derivative (red) and
without bounds on the control derivative (blue)
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Fig. 4.5: Optimal pressures at the outflow nodes with bounds on the control derivative
(red) and without bounds on the control derivative (blue)
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Chapter 5

Introduction to Discrete-Continuous Optimization
for Gas Networks
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Abstract This chapter gives a short introduction into the interplay of discrete and
continuous optimization in the context of gas networks and provides an introduction
to the corresponding chapters of the book Mathematical Modelling, Simulation and
Optimization using the Example of Gas Networks.

Discrete and continuous optimization are two main subfields of mathematical opti-
mization. Discrete optimization deals with optimization problems in which discrete
decision variables appear, e.g., binary or integer variables. Continuous optimization
deals with problems with only continuous variables and usually some or all constraints
are nonlinear.

The ties between these fields are traditionally not extremely strong. This can partly
be explained by the different focus that these fields have. Very roughly, one large sub-
area of discrete optimization focusses on the solution to global optimality, i.e., the
global optimality of a computed solution is proven. Another large subarea focusses
on fast algorithms to compute solutions that provably approximate the optimal value
within certain bounds. The solutions spaces are often polyhedra intersected with integer
lattices. Continuous optimization usually deals with (highly) nonlinear problems. For
example, a large subarea deals with nonlinear, but convex problems, while another sub-
area investigates the solution of problems constrainted by Partial Differential Equations
(PDE). In the latter, usually only locally optimal solutions can be computed. The analy-
sis of nonconvex solution spaces is therefore based on a local view with corresponding
constraint qualifications. The properties of functions defining constraints or cones is
typically quite important.

The algorithms investigated in both fields are also often of fundamentally different
nature. In discrete optimization, branch-and-bound based and combinatorial algorithms
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dominate. These algorithms try to exploit particular combinatorial structure in order to
be theoretically or practically efficient. In continuous optimization, iterative algorithms
like gradient descent or Newton’s method are ubiquitous. The main focus is then on a
convergence analysis, possibly including error control. Linear programming is one of
the (few) topics that lie in the intersection.

Of course, the combination of both fields has been perused in the past. For instance,
extending global optimization to nonlinear problems (with discrete variables) has lead
to Mixed-Integer Nonlinear Programming (MINLP). Similarly, nonlinear convex relax-
ations like semidefinite programs have been heavily investigated.

We stress that this is a very rough classification with many blurred borders. However,
it may help to assess the contributions of this book.

In the context of gas transport, many topics arise that require the combination
of techniques from the two fields. For instance, the physics of gas flows is nonlinear.
Discrete decisions are necessary for opening/closing valves, turning compressors on/off,
and for deciding about the topology of hydrogen networks. Similarly, the handling of
discrete decisions in PDE optimization is important, e.g., because of model switches.
This book therefore contains many different examples where such a combination has
been fruitfully exploited.

Let us give some examples.

* Chap. 6, “Mixed-Integer Nonlinear Optimization in the Context of Gas Networks”
explicitly collects several MINLP techniques applied in the gas transport context.
This ranges from methods to globally solve stationary gas transport problem to
solving transient problems. Moreover, new techniques to derive dual bounds based
on Lipschitz constants have been developed.

e Chap. 7, “Potential-Based Flows — An Overview” gives an overview on potential-
based flows, a model capturing many energy networks. This also includes discrete
decisions and topology optimization.

e Chap. 8, “Models for Gas Markets” treats equilibrium models, in particular for
energy markets. The corresponding networks also involve valves or switches, i.e.,
discrete decisions. Moreover, when reformulating multi-level problems with fewer
levels, optimality conditions have to be expressed. This can be done by either
introducing additional binary variables or using complementarity conditions.

Further chapters that involve the interplay of continuous and discrete optimization are:

e Chap. 3, “Gas Mixtures on Networks: Modeling, Simulation and Optimization”
discusses models for mixing different gas types. The core nonlinear equation ex-
pressing mixing involves the flow direction, which is commonly represented using
binary variables.

e Chap. 22, “Mathematical Questions Arising from Practical Challenges in Gas
Networks” covers demonstrators of the techniques of this book. This also includes
discrete-continuous optimization.

* Parts of Chap. 17, “Domain Decomposition for Gas Network Control” treat mixed-
integer optimal control.
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In conclusion, this book contains many interesting contributions of the interaction of
techniques from discrete and continuous optimization. We hope that the readers of this
book enjoy them as much as we do!
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Abstract When solving gas transport problems, mixed-integer nonlinear programs
(MINLPs) arise in many forms. The nonlinearity typically arises from the physics of
gas and integer decisions from using active elements, e.g., from opening/closing valves.
In recent years, many solution techniques tailored towards gas transport have been
developed. This chapter gives an overview of some of these methods. This ranges from
stationary to instationary models and spans many different approaches.
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6.1 Introduction

Gas transport networks, or more generally energy networks, have been one important
application area of techniques for mixed-integer nonlinear programs (MINLPs). These
optimization problems on networks provide challenging and interesting research topics,
because they can be (very) large-scale, they are nonlinear and they incorporate integer
decisions. As a consequence, both new methods — often tailored towards the particular
structure — have been developed and existing approaches have been refined for this
application area.

The goal of this chapter is to showcase some MINLP techniques in the context of
gas transport. One common thread is that the methods need to exploit the combined
structure of nonlinearity and integrality in order to achieve good solution performance.
Indeed, these techniques often allow to solve instances of realistic size. The readership
that we are targeting with this chapter are researchers who want to see applications of
such MINLP methods.

This chapter is structured as follows. We start with a short literature review in
Sect. 6.2. We then present methods for stationary gas transport (Sect. 6.3), followed
by methods of transient gas transport (Sect. 6.4). In addition, we very briefly mention
topology optimization (Sect. 6.5), but also refer to the discussion in Chap. 7, “Potential-
Based Flows — An Overview”. Sect. 6.6 gives an overview of techniques that only require
(approximations of) Lipschitz constants and nonconvex relaxations. The chapter closes
with an outlook in Sect. 6.7.

In total, the goal of this chapter is to give a glimpse into MINLP approaches that are
connected to gas transport, but also go beyond.

6.2 Brief Literature Review

Some surveys on the application of MINLP techniques for gas transport are given
by Zheng et al. [46], Shaw [43] and Rios-Mercado and Borraz-Sdnchez [36]. For a
literature review until about 2015, we also refer to the chapter [38] in the book [21].

For a review on techniques especially targeted towards topology optimization, we
refer to Sect. 6.5 and Chap. 7, “Potential-Based Flows — An Overview”.

Recent work on MINLP include Li and Li [28], who apply a generalized Benders
algorithm for an industrial natural gas production network. Borraz-Sanchez et al. [2]
consider convex models based on second-order cones. A linearization of a MINLP
model is studied by Mikolajkova et al. [32]. The optimization of compressor stations is
investigated by Mak et al. [30]. Moreover, Li et al. [29] develop an algorithm based on
reformulation and enumeration. Ghilardi et al. [9] investigate an approximation based
on MIPs and a decomposition applied to the Italian gas transmission network.
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6.3 Improvements for Solving Stationary Models

We begin with a short recap of the models that are used for optimizing stationary
gas transport. For an overview and more details, we refer to Chap. 2, “A Catalog of
Gas Network Models: PDEs, Coupling Conditions, and Numerical Schemes” and [21].
Moreover, for models incorporating gas mixtures, we refer to Chap. 3, “Gas Mixtures
on Networks: Modeling, Simulation and Optimization”.

For a pipe in a gas network, the most accurate model for the stationary case can be
derived from (ISO1) in Chap. 2, “A Catalog of Gas Network Models: PDEs, Coupling
Conditions, and Numerical Schemes” by setting all time derivatives to 0:

Ox(p + pv°) = —ipvlvl — gpoxb, (ISO1-S)
2D

where x is the position along the pipe, p is the pressure, p the density and v the velocity
of the gas. Moreover, D is the diameter, A the friction, b the height of the pipe and g is
the gravitational constant. For simplicity of exposition, we set the height to be constant
in the following, i.e., dyb = 0. Let A be the cross-sectional area of the pipe. Then using
the flow rate ¢ = Apv (which is constant along the pipe) and speed of sound ¢? = % we
obtain

2 2
q 1l c
1S01-S) & a( +—)=— <
( ) \P+ A, 2DAzpqlql
2.2 2
c°q A c
o 6( +—)=— —
\P+ e, 2DAzpqqul
2 .2 2
c°q Al c
e 9 (1— )=——— , 6.1

where in the second to last line the derivative with respect to x is taken. If we define

Ac*qlqlp
2D(A2p2 _ C2q2)’

é(p,q) =—

then (6.1) can be written as the ordinary differential equation (ODE) p” = dxp = ¢(p, q).

A useful algebraic approximation is given by the Weymouth equation, com-
pare (ISO4-ALG) in Chap. 2, “A Catalog of Gas Network Models: PDEs, Coupling
Conditions, and Numerical Schemes’:

AL
DA?

Pin = Pout = lqlq. (6.2)
where p;, and p,,; are the pressures at the beginning and end of the pipe (w.r.t. arc
direction). Moreover, L is the length of the pipe.

The network is represented by a directed graph G = (V, A), where we assume that
there are no loops and no anti-parallel arcs. The arcs correspond to different elements in
the gas network like pipes or compressors. On each arc a € A there is a constant flow
rate ¢g,. Positive values correspond to flow in the direction of the arc, while negative
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values correspond to flow in the opposite direction. Each node u € V of the graph has
a pressure p,,. At each node, flow conservation with balance value ¢ has to hold

Z da — Z Qa=q;

a€dt(u) aed(u)

where 6*(u) = {a = (u, w) € A} are the arcs leaving u and 5~ (u) = {a = (w,u) € A}
are the arcs entering u. Node v is an entry if g;: > 0, an exit if g} < 0 or an inner node
if g =0.

A gas network usually contains more elements, namely, control valves, valves, com-
pressors and resistors. We do not discuss the details of the modeling of these other
network elements here, but refer to Sect. 2.9 of Chap. 2, “A Catalog of Gas Network
Models: PDEs, Coupling Conditions, and Numerical Schemes” and the book [21].

6.3.1 Compressor Station Modeling

Since gas flows from higher to lower pressure, compressors are sometimes needed to
increase pressure and such that lower pressure bounds at customers can be satisfied.
There are several types of compressors, the most commonly used are so-called turbo
compressors. The modeling of these compressors is typically quite complicated, since
the description of the physical behavior is generally only available through measured
data. In practice, several compressors are usually installed at so-called compressor
stations with valves deciding about the flow through the compressors, depending on
the particular use case. We refer to Sect. 2.9 of Chap. 2, “A Catalog of Gas Network
Models: PDEs, Coupling Conditions, and Numerical Schemes” for more details.

In order to provide an easy way of approximating the behavior of compressor stations,
Hiller et al. [19] developed methods that compute suitable convex hulls of the operating
ranges of the stations. Their methods result in linear inequalities that provide an outer
approximation in the flow/pressure space and can easily be incorporated into MINLP
models.

6.3.2 Global Optimization by Exploiting Acyclicity

Gas cannot flow in cycles, because the pressure differences cancel around a cycle, but
the flow does not; see also Theorem 7.3 in Chap. 7, “Potential-Based Flows — An
Overview”. This fact can be exploited with the main goal to fix flow directions. If the
direction of the flow along a pipe is fixed, the linear relaxation of (6.1) or (6.2) is tighter,
which improves the overall approximation quality. In the following we summarize the
techniques developed in [15].

The main technique is to introduce binary variables z7, and z, for each arc a € A.
These are coupled to the flow g, as follows
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9a £G, 75 9, % < 4a otz <1, (6.3)

where q, and g, are lower and upper bounds on the flow g, respectively.

Let C be a cycle in the graph G, i.e., it forms a cycle in the underlying undirected
graph. Fix an arbitrary direction of C. Let C* and C~ be arcs in forward and backward
direction, respectively. We write C = (C*, C™). Then the following cycle inequalities
hold:

Db+ Dl <Icl=1, D)+ D) <Ic -1,

aeC* aeC~ aeCt aeC~

which state that the flow directions along the cycle cannot be all in or against the
orientation of C.

Moreover, one can add the following inequalities for every entry s € V and exit
teV:

Zz2+2z;21, ZZZ"'ZZ;ZL

acd*(s) acod=(s) aed (1) acdt(t)

which state that at least one flow direction has to leave s and enter ¢. For an inner node u,
one can enforce that if a flow direction enters or leaves u along an arc a then it also has
to leave or enter it. For example, if a € 6~ (u) for a € A then

< DL g+ D 2
bes*(v) bes(v)\{a}
holds.

Besides a theoretical investigation of flow directions, [15] also contains compu-
tational experiments that show the superiority of exploiting acyclicity. For instance,
when using the Weymouth equation (6.2), for the GasLib-582 instance [39], among
the 4227 scenarios the best method (which enumerates and adds all cycle inequalities)
could solve 2015 to optimality and 2179 are detected to be infeasible. Note that these
instances were originally constructed to be at the boundary of in/feasibility, which ex-
plains the large number of infeasible instances. This leaves only 33 instances that cannot
be solved within one hour. Without flow direction variables, 1830 cannot be solved.
If we only use binary flow direction variables this number drops to 1229. If the ODE
model (6.1) is used (see Sect. 6.3.3), only 349 instances cannot be solved with the best
version (again using all cycles).

6.3.3 Global Optimization of the ODE Model

For an accurate handling of gas flow, i.e., when using the ODE model (6.1), the arti-
cle [16] developed a global optimization approach, which we briefly describe in the
following.

One main observation is that in the MINLP formulation, the pressure function only
needs to be evaluated at nodes and not along pipes of a stationary network. Moreover,
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p(x) is shown to be non-increasing and concave along a pipe. This makes it possible to
compute tight bounds for the pressure at the end or start of a pipe, given the pressure at
the other end and the flow rate g.

To this end, we assume that we have discretized the range [0, L] of the pipe using
N + 1 equidistant discretization points 0 = xy < ... <x; <xg=L.Leth = ﬁ be the
step size. Then the explicit midpoint rule computes pressures pg, ey p?, as follows

h .
PS=POv pl{+1=p[€_h¢(pf_§¢(pf’q)’q)7 VI=O7""N_1’

where pY is a given pressure at L. Moreover, the implicit trapezoidal rule is

u u u h u u )
pa=p° pY, =pt- 7 00} @) + (i @l Vi=0,.. . N 1.

Then it is proved in [16] that under certain weak conditions, the explicit midpoint rule
provides a lower bound on the pressure at 0 and the trapezoidal rule an upper bound.
Note that the direction is reversed for simplicity of notation. Moreover, one can show
that these bounds are convex, which allows to derive gradient inequalities to generate
a dynamically adjusted linear programming relaxation, see Fig. 6.1 for an illustration.
This is then combined with an algorithm that automatically refines the stepsize h
on certain pipes and performs spatial branching in order to obtain a tighter linear
relaxation. The practical applicability of this overall approach is then demonstrated
through computational results on GasLib instances [39], see also Sect. 6.3.2.

Pin

3

>
Pout

Fig. 6.1: Illustration of the approximation of the solution function of the ODE
p’ = ¢(p,q) (dashed). The shaded area is the approximation given by the numeri-
cal discretization schemes. The black point is a candidate solution, which can be cut off
using a gradient cut at the lower bound.
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6.4 Improvements for Time-Dependent Models via Decomposition
Methods

Large-scale mixed-integer nonlinear programming problems (MINLP) are far beyond
one-shot applications of standard software. The key features are the interaction of dis-
crete (integer) and continuous variables and the complexity of the domains, i.e., the
underlying graphs. Consequently, two types of decompositions are in order: first, a
decomposition into discrete and continuous variables (e.g., Benders decomposition)
and, second, space—time domain decomposition methods (STDDM) of the time—graph
structure. Discrete methods aim to compute global minima for physically less accurate
and often time-independent models, while continuous PDE-based methods focus on
physically faithful PDE models but notoriously lack guarantees of global optimality,
since they typically rely on gradient-based methods for nonconvex problems. On the
one hand, short time horizons make it possible to employ time expansions of dis-
crete (integer-based) models and methods, while on the other hand, small subnetworks
improve the accessibility of continuous optimization methods.

A first way to reduce the complexity of the optimal control problem consists of
an Euler time discretization of the PDE and the implementation of a rolling-horizon
scheme, which results in a so-called instantaneous control problem on the network. In
this way, the original time-dependent problem turns into a sequence of static optimal
control problems which, in turn, can be treated as MINLPs on large networks or,
preferably, on subnetworks. In [13] this reduction method was pursued, enabling a
decomposition into integer-based and continuous problems.

Time-domain decompositions, has been considered [22, 23, 26], while spatial do-
main decomposition on metric graphs has been extensively studied in [25]. Here, we
restrict ourselves to the model (ISO2) from Chap. 2, “A Catalog of Gas Network Mod-
els: PDEs, Coupling Conditions, and Numerical Schemes”, even though similar results
have meanwhile also been achieved for (ISO3), see [27]. It should be noted that, after
an (implicit) Euler time discretization, for (ISO2)/(ISO3) can be reduced to an extended
version of (ISO4), which, in turn, is the classical model for MINLP applications. IS
Here we concentrate on optimal control problems for systems of semilinear hyperbolic
balance laws derived from (ISO2) pipe network model. We formulate a generic opti-
mal control problem for semilinear hyperbolic balance laws on a metric graph, using
Riemann invariants and nonlinear flux control at the leaves and nonlinear actuation at
interior junctions. We present (i) the continuous-time optimal control problem (OCP)
in Riemann variables, (ii) a semi-discretization with respect to the time via an implicit
(backward) Euler discretization, while keeping the space variables continuous and pro-
vide an analysis of the resulting elliptic-in-time operator equation, (iii) a fully discrete
upwind version and the associated KKT/adjoint system and reduced gradient, (iv) a
junction/node solver derived from pressure continuity and mass conservation in Rie-
mann variables (and its controlled generalization), (v) the instantaneous/rolling-horizon
control problem obtained by neglecting the time sum, and (vi) a spatial domain decom-
position of the instantaneous problem on a single time level together with interface
variables and Schur-complement structure.
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6.4.1 Graph Setting and Problem Formulation

Let G = (V, A) be a directed metric graph. Each edge e € & is a pipe of length L, with
coordinate x € (0, L.). On each edge we consider a 2 x 2 strictly hyperbolic, semilinear
balance law for gas dynamics. Let conservative/physical variables be U, = (p¢, qe) "
(pressure, mass flux), and define the Riemann invariants

R = (:) . (@) =¥(R), R=0U),

e

where ® maps the physical variables into the Riemann invariants and ¥ denotes the
inverse of ®. In particular, r* = g + Z, p with constant impedance Z, > 0. In the case of
linear gas transport (the nonlinearity is provided by the friction term), the characteristic
speeds are A5 (R.) = a. = A, (R,.). We define the diagonal operator

Ae(Re) = diag(AZ(Re), ~ 2, (R)), 47 > 0.
We now introduce the dynamics. For each e € &,
Ot + AL(R,) Oyrt = SH(R,), Orr, — A, (Re) Oxr, =S, (Re). (PDE)

Here S% collect sources (e.g., friction). For isothermal gas with nonlinear friction
f(@) = kelqlg, one has St = S, = —%Kelqe|qe with ¢, = %(r;’ +r.). The system
dynamics is complemented by nodal and initial conditions. Let 6(v) denote edges
incident to node v € V. With the outward normal n, , = +1 if x = O is at v and —1 if
x =L, is at v, define

in r;(0,1), ifne,=+I1, out  7200,2),  ifne,=+1,

= r =

or rZ(Le,t)’ ifne,v =-1, “r r;(Le’t)a ifne,v =-1.

For uncontrolled junctions, interior-node physics (pressure continuity and mass-flux
conservation) yield '

) = S,(e0) + by(0), (NODE)

where r'*" stack 7" over e € 5(v). The operator S, can be seen as a global scattering

operator which maps incoming information along the characteristics to outgoing signals.
Let V. C V\V, be the set of junction-controlled interior nodes. For v € V. we impose
a general nonlinear node law

NAER @), 19" (1), up(1) =0, v €V, (NODE-CTRL)

with N: R% x R% x R — R%, d,, = |6(v)], of class C' and locally Lipschitz. Typical
special cases are:

(i) Controlled scattering: rd™ = Su(rf)“, Uy) + by(t,uy);
(i) Additive actuation: 3™ = S,rit + b, (1) + Gy (uy).
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Let Vy C V denote the simple nodes (deg(v) = 1). We control the incoming character-
istic at each leaf via a nonlinear actuator law:

e(v) v(t) =h (u (t)) vE (Vf, (CTRL-BCNL)

with possibly nonlinear control-to-state input maps #4,(-), while the outgoing character-
istic at a leaf follows from the PDE.

Example: Two-Port Gas Compressor in Riemann Invariants (On/Off Control)
Consider a junction v with exactly two incident edges: upstream e and downstream e,
with impedances Z;, Z, > 0. Let s; € {—1,+1} encode the edge orientation at v:
si = +1 if ne, , = +1 (edge starts at v) and s; = —1 if n,, , = —1 (edge ends at v). For
each side i € {1,2}, define the node pressure/flux from the local incoming/outgoing
characteristics by

r;nv + rout si out

qi = T’ pi = 5 0, -rh).
1

The compressor enforces mass conservation and a pressure ratio a(u,) > 1:

q2—q1=0, p2—a(u,) p1 =0. 6.4

These two equations for the two unknown outgoing traces (ri’“lf, g“;) (given (r1 ol ‘“ o)

and control u,) define the junction law A,(r™, r°, u,) = 0 with components (6. 4)
Equivalently, one obtains the explicit scattering form

) I ~Zis2+ Do) 2Zis ",
ey Zys2 — Zra(uy)si “2Zra(uy)s1  (Zisa+ Zoauy)sy)| |,
S (a(uy))
(COMP-S)

We model the switch by combining a discrete or a smooth control:

(i) Binary (MINLP) switch: u, € {0, 1} and a(u,) = 1 + uy(@max — 1).
(ii) Smooth switch (continuous OCP): a(u,) = 1 + (@max — 1) o (u,) with a C! sigmoid,

1
e.g.,o(u)= 5(1 + tanh(k(u — ug))).
In both cases @(0) = 1 (off, continuity at v, according to (6.4)); (1) = amax > 1 (on,
pressure boost). Writing (6.4) as N,(r'™, r°", u,) = 0 with
N = g2 - qu, N = pa = a(uy) p1,

(1) ))T

the junction multiplier is n, = (17, *, 17, Then the junction optimality condition gives

Bo tto(t) + (3N T1u(0) = By () = @ (up(1)) p1 () 157 (1) = 0.

The adjoint traces follow using 0, /N, and dpou N, implied by the formulas for g;, p;
above. If both edges start at v (i.e., 51 = s = +1), then with D = Z1 — Zra(u,),
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" _ 1 [+ %) 27 r;rj" @ = a(uy)
r(2)uz§ D 2%  Zy+ | |ry,]] .

Remark 6.1 (Degenerate match) The denominator Z;s, — Zpas; in (COMP-S) must
be nonzero. The singular case (Z;s, = Zpasy) corresponds to a perfectly matched
impedance/boost that collapses (6.4) into a dependent pair. In practice one avoids this
by (i) excluding that operating point, or (ii) adding a small loss term (head curve)
to (6.4).

As for the optimal control problem, let (p, q) = W(R) and choose tracking weights
wp, wg > 0, actuation weights B, > 0, and references (p, ). We keep a quadratic
control penalty with a time horizon T > 0:

T

J(u) = I >

L,
J%(pe—ﬁe)%%(qe—cje)zdm > %uv(t)z dt. (COST)
ee& )

ve VUV,

The continuous-in-space-and-time optimal control problem is
mp J®
s.t. (PDE)oneache € &,
(NODE) oneachv € V \ (V, UYV,),
(NODE-CTRL) on each v € V,,
(CTRL-BCny) on each v € Vp,
Re(+,0) = Re 0().

(OCPcs)

Remark 6.2 (Leaf and junction stationarity, continuous time) If (1,(¢) denotes the adjoint

multiplier of rl‘}y)’v — hy(up) = 0 at a leaf, then

Bous(®) — (hy(up() po(r) =0 ae.in (0, 7).

If n,(t) € R% denotes the multiplier for the node law N, = 0 at a controlled junction,
then
ﬁv uv(t) + (aqu)Tnv(t) = 0, v E (VC.

Adjoint trace coupling at nodes is given by
BN = (D No) 10 B = —(Bou N1, (0 € V),

and BI" = (8,.5,)TBM if v ¢ V. UV
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6.4.2 Semi-Discretization in Time

We now discretize in time by backward Euler while keeping x continuous on each edge.
Lett" =nt,n=1,...,N, with Nt =T. Denote R} (x) = R.(x,t"). For each edge e we
write, for x € (0, L,),

r+,n _ +n-l
s + AL(RD) Dury™ = SARY), (6.52)

Fot r—,n—l
e = AL (RD) A" = SL(RY). (6.5b)

Nodal relations at time #”* are imposed as

0utn Sv(l'mn)+b UGW\((V{U(VC),

u(rm n outn n) — , vE (V(n (66)
rle’};)')"v = hy(ul), veV.

With the usual bulk adjoint recursion, the boundary/junction contributions yield

g o TR — T )Ty, ifo € Ve,
”” TBRyuly +T (BN, ifv eV,

(Single-Step) Optimal Control Problem on the Semi-Discrete Level When dis-
cretizing with respect to time, the time integral in (COST) is converted to a sum over
the time indices ¢". Clearly, this necessitates an evolution of the PDE over these discrete
time instances. We instead resort to a scheme that has come to be known as instanta-
neous control or rolling horizon control in the context of moving horizon predictive
control regimes. To this end, we collapse the time-sum in (COST) to a single time cap ¢".
At each time step ¢, we may, therefore, isolate the implicit backward-Euler subproblem
subject to a static optimal control problem on the graph. Given the previous state R" !
and the time step 7 > 0, we define:

. ¢ w
min T 7”(1) —pe)2+—(61e @i+t Y %(M’J)2
R.u ece ve VUV,

R — Rnfl
st. —— + A(R") = S(R") oneachedgee € &, _
T (Iczeml)
ot S(rm")+b VEV\N( VUV,
N (rln ,n Oul n lr)l) — O, vE (VC,
r:z’v'iu = hy(ul), veEV,.

Here A(:) is the edgewise transport operator, and N,(-) denotes the nonlinear junction
law at a controlled node v € V, (for example, a compressor or valve model). Problem
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(ICse™¥) represents the instantaneous, time-slab—local optimal control problem obtained
after implicit Euler time discretization, while keeping the spatial structure of the graph
continuous.

Remark 6.3 The instantaneous problem (ICS*™) is the semi-discrete analogue of the
continuous-time problem (OCP.) and directly parallels the fully discrete formulation
(IC,). Its advantage is that the forward operator (R" — R"™ NY/t+A(R™) - S(R"™) = 0 can
be solved by standard PDE tools, while the optimization acts only at the discrete time
level. This problem is a spatially distributed MINLP if integer controls are present, in
particular when a compressor is considered.

6.4.3 The Fully Discrete Problem

Consider one edge e with grid x; = iAx., i =0,..., M,. Denote r;"’l." ~ rE(x;, 1"). We
use the upwind scheme. Fori=1,...,M, andi=0,..., M, — 1, respectively,
O P R it o S ;
- + A, (R7 ) —Axe = Se(Re’i), (6.7a)
—-,n —,n—1 -,n —-.n
r . —r . r . —-r .
e,i e,i — e,i+l e,i _
I —— A, (RZJ-) Te = Se(RZJ), (6.7b)

with inflow traces from the node solver or controls. The nodal conditions are as follows.

I_(Ijut,n — Sv(ri)“»") + bl')’, veV \ Ve UV,

Ny(ry™, rgut’n, unN=0, veV, (BE-NODE/BC)
r'e’z;)')"u = hy(ul), veEV.

Stacking yields the nonlinear residual F(R",u™; R"') = 0. With cell weights w,; ~
Ax, and (p, g) reconstructed from (r*,r7),

w w
LR ") = 3 D wea | @k = @+ 20k = Pe0 |+ X Poupy.
e i eV UV,
N
min J; = T L™"(R",u™)
wry 7 nz_; (OCPgE)

st. F(R"u™;R"Y%=0, n=1,...,N, R° given.
Let Jj; = OrF(R",u"; R" 1y and JI’Q,+ = Ogn F(R™!, u"*1; R™). The discrete adjoint is

(Jp)TA" = =7 dgL"(R",u™) + (Jp ) A™, ANt =0, (6.8)

Reduced control gradients:
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Tlyul =7 (h’u(uﬁ))TuZ‘, ifv eV,

Vuf,‘ J T T )
Tﬁvug‘}'T(aqu) 771’,1, lfl)G(VC,

Dropping the time sum yields, at step 7, the fully discrete instantaneous optimal control
problem reads:

min TL"(R"u") st F(R",u"; RN =0. IC,)
Adjoint for the single step:

n _ W (u™ T n’ ifveV ,
(TN = 1 ORI R, Vyg(rLmy = | A0 T UR0)) i, il e Ve
TByult +7 (O N,) ', ifveV,..
Remark 6.4 Problem IC,, is now a finite-dimensional optimization problem containing
control variables that may be integer-valued or continuous. Thus, at this fully discretized
level, problem IC,, is a standard MINLP.

6.4.4 Time-Domain Decomposition

As discussed in the introduction, it is often advantageous—especially for large simula-
tion horizons or parallel-in-time implementations—to decompose the optimal control
problem (OCP,) in the time domain. In our particular context, the instantaneous con-
trol strategy has proved useful. However, for large time horizons, as in gas networks,
one may need a large number of time iterations. Therefore, the idea is to reduce time
horizons on the continuous level to small time slabs. This is the subject of time-domain
decomposition (TDD). Once achieved, we have an outer iteration with respect to TDD;
within such an iteration, we may adopt an instantaneous optimization scheme (IC*™).
In the following, we sketch such a time-domain decomposition in the framework of Rie-
mann invariants, and show how the characteristic structure provides natural transmission
conditions in time analogous to the spatial scheme. For a more detailed treatment, we
refer to the chapter on domain decomposition.

Remark 6.5 We notice that the TDDM described below does not depend on the non-
linear nodal controls as far as the time interface iterations are concerned. Therefore, for
sake of simplicity, we do not explicitly consider non-linear nodal controls here.

Recall that T > 0 is the control horizon and let 0 =Ty < T} < --- < Ty =T be a
partition of the time axis into subintervals I,,, := (T,,,—1, T},,). We aim to decompose the
overall optimal control problem in time so that each subinterval /; becomes a temporal
subproblem with local state and adjoint variables, coupled by transmission (matching)
conditions at the time interfaces t = T,,.

Given the interface (characteristic/Robin) data from iteration &, q)fn 1 and ¢>51 el
the local problem on the time slab 7,,, consists of the coupled forward—adjoint optimality
system in Riemann variables, with controls restricted to I, and with mixed temporal
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conditions imposed at t = T, and t = T,,,. We define the forward Riemann invariants
Rine(t,x) = (ry, (8, %), 7 (2, x))T and the adjoint Riemann invariants on each edge e:
Pue(t,x) = (3, (1, %), ﬂ,‘n’e(t,x))T. The leaf (flux) controls on the slabs are: u,,(t) =

{Mm,v(t)}ve'V['
For each edge ¢ € & and t € (T};-1,T1m), x € (0, L,), the forward state evolves
according to

atr;:,’e + /l:(Rm,e) axr;l,e = SZ(Rm,e)’ atr;;l,e = A, (R.e) axr;;l,e =S, (Rm,e), (6.9)

with spatial interior-node coupling (pressure continuity + mass conservation) written
in the scattering form at each v € V \ Vj:

ol (1) = Sy i (1) + by 5u(0). (6.10)

m,v

At leaf nodes v € V, the controlled incoming characteristic is imposed:

rin (1) =ty o(1). (6.11)

m,e(v),v

Correspondingly, for the adjoint state, let £(R, u) denote the running cost density (edge-
wise space integral of tracking terms) and recall (p, ¢) = W(R). The adjoint (backward
in time) is, for each edge e,

- a[ﬂ:’;'L’g - ax(/lZ(Rm,e)ﬂ':n,e) = [ar+€] (Rm, Mm) + C;(Rm, Pm),
=017y 0 + O A (Rine) 7 ) = [Or=L1(Rins i) + Co(Rins Prn), (6.12)

where C* collects semilinear terms from differentiating the sources and the node
couplings.! At interior nodes v the adjoint satisfies the transpose scattering condition,

Bin (1) = 5] B (), (6.13)

and at controlled leaves one gets the usual boundary multipliers yielding the control
gradient (see below). Let y,, and p,, denote the chosen primitive forward/adjoint quan-
tities at the time interfaces, reconstructed linearly from the forward/adjoint Riemann
variables by

Ym =CyRm, pm=C,P, (acting pointwise on the edge traces at t = T, _1, T).

Given impedance parameter S > 0, the Robin/characteristic conditions to be enforced

at iteration k+1 are .
(CyRm - ﬁCmeXTm—I) = ¢m,m—1’

(CyRm +ﬁCmeXTm) = ¢fn,m+1'

These two algebraic constraints close the coupled forward—adjoint two-point (in time)
boundary-value problem on I,,,. This is essentially the method explored in [22,23].

(6.14)

! Concretely, C* contains (9 S)™ P contributions and transpose scattering blocks at interior nodes.
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6.4.5 Spatial Domain Decomposition of the Instantaneous Problem

We elaborate the single-time-level decomposition of (IC,,) using the explicit scattering
matrix S, at each interface node v, and we clarify the connection with the “rotated
variables” (characteristic) scheme in the spirit of Lions’ optimized Schwarz alternating
domain decomposition. To this end, let I" be the set of interface nodes shared by at least
two subdomains. Fix y € I" and enumerate the incident edges across all neighboring
subdomains as

&y ={er,...,ea,}, d, = deg(y).

For each incidentedge ¢ let Z,, > 0 be its impedance. Stack the incoming and outgoing
Riemann traces at time ¢" as

in,n out,n
) Tery ey
rrt= 0 |eRY, =] 0 | eRD.
in,n rout,n
redy,y €dy,Y
d .
Let z,, = (Zeys- - - Zedy)T and X7, = Z,'Zl Zej. The node scattering law (pressure

continuity + mass conservation) reads

out,n _ in,n n = J_
ry —S),ry +b7s7, Sy =1 5

2. 2
diag(z,) 117, b, = 5o (6.15)
Z,y Zy

where 1 =(1,...,1)". Let G = UkK=1 G be an edge-disjoint partition. For a fixed v,
denote by &y, C &, the set of edges of subdomain G meeting at y, and define
the selection matrix Iy ,, € {0, 1}€xy1%dy that extracts the components belonging to
Ek,y- We use the subdomain incoming vector E’Z’y =1y rgl’" as the interface primal
unknown for Gy, and we denote by

Ny B, 1= Ty (SK{EL be ufs RET)

the (generally nonlinear) Dirichlet-to-Neumann map returning the outgoing character-
istics belonging to Gy at y once the subdomain forward problem has been solved.

The physical requirement is that the outgoing traces produced by each subdomain
match the outgoing traces dictated by the scattering of the global incoming vector ",
Using (6.15), this yields the Schur residual

Hl‘y Nl,y(E’f’y
Ry(EL, ) = | ¢ | (Syrim+bysy) - : =0, (6.16)
Hm.,,)/ Nmy,y Enm,/,y)
A D D | PN (6.17)
kiyeV

Here m., is the number of subdomains touching y. Equation (6.17) uses S, explicitly:
the nonlinearity and heterogeneity (friction, varying A*) are confined to the subdomain
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DtN maps Ny ,, while the cross-subdomain algebraic coupling is an explicit sparse
linear map built from S, I y, b,.

Remar/_c 6.6 (Two-subdomain interface (m,, = 2)) If exactly two subdomains meet at y,
write 1) = HlTyEl,y + H;yEz’y. The residual (6.17) becomes

= = T = TR
{Nl,y(ul,y) =10y Sy (T By +11; Bay) +111 4 by sy,

NQ,Y(EZJ) = Hz,y SY(HTJELY + H;yEz’y) + Hzﬁ,by Sy,

which is a compact fixed-point system in the incoming traces (E1,y, Z2,, ).

6.4.6 Decomposed Instantaneous OCP in Primal Schur Form

Restrict the running cost to each subdomain, L;{‘(R", uZ). Eliminating interior states

by the subdomain solvers R} = Sk({E';,y}(, uy; R’k"l) gives the interface-augmented
problem
< |
min T >, L (Sk({E" Yo, s R, u")
CAREAS: ,; ¢ Cyit e T Tk

st. Ry({8f H=0, Vyerl,

(6.18)

with R, given by (6.17). This formulation exposes (i) parallel subdomain solves for a
given interface iterate and (ii) a small, explicit interface coupling driven by S, .

Because the forward interface operator is explicit in S, the adjoint interface coupling
uses S; (together with the transposes of the subdomain DtN derivatives). At y the
instantaneous adjoint residual reads

Iy,

t . T T i
@ Ail,ly N : SV( Z Hk,VAlkn,y

k:yE(Vk 1—[ k:yE(Vk

=0,

My, y

which is again a sparse, explicit interface map. As before, control gradients at leaves are
unaffected by interior-interface multipliers unless a control acts directly at an interface
node.

As for the controls, let V.. be the set of controlled junctions (with nonlinear node
laws N, = 0) and V, the leaves. When the domain is decomposed only at free interior
nodes, define

[free = {7 eV: deg(’)/) 2 2} \ (Ve UYVp).

All interface nodes are thus uncontrolled, and the explicit scattering (6.15) remains
valid at every interface. Accordingly, in Sect. 6.4.5 replace I' by I'ee and keep the
Schur residual (6.17) as is. Nonlinear node controls N, then appear only inside sub-
domain solvers Si(-) and their DtN maps Ny ,, i.e., they affect the local forward
residuals/Jacobians but not the interface algebra.
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Remark 6.7 With the space-time domain decomposition method outlined above we are
now able to decompose the overall continuous (in space and time) optimal control
problem on the entire graph (OCP,) into possibly small space-time containers, where
each such container includes the dynamics of a sub-graph over a small time horizon
(time slab). In fact, we can go down to a single edge at the cost of many outer iterations.
We can also even reduce the time interval to a single time cap using the rolling horizon
principle. Thus, we may—in adaptive way—reduce the MINLP-problems to a size that
allows the application of the corresponding MINLP-routines which, in turn, are not
available on the time continuous PDE-level. This process can be made truly adaptive,
once a posteriori error estimates (which we do not display here) are implemented in
order to decide on the size of the containers; see, e.g., [13,17,22-24,26].

6.4.7 Maximizing the Storage Capacity of Gas Networks

In this section, we summarize the approach in [5] for the global optimization of transient
gas transport networks with a focus on maximizing their storage capacity. This problem
is of particular importance in the context of Power-to-Gas, where renewable energy is
converted into gas, which is temporarily stored in the network. Due to the dynamic nature
of storing additional gas over a limited period of time, a transient model of gas physics
is required, which substantially increases both the mathematical and computational
complexity.

The approach follows a first-discretize-then-optimize methodology. Starting from
the isothermal Euler equations, combined with algebraic models for valves and com-
pressors, we introduce a new discretization of the resulting nonlinear and parabolic PDE
system. The scheme employs a finite-volume formulation on staggered grids for spatial
discretization together with an implicit Euler method for time discretization. In [5],
well-posedness of the fully discretized model is proven and it is shown that each time
step can be formulated as a convex minimization problem, which ensures existence
and uniqueness of solutions. This provides a rigorous foundation for the subsequent
optimization.

The Time-Expanded Graph A key observation is that the discretization produces
a system in which all quantities change only at discrete time points. This allows for
a natural representation via a time-expanded graph: the gas network G = (V,A) is
copied for each discrete time step n € [N] := {1,..., N}, and for every vertex v € V, a
temporal arc (v,, v,+1) connects the copy at time step n to the one at time step n + 1; see
Fig. 6.2. The flow q(,,, »,,.,) along these temporal arcs encodes the amount of gas stored
in the control volume surrounding each vertex.

This viewpoint reveals a crucial structural property: within each time layer, the
constraints have precisely the structure of a stationary gas transport model, as discussed
in Sect. 6.3. The only coupling between consecutive time steps is provided by the
temporal arcs. Since methods for the global optimization of stationary gas networks are
already well-established [6, 8], we can leverage these techniques and extend them to the
transient setting via the time-expanded graph.
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Fig. 6.2: Time-expanded graph of a gas network with four vertices and three pipes. Each
copy of a vertex is connected to the next by a temporal arc (gray), representing the gas
stored in the corresponding control volume.

Concretely, mass conservation at each vertex v and time step n now reads

9n,0041) T Z dan — Z an = 9a-r.on) + dons
aes*(v) aes™(v)

where d, , is the supply or demand at v. The pressure loss per time step takes the
same form as the stationary Weymouth equation (6.2), and the temporal arc flows are
linked to the pressures by g, .v,.,) = (@u/c*) py.n, Where @, depends on the geometry
of the control volume. Valves and compressors are modeled as in Sect. 6.3 via binary
variables s, ,, € {0,1} and big-M constraints for each time step n, with additional
switching constraints ensuring that each active element remains in its new state for a
minimum number of time steps after any change of status.

The MINLP Formulation Let a base nomination d be given for all boundary vertices
and time steps, and suppose that a feasible stationary solution for the initial time step is
available. Within prescribed time windows, an amount of gas qﬁfi,‘} > 0 can be injected at
selected entries “Vy additionally and must be withdrawn at selected exits V;, subject to
the balance condition ¥,eqs, » 4% = e, » 299, i.e., the sum of additional injected
gas equals the withdrawn one. The objective constitutes of storing the maximal amount
of gas over time. To favor solutions with minimal compressor usage, we include a small
energy penalty with parameters y1, y2 > 0. The complete storage capacity maximization
problem reads:
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max Z ‘13(,12 - Z Y1Apan+7y2 |Apa,n - APa,n—l|

veVs, aey{comp,
ne[N] ne[N]

s.t. mass conservation, pipe model, valve, compressor, switching,

EU n < Po.n < ﬁv,n’ za n < 9a,n < qa,n’ Sa,n € {O’ 1}’

< gl <ql  forallue ViUV, nelN],

where Ap g n = Puy(a),n — Poi(a),n- The only source of nonconvexity is the pressure loss
equation, whose nonlinear terms are univariate and therefore particularly amenable to
piecewise linear relaxation. Building on this, [5] extends the MIP relaxation-based ap-
proach of [6] to the transient setting, iteratively refining mixed-integer linear relaxations
until a globally optimal or near-optimal solution is certified. Case studies on the GasLib-
11 network demonstrate that the method delivers solutions within almost 5 % of global
optimality in under three hours, significantly outperforming general-purpose MINLP
solvers such as BAron and Scrp, which achieve gaps of 89 % and 109 %, respectively,
within a four-hour time limit.

6.5 Topology Optimization

A particularly important application of MINLPs is topology optimization, which is
highly relevant in practice for the design of utility or energy networks. The use of
MINLPs in this context is rather natural. On the one hand, utility networks involve the
transport of fluids governed by nonlinear physical laws. On the other hand, MINLPs
provide a modeling framework capable of accurately representing such physical con-
straints. Moreover, many design and operational decisions, such as building a new pipe
or operating a compressor in gas networks, contain discrete decisions. Consequently,
topology optimization problems are often formulated as MINLPs.

Overall, a wide variety of explicit MINLP formulations have been developed for
different tasks in topology optimization with applications in gas [2, 29, 42], electric-
ity [20], or water networks [3, 4]. For instance, existing models address tasks such as
designing a network from scratch [29,45], reinforcing existing networks [1], or deter-
mining specific network configurations, such as in the diameter selection problem for
a given network topology [37,44]. Using state-of-art MINLP techniques and solvers,
it is currently possible to solve topology design problems for real-world based small-
to medium-sized gas networks (up to about 40 nodes and arcs) and to obtain feasible
solutions for larger instances, such as the GasLib-582 network with hundreds of nodes
and pipes; see [29]. Providing a comprehensive overview on topology optimization is
beyond the scope of this chapter. Instead, we refer to Chap. 7, “Potential-Based Flows
— An Overview”, which includes an in-depth overview of topology optimization for
potential-based flows. The potential-based flow framework serves as a general model-
ing approach that encompasses gas, water, and power networks under the lossless DC
power flow model and typically results in challenging MINLPs.
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6.6 Lipschitz-Based Solution Approaches

In this section we consider the abstract problem

min c(x) (6.20)
x’y

st. f(x)~y, (6.21)

xeX, yey, (6.22)

where ~€ {<,=}. The sets X and Y collect classic constraints on the variables x
and y, e.g., integrality or linear constraints. In contrast, function f together with the
operator ~ and the right-hand side y represent the challenging part of the problem,
which requires special treatment. The problem is to be solved to approximate global
optimality, implying that a solution is a global one and satisfies constraint (6.21) up to
a predefined accuracy & > 0 and a certain norm.

In terms of gas network optimization problems, f can, for instance, be a solution
operator to the differential equation that maps boundary conditions to a solution. Alter-
natively, recent work in the area of machine learning (ML) advertises the use of neural
networks (NNs) to mimic physical interrelations [35]. This promotes the idea to train
an NN, say f, and incorporate it as a constraint in the optimization problem, posing
constraints like (6.21).

In both cases, f is highly nonlinear and often not known in closed form. This advises
against a direct use of f but to consider the respective constraint as some special
type of black-box constraint. Often, there exist ways to compute Lipschitz constants for
solution operators of differential equations. In addition, the articles [7,34] demonstrate a
convenient way to compute Lipschitz constants for certain types of NNs. This motivates
to treat f as a black-box Lipschitz function and to develop methods to tackle the resulting
optimization problems. For instance, a respective handling for the case of an NN has
already been applied in the field of bilevel optimization, where the NN is trained to
predict the solutions of the lower level [33].

In the following, the particular form of f, the constraint (6.21), and the “manageable”
sets X and Y differ between each method described and will be clarified case-by-case.

6.6.1 The Univariate and Monotone Case

By relying on (sub/super-)gradients, [14] provides a first step in the direction of han-
dling black-box constraints as described above. The authors assume that the underlying
MINLP is presented as an mixed-integer linear problem subject to nonlinear equality
constraints on the continuous part of the variables. Specifically, any involved nonlinear
function f is assumed to be univariate, monotonic, and strictly convex or concave,
posing a constraint of the form f(x) = y.

The proposed algorithm to tackle this type of problem iteratively solves a master
problem, which constitutes a relaxation of the original problem, and a subproblem,
whose outcome provides a refinement of the former. The initial master problem is
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obtained by mainly resorting to the mixed-integer linear part, i.e., by relaxing the
nonlinear constraints. After solving the master problem in iteration k, the respective
solution (x*, y¥) is checked to fulfill a prescribed accuracy of the constraint viola-
tion | f(x*) — yK|. If the required accuracy is exceeded, the solution is directed to the
subproblem.

Here, for every nonlinear constraint function f, the closest point in iteration k on the
graph gr(f) of f with respect to the current solution (x*, y¥) is computed. Specifically,
the corresponding subproblem is given by

min {Jlr,») = 65015 2 f =y, xe X, yer}.

This procedure is illustrated in Fig. 6.3, where the closest point on gr(f) is (&K, 7%).
Together with using (sub/super-)gradients, this allows to construct a piecewise linear
relaxation of gr(f) by a combination of the incremental method [31] and linear outer
approximations. In Fig. 6.3, the resulting relaxation after such a refinement is highlighted
in darker color than before.

After the refinement step, the relaxation to be used in the next master problem is
refined and the current solution is cut off. In particular, the master problem uses unions
of polyhedra to describe the relaxation of the graph of the nonlinear function. The
method is shown to be correct and to terminate after a finite number of iterations for a
prescribed € > 0.

The described method is applied to gas network optimization instances. In particular,
it is used to solve the stationary model as described in Sect. 6.3 for the GasLib-135
instance from [39]. For the nominations, over a thousand different days, i.e., scenarios,
are considered, from which ~ 58 % are solved to global optimality and the remaining
ones are proven to be infeasible.

X

Fig. 6.3: Original approximation of gr(f) and refinement based on subgradients; ad-
justed from [14].
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6.6.2 The Univariate Lipschitz Case

The work described above paved the way for the succeeding article [40]. The key dif-
ferences between [14] and [40] are as follows. First, [40] does not rely on monotonicity
or convexity/concavity assumptions regarding the constraint function f. Second, the
method leverages Lipschitz constants instead to compute a polyhedral outer approxi-
mation of the function’s graph. Since under practical circumstances, a global Lipschitz
constant may be unknown or function evaluations may be inexact, the authors also
consider these cases and analyze the respective implications for their approach.

The approach proposed in [40] also follows the idea of splitting the original problem
into a mixed-integer linear master problem and several subproblems. In each iteration k,
the approach considers a given solution (x¥, y*) to the master problem and an existing
union of polyhedra yielding a relaxation QF of the graph of a constraint function f,
where the relaxation may be initialized by considering the bounds of the function domain
and estimations of its minimum/maximum. The master problem in the kth iteration can
generally be posed as

min c¢(x)
st. (x,y) € QF,
xeX,yeY.

Assuming exactness of the involved Lipschitz constant and the evaluation of f, the
nearest point (¥, %) € gr(f) is again computed in a subproblem. Exploiting the
global Lipschitz constant at the newly computed feasible point then allows to tighten
the relaxation Q*! of gr(f) for the next master problem; see Fig. 6.4. As before, the
relaxation is given as a union of polyhedra.

y y
k oLk
e ex(f) e ()
Qk
X X

Fig. 6.4: Original linearization Q¥ with refinement based on nearest point and resulting
non-overlapping master problem with exact computations; adjusted from [40].

The situation differs, however, when considering inexactness of the respective func-
tion evaluations, where the inaccuracy is bounded by £/ > 0. The overall scheme leads
to less tight relaxations as shown in Fig. 6.5. This alters the termination analysis, but
eventually again allows to prove its finiteness.
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X

Fig. 6.5: Overlapping master problems based on approximate computations; adjusted
from [40].

For the case of unknown global Lipschitz constants, the authors resort to local ones.
Since the range of potential local Lipschitz constants is typically unknown, the proposed
approach may construct an approximation of the graph that is not a relaxation anymore.
For handling such situations, the authors introduce the concept of potential infeasibility
of the original problem. For the technical details, we refer the interested reader to the
paper.

As above, the method is applied to stationary gas network problems (see Sect. 6.3) and
tested for the GasLib-135 instance from [39] for the network topology. An interesting
insight is that a larger &/ hinders the detection of infeasibility and leads to larger master
problems according to an increase in the number of necessary refinements.

6.6.3 The Multivariate Lipschitz Case

As a natural next step, the techniques presented in [12] generalize the techniques intro-
duced above and extend it to multivariate constraint functions. Based on box partitions
of the function’s domain, the authors leverage the Lipschitz property to derive a succes-
sively tightened outer approximations of the function’s graph. In computational exper-
iments the importance of a tight Lipschitz constant with respect to the computational
efficacy are highlighted.

After retrieving a solution to the current master problem, the relaxation is tightened
for constraints that exceed a certain tolerance with respect to the solution. Thereby, a
refinement of the master problem is conducted based, again, on solutions of appropri-
ately chosen subproblems. Correctness of the resulting algorithmic scheme is shown
and an upper bound on the maximal number of iterations is derived. This bound is of the
order O(L|X|/€), where L is the Lipschitz constant, | X| is a proxy for the “size” of the
function’s domain, and € > 0 is the desired accuracy. As applications, the article [12]
features computational results for bilevel optimization and gas network optimization
problems.
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6.6.4 The Multivariate and Implicit Case

The same group of authors as in [40] also presents an outer approximation approach for
a similar setting in [41], featuring multivariate constraint functions. Opposed to before,
they assume implicitly given equality constraints in the form f(x;,x,) = O that cannot
be solved for x, analytically. Instead of refining an outer approximation of the graph
of f as before, the method iteratively excludes infeasible regions and, by doing so,
achieves a good approximation of feasible points in the end. The method again requires
knowledge of exact global Lipschitz constants.

First, a master problem is solved, which is again initialized by relaxing the nonlinear
constraints. In every subsequent iteration, as long as the solution to the current master
problem does not fulfill a certain accuracy with respect to the nonlinear constraints,
a tightening step is performed. Specifically, this step adds a constraint to the master
problem that bounds the distance of the variable to the current solution in terms of the
infinity norm from below. This bound constitutes the absolute value of the function
evaluation at the current solution divided by the Lipschitz constant. Intuitively, the
incorporated constraint is equivalent to an exclusion of multidimensional boxes from
the feasible region, which constitutes an inherently nonconvex operation. In order to
circumvent solving such a nonconvex problem, the infinity norm term is remodeled by
means of integer programming techniques, leading to a MIP master problem after all.
Fig. 6.6 visualizes the domain of the current constraint function, where its zero set D
is the bold curved line. The two boxes B; and B, centered at (x],x}) and (x?,x3) are
excluded from the feasible set of the next master problem to be solved.

Besides presenting the reformulation explicitly, the authors show the correctness of
their approach and give a bound on the iteration complexity. This bound is similar to the
one above in [12], and involves the size of the function’s domain, the Lipschitz constant
and the accuracy.

X2

x|

Fig. 6.6: Illustration of the feasible set of the master problem in [41] after two iterations
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In terms of computations, the authors consider the small gas network instances
GasLib-4, GasLib-4-Tree, GasLib-11, and GasLib-24 from [39] and tackle the stationary
gas network control problem laid out in Sect. 6.3. It is highlighted that knowing global
Lipschitz constants only in contrast to the algebraic expression is, as expected, increasing
the cost of the solving process in terms of run time.

6.6.5 Generalized Approximation of Function Domain

The article [11] generalizes the previous approach in the sense that general fields
and arbitrary monotonic norms are considered. As a result, the former reformulation
technique is not applicable anymore in general. Hence, the resulting method only
considers an iterative incorporation of the nonconvex constraints, which are coined as
norm-induced cuts, into the original problem relaxation. Refer to Fig. 6.7 (left) for an
illustrated example of the set D = {(x1,x2) : f(x1,x2) < 0} and the optimal solution
(x7,x3) of the problem. In Fig. 6.7 (right) two norm-induced cuts with respect to the
Euclidean norm are depicted in the same fashion as above. Here, only positivity of f at
a given point is penalized. Note that instead of boxes, cuts featuring this type of norm
include balls; compare above. Due to the consideration of a general norm the analysis
with regard to convergence and computational complexity depends on the assumption
of oracles to solve the refined master problems.

Since the character of the posed problems depends on the particular norm involved,
the work also highlights respective pitfalls and discusses suitable solution strategies.
This includes the mentioned reformulation technique for the infinity norm and analo-
gously the 1-norm. By example it is also highlighted that a local oracle may lead to
convergence to a feasible yet non-optimal point. This is complemented by a run-time
comparison of the quality of global Lipschitz constants and their availability for a vec-
tor function and/or its components. As a key result, it depends on the quality of the
Lipschitz constants whether one wants to use the Lipschitz constant for the entire vector
or the component functions. If minimal Lipschitz constants are available for either, then
a component-wise contemplation is favorable.

6.6.6 A-Priori Epigraph Approximations

All methods summarized in this section so far are adaptive ones, since a master problem
is refined in every iteration. That is, an approximation of the original feasible set is
tightened in every step of the method until a certain accuracy is reached. In contrast,
[10] introduces a scheme to first compute an approximation of the feasible set, which
is tight enough, and then advocates to solve this problem once.

The main part of this work thus is an approximation framework for the Lipschitz
function, which can be multivariate. Inspired by the non-convex quadratic constraints,
resulting from norm-induced cuts with respect to the Euclidean norm, it considers
so-called paraboloids, i.e., polynomials of degree two with univariate quadratic terms
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X2
X2

(x1,x3)
(x1.x3)

(x],x3)

X1 X1

Fig. 6.7: Example of feasible region (hatched) with optimal solution and two norm-
induced cuts with Euclidean norm; adjusted from [11].

only, as the approximating functions. For a fixed number of paraboloids, a MIP problem
is proposed that includes the paraboloids’ coeflicients as its variables. The constraints
of this MIP ensure the approximation property and are defined on grid points of the
function domain. The width of such a grid depends on the global Lipschitz constant of the
constraint function. In order to determine a low number of approximating paraboloids
and, thus, a low number of constraints when applied to the original problem, a binary
search is conducted, solving several such MIP problems.

For the sake of clarity, consider an inequality constraint f(x1,x) < y and an accuracy
& > 0. The procedure described above returns paraboloids

pk(xl,xz) = a1x% + azxg +bix1 + byxy +c,
fork =1, ..., K such that

f(x1,x) —€ < mkaxpkm,xz) < flx1,x2).

This allows to replace the original constraint by pk(xl ,X2) <y for all k to retrieve a true
relaxation of the original problem. Alternatively, one can incorporate these constraints
to potentially strengthen the continuous relaxation of the problem.

In computational experiments on a set of MINLP problems, the relaxation and the
strengthened formulations are solved with modern-day solvers. It is demonstrated that for
coarse accuracies, the relaxations may be solved significantly faster, which advertises its
usage for computing starting points. Further, a solution of the strengthened formulations
appears to be beneficial when tackling problems with trigonometric functions, e.g., sin
or cos, in the constraints, since their solution times decrease significantly on average.

Note that an incorporation of the parabolic constraints does not require big-M meth-
ods to determine a currently active parabolic one. Instead, the constraints can be con-
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epi(f)

e

Fig. 6.8: Epigraph approximation of sin on [-7/2, 37/2] from below by 3 paraboloids;
inspired by [10].

sidered simultaneously as-is. This is due to the fact that the paraboloids represent
an epigraph or one-sided approximation of f. Such a property is based on the MIP
problem forcing paraboloids to represent a one-sided approximation. That is, the set
of all paraboloids is an approximation of the constraint function’s epi-/hypograph. In
Fig. 6.8 the approximation of the epigraph of f, short epi(f), is visualized. The feasible
set epi(f) is given in hatched, the paraboloids in dashed lines and the corresponding
approximation €. with respect to accuracy £ > 0 in color.

6.6.7 A Step Towards the Complexity of Resulting Subproblems

All methods laid out in the current section require the solution of certain manipulated
problems. Whereas the question about computational complexity in case of MIP prob-
lems is well-investigated, especially the last two approaches introduce problems which
are inherently non-convex and not in the MIP realm. In abstract terms, they require
to solve an integer problem on a polyhedral domain (typically bounds) from which
other convex sets are excluded. The article [18] tries to give an answer on the resulting
computational complexity.

The key ingredient is an assumption on the excluded convex sets to have a boundary
hyperplane cover. That is, one is faced with a set of hyperplanes covering the intersec-
tions of the boundaries of the excluded convex sets. Then, [18] shows that solving such
a problem can be conducted in oracle polynomial time, keeping the dimension fixed.
A similar result is known, for instance, for MIP as well. In other terms, this implies a
certain equivalence of the hardness between solving mixed-integer linear and solving
the posed integer programs.

In summary, there exist several practical and theoretical contributions that analyze
the incorporation of Lipschitz constraints into (mixed-)integer problems. Combined
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with the advances to simulate physical dynamics by means of Lipschitz functions, e.g.,
certain NNs, this provides the ground work to couple the areas of ML and optimization,
especially in the context of gas network control. In the future, such coupling could enable
to tackle large-scale problems, where approaches from a single area either struggle to
even compute solutions or simply produce inaccurate results.

6.7 Outlook

When looking back at the topics covered in this chapter, one can identify the following
challenges for the future. The performance of the methods for stationary gas transport
(Sect. 6.3) is quite satisfactory from a practical viewpoint. Large-scale, but maybe
not the largest available, instances can be solved to global optimality, even with very
accurate ODE models. However, the compressor models are often idealistic, which
opens potential for future research. In contrast, transient, i.e., time-dependent, problems
are generally much harder to solve. This motivates the decomposition and discretization
methods of Sect. 6.4. In this context, any significant progress on solving transient
problems to global optimality would be an important achievement.

Topology optimization problems are somewhat between the previous two settings.
One can solve small-sized instances and improvements in the future might enable the
solution of practically more interesting sizes. Moreover, the techniques of Sect. 6.6
provide a bridge to general MINLP techniques and show how the usage of Lipschitz
constants and nonconvex relaxations can help to approach hard problems.

Overall, while this chapter demonstrates the research ground already covered, there
are plenty of opportunities for future research.
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Chapter 7
Potential-Based Flows — An Overview
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Abstract Potential-based flows provide an algebraic way to model static physical flows
in networks, for example, in gas, water, and lossless DC power networks. The flow on an
arc in the network depends on the difference of the potentials at its end-nodes, possibly in
a nonlinear way. Potential-based flows have several nice properties like uniqueness and
acyclicity. The goal of this chapter is to provide an overview of the current knowledge
on these models with a focus on optimization problems on such networks. We cover
basic properties, computational complexity, monotonicity, uncertain parameters, and
the corresponding behavior of the network as well as topology optimization.

7.1 Introduction

A potential-based flow consists of a flow x, on the arcs a in a network and potentials 7,
on the nodes v. For an arc a = (u, v), they are coupled through the equation n,, — 7, =
Ba¥a(xy), where ¢, is a continuous, strictly increasing function with ¢,(0) = 0 and
Ba > 0 is a given parameter. This covers applications like gas and water flow, as well
as lossless DC power flow (see Sect. 7.2.1). The flow has to satisfy flow conservation
constraints in the network and guarantee a given load.

This setting shares common features with classical flows, but a potential-based flow
satisfies additional properties like uniqueness and acyclicity (see Sect. 7.2.3). Classical
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flows have been investigated in the literature for over 60 years, see, e.g., Ford and
Fulkerson [21], and are very well understood, see, e.g., Ahuja et al. [3].

Potential-based flows provide an interesting model because of their ability to model
relatively realistic problems and because the coupling of the flows and potential dif-
ferences can be nonlinear. This setting provides structure that can be exploited, which
makes it possible to handle corresponding optimization problems. Moreover, they pro-
vide a way to unify methods that would have otherwise been repeatedly developed for
particular applications like water or gas network optimization. Indeed, many techniques
have already been rediscovered in the different application areas.

One of the first publications on potential-based flows is by Birkhoft and Diaz [7] from
the 1960ies, already highlighting existence and uniqueness properties. Thus, the model
is around for quite some time, but it had been not used very frequently. One exception
is the book by Rockafellar [63] from 1998, which is devoted to the investigation of
potential-based flows. In recent years, there has been an increased interest in potential-
based flows, probably because of the reasons mentioned above.

The goal of this chapter is to provide an overview of the current state-of-the-art
in this area. In particular, we want to highlight the mathematical techniques that are
used when dealing with optimization problems using potential-based flows. Thus, this
chapter can be used as a reference for results and as a possible motivation for future
investigations of such models.

Note that although we try to be comprehensive, this is not an easy task, since there
are many works for particular applications like water and gas network optimization
problems that are quite close to potential-based flows, but still expressed for the partic-
ular problem. At some places, we will mention such works, but try to focus on articles
that explicitly deal with potential-based flows. We further note that AC power flow
problems cannot be modeled by the presented potential-based flows.

Finally, we mention that potential-based flows often form an approximation of more
detailed models, e.g., for gas networks they arise from a simplification of the stationary
Euler equations. The accuracy depends on the domain of application and should be kept
in mind when analyzing results.

The remainder of this chapter is structured as follows. In Sect. 7.2, we introduce the re-
quired notation, present some examples, and discuss basic properties of potential-based
flows such as uniqueness or acyclicity. Sect. 7.3 then collects some basic complexity
results for potential-based flows, while their monotonicity properties are discussed in
Sect. 7.4. The more specific topics of topology optimization and robust optimization
to tackle uncertainties are summarized in Sect. 7.5 and 7.6, respectively. The area of
potential-based mixed-integer nonlinear problems is touched upon in Sect. 7.7 before
the chapter is closed with a summary in Sect. 7.8.

7.2 Potential-Based Flows: Basic Properties

Potential-based flows form a basic algebraic way to model static, i.e., time-independent,
physical flows through a network. Such a network consists of a directed graph G = (V, A)
with a finite node set V and an arc (multi-)set A C V X V. We assume that there are no
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self-loops, but parallel arcs are allowed. The flow for arc a € A in the graph is denoted
by x,. The flow can be negative, if it is in the opposite direction of the arc. Moreover,
there are potentials m, on each node v.! For an arc a = (u,v), the flow x, and the
potentials 7, , on the end nodes are coupled through the potential equation

Ty — Ty =ﬂa wu(xa)s (7.1)

where 8, > 0 is an arc-specific resistance constant and ¥, : R — R is a potential
Sfunction. We denote by (G, B) the corresponding potential network. We omit the po-
tential functions ¢, in the potential network notation because we will assume that the
potential functions are the same function ¢ for all arcs. This assumption is fulfilled
in most applications, since they express the basic physical behavior of the medium to
be transported. Nevertheless, most of the results presented in this survey also apply to
potential networks in which different arcs may have different potential functions.

In the literature, several assumptions are made about the potential functions . The
most common are quite natural: ¢ is continuous, strictly increasing, and ¢(0) = 0. In
particular, ~! exists under these assumptions. Throughout this chapter, we will use
these properties.

Note that, given the potentials at the incident nodes, we can compute the flow on an
arc a = (u,v) by

Xa = ‘vl’_l((ﬂ'u —7p)/Ba)-

Moreover, sometimes one assumes that ¢ is odd, i.e., ¥ (x) = —(—x). Further properties
of  that are used sometimes is that it is positively homogeneous of order r > 0, i.e.,

YAx) =" y(x), A>0.

Homogeneity is motivated by physical laws, and its order r depends on the specific
application. Moreover, it implies that ¢ is of the form

Y(x) = asgn(x)lx]", (71.2)
for some constant @ = (1) > 0 and order r > 0. Note that here ¢ is odd.

Remark 7.1 Alternative, equivalent models have also been investigated. For instance,
one can introduce anti-parallel arcs and make the flow anti-symmetric; see Vuffray et
al. [75]. Undirected models can be used as well; see Klimm et al. [44].

7.2.1 Examples

Potential-based flows arise in many areas; see, e.g., Hendrickson and Janson [36]. We
give some examples here.

! Note that the name “potential” is motivated by physical applications. The term is also used with a
different meaning for the dual variables of the classical flow problem.
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* Lossless DC Power: Here, the potentials are the voltages and the flow is electric
current. The potential function is ¥(x) = x. The resistances 8, = 1/B, are the
reciprocal of the susceptance B, of the line a € A; see, e.g., [43].

* Gas: In stationary models of gas transport through pipe networks, the potentials
correspond to the square of the pressures at the corresponding nodes. For horizontal
pipes, the potential function is (x) = sgn(x) x> = x |x| and 3, depends on technical
parameters of the pipe like its diameter, length, or roughness of its inner wall. For
more details on modeling stationary gas flow in pipeline networks we refer the reader
to the Chap. 2, “A Catalog of Gas Network Models: PDEs, Coupling Conditions,
and Numerical Schemes” in this book as well as Chap. [22] of the book by Koch
et al. [46] and the references therein. See also the discussion in Gro8 et al. [29] for
the handling of non-horizontal settings.

e Water: In water networks, potentials correspond to hydraulic heads. The head-
loss model uses ¥(x) = sgn(x)|x|'¥? or y(x) = sgn(x)|x|? in fully filled pipes
[1,13,52,56]. The resistances 8, again depend on the properties of the pipes.

7.2.2 Networks and Controllable Components

So far, we introduced the model for potential-based flows for a single arc. We now extend
this to entire networks that may also include controllable elements such as switches.

The amount of flow that should be inserted or extracted from the network is specified
by a balanced vector b € B(V) = {b € RV : Y,cv b, = 0}. Thus, if flow moves
through the network, then flow conservation has to hold, i.e.,

Z Xq — Z Xq=b,, UVEYV,

ae s (v) aedin(v)

where 6°%(v) := {(v,w) € A} are the outgoing arcs and 6"(v) = {(u,v) € A} are
the incoming arcs of v € V. Note that b, > 0 refers to injections (entries), b, < 0 to
withdrawals (exits), and b, = 0 to inner nodes with flow conservation.

Often, there are lower and upper bounds on the flows and potentials. For arc a € A,
the lower and upper flow bounds are x , and X, € IR, respectively, where x , < X, holds.
For node v € V, the lower and upper potential bounds are x,, 7, € R with 7, < 7,.

Further network components allow to control the flows through the network. To this
end, the arc set A is partitioned into arcs Ay = Ar(G) representing so-called lines used
for transport and arcs Ag = As(G) representing switches, which allow to block flow.
We call a potential network passive if Ag = 0 holds. Otherwise, we call it active.

For a line-arc a = (u,v) € Ar, the flow x, and potentials r,, and 7, satisfy (7.1). For
every switch-arc a = (u,v) € Ag, we have a control variable z, € {0, 1}, specifying the
state of the switch. If z,, = 1, then 7, = 7, has to hold and the flow x, is not restricted
by the incident potentials. Otherwise, if z, = 0, the flow on the arc has to be 0, i.e.,
x4 = 0, and the potentials are decoupled from x,. In these cases, the switch is said to
be “on” and “off”, respectively.
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A potential-based flow (x, mr, 7) in a potential network (G, 8) = ((V, A), B) consists of
aflow x € R4, potentials 7 € RY, and control variables z € {0, 1}A5. We call (x, 7, z)
feasible for a given balance vector b € B(V), if it satisfies the constraints

> xa— D) xa=by, vev, (7.3a)

ae s (v) aesn(v)
Ty — Ty = Ba¥(Xa), a=(u,v) €Ay, (7.3b)
—X,Za £ Xq < XqZas a € Ag, (7.3¢)
(m,—7m) (A —zg) <my—7my < (@ — 7)) (1 — 24), a = (u,v) € Ag, (7.3d)
Xq € [x,,Xal, a€Ap, (7.3e)
7y € [7,, Tyl vev, (7.3f)
zq €{0,1}, a € Ag. (7.3g)

Note that the system implies that if z, = 1 for a switch arc a € Ag, then 7, = 7, and
the flow is not restricted by (7.3c). Similarly, if z, = 0, then x, = 0 and the potentials
are not restricted by (7.3d).

Remark 7.2 Note that the flow and potential bounds often arise from safety or legal
considerations in order to guarantee the reliable operation of the network. These bounds
can often be used to further strengthen other bounds (given some balance vector b).

Remark 7.3 While this work focuses on static potential-based flows, we remark that
generalizations to transient, i.e., time-dependent models, have been studied in the litera-
ture as well. In the classical network flow literature, time-dependent flows are referred to
as dynamic flows or flows over time, and have been extensively studied in the literature;
see Skutella [68, 69] for recent surveys. In the context of potential-based flows, GroB,
Pfetsch, and Skutella [30] study the computational complexity of a simplistic model of
transient potential-based flows consisting of a sequence of k stationary potential-based
(gas) flows. They present efficiently solvable cases and NP-hardness results, establish-
ing complexity gaps between stationary and transient potential-based flows as well
as between transient potential-based s-z-flows and transient potential-based b-flows.
Burlacu et al. [14] study the transient optimization of gas networks, focusing on max-
imizing the storage capacity of the network. Their model is obtained by discretizing
a coupled system of nonlinear parabolic partial differential equations. The resulting
nonlinear discretized system contains a potential-based flow in each time-step and is
proved to be well-posed.

Remark 7.4 We note that other components like compressors or control valves in gas
networks are important in respective applications as well. These are usually not covered
in a potential-based flow context, because they might require specific physical modeling.

7.2.3 Basic Properties of Potential-Based Flows

One very important result concerns uniqueness—a result that has been rediscovered
and reproved several times in the past; see Remark 7.5 below.
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Theorem 7.1 (Theorem 7.1 in [46]) Let (G, B) be passive and weakly connected po-
tential network with a balanced load vector b € B(V). Let the potential function W be
continuous, strictly increasing, and satisfy y(0) = 0. Suppose that there are no flow
and potential bounds. Then, there is a unique flow x € R4 satisfying Constraints (7.3a)
and (7.3b). Moreover, there exist potentials 1 € RY such that the set of feasible points
is given by

{(x, m+7n1) : n € R},

where 1 =(1,..., )T € RY is a vector of ones.

Proof idea. Consider the optimization problem

min ) | wierde

acA
s.t. D>V Xa— D, xa=by,, veEV. (7.4)
ac 5% (v) aeéin(u)

Because of the assumptions on i (monotonicity), the objective is strictly convex.
Thus, this problem has a unique flow solution. Using r, as dual variables for the flow
conservation constraints and formulating the KKT conditions yields (7.1). Since (7.1)
only depends on the differences of potentials, there is still one degree of freedom
regarding the potentials. O

Corollary 7.1 Let the requirements of Theorem 7.1 hold and additionally assume that
the potential level ntg of one single node s € V is fixed. Then, there is a unique feasible
potential-based flow (x, n) that satisfies b.

Remark 7.5 Uniqueness as in Theorem 7.1 has already been discussed by Birkhoff and
Diaz [7]. The argument illustrated in the proof was used by Maugis [57] for ¢ (x) = x |x|.
Collins et al. [17] used this argument in the general setting. Finally, Rios-Mercado et
al. [61] provide a different proof.

Remark 7.6 For homogeneous potential functions and without flow and potential
bounds, one can formulate the dual problem of (7.4) for which strong duality holds;
see Maugis [57] for ¥(x) = x |x|. Rockafellar [63] contains a general discussion; see
also [29].

Exploiting the uniqueness result of Theorem 7.1, the feasibility of potential-based
flows can be characterized by validating flow bounds and potential differences. This
characterization was first established by Gotzes et al. [27] for the case of gas networks
and was then extended to general potential-based flows by Labbé et al. [S0, Theorem 7].

Theorem 7.2 Let (G, B) be a passive and weakly connected potential network with a
potential function y that is continuous, strictly increasing, and that satisfies y(0) = 0.
Further, let b € B(V) be a balanced load vector and let (x, 1) be flows and potentials
satisfying (7.3a), (7.3b), and (7.3e). Then, there exist potentials 7 satisfying the potential
bounds (7.3f), i.e., the point (x, &) is a feasible potential-based flow for b, if and only if
the following inequalities are satisfied

Tu—Ty STu—m,, (u0) €V (7.5)
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This characterization allows to check if there exists a feasible potential-based flow for
a given load b by first computing flows and potentials according to Theorem 7.1 and then
validating (7.5) without explicitly shifting the potentials to satisfy the corresponding
potential bounds (7.3f).

Another fundamental property is acyclicity, which has been observed many times
in particular applications, e.g., Kirchhoff’s Circuit Law, and is explicitly formulated in
Habeck and Pfetsch [33] for potential-based flows. For a flow x € RA, define

Ax) ={(,v) e VXV : a=(u,v) € Awithx, >0}
U{(v,u) e VXV : a=(u,v) € Awithx, <0},

i.e., the set of arcs with positive flow and reverse arcs that have a negative flow in the
original.

Theorem 7.3 Let (x, ) be a potential-based flow in a passive potential network (G, ).
Then A(x) is acyclic in the directed sense.

Proof. Assume there exists a directed cycle C in A(x). Sum along forward (C N A) and
backward (C \ A) arcs and use (7.1) to obtain

Z Ba W(Xa) - Z ﬁ(u,u) w(x(v,u))

acCNA (u,v)eC\A
= Z T, — Ty + Z m, —m,=0,
(u,v)eCNA (u,0)eC\A

because the potentials cancel out along the cycle. Since 8, > 0, i is strictly increasing,
and y(0) = 0, it holds that 8, Y(x,) > Oforalla € C N A and B,y ¥ (X)) < 0 for all
(u,v) € C \ A. Thus, the left hand side is positive—a contradiction. O

One interesting property is that passive potential networks with homogeneous po-
tential functions and a single entry and a single exit behave like a graph with a single
arc.

Theorem 7.4 (Theorem 3.6 in [29]) Let (G, B) be a passive weakly connected potential
network without flow and potential bounds and homogeneous potential functions of
order r > 0. Let b € B(V) with only two nonzero entries with values by = L and
b, = =L for s, t € V. Consider the graph G = ({3, 7}, {(§,7)}) with two distinct nodes 3,
7 and one arc (3,7) as well as b with bs = L, 13, = —L. Then, there exists a constant ,é
such that there exists a potential-based flow (x, ) in (G, ) for b if and only if there
exists a potential-based flow (%, 7) in (G, B) with for b and ng = s and n; = #i;.

Note that if G is series-parallel, then [29] describes rules how § can be iteratively
computed based on the S-values of G.

Klimm et al. [45] study possible generalizations of Theorem 7.4 to passive weakly
connected potential networks with more than two terminals, i.e., entries and exits. For
the special case of electrical networks with linear potential function y(x) = x, the so-
called Kron [48] reduction (see also Dorfler and Bullo [19]) yields a smaller equivalent
network that only contains the terminal nodes and edges connecting them. Here, two
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networks with the same set of terminals are equivalent if for any b-vector the potentials
at the terminals are always the same, where the potential at one node is fixed. Thus,
these networks cannot be distinguished by measuring the potentials at terminals.

For more than two terminals, however, the existence of the Kron reduction strongly
relies on the linearity of the mapping between loads and potentials in such networks.
Nevertheless, for general homogeneous potential functions ¥, there exist sufficient con-
ditions under which passive potential networks can be reduced to equivalent networks
defined on the set of terminals:

Theorem 7.5 (Theorem 3 in [45]) Let (G, B) be a potential network, T C 'V be the set
of terminals and v € V be chosen arbitrarily. We define

Nr() ={t € T : 3 v-t-path which does not contain any terminal except t}

and assume that all potential functions y(x) are sgn(x)|x|” for some degree r > 0.
Moreover, suppose that |N7(v)| < 2 for every inner node v € V \ T. Then, (G, ) is
equivalent to a potential network (G’, 8'), where G’ = (T,E’) with E' C T X T.

However, Theorem 5 in [45] shows that for every m € IN, there exists a potential
network with potential functions of order r = 2 and three terminals such that no network
with at most m arcs is equivalent to it. Notably, the proof of this result uses insights
from semi-algebraic geometry.

7.3 Complexity

In this section, we briefly collect some central results about computational complexity
in the context of potential networks.

We start with s-7-flows for some s, r € V. Here, the balanced load vector b satisfies
b, =0 forall v € V\ {s,¢} and a feasible potential-based s-z-flow satisfies (7.3); in
particular, switches are allowed in the model. The following problem was introduced
in [29]:

s-t-FlowFeasibility
Input: A potential network (G, )
Problem: Is there a feasible potential-based s-t-flow (x, 7, z) for (G, 8)?

On top of that, when maximizing the flow from s to ¢, feasible s-7-flows do not have to
satisfy Constraints (7.3a) for s and #:

s-t-MaxFlow

Input: A potential network (G, )

Problem: Find a feasible potential-based s-t-flow (x, «, z) for (G, §) of maxi-
mal value val(x).

Here, the value of the flow is defined as usual via
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val(x) = Z Xg — Z Xg.

ae §oU(s) aesin(s)

These two problems are natural analogues of classical flow problems. Let us note that
one could also consider an analogue of the min-cost-flow problem. This, however, seems
less natural since the flow is unique on passive potential networks with fixed balance
vector b, i.e., unless switches are present.

Let us start by reviewing what is known for these two problems in the literature. First
of all, both problems are polynomial-time solvable for linear potential functions ¢ on
passive potential networks because both problems are linear problems. Other variants
with linear ¢ are mainly discussed in the literature on DC power flow problems. In
Lehmann et al. [53], the following is shown.

Theorem 7.6 (Corollary 1 in [53]) The DC s-t-FlowFeasibility problem is strongly
NP-hard for planar graphs of maximum degree 3 with switches.

They also showed that the extension of the s-r-MaxFlow problem with at least two
sources and sinks cannot be approximated in polynomial time better than 2(°2 m'=e
for an & > 0 unless problems in NP can be solved in quasi-polynomial deterministic
time. For arbitrarily many sources and sinks, the DC flow feasibility problem is weakly
NP-hard even on cactus graphs of maximum degree 3.

For gas flow networks, Szab6 [72] showed that the so-called active gas nomina-
tion validation problem, which is the same as the s-#-FlowFeasibility problem for gas
networks, is weakly NP-hard even for series-parallel networks. For arbitrary networks,
Humpola [38] showed that a problem similar to the s-t-FlowFeasibility problem is
strongly NP-hard. The problem is called the topology optimization problem there.

While there are numerous complexity results for the special cases of DC power flow
networks as well as for natural gas networks, the literature on complexity results for
general potential-based flows is scarce. One important problem in the more general
literature is the problem of computing the maximum potential-difference nomination
(MPD). Here, the nodes are split into entry nodes V., exit nodes V_, and the remaining
inner nodes Vj, i.e., V = V, U V_ UV} holds. Then, feasibility is defined by satisfying
the constraints

Z Xq — Z Xa = by, vev, (7.6a)
ac 5% (v) aedin(v)

Tu — Ty = Ba ¥ (Xa), a=(uv) €A, (7.6b)

0<b,<b, vev, (7.6¢)

where b, = b, for entry nodes v € V,, b, = —b, for exit nodes v € V_, and b, = 0 for
inner nodes v € V. Hence, this is a variant of the feasibility problem above in which we
are choosing the loads within some bounds but otherwise only have a passive network.

Then, for two given nodes v; and v;, the optimization variant of the MPD problem
is to solve

max{m, —m,, : (b,x, ) satisty (7.6)}.
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It is shown in [73] that this problem is NP-hard for quadratic potential functions and
general networks even if all flow directions are known in advance. Note that this problem
is easy for linear potential flows, because it can again be modeled as a linear optimization
problem. Moreover, the problem is easy for trees [S0] and for a single cycle [51]. One
open complexity question is the hardness of the nonlinear case on cactus graphs.

The optimization variant of the MPD problem has been applied in various appli-
cations such as in robust network design [62,74], see also Sect. 7.6, or for solving
multilevel markets models [10, 64].

7.4 Monotonicity of Parameter-Dependent Potential-Based Flows

Different to many settings for classical flows, potential-based flows do not behave
monotonously with respect to changes in certain parameters of the network. The goal
of this section is to provide some intuition when this is the case. We start by first
highlighting cases in which monotonicity does not hold.

Example 7.1 (Nonmonotonicity of potentials w.r.t. flow balances) One could think that
increasing the flow demand would require increasing the maximal potential difference.
However, this is not true in general, not even for trees.

The following notation for two balanced load vectors b', b € B(V) will be useful:

b < =

bl < b2 forallv eV with b} >0,
b2 < bl forallv eV with b} <0.

We also define the maximal potential difference A(rr) = max,, ey |7, — 71| form € RY.
Then for a potential-based flow network (G, 8) with balanced load vectors b! < b2, the
maximal potential difference is not monotone in the following sense: Let (x", 7') and
(x2, %) be potential-based flows for b' and b2, respectively. Then A(x') < A(n?) does
not hold in general.

This can be shown by the following simple example; see Fig. 7.1. Consider a path
graph G = (V, A) with four nodes, i.e., V = {1,2,3,4}, A = {(1,2),(2,3),(3,4)}. All
B-values are equal to 1 and ¢(x) = sgn(x)|x|", r > 0. Let b! = (1,0,0,-1)T and
b* = (1,-1,1,-1)T. Then b! < b? and x! = (1,1, 1)7, x! = (3,2,1,0)7 is a solution
for b!, because the flow is 1 for all arcs (and thus b! is satisfied), so the right-hand
side of (7.1) is 1, while the left-hand side is 1 as well. Similarly, x2 = (1,0, D)7,
72 =(2,1,1,0)7 is feasible for h2. That the flow balance b? is satisfied is easy to see.
Moreover, by the same argument as before, (7.1) is satisfied on the first and last arc. On
the middle arc, we have 0 = 1 — 1 = 5 — 13 = $00]. Thus, A(x') = 3 £ A(n?) = 2.

Example 7.1 shows that the opposite case is also not monotone: Increasing the
maximal potential difference does not necessarily increase the flow balance.

Remark 7.7 Note that because of Theorem 7.4, monotonicity holds if there is a single
entry and single exit.
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-1 -1

Fig. 7.1: Flows (indicated above the arcs) and potentials (indicated by height) for
Example 7.1. Left: balance vector b' = (1,0,0,-1)T; Right: b> = (1,-1,1,-1)7.

Example 7.2 (Nonmonotonicity of potentials w.r.t. switches/topology extension) Con-
sider the same example as in Example 7.1 with balanced load vector b? = 1,-1,1,-D7,
but first without the middle arc. Then = = (1,0,1,0)" and x = (1,0, 1) are feasible.
Therefore, the maximal difference in potentials A(xr) is 1. If we re-add the middle edge
and keep the same balanced load vector, the solution is given in Example 7.1 with a
maximal difference in potentials of 2. The addition of the middle arc corresponds to
a valve that is opened or an arc that is built in addition. Thus, the maximal difference
does not necessarily decrease if we add arcs. By considering two parallel arcs, one of
which can be added, it is easy to see that the opposite is not true in general as well.

To provide a positive example of monotonicity, define the so-called power-loss, see,
e.g., Calvert and Keady [15],

vaﬂ'u= Z (my — 1) Xq

veV a=(u,v)eA

for some potential-based flow (x, ) with respect to the balanced load vector b € B(V).
In the s-t-case, the power-loss simply reads bs(mg — 7;).

Theorem 7.7 (Theorem 5.1 in [29]) Consider a potential-based flow network (G, 3)
with homogeneous potential function and without potential and flow bounds. Then, for
a given balanced load vector b € B(V), the power-loss of a feasible potential-based
flow is minimized if all switches are on.

7.5 Topology Optimization

Topology optimization, or network design, is a well-established and active research field
in mathematical optimization and operations research. It is one of the main applications
for potential-based flows. This connection is primarily driven by the modeling capa-
bilities of potential-based flows that can accurately represent a wide range of energy
or utility networks. Further, the class of topology optimization problems is of high
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practical relevance and, in particular, building resilient networks has gained increased
interest in the recent years.

In topology optimization, one can generally distinguish between two types of op-
timization problems. The first ones consider a given and fixed network topology, for
which the optimization task consists of selecting specific properties, e.g., diameters of
pipes, without altering the network topology. If these properties are modeled by con-
tinuous variables, the resulting models are generally continuous nonlinear optimization
problems. In contrast to these problems, the second type of topology optimization prob-
lems does not assume a predetermined network topology. Instead, the optimization also
determines which network elements should be constructed and where they should be
located. These problems are often referred to as a green-field approach or design-from-
scratch problems and typically lead to mixed-integer nonlinear optimization problems.

The general goal of topology optimization is to find a network G and resistances 8
of smallest cost such that given b-vectors can be transported. Based on the model in [8],
we can derive the following particular model for passive potential-based networks in
which we choose arcs to be built:

min Z CaZa (7.7a)
acA
s.t. Baa(xa) = za (my — 7y), a=(u,v) €A, (7.7b)
Z Xg — Z Xq=b, UVEYV, (7.7¢)
a€ 5% (v) aeén(v)
Xq € [x,,Xal, acA, (7.7d)
7Ty € [, Tul, veV, (7.7e)
ze {0, 1} (7.76)

Here, z, € {0, 1} decides whether the arc a € A is built and ¢, > 0 is its cost. In
the model, it is assumed that every arc can be decided on (green field), but it is easy
to integrate existing arcs as well. We note that a large variety of different modeling
approaches for topology optimization exist. Even for tree-shaped networks, topology
optimization is NP-hard; see [78].

The literature on topology optimization with general potential-based flows is
scarce—in particular when compared to the vast literature on topology optimization for
specific instantiations of potential-based flows such as gas or water networks.

One of the first publications considering topology optimization with general
potential-based flows is [60], in which for a given network, resistances are selected
from a discrete set. In this work, convex relaxations for the nonconvex mixed-integer
nonlinear network design problem are developed and combined with a linearizations-
based LP/NLP branch-and-bound framework to solve a topology optimization problem.
The authors of [39] also exploit convex relaxations together with a branch-and-bound
approach to solve nonlinear and nonconvex network optimization problems arising in
gas transmission networks.

Another area that has attracted increasing attention in the recent years is the opti-
mization of resilient networks with general potential-based flows. The latter networks
are protected from uncertainties such as arc failures or load fluctuations. The authors
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of [58] develop a tailored branch-and-cut approach for building networks that can
withstand specific arc failures. Moreover, the works [62, 74] develop methods to com-
pute robust passive potential-based networks with load uncertainties by exploiting the
characterization (7.10) presented below in Sect. 7.6.

In contrast to network optimization with capacitated linear flows, the field of devel-
oping valid inequalities for potential-based topology optimization is still in its infancy.
To the best of our knowledge, the recent work [8] is the first to propose cuts based on
potentials.

Theorem 7.8 (Theorem 5 in [8]) Let (G, B) be a passive potential network with poten-
tial functions that are positively homogeneous of order r > 0 and let . = 1/</Ba be
the conductance of arc a € A. Let T = T* U T~ be the terminal set, i.e., the set of all
entries T* and exits T~. If (x, r, 7) is feasible for (7.7b) and (7.7¢) with global potential
bounds 0 <, < 7 forallv € V, then

1 & b(Z)
— UaZa = —— (7.8)
k% i=1 aE(SZ(S,') “ %

for all subsets Z C T and all k disjoint (T*NZ, T~ \ Z)-cuts S; C...C S CV, ie,
T*nZzZ)cs;, (T‘ \Z)NS;=0foralli=1,...,kand5(S;)N6(S;)=0foralli# j,
where §(S;) = 6"(S;) U 6°“(S;).

Note that (7.8) is a linear inequality in the design variables z. Furthermore, [8] shows
that these inequalities can be separated in polynomial time using submodular function
minimization.

Remark 7.8 A large branch of research on topology optimization with nonlinear flows
focuses on the application of gas or water networks. Many of these works solve the
nonconvex topology optimization problem by exploiting (convex) relaxations of the
original problem such as in [9, 54]. Specific algorithms for topology optimization with
a given network design such as with continuous design decisions [18], e.g., continuous
diameter selections, or discrete ones [67] are developed. Moreover, there exist works on
valid inequalities [40], pruning conditions [41], or decompositions [66] in the context
of gas network optimization. Furthermore, the design of robust gas pipeline networks,
with interval uncertainties in the sinks only, is solved by applying a mixed-integer
second-order cone formulation; see [71]. For stochastic gas network design such as the
location of compressors under load uncertainties, we refer to [32].

For water networks, tailored mixed-integer nonlinear optimization methods for
choosing optimal diameters are developed in [11, 12]. Furthermore, two decompo-
sition methods are presented in the recent work [55]. For the literature on lossless DC
power flow networks, we refer to [20] and the recent survey [42].

Many of these approaches, in particular for gas and water networks, can most likely
be extended to general potential-based flows (7.3) as demonstrated for the relaxation
of [9] in [74].
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7.6 Robust Approaches for Tackling Uncertainty

The field of potential-based flows under uncertainty is mainly driven by specific ap-
plications over the last years, e.g., topology optimization [58, 62, 74], operation of
utility networks [4], or the analyses of specific energy markets [50]. Different types
of uncertainty have been addressed, which can be classified into load uncertainties of
injections and withdrawals as well as uncertainties in technical parameters, e.g., estima-
tions of the roughness of gas pipelines. The resulting uncertain optimization problems
are mainly tackled by using robust, stochastic, or so-called probust approaches. The lat-
ter is a combination of robust and stochastic optimization. We now briefly summarize
corresponding approaches that address uncertainties in potential-based optimization
problems.

The overall goal of robust optimization consists of computing a robust solution that
is feasible for all possible realizations within an a priori defined uncertainty set. For a
general introduction to robust optimization, we refer to, e.g., [5,25,77].

Robust optimization methods for potential-based flow problems have attracted grow-
ing attention in the recent years. In particular, the corresponding research focuses on
adjustable robust approaches. In these optimization problems, the variables partition
into “here-and-now” decisions that have to be decided before the uncertainty realizes
and into so-called “wait-and-see” decisions that can be adjusted after the realization of
the uncertainty. A prominent example for this problem class is adjustable robust net-
work design with uncertain loads; see [74]. The optimization task consists of building
a network at minimum cost so that all, possibly infinitely many, load scenarios of the
uncertainty set, can be transported through the network. This can be formulated as

min { S caza : z€{0,1}* and Vb € U 3 (x, 7) satisfying (7.7b)—(7.7e)}. (1.9)

z acA

The non-empty and compact uncertainty set U includes all load uncertainties such as
forecasts of future energy demand. The variables z represent the here-and-now decisions
of building an arc, which has to be decided prior to the realization of the uncertain load b.
After the worst-case realization of the uncertain load, the wait-and-see variables x, &
guarantee a feasible transport of the realized load through the network.

Note that considering the potential-based variables x and 7 as here-and-now decisions
directly leads to the infeasibility of (7.9) in many cases. This is a consequence of the
uniqueness results of Theorem 7.1, because for fixed x and n changing the load b
directly renders the potential-based flow infeasible.

The wait-and-see decisions in (7.9) are restricted by nonlinear and nonconvex con-
straints leading to a nonlinear adjustable robust optimization problem. General methods
for this problem class are scarce [77] and, in particular, there are no general methods of
robust optimization directly applicable to solve Problem (7.9). For different use cases,
specific methods to solve Problem (7.9) have been developed over the recent years, e.g.,
starting with tree-shaped networks and further developments to more general networks.

The majority of the works focus on passive networks with load uncertainties be-
cause integer wait-and-see decisions are an additional challenge beyond the nonconvex
nature of the problem. We now highlight one of the main algorithmic developments
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of this research branch that has emerged out of multiple different publications on this
topic [4,50,51,59,62,73,74]. To this end, we follow the most general form of these
results given in the recent publication [74]. The key idea consists of deciding robust
feasibility of a network by solving polynomially many optimization problems instead
of individually checking the feasibility for all, possible infinitely many, realizations of
the uncertainty b € U.

Theorem 7.9 (Theorem 1 in [74]) Let z € {0, 1}A be fixed and the corresponding
potential network (G, B) be passive and weakly connected. Further, the potential func-
tion  is continuous, strictly increasing, and satisfies y(0) = 0, and a load uncertainty
setU:={beRY : Spev by =0} N Z, with Z being nonempty and compact, is given.
Then, the potential network (G, B) is robust feasible, i.e.,

Vb € U 3(x, n) satisfying (7.7b)—(7.7¢),

if and only if
Ty —m, 2 g{lﬁ)j{{ﬂu -7, 2 (1.7b)~(1.7¢), b € U}, (u,v) € V, (7.10a)
Xq 2 lgr,l)fl,);(r{xa 1 (1.7b)-(1.7¢), b € U}, a €A, (7.10b)
x, < zflxi,rylr{x“ 2 (1.71b)—(1.7¢), b € U}, a € A. (7.10¢)

The key intuition of this characterization of robust feasibility is the following. For two
given nodes u, v, the right-hand sides of Constraint (7.10a) represent the most stressful
load scenarios w.r.t. the potential differences by optimizing over the uncertainty set U. If
and only if the maximum potential differences stays within the corresponding potential
bounds for every pair of nodes, we can shift the potentials to stay within the poten-
tial bounds, i.e., we can satisfy Constraints (7.3f). Analogously, Constraints (7.10b)
and (7.10c) check if the most stressful load scenarios for the maximum and minimum
arc flow stay within the flow bounds. Thus, by solving at most [V|*> + 2|V| optimization
problems, we can check whether a network design is robust feasible regarding, possibly
infinitely many, uncertainties in U. We note that for proving the corresponding results,
the uniqueness result of Theorem 7.1 and the intuition of the characterization of feasible
potential-based flows of Theorem 7.2 play a crucial rule.

Note that for capacitated linear flows without potentials, the characterization of
Theorem 7.9 does not hold because flows along cycles will be infinity, which directly
renders Constraint (7.10b) infeasible. This is also one reason why this characterization
has only been proven in its general form for passive networks, in which no cyclic flow
can occur; see Theorem 7.3.

Large parts of this characterization of robust feasibility have been developed in the
context of the economic application of deciding the feasibility of a so-called booking
within the European entry-exit market; see [50,51,73,74]. From a mathematical point of
view, this application is equivalent to deciding the robust feasibility of a given here-and-
now decision and a specific interval uncertainty set for the loads. For more details on this
economic application we refer to [28], which introduces the underlying mathematical
model of the European entry-exit gas market; see also the Chap. 8, “Models for Gas
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Markets” in this book. Moreover, there are first approaches for deciding the feasibility
of bookings in active networks under the restrictions that no active element lies on a
cycle; see [59].

We further note that robust potential-based flows in which uncertain loads only occur
in the sinks of the network are considered in [76]. For this special case, the authors also
provide a characterization of robustness using finitely many worst-case load scenarios.

A different notion of robustness is studied in [44], in which a network is defined to
be robust if for every feasible load b € B(V) also b’ € B(V) with || < |b,] is feasible.
If the resistances S can be changed, this allows for a characterization of such networks
via graph minors, i.e., via resorting to purely combinatorial properties of the underlying
graph.

In addition to load uncertainties, first research on other types of uncertainty has
started. For instance, the authors of [58] propose a generic approach to compute systems
that are robust/resilient against a failure of at most a given number of components and
apply it to topology optimization of gas networks. Moreover, in [4] uncertainties in the
resistance constant 8 are considered, which can represent measurement errors of the
involved physical parameters.

Remark 7.9 To the best of our knowledge, there are no approaches for stochastic
potential-based flows given in their general form (7.3). However, there are multiple
approaches driven by specific applications such as gas networks, which we very briefly
summarize in the following. The authors of [27] study the probability of feasible loads
for networks with uncertain exit loads and a single entry. To this end, they develop and
apply a spheric-radial decomposition of Gaussian random vectors in combination with
Quasi Monte-Carlo sampling. In [31], again the probability of the loads is estimated,
this time for tree-shaped gas networks with compressors. In addition, also a stochastic
version of the economic application of deciding the feasibility of a booking is stud-
ied in [37]. For more details, see also the Chap. 10, “From Probabilistic to Probust
Constraints: Optimization under Uncertainty” in this book.

Remark 7.10 In the recent years, the combination of stochastic and robust optimization
via so-called probust constraints has gained increased attention. These probust con-
straints are probabilistic constraints including a robustified infinite inequality system;
see [2] for a detailed introduction as well as the Chap. 10, “From Probabilistic to Pro-
bust Constraints: Optimization under Uncertainty”. Again results for probust constraints
focus on specific applications such as gas networks [2,26,35] or water networks [6].

7.7 Potential-Based MINLP and Beyond

One line of research focuses on replacing potential-based networks by smaller, equiva-
lent potential-based networks to simplify solving potential-based MINLPs in line with
the results of [29]; see Theorem 7.4. In the recent work [45] the authors show that it
is generally not possible to replace a potential-based network by a smaller network de-
pending on the number of sinks. Furthermore, they characterize specific potential-based
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networks that can be reduced either to a complete graph or to a path. We note that there
exists network reduction techniques for lossless DC power flows [16, 19, 34,47, 48].
However, it is not obvious if and how these results can be extended to general potential-
based flows.

Research on decomposition methods for general potential-based flows is still in its
early stages; see, e.g., [70], which introduces a network partitioning algorithm for gen-
eral potential-based networks. However, for specific fluids such as natural gas, tailored
decomposition methods have been developed, in, e.g., [23,24,49]. For related decompo-
sition techniques on the PDE-level, we refer to the Chap. 17, “Domain Decomposition
for Gas Network Control”.

For general active potential-based networks, structural properties, in particular about
the control of active elements, remain relatively underexplored in the literature. Notably,
first specific characteristics related to the control of active elements in such networks
are examined in [29]; see also the Chap. 6, “Mixed-Integer Nonlinear Optimization in
the Context of Gas Networks” in this book.

Finally, we note that the structural properties of uniqueness and positive homo-
geneity, see Lemmas 7.1 and Remark 7.6, have been successfully exploited in bilevel
optimization; see [59,65]. More precisely, for bilevel problems with a lower level that is
a passive potential-based flow problem, it can be shown that specific constraints of (7.3)
can be equivalently moved from the lower- to the upper-level problem. The latter then
allows to derive a single-level reformulation of the original bilevel problem that has a
nonconvex lower level.

7.8 Conclusion and Challenges

The goal of this chapter was to highlight basic properties of potential-based flows
and to highlight recent developments in this area. We believe that this model makes
it possible to develop generic techniques that would otherwise be reinvented for the
different applications.

The field also offers the opportunity for future developments. For instance, there are
most likely properties that have been studied for certain applications but that are not yet
generalized to the setting of potential-based flows. Moreover, one can try to generalize
certain network components like compressors and control valves and incorporate them
into the potential-based flow framework. The development of new valid inequalities
and cuts for potential-based networks also is a largely open field, offering multiple
opportunities for future research. Finally, open questions that we mentioned in this
survey are the theoretical hardness of the MPD problem on trees with active elements,
the development of robust optimization models and techniques for active potential
networks, the treatment of the area of bilevel network design, or, finally, the study of
further decomposition techniques for hard (MI)NLPs on potential networks.
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8.1 Introduction

The current gas market design in the European Union is the result of the liberalization
process that began in the 1990s. The first Gas Directive [16], passed in 1998, stipulated
the principle of non-discriminatory access to the gas network. It was followed in 2003 by
the second Gas Directive [15] mandating the implementation of rules allowing buyers to
purchase gas from the supplier of their choice. These rules, however, did not fully prevent
discriminatory behavior as transmission system operators (TSOs) still had incentives to
prevent network access to third-party suppliers. The third Gas Directive [16] of 2009
was introduced to mitigate this issue by requiring the unbundling of network operation
and network usage. It further introduced the entry-exit system as a target market design
for the gas market in the European Union.

The entry-exit system largely abstracts from the physical properties of the gas net-
work. Instead, it allows producers and consumers to book capacity rights independently
at entry points V, and exit points V_ of the network. A booking is a right, sold to the
producers and consumers at a price, that allows them to withdraw or inject gas up to
a volume defined in the booking. The transmission system operators (TSOs) have to
make sure that the bookings made for the entry and exit points can be realized with the
network. To this end, they can impose technical capacities for the total bookings that
can be made for an entry or exit node. When the total capacity bookings for a node
do not exceed the capacity, the principle of non-discriminatory access requires that all
bookings will be accepted. If, on the other hand, the total bookings for a node exceed
its capacity, in practice, an auction mechanism is used to allocate the bookings. After
the bookings have been fixed, gas is traded on a day-to-day basis. To model this, we
introduce a set T of scenarios, each corresponding to a day in the booking period. In
every scenario ¢t € T, all producers and consumers can submit a nomination for the
amount of gas that they would like to inject into or withdraw from the network. The
nomination itself is free of charge and only constrained by the long-term bookings made
beforehand. In each scenario, after all nominations have been submitted, it is the task
of the TSO to ensure that there is a feasible gas transport in the network that satisfies
the given nominations.

Structure of this Chapter

After setting up the mathematical terminology in Sect. 8.2, we present a basic four-level
model proposed by Grimm et al. [24] in Sect. 8.3. In Sect. 8.4, we discuss the related
models and reformulations. While the basic model in Sect. 8.3 assumes that producers
and consumers are non-strategic and act as price-takers, we discuss possible models for
strategic players in Sect. 8.5. Additional models are mentioned in Sect. 8.6.



8 Models for Gas Markets 197

8.2 Preliminaries

The gas network is modeled as a directed and weakly connected graph G = (V, A)
where V is the set of nodes and A C V2 is the set of arcs. For a node v € V, we
denote by 6 (v) = {a € A : a = (w,v) withw € V} the set of ingoing arcs and
by §*(v) = {a € A : a = (v, w) with w € V} the set of outgoing arcs. Arcs may represent
both inactive network pipes and active elements such as compressor stations and control
valves. A flow of gas is allowed both in the direction and against the direction of the arc,
where we will use the convention that the former corresponds to a positive gas flow and
the latter corresponds to a negative gas flow. We assume that there is a set V, c V of
entry nodes where gas is fed into the network and a set V_ C V of exit nodes where gas
is withdrawn from the network. We assume that V_ and V, are disjoint. The gas is fed
into the network and withdrawn from it by individual and selfishly acting players. More
formally, for each node u € V, there is a set P,, of producers interested in injecting gas
into the network and for each node u € V_ there is a set P,, of consumers interested in
withdrawing gas from the network. We denote by P, = U,ev, Py the set of producers,
by P_ = Uuev._ Py, the set of consumers, and by P = P, U P_ their union. We call the
union of producers and consumers the players of the four-level model.

We consider a finite set 7' of scenarios, modeling days or other trading periods. For
each scenario t € T and each consumer i € P_, there is an inverse market demand
Sfunction P;; : R>9 — Ryq that determines the price consumer i is willing to pay as a
function of the quantity offered to the consumer. Intuitively, this means that consumer 7,
after having received a total volume of s units of gas, has a utility of P; ,(s) for the
next gas particle. As all gas at a node is sold at the same price point, this means
that for consumer i to accept a total volume of s units of gas, the price cannot be
larger than P; ,(s). It is assumed that the inverse demand functions are continuous and
strictly decreasing. When, in scenario ¢, a consumer receives a quantity g; , of gas, their
consumer surplus equals

qi.t
consumer surplus: I P; (s)ds. 8.1)
0

For each produceri € P,, there are variable production costs c}* > 0 so that when they
produce a quantity g; , in scenario ¢, their costs equal

production costs:  ¢}*q; ;. (8.2)

Vectors of quantities are denoted in boldface, e.g., we write q = (q;¢)icp.rer for the
vector of in- and outflows into and out of the network for all scenarios. Equations and
inequalities for vectors are to be understood entry-wise, e.g., 0 < q means that 0 < ¢; ;
foralli € P and r € T. Here and throughout the chapter, we use 0 to denote the all-zero
vector of appropriate dimension.
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8.3 Multilevel Model Under Perfect Competition

We consider a market design featuring a TSO and gas traders operating under perfect
competition, where all players i € P act as price-takers. The TSO uses an entry-exit
system where, in the first level, technical capacities and booking prices are determined
for the nodes. In the second level, players compete for the booking capacities based on
the technical capacities and the prices set by the TSO in the first level. In the third level,
players nominate actual gas in- and outflows for the network where their nominations
are constrained by their respective bookings made in the second level. In the fourth level,
the TSO faces the task of determining actual gas flows for all scenarios that satisfy the
players’ nominations from the third level.

We find it useful to describe the model in detail in reverse order, starting with level
four and then working our way upwards in the four-level hierarchy.

8.3.1 Fourth Level: Gas Transport

In the fourth and lowest level of the four-level model, the gas transport is determined
by the TSO. The main inputs for this problem are the actual inflow and outflow nomi-
nations ¢;™ that have been fixed by all players i and all scenarios # in the third level.
A nomination q“om of a consumer i, i € P,, u € V_ is the total volume of gas that
they withdraw from the network at node u in scenario 7. Similarly, a nomination ¢;¢™
of a producer i, i € P,, u € V,, is the total volume of gas that they feed into the
network at node u in scenario t. We define q;}°™ = (q“"m)le p for the nomination vector
of scenario ¢, and q"°™ = (¢"° i "™)icp.rer for the vector of all nominations. We further
write ¢, = Xiep, 47" as the total balance of node u in scenano t Constramts on
the third level ensure that all vectors q;°™ are balanced, i.e., Xicp, ¢;9" = Ziep_ q; "
for all t € T. At the fourth level, the TSO seeks a feasible gas flow for each scenarlo t
that satisfies the corresponding nomination vector q;°™, adheres to physical constraints,
and minimizes a cost functional. As discussed in detail in Chap. 2, “A Catalog of Gas
Network Models: PDEs, Coupling Conditions, and Numerical Schemes”, there is an
entire hierarchy of possible mathematical models for gas flows of different complexities.
To give a specific example, we proceed to describe the optimization problem of the TSO
that arises when using (ISO4).

In this model, in every scenario ¢, the flow g, ; € R along each pipe a = (u,v) is
determined by the squared pressures pfl, . and pi, at its endpoints, and is governed by
the equation

2 2
Puyt — Puvt =VYadar |Qu,t|,

where 7y, is a parameter that depends on the physical properties of the pipe, such as
diameter, roughness, and length. Safe operation of the network requires that the pressure
Pu.r of each node u in all scenarios ¢ is in a given interval, i.e., there are p,, p, € R
with p,, < p, such that p,, , € [p, p] forallt € T.
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A basic model for network operation costs is to assume that there is a subset of
arcs A® C A that can be switched on or off. When switched off, they cannot be used by
the flow, and when switched on, they can be used, but the TSO incurs costs of ¢, € Rxo.
Under these assumptions, the problem of the TSO is to find a feasible flow for each
scenario ¢ that satisfies the given nominations and minimizes the costs, i.e., the TSO
solves

min Z Z CaXayz (8.3a)

teT acA°
s.t. xa,,(pﬁ,, - p%y,) =Yaqa.t |Gal foralla = (u,v) € A,t €T, (8.3b)
i = D qas— D, qas  forallueV,ieT, (8.3¢)

acs=(u) ae&+(u)

Xa: €{0,1} foralla € A, t €T, (8.3d)
qar €R foralla e A,t €T, (8.3¢)
Dut € [Dus Dul forallueV,reT, (8.3f)
where w, = -1 foru € V,, w, = 1 foru € V_, and w, = 0 for all other nodes.

For future reference, we denote the optimal value of this optimization problem as a
function of the nomination vector "™ as ¢*(q"°™), and the set of feasible gas flows
by ¥ (q"°™). The TSO’s decisions in the first level have to ensure that the optimization
problem (8.3) always has a solution. The optimization problem (8.3) is a mixed-integer
nonlinear optimization problem. Although solving (8.3) is challenging, a broad range
of methods for mixed-integer nonlinear optimization is available; see Chap. 6, “Mixed-
Integer Nonlinear Optimization in the Context of Gas Networks”.

Summarizing this section, for every set of balanced nomination vectors q;°™, the

TSO finds a cost-minimal gas flow satisfying q"™, resulting in total costs of ¢*(q"™).

The next section discusses how these nomination vectors q;°™ are obtained.

8.3.2 Third Level: Nomination

In the third level of the four-level model, the nominations ¢;7" of each player i and

scenario #, which were assumed as given in the previous section, are determined. Based
on the decisions of the players in this level, a market price 7}°™ emerges for each
scenario . We assume that when computing the values q?gm, each player i acts as a
price-taker, i.e., they neglect the fact that the market price 77°™ for gas in scenario ¢
actually depends on the amount of gas that they nominate. The players are constrained
in their nominations by the bookings they made in the second level. Specifically, the
booked capacity q'l':’""k determined by player i in the second level is an input to this level.

Each producer i € P, maximizes their profit depending on the market prices, i.e.,
each producer i € P, solves for every scenario t € T the optimization problem

nom
i,t

max{g}S"(x]" = c}") : g™ € [0, g7°%]}. (8.4)
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For future reference, we denote the objective function of that optimization prob-

lem by f;. t(q“"”1 = “"m(ﬂ“om — ¢/™) and its optimal value as a function of qb""k

by ¢ ,(¢7°%) = max{f; ((g}5™) : g™ € [0,4}°"]}.

Similarly, each consumer i € P max1mlzes their benefit depending on the market
prices, i.e., each consumer i € P_ solves for every scenario ¢ € T the optimization
problem

nom

ql,t
max{[0 Pi (s)ds —m"qi " 1 q; " € [0, quOk]} (8.5)

Again, for future reference, we denote the objective function of that optimization prob-

nom

lem by fi.(q;7") = Ig‘ " Pi(s)ds — m°"q; 9™ and its optimal value as a function of
book by 90[ t(quOk) max{ﬁ t(qnom) qnom e [0, q?ook]}.

For given market prices m;°", the consumers’ optimization problems (8.5) are con-
cave as we assume that the inverse market demand functions P; ; are continuous and
strictly decreasing. Thus, for fixed market prices, these concave optimization problems
can be solved efficiently to arbitrary precision by standard convex optimization meth-
ods. Similarly, for given market prices, the producers’ optimization problems are linear
programs that can be solved exactly in polynomial time as well.

In addition, we have the market-clearing conditions

Da =D ¢l forallreT. (8.6)

ieP; ieP_

A market equilibrium is reached when the individual players’ optimization prob-
lems (8.4) and (8.5) are solved and, in addition, the market-clearing conditions (8.6)
are satisfied. It can be shown that the market equilibrium can be obtained from solving
the following welfare maximization problem:

max Z(Z Z Piy(s)ds— > > e qiom (8.7a)

teT \ueV_iehkP, ueV,iebP,
st. ;3" =0 forallie P,teT, (8.7b)
g™ < gtk forallie P,t €T, (8.7¢)
0=>, D41 =>) >, am forallz € T. (8.7d)
ueV_ieP, ueV,iebP,

Theorem 8.1 (Grimm et al. [24, Theorem 3]) Let (q"°™, B~, B, @) be an optimal
primal-dual pair of solutions of the welfare maximization problem (8.7), where B~
corresponds to the constraints (8.7b), B+ corresponds to the constraints (8.7¢), and
@ corresponds to the constraints (8.7d). Then, q"°™ and ©n™°™ = « are a market
equilibrium, i.e., they solve (8.4) for alli € P,, t € T, they solve (8.5) for alli € P_,
t € T, and satisfy (8.6).

Proof. In our proof, we here follow the general treatment of market equilibria via
Lagrangian duality as in Harks and Schwarz [28]. Let us denote by
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0={q"" ¢ RI:OT qﬂom < q?o"k foralli e P,t € T}

the set of all vectors obeying the booking constraints. Then, we may write (8.7) com-
pactly as

max > filgiy"

teT,ieP
s.t. Z Z qiq" = Z Z qiy" forallt eT,
ueV_iePy, ueV, iePy,
qI'lOlTl IS Q

The Lagrangian for this problem becomes

L(qnom’/l)= Z f”(qnom)_'_z/l Z Z qnom Z Z qnom .

teT,ieP teT ueV_ieP, ueV,iebPy,
The Lagrangian dual is then the function  : R — R defined as
() = sup{L(q"™", 1) : """ € O},

and the dual problem is inf{u(d) : A € RT}. This primal-dual pair of optimization
problems is said to have zero duality gap if there are 2 € R” and @™™ € Q such that
L(@™™, A) = u(A). Since (8.7) is a concave maximization problem over a nonempty
convex feasible set defined by affine and box constraints, strong duality follows from
standard convex duality results. We then obtain

nom

q"°™ € argmax{L(q"™, 1) : " € Q}.

This is equivalent to

q;°" € argmax Z Pi(s)ds — /l,qnom 1qio" e [0, quOk] foralli € P_,
teT Y0
q;°" € argmax Z q“om(/l, ™) L q®™ € [0, quOk] for alli € Py,
teT
and, thus, implies the result. O

It can be further shown that the solution is unique under mild conditions.

Theorem 8.2 (Grimm et al. [24, Theorem 4]) If the variable costs c[™, i € P,, are
pairwise distinct and all inverse demand functions are continuous and strictly decreas-
ing, then the optimal primal solution "°™ to the welfare maximization problem (8.7) is
unique.

Proof. Under the conditions of the theorem, the objective function of the optimization
problem (8.7) is clearly strictly concave in the consumers’ nominations ¢;;", i € P_,
and hence, their values are unique. Given the uniqueness of the consumed quantities,
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a simple exchange argument establishes that only producers with the smallest costs
produce at their booking capacity. O

Summarizing this section, we have seen that every vector °°°* of booked capacities

leads (under reasonable assumptions) to a unique vector ¢"°™ of nominated quantities
in a market equilibrium. The next section discusses how the players choose the booked
capacities q®°°k.

8.3.3 Second level: Booking

In this level of the four-level model, each player i € P determines their booking
capacity qb°°k The main inputs for this problem are the technical capacity ¢ and a
lower bound on the booking fees 75°°% that the TSO determines for all u € V, U V_ in
the first level of the model.

The objective of each player i is to choose their booking capacity q?o"k such that
the anticipated benefit that they can generate over all scenarios in the third level minus
the price that has to be paid to the TSO for making the booking is maximized. The
booking capacities qb""k of all players i € P, for some u € V, U V_ are constrained
by the technical capacity imposed by the TSO in the first level, i.e., we require that
Siep, 2% < gk for all u € V, U V_. We assume that there is perfect competition
among these players for the technical capacity, resulting in a market price 7%°°%. Thus,
the booking price for node u € V, U V_ has two components. The first is the booking
fee 70°°K set by the TSO in the first level, and the second 72°°F arises as a market price
from the perfect competition.

Specifically, every player i solves the problem

max{z ‘pl ,(quOk) (7?2001{ book)qbook qlook > 0} (88)
teT

We further assume the market-clearing conditions

> gk < gk forallueV,UV.. (8.9)

ieP,

To avoid multiple solutions, which are often difficult to interpret, for each fixed node
u € V. UV_, we select the equilibrium induced by the following optimization problem:

max Z Z ‘pl t(quOk) "bOOk bOOk (8103)
ieP,\teT

st. g% >0 forallie€ P,, (8.10b)

> @ < gl (8.10c)

ieP,
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We denote by t,oz(qtec 7booky the optimal value function of the optimization prob-
lem (8.8). With similar arguments as in the proof of Theorem 8.1, one can show that
a primal-dual pair of the optimization problem (8.10) corresponds to a market equilib-
rium; we omit here the proof and refer instead to [24].

Theorem 8.3 (Grimm et al. [24, Theorem 1]) Let ((q'l':""’k)ie P> B> @) be an optimal
primal-dual pair of solutions of (8.10), where B corresponds to the constraints (8.10b)
and a,, corresponds to the constraint (8.10c). Then, (q?‘"’k)iE p, and ﬂBOOk =q, forma

market equilibrium, i.e., they solve (8.8) for all i € P, and satisfy (8.9).
Again, under additional assumptions, one can show that the solution is unique.

Theorem 8.4 (Grimm et al. [24, Theorem 2]) If the variable costs ¢[*, i € P,, are
pairwise distinct and the inverse demand functions are continuous and strictly decreas-
ing, then the optimal solution is unique.

Summarizing this section, we have seen that for every vector q**¢ of technical ca-

pacities and every vector 7°°°% of lower bounds on the booking fees, there is (under
reasonable assumptions) a unique market equilibrium at each node u € V. U V_, deter-
mining the booked capacities q"°°* and corresponding booking prices 7°°°¥, In the next
section, we explain how the TSO chooses the technical capacities q*° and the lower
bounds on the booking fees 72K,

8.3.4 First Level: Technical Capacities and Booking Fees

In the first level, the TSO determines the maximum technical capacities at the network
nodes, i.e., the maximum quantity of gas that can be fed in or withdrawn there. Formally,
the TSO sets the technical capacities ¢'¢° for all u € V, U V_ and lower bounds on the
booking fees 72°°% > 0 for all u € V, U V_. For ease of notatlon we define ¢ = 0
and 72K = 0 for allu € V\ (V, UV_). We then write ¢ = (¢'°®),cy for the vector
of techmcal capacities and %% = (72°°%), _y, for the vector of lower bounds on the
booking fees.

The values 7 are lower bounds on the fees that the TSO can require to ensure
that the costs for the gas transport are covered. We further assume that there is a
constant C € R > 0 which corresponds to exogenously given costs that the TSO needs
to be reimbursed for from revenues.

Furthermore, the TSO has to set the technical capacities q'*° such that all bookings
that are feasible for these technical capacities always result in nominations that can be
feasibly routed in the gas network. Formally, let

’*’oook

tec

N(q"*) = {q eRV:0<q<q*and > qu= >, qu} 8.11)

ueV, ueV_

be the set of all balanced vectors that obey the technical capacities. By the con-
straints enforced in the second level, we have X;cp, ¢ b°°k <qg¥forallu e V,UV_.
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Let ;" = Ziep, q;y" be the aggregated in- and outflow into node u in time 7, and

Q" = (@ uev the corresponding vector. Furthermore, by the constraints enforced
1n the third level, we have for each r € T that X;cp, ¢} = Ziep. q“"m and that
0<q9" < qbo"k Together, these constraints imply that for each ¢t € T, only nodal
nomination vectors q;°" € N (q*°) can occur, and the TSO has to ensure that a feasible
gas flow for these nominations in the fourth level of the model can be found, i.e., the
TSO has to ensure that F(q) # 0 for all q € N(q"°).

We assume that the TSO is interested in maximizing the nomination-based social
welfare defined as the sum of the consumer and producer surplus minus the TSO’s
costs for transportation, which depends on the nomination vector q"™, is denoted
by ¢*(q"™), and was defined in Sect. 8.3.1.

The optimization problem in the first level is

a3
Z(Z > Pis()ds = > > ¢l |- o' @™ -C  (8.120)

teT \ueVv_iepP, Y0 ueV, ieP,

st @' @M+ C= D D akgeok, (8.12b)

ueV,UV_ieP,

Fl@Q+#0 for all q € N(q"°), (8.12¢)
0<q"“, (8.12d)
0 < 700k, (8.12e)
g2 € arg max{p?(¢*°, 72°%)} forallu e V, UV_,i € P,, (8.12f)
qiy" € arg max{go[’t(qi(’(’k)} forallu e V,UV_,ie P,,t €T. (8.12g)

The objective function (8.12a) is the total value of all players and the TSO. The constraint
(8.12b) makes sure that the TSO sets the minimal booking prices 7°°°¢ high enough
so that the total costs of the TSO given by ¢*(q"™) + C are covered. Note that the
total revenue of the TSO from the minimal booking fees depends on the booking vector
q"°°% and the total costs of transporting gas depends on the nomination vector q"°™. The
constraint (8.12c) ensures that the technical capacities are set in such a way that every
resulting booking and, in turn, every nomination vector can be realized by a feasible gas
flow in the network. In robust optimization terminology, this constraint could be called
an adjustable robust constraint, emphasizing that there are infinitely many possible
nomination vectors obeying the technical capacities for which a feasible flow needs to
be found, but the TSO can adjust their gas flow to render the nomination vector feasible.
Constraints (8.12f) and (8.12g) make sure that bookings and nominations are selected
so that the equilibrium conditions of the players in the lower levels are satisfied.

8.4 Related Models and Reformulations

Grimm et al. [24] show that the model presented in Sect. 8.3 can be reformulated
as a bilevel optimization problem. In general, bilevel problems are known to be NP-
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hard [35]. For the problem at hand, Schewe et al. [52] analyze the structural properties
of the set of feasible bookings. Their findings indicate that, even for simple linear
gas transport models, the set of feasible bookings can be nonconvex. Nevertheless, for
passive networks and for many gas transport model variants, verifying the feasibility
of bookings is in P [38,39]. Exceptions arise in two cases: Capacitated linear flows on
cyclic networks and nonlinear potential-based flows with capacity or potential bounds
on general cyclic networks. From a complexity-theoretic perspective, the current state
of knowledge regarding the latter two cases is that the respective problems are CONP-
hard [38,56]. In addition, it is known that the problem of computing technical capacities
is NP-complete on trees and NP-hard in general [51]. Hence, to render the four-level
entry-exit gas market model computationally tractable and thus to enable quantitative
analysis, several simplifying assumptions are necessary. In the following, we provide
an overview of the main contributions that apply the entry-exit model computationally,
emphasizing the changes required to obtain computational tractability.

Bottger et al. [10] derive a single-level reformulation of the entry-exit market model
for general networks in order to assess potential welfare effects resulting from the
decoupling of trade and transport in the European entry-exit gas market. To render
the single-level reformulation computationally tractable, gas physics are represented
by potential-based linear flow equations, i.e., |g,| in equation (8.3b) is replaced by
an a priori determined mean flow. This linear representation of gas flows is crucial
for deriving a mixed-integer linear reformulation of the challenging, infinitely many
adjustable-robust constraints (8.12c) based on the characterization for feasible bookings
stated in Labbé et al. [38]. Bottger et al. [10] do not consider active elements and
the objective function (8.3b) of the fourth level capturing the transportation costs is
alternatively modeled by

> DL d*™ipe, - pil (8.13)

teT a=(u,v)eA

with ¢! > (. The numerical results reveal that the decoupling of trade and transport

can be quite costly. In addition, the decoupling costs are highly dependent on the
specific network structure, implying that trade and transport are not decoupled in
the long-run. Moreover, booking price regimes must be chosen carefully since some
regimes might substantially reduce overall welfare and can be highly discriminatory
against individual market participants. Finally, relaxing the robustness requirement of
the entry-exit system, i.e., only considering economically relevant nominations instead
of all nominations in (8.11), can already yield significant welfare improvements in
practice.

Heitsch et al. [29] build on the reformulation of the entry-exit market model by
Bottger et al. [10] and incorporate, as an extension, a joint chance constraint at the
nomination level to account for uncertain loads. To achieve computational tractability,
the robustness requirement of the entry-exit model is relaxed so that only the actually
realized nominations need to be transportable through the network. Since the joint
chance constraint is not available in closed form, but only function and gradient eval-
uations thereof, a problem-tailored cutting-plane algorithm is developed to compute
approximate bilevel-feasible solutions for the resulting variant of the entry-exit market
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model. The computational study investigates the welfare losses that arise from imposing
specific safety levels for covering uncertain loads. The results show that, up to a load
coverage level of 90 %, welfare losses increase only moderately. In contrast, significantly
higher welfare losses are observed for stricter safety requirements. Overall, the findings
suggest that a load coverage level of 90 % constitutes a reasonable compromise between
the TSO’s objective of ensuring a fail-safe network and the welfare losses induced by
the imposed safety level.

Schewe et al. [53] present an alternative single-level reformulation of the entry-exit
market model. In contrast to the one by Bottger et al. [10], this reformulation applies
only to tree networks but, in turn, takes into account the nonlinear model (ISO4) to
represent gas flows. Here, too, no active elements are considered, and the transportation
costs on the fourth level are modeled as in (8.13). Exploiting the tree structure of the
network allows for a finite convex mixed-integer formulation of the infinitely many
nonlinear adjustable constraints (8.12c), yielding a computationally tractable mixed-
integer nonlinear optimization problem as a single-level reformulation. Besides this
reformulation, problem-tailored cutting planes are derived to speed up the solution
process. The applicability of their approach is demonstrated by solving a real-world
network, namely the Greek gas network, to global optimality; see the instance GasLib-
134 of GasLib [54].

Gugat et al. [27] introduce a gas flow model on the fourth level that is governed
by partial differential equations (PDEs) and thus includes time dependency on the
lowest level. Further, they present an aggregated bilevel problem for the resulting four-
level entry-exit model and outline a clear pathway towards deriving a computationally
tractable single-level optimal control problem from this bilevel formulation. A particular
challenge when considering the optimal control of the PDE system on the fourth level
is on how to couple the objective functional, i.e., an integral in continuous time, to the
aggregated market values in discrete time. Gugat et al. [27] show a consistent way to
overcome this challenge that further ensures the existence of a solution to the resulting
optimal control problem. The robust constraint (8.12c) on the technical capacities is not
implemented in its strictest form, but replaced by a probabilistic constraint ensuring that
the probability of delivering the nominated gas is greater than or equal to an a priori
defined safety level. In contrast to Grimm et al. [24], the aggregation of the second
and third level is argued based on the use of potential functions. The numerical results
indicate the presence of a turnpike structure for the optimal states and controls, see
Chap. 16, “The Turnpike Property and the Optimal Control of Gas Networks”.

In contrast to the aforementioned contributions, Plein et al. [49] explicitly consider
stationary networks with active elements, albeit modeled only linearly. In addition,
to maintain computational tractability, the authors verify the feasibility of bookings
rather than optimizing them. While passive networks can be addressed by single-level
approaches [38], the presence of active elements requires a bilevel formulation. On
the upper level, an adversarial player seeks to identify the balanced load flow within
the given booking that is most difficult to transport. Meanwhile, the TSO controls the
active elements on the lower level in order to route this worst-case load flow through the
network. Assuming that no active element is part of a cycle, the lower-level problem be-
comes linear. This allows for several single-level reformulations including the classical
Karush—Kuhn-Tucker (KKT) reformulation as well as three further problem-specific



8 Models for Gas Markets 207

optimal-value-function reformulations. The performance of these reformulations is eval-
vated using the GasLib-40 and GasLib-134 instances [54]. The computational experi-
ments indicate that the KKT-based reformulation already provides an effective method
for deciding the feasibility of bookings. The more problem-specific approaches can, in
some cases, outperform the KKT reformulation, particularly when parallel computing
resources are available. However, their performance depends heavily on the network
under consideration, especially on the number of active elements and nodes.

8.5 Strategic Suppliers in the Entry-Exit Market Model

The models considered above rely on the assumption of perfectly competitive behavior
of gas sellers when making booking decisions in the second level and when making
nomination decisions in the third level. More specifically, in the model described in
Sect. 8.3, all players i maximize their profits taking prices 70°°% and 7"™ in prob-
lems (8.4), (8.5), and (8.8) respectively as given. This allows us to aggregate players’
decisions to single-objective problems as stated in (8.7) and (8.10). However, strategi-
cally acting gas sellers could anticipate the impact of their output decisions on prices for
bookings and nominations in a resulting market equilibrium. This is particularly impor-
tant in European gas markets, where market power and strategic behavior of gas sellers
play an important role due to the dependence on a limited number of gas-exporting
countries [12,58].

In general, modeling different strategically acting gas sellers at the second and
third levels leads to highly intractable problems. Thus, simplifying assumptions are
necessary again to gain insight into the impact of strategic behavior on players’ booking
and nomination decisions.

Grimm et al. [22] consider a single gas seller acting as a monopolist for booking
and nomination decisions. To capture the strategic behavior of the monopolistic firm,
the sequence of decisions on the market levels must be adjusted. The TSO still makes
decisions at the first and fourth level. On a second level, the monopolistic seller now
decides both on the bookings and the nominations at all entry nodes. In addition, the
seller sets prices for all exit nodes. The competitive gas buyers then observe these prices
on a third level and react to them by choosing their own bookings and nominations.
Similar to [10, 53], sufficient conditions are derived that allow for a single-level refor-
mulation of the resulting four-level model. However, in contrast to [10, 53], the robust
constraints (8.12c) are not imposed in their strictest form. More precisely, only the
economically relevant nominations are considered in the set defined in (8.11) instead of
all possible nominations. In line with [10, 53], active elements are not considered and
transportation costs are modeled as in (8.13). The numerical results indicate that the
scarcer the network capacities, the stronger the impact of different pricing regimes on
overall welfare, supplier profits, and consumer surplus. Interestingly, the possibility of
price discrimination, particularly perfect discrimination, tends to increase both profit
and consumer surplus, as it seems to allow for a more accurate representation of network
congestion, i.e., more favorable technical capacities can be chosen at the upper level.
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The case of several strategic sellers turns out to be more involved. A separate
consideration of booking and nominating in two separate levels is required to fully
capture the strategic complexity of the situation. Grimm et al. [23] take the TSO’s
decisions on the first and the last level as exogenously fixed. This allows them to
formulate the resulting booking and nomination problem with strategic sellers as a
multi-leader-multi-follower situation. They analyze a class of two-level multi-leader-
multi-follower games (MLFGs) in which several asymmetric firms first compete on
an upper level by making booking or capacity-expansion decisions and subsequently
engage on a lower level in capacity-constrained Cournot competition. This structure
captures the strategic interdependence that arises in liberalized electricity and gas
markets, where firms act sequentially across different market stages. While single-
level Nash equilibrium problems are well understood, the computation of equilibria
in MLFGs remains challenging because of the hierarchical decision-making and the
potential nonconvexities in firms’ profit functions. They develop an exact algorithm
capable of computing the complete set of pure-strategy Nash equilibria for this class of
games, while previous approaches focus typically on stationary points or local equilibria
[41,42,47,48]. They prove that the equilibrium set is finite and provide examples in
which no pure-strategy equilibrium exists.

These results extend and unify several strands of literature in the field of classical
peak-load pricing and strategic capacity choice models. In contrast to earlier works
that focused on simplified multi-leader settings or on approximate equilibrium concepts
(e.g., [6,7,18,25,34,36,43,44]), Grimm et al. [23] characterize the full equilibrium
set for a tractable but still economically relevant MLFG class. Their framework accom-
modates multiple asymmetric and strategically behaving firms inducing concave kinks
in profit functions, and thus allows for a much richer representation of competitive
behavior.

The setup outlined above implicitly assumes a perfect reaction of consumers to
nomination prices 7°" in each period ¢. In practice, however, the retail prices that
customers face do not necessarily reflect the short-run spot market prices that result
from nominations. More precisely, in the context of the above-described four-level
model, the nomination level (where firms nominate quantities and spot market prices
are formed) could itself be further disentangled into several levels. Retailers purchase
energy at wholesale markets at prices 7;°™, but offer contracts to customers that either
perfectly reflect these wholesale prices (real-time pricing) or fix them over longer time
horizons (fixed-price tariffs).

In the following, we extend the discussion by considering situations where retail
companies strategically decide on tariffs offered to final customers while purchasing
energy at wholesale prices that fluctuate over time. In this context, Oggioni et al. [46]
and Wiertz et al. [57] analyze strategic retail pricing and competition in liberalized
energy markets, with a particular focus on the implications of introducing dynamic
tariff schemes. Both contributions share the underlying idea that retailers act as strategic
leaders purchasing at fluctuating wholesale markets and offering differentiated contracts
to customers, who respond to these price signals on the lower level.

More specifically, Oggioni et al. [46] introduce a two-level multi-leader-multi-
follower framework to study dynamic retail pricing where retailers strategically decide
on tariff structures while anticipating consumers’ demand responses. They investigate
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the equilibrium implications of real-time pricing compared to fixed-price contracts,
combining analytical characterization with a computational algorithm capable of iden-
tifying all resulting equilibria. Building on this foundation, Wiertz et al. [57] present a
broader and more general framework that captures the strategic interaction of multiple,
potentially asymmetric retailers offering contracts characterized by both price and non-
price attributes. Their model accommodates uncertainty, price-responsive consump-
tion, and heterogeneous customer preferences, thereby reflecting realistic competition
in electricity, gas, and potentially hydrogen retail markets. They analytically charac-
terize the resulting equilibria for both fixed-price and real-time pricing schemes and
develop an algorithm capable of computing all such equilibria. In the symmetric case,
analytical comparison reveals that while retailer profits remain unchanged across tariff
regimes, consumer surplus and total welfare are strictly higher under real-time pricing,
particularly in the presence of strong wholesale price fluctuations.

Methodologically, Wiertz et al. [57] advance the literature on multi-leader-multi-
follower games (see [5,30]) and connect to classical models of differentiated competition
(see [11,32,50]), extending them to a multi-period and price-elastic demand setting. The
paper also unifies insights from previous single-retailer studies [3,4,33] and empirical
analyses of consumer responsiveness [2,17,55], offering a tractable yet comprehensive
framework for analyzing strategic retail markets under dynamic pricing.

Beyond equilibrium-based models, markets can also be analyzed through auction
mechanisms. Giannakopoulos and Hahn [20] revisit the classical mechanism design
framework of Myerson [45], generalizing it beyond the single-item case to allocation
problems that admit arbitrary convex feasibility constraints. As shown by Klimm et
al. [37], certain gas network problems can be represented using convex-quadratic con-
straints, which fit naturally into this extended mechanism framework. In practice, for
energy markets, the equilibrium is effectively established through an auction-based
clearing process. In the context of the four-level market model, the theory and the
mechanism presented in [20] can be naturally embedded as a mechanism-design vari-
ant within the hierarchical market structure: as a booking auction in the second level or
as a nomination auction in the third level. The mechanism then replaces the competitive
equilibrium assumption by a truthful, direct-revelation mechanism that determines effi-
cient allocations under private information. In contrast to the assumption of price-taking
behavior, participants in the auction setting explicitly recognize their strategic impact
on prices, which the mechanism internalizes through its incentive-compatible design.

8.6 Further Models for Gas Markets

The existence results for market equilibria in the second and third level of the model
presented in Sect. 8.3 hinge on the fact that the corresponding welfare problems are
concave, all constraints are linear, and hence strong duality holds. Grimm et al. [21]
consider a model where consumers and producers nominate their production and con-
sumption (as in the third level), while a TSO simultaneously makes the gas transport
decision (as in the fourth level). The incorporation of the decision of the TSO to-
gether with the decisions of consumers and producers renders this problem nonconvex,
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so that standard arguments for strong duality do not apply. Thus, the authors investi-
gate whether a relation between (i) the market equilibrium problem, (ii) the nonlinear
complementary problem (NCP), which results from the players’ Karush—Kuhn-Tucker
(KKT) conditions together with the market-clearing conditions, and (iii) the welfare
optimization problem can be maintained despite a TSO that accounts for nonconvex gas
flows. They show that, under mild assumptions, a market equilibrium is also a solution
to the corresponding NCP, i.e., the KKT conditions of the TSO are necessary optimality
conditions. However, already simple examples show that the TSO’s KKT conditions
are not sufficient, implying that equilibria cannot be determined by the NCP. Moreover,
the welfare optima might also not correspond to market equilibria, and equilibria might
not exist at all.

Grlibel et al. [26] consider this phenomenon further based on a general result by
Harks and Schwarz [28], which establishes that the existence of a market equilibrium is
equivalent to the welfare optimization problem having zero duality gap. Building on this
result, the authors develop an algorithm that decides for a market equilibrium problem
with one nonconvex player whether a market equilibrium exists, and in case of existence,
computes such an equilibrium. They further apply their algorithm to various instances
of gas networks, exhibiting that despite the theoretical threat of the non-existence of a
market equilibrium, market equilibria do exist in most real-world instances.

Another modeling approach for European gas markets, which was widely applied
during the phase of liberalization and implementation of the entry-exit system, abstracts
from entry-exit market rules and a detailed representation of gas physics. Instead, only
transport capacity limits between the different agents are considered, derived from the
underlying network structure. The main focus of these contributions is to quantitatively
assess the impact of strategically acting producers or traders on the gas market. Typically,
an optimization problem is formulated for each agent type. The optimal solutions are
then characterized by suitable optimality conditions that, when fulfilled together with
appropriate market-clearing conditions, yield a market equilibrium. The problems to
be solved are thus complementarity problems, possibly mixed, nonlinear, or linear,
depending on the specific application.

Gabriel et al. [19] formulate a mixed nonlinear complementarity problem (NCP)
for the North American natural gas market, in which the assumption of simultaneous
decisions actually reflects the prevailing market design. Almost all considered players
(producers, storage reservoir operators, and peak gas operators) are modeled as price-
takers, except for the marketers, who are Nash—Cournot players as long as they compete
against each other. Different consumer groups are described by different inverse demand
functions, and the pipeline operators allocate scarce pipeline capacity based on charging
flow premiums for the pipeline’s usage. As optimality conditions for the player’s opti-
mization problems, the KKT optimality conditions are used, yielding jointly with the
market-clearing conditions the NCP. Gabriel et al. [19] further investigate conditions
under which an equilibrium, i.e., a solution to this NCP, exists and is unique.

Zwart and Mulder [59] propose the NATural GAS model (NATGAS) for the Eu-
ropean wholesale gas market. The model focuses on the long-term development of
the European gas market and especially on the strategic behavior of the different gas
producers with regard to exploring new production sites while facing gas resource con-
straints over time as well as increasing investment costs in dependency on the region’s
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depletion rate. All other players (consumers, TSOs, storage operators, arbitrage traders,
and LNG importers) are modeled as classic price-takers.

The equilibrium model for the European natural gas market developed by Egging
et al. [13] includes the following players: Producers, traders, LNG liquefiers, LNG
regasifiers, storage operators, pipeline operators, and marketers. Consumers and LNG
tankers are implicitly modeled by aggregate inverse demand and cost functions. All
players are price-takers except for the internationally operating traders. Each trader
is directly linked to a single producer but operates independently of this producer. A
conjectured variation approach is chosen to depict different levels of market power
between Cournot and perfect competition for the traders’ sales to the marketers and
storage operators. Each player’s optimization problem is convex such that the necessary
and sufficient KKT conditions form, together with the market-clearing conditions, a
mixed complementarity problem. The distinctive feature of this model is the explicit
representation of market power of gas exporters in a global market framework including
global LNG trade.

GASTALE (Gas mArket System for Trade Analysis in a Liberalising Europe) follows
a successive approach, in which Cournot producers decide upstream on their gas produc-
tions and traders downstream on their gas trade; see Boots et al. [8,9]. The downstream
trading can be monopolistic, oligopolistic, or perfectly competitive, depending on the
considered application. Transmission constraints and consumer behavior are reflected
by adequately chosen transport tariffs and demand elasticities. The KKT conditions
are used to assess the equilibrium on the trading level. The upstream producers ac-
count for these equilibrium reactions when determining their optimal production levels,
which can also be characterized by respective first-order conditions. In total, a mixed
nonlinear complementarity problem arises. Two model modifications are further taken
into account: (i) within-country arbitrage and (ii) a rule in line with the Gas Directive
that a producer’s market share is not allowed to exceed 75 % in a country. Egging and
Gabriel [14] present an extension of GASTALE including season-dependent demand
as well as transmission system and storage operators as additional price-taking players.
The producers’ model differs slightly from the one in [8, 9], neglecting downstream
traders and assuming producers produce only in one country. Lise and Hobbs [40]
further incorporate the investment decisions of the price-taking agents in the latter ap-
proach and thereby analyze the impact of the producers’ market power on investments
in pipeline and LNG infrastructure as well as storage facilities.

Holz et al. [31] provide a successive approach called GASMOD for the European
gas market. The gas exporters to Europe as well as the domestic producers decide on
the upstream market while the European wholesale trade takes place downstream. The
setting is similar to the one in GASTALE [8, 9] with the two additions that domes-
tic production and infrastructure transport limitations are explicitly modeled. Further,
demand in the end-markets is assumed to be nonlinear instead of linear.

The GaMMES (Gas Market Modeling with Energy Substitution) model presented
by Abada et al. [1] forms a generalized Nash—Cournot problem for the northwestern
European natural gas market. The producers and independent traders decide as Cournot
players on investment and operations, while the storage and pipeline operators act as
price-takers. As in GASTALE [8,9] and GASMOD [31], both the European upstream
and downstream market are represented. However, there are two key distinguishing
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features. First, Abada et al. [1] capture potential fuel substitutions, such as from gas to
oil, in the demand representation of the consumers. This aspect is particularly important
when assessing market power, since substitution possibilities might mitigate its extent.
Second, long-term contracts are modeled endogenously. More precisely, producers can
sell either directly to the end-users at the wholesale market (downstream) or to the
independent traders in the form of long-term contracts (upstream), who then sell the
contracted quantities to the end-users at the wholesale market. Although this upstream
activity is not modeled as oligopolistic, it remains challenging because including the
long-term contracts causes the producers’ feasibility sets to depend on the traders’
decisions and vice versa. This challenge is addressed by selecting the equilibrium
solution with the same duals for the shared constraints in the mixed complementarity
problem constituted by the KKT conditions of all players.

All of the aforementioned complementarity-based modeling approaches abstract
from considering the inherent nonlinearity of gas physics in order to capture the strate-
gic behavior of the suppliers active in the market. Chap. 18, “A PDE-Constrained
Generalized Nash Equilibrium Approach for Modeling Gas Transport with Strategic
Suppliers” studies a market model where entry-exit market rules are still abstracted from
in the sense that both the technical capacities and the booking decisions are assumed
to be exogenously fixed. The strategic suppliers then directly take into account the re-
sulting shared network, leading to a formulation that can be expressed as a generalized
Nash equilibrium problem. In contrast to almost all setups presented in this chapter,
the network representation is not modeled in discrete time. Instead, strategic suppliers
there face shared network constraints described by partial differential equations.
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Chapter 9

Introduction to Optimization under
Uncertainty for Gas Networks

Frauke Liers[OOOO*OOOZ* 1671-0344] and
Stefan Ulbrich[0000—0003—4036—2607]

Abstract This chapter briefly introduces methods and approaches to protect optimiza-
tion problems against uncertainties as they appear in the subsequent chapters of the
book Mathematical Modelling, Simulation and Optimization using the Example of Gas
Networks. Next to classical approaches in stochastic and robust optimization, it also
touches methodologies at the interface between robustness and stochasticity.

In practical applications across diverse domains, optimization problems are frequently
subject to uncertainty. The latter may be caused, for example, by errors in parameter
value measurements, by the fact that input data may fluctuate or be only partly known.
Ignoring such uncertainties however may either lead to solutions of bad quality or even
to solutions that are infeasible, already in slightly perturbed settings. Instead of assuming
perfect information, optimization under uncertainty thus takes these perturbations into
account both in the modelling steps and in the development of solution approaches.
Naturally, we can only summarize some main research directions here.

Specifically, robust optimization (RO) and stochastic programming (SP) have
emerged as established paradigms. Robust Optimization predefines a so-called un-
certainty set containing ‘typical’ uncertainties against which protection is sought. A
robust feasible solution has to be valid regardless of how the uncertainty manifests
itself within this set. A robust feasible solution is also robust optimal if it yields the
best possible guaranteed objective function value. In contrast, stochastic optimization
models uncertainty in a probabilistic sense, using probability distributions, often taking
expectations into account and managing associated risks. They may optimize expected
cost or contain chance constraints that need to be satisfied by at least a given probability.

Robust optimization does not assume any knowledge about underlying probability
distributions which needs to be available in stochastic optimization. However, being
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able to operate with less information may come at the price that robust solutions may
involve larger costs than stochastic optimization results. Both robust as well as stochastic
approaches can be computationally demanding. Thus, depending on the application
and the considered setting, robust or stochastic approaches are advantageous. Recently,
methodologies at the interface of both robustness and stochasticity have been developed
as well. In the area of distributional robustness, it is assumed that underlying probability
distributions may be uncertain themselves. Optimized solutions need to be robust against
probability distributions contained in an ambiguity set. Distributional robustness has
the advantage that it often comes with smaller robustness price, when compared to
a purely robust solution. It however is more robust than a purely stochastic solution.
A combination of both approaches are so-called probust constraints, where a robust
constraint needs to be satisfied with at least some predefined probability.

In all these areas, important research questions are currently intensively studied. They
for example consist in obtaining further structural insights in the underlying models as
well as in the development of practically efficient solution algorithms together with
convergence theories.

These challenges are particularly pronounced if nonconvex functions or partial dif-
ferential equations are present, as many approaches rely on convexity assumptions or
have been developed in finite-dimensional optimization. The subsequent articles give
some examples for approaches in optimization under uncertainty that have shown to be
very successful for gas network optimization. These systems are prone to uncertainty
but also contain nonconvex constraints and/or partial differential equations. Both, very
general approaches, which are tailored for gas networks, as well as problem-specific
methodologies are presented.

The next chapters cover the following topics specified for gas networks.

e Chap. 10, “From Probabilistic to Probust Constraints: Optimization under Uncer-
tainty” covers different aspects in optimization under uncertainty and gives an
overview of topics such as stochastic and robust optimization as well as probust
and distributional robustness.

¢ Chap. 11, “Continuous Stochastic Gradient and Spherical Radial Decomposition”
introduces a novel approach for chance-constrained optimization that integrates
stochastic gradient algorithms with a decomposition approach based on spheri-
cal radial decomposition. The approach is shown to be successful for capacity
maximization in gas networks.

¢ Chap. 12, “Incremental-Decremental Optimization for the Transition to Hydrogen”
presents a new algorithm to determine an optimized order to transform or renew
some infrastructure. The algorithm is made concrete for the transition from natural
gas to hydrogen networks.
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Abstract Uncertainty plays a central role in many real-world optimization problems,
particularly in energy systems, where tasks may depend on random variables such as
loads, temperatures, or renewable energy generation. Two classical modeling paradigms
address such uncertainty: probabilistic (chance) constraints, which assume a known
probability distribution, and robust constraints, which protect against all realizations
within some pre-defined uncertainty set. Recently, also models and approaches at the
interface of both robustness and stochasticity have been introduced successfully. This
chapter introduces and explores different approaches in optimization under uncertainty,
combining probabilistic as well as robust elements in constraints. We will give an
overview both for finite-dimensional as well as for infinite-dimensional optimization
problems under uncertainty. Probust constraints require that a decision remains feasible
with high probability, uniformly over a family of uncertain parameters. This model is
especially relevant in applications where some components of uncertainty are stochastic
(such as gas transport with random loads) and others are only assumed to be bounded
(such as uncertain pipe parameters). Distributionally robust constraints require that
chance constraints shall be satisfied regardless how probability distributions manifest
themselves within given sets of probability distributions. Beyond introducing modeling
approaches, we highlight key challenges of probust constraints in terms of algorithmic
tractability and analytical properties. Motivated by various applications of optimization
problems under uncertainty in the gas context, the chapter provides an overview of
existing approaches together with motivating example approaches for handling various
constraint types, and theoretical insights into structure and solution properties. We show
that probust constraints offer a versatile pathway for risk-averse decision-making with
complex, hybrid uncertainty.

10.1 Probust Constraints

The constraints of an optimization problem are often affected by uncertain parameters.
This is a typical situation, in particular, in energy management, where the constraints
might reflect load coverage, pressure bounds in gas pipes, state of charge or temperature
of batteries etc., while uncertainty enters the model, for instance, as random load,
ambient temperature, solar or wind energy, or precipitation. Corresponding optimization
problems have the typical form

min{f(x) | g(x,z) <0}, (10.1)

where x is a decision vector, z is an uncertain parameter, f is some objective function,
and g denotes a function imposing a constraint on the decision while being affected
by uncertainty. There exist two basic approaches for reformulating (10.1) in a way that
does not depend on the concrete value of the uncertain parameter but rather yields
decisions that are risk-averse with regard to all possible outcomes: the first one is the
use of probabilistic constraints (also called ‘chance constraints’). It is based on the
assumption that historical data is available to estimate the probability distribution of the
uncertain parameter which allows one to consider it as a random vector &. Then, (10.1)
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may be given in the probabilistic form

min{f(x) | P(g(x,£) < 0) > p}. (10.2)

Accordingly, a decision x is defined to be feasible if the original random inequality
system in (10.1) is satisfied with a probability p, a level usually chosen close to, but
not identical to one. Evidently, the larger p, the smaller the set of feasible decisions x
in (10.2), and hence the higher the costs for an optimal solution. For a classical reference
on probabilistic constraints, we refer to the monograph [52].

The second prominent approach is robust optimization, where the uncertain param-
eter is not endowed with historical data or stochastic information. All one might know
is some uncertainty set U to which it belongs. Then, robustness of decisions cannot
be understood in a probabilistic sense but rather in a worst-case sense, which means
that feasibility will be enforced for all possible outcomes of the random parameter. The
resulting optimization problem then reads

min{f(x) | gx,u) <0 VYue U}. (10.3)

We observe that both optimization problems (10.2) and (10.3) are conventional deter-
ministic problems, because unlike the uncertain problem (10.1), they do not depend on
the concrete outcome of the uncertain parameter. More precisely, their constraints can
be written in the form ¢(x) > p and w(x) < 0 with the probability function ¢ and the
worst-case function w, respectively, defined as

o) =P(g(x, &) <0);  wx):=sup{glx,u)|uecU}. (10.4)

The main difference with conventional optimization problems consists in not having at
hand, in general, analytic expressions for ¢ and w. This fact complicates, in particular for
the case of probabilistic constraints, the theoretical analysis and the numerical solution.

A main issue in robust optimization is the proper choice of an uncertainty set U.
Simple-shaped sets like polyhedra or ellipsoids are preferred for computational tractabil-
ity [3]. When U is chosen such that P(¢ € U) = p, the feasible set of decisions in (10.3)
is contained in that of (10.2). Therefore, an optimal solution to (10.3) is a feasible so-
lution to (10.2), so that a conservative approximation of a probabilistically constrained
optimization problem is obtained that is easier to deal with.

The degree of conservatism, however, may be significant; one might end up at
potentially small or even empty feasible sets. This leads to solutions with much higher
costs than under a probabilistic constraint. The mentioned trade-off suggests to apply
probabilistic constraints in the presence of statistical information at least in moderate
dimension. It is worth mentioning that the two models (10.2) and (10.3) meet in the
consideration of optimization problems subject to so-called almost sure constraints:

min{f(x) | g(x,&) <0 P-almost surely}. (10.5)

Clearly (10.5) is equivalent with (10.2) for the special case of p = 1. On the other hand,
if g is lower semicontinuous in &, then (10.5) is equivalent with (10.3) where U is
chosen as the support of &, see [19, Lemma 9].
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In many applications, the two mentioned approaches are dealt with separately. More
than often, however, one is faced with uncertainty of both mentioned types. This mo-
tivates naturally the consideration of uncertain inequalities in (10.1) in which the un-
certain parameter has a stochastic and a non-stochastic component, i.e., z = (£,u). A
prototypical example arises in optimal gas transport in the presence of uncertain loads.
For the latter, historical data are often available and can be exploited in order to model
(multivariate) distributions [38, Chap. 13]. On the other hand, it is hard to access data
on uncertain roughness coefficients in pipes underground. Therefore, it appears to be
natural to merge the originally separate models (10.2) and (10.3). One possibility to do
so is to formulate a probabilistic constraint (w.r.t. £) involving a robustified (w.r.t. u)
infinite inequality system:

P(gx,&u) <0 YueU) =p. (10.6)

This model was introduced independently in [58] and [23], where the latter publication
was devoted to optimal gas transport. The term probust constraints for (10.6) was coined
in [1] as an acronym for the term ‘probabilistic/robust’ constraints introduced in [23].
In more complex settings, the uncertainty set could depend itself on decisions and/or
on the random parameter, yielding the general probust model

P(g(x,&,u) <0 Yu e U, &) > p. (10.7)

It is noteworthy that there exists an alternative way of combining the probabilistic and
robust parts in (10.6) by interchanging their arrangements:

P(g(x,&,u) <0)>p VueU. (10.8)

In this way, one ends up not at a probabilistic constraint involving infinitely many random
inequalities as in (10.6), but rather at an infinite system of probabilistic constraints. This
setting is relevant in first-order stochastic dominance constraints [12] or in optimization
under (continuous) path chance constraints [16]. A closely related model, also leading to
an infinite system of probabilistic constraints are distributionally robust constraints [64]
(see Sect. 10.3.2.2).

So far, we have interpreted the uncertain parameter u from the perspective of robust
optimization, where decisions have to be found for all possible outcomes—or equiv-
alently, for the worst-case outcome—of this parameter within the uncertainty set U.
There is, however, another perspective leading to the same mathematical model that in-
terprets u as a continuously varying quantity like time or space rather than an uncertain
parameter. Then, the ‘uncertainty set’ U can play the role of a time interval or of some
spatial domain. The function g(x, &, u) might represent a certain physical quantity, like
temperature, depending on some control x, on some random parameter £ and on space
and/or time u. Then, the meaning of (10.6) is as follows: the control x has to guarantee
that the random state g stays below some critical value (here: zero) uniformly over the
time interval or space domain U with a probability of at least p. This interpretation
opens a significant perspective on optimal risk-averse PDE or ODE control using pro-
bust constraints, including many potential applications to optimal robust gas transport
under uncertainty.
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With an abstract look at (10.6), one might define an aggregated constraint function
g(x, &) = sup{g(x,&,u) | u € U} and verify that this constraint can be rewritten as a
conventional probabilistic constraint (10.2) with g replaced by g. While this abstract
perspective is helpful in certain situations, it tends to ignore information, for instance
about differentiability of the original constraint function g. For instance, the quality of
g is heavily influenced by the nature of the uncertainty set U (singleton, finite set, con-
tinuous set etc.). This defines the main challenge in dealing with probust constraints, be
it algorithmically, be it for understanding their structure, deriving optimality conditions
and so on.

The chapter is organized as follows: In the first section, we collect several examples
in the optimization of gas transport in the stationary as well as transient case that carry
probust constraints as their main feature. The second section presents main algorithmic
approaches for dealing with probabilistic, probust, robust, and almost sure constraints.
Finally, the last section is devoted to selected theoretical results in the context of
optimization problems with probust constraints.

10.2 Applications to Gas Transport

Before stating important applications like the nomination validation or the maximization
of booking capacities in gas transport networks, we want to start this section by recalling
the physics of stationary gas flow in an entry-exit based gas transport network.

The most important network parameters are the physical quantities gas pressure and
gas flow. Both are interacting by Kirchhoff’s first and second laws. By describing the gas
network as a directed and connected graph, given by a set of nodes (vertices) and arcs
(edges) (V, E), the Kirchhoff laws can be formulated in terms of the node-arc incidence
matrix A. If p € RVl and g € RIE! denote the pressures at nodes in V and the flows
along the arcs in E, respectively, in a passive network we have that:

Aq =b, ATp? = -®|q|q, p € [p™in, pmax], (10.9)

where b € RIV! is a fixed load vector of supply and demand values associated with
the entry and exit nodes, respectively, @ is a diagonal matrix with coefficients of pipe
roughness as entries, and p™®, p™ are technical lower and upper pressure limits. This
problem is called Nomination Validation. Note that vector operations are understood
component-wise here. Figure 10.1 highlights the network parameters and their relations
in a steady state gas network.

The quantity of interest concerns the gas demand at the exit nodes and the gas
supply at the entry nodes of the network. By convention, the demand corresponds to
the positive entries of b, gas supply at entry nodes receives negative signs. For a given
load b, the network operator attempts to control the network parameters such that the
above conditions can be satisfied. More precisely, we say that the load b is technically
feasible, if some setting (p, q) satisfying conditions (10.9) exists. This implies that b
must be balanced, that means, the sum of all entries must be zero.
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Fig. 10.1: Illustration of network parameters and feasibility conditions for stationary
gas flow

10.2.1 Nomination Validation Under Uncertainty

One of the basic tasks in gas network operation is the nomination validation problem,
which is here considered under uncertainty in the demands and pressure loss coeffi-
cients. We study robust as well as (robust) chance-constrained approaches here. Robust
approaches are demanded in particular when protecting against physical parameters
that are uncertain and cannot easily be measured, e.g., the roughness of a pipe, whereas
demands can be handled robustly or stochastically depending on the concrete amount
of data. Concretely, we focus on the algebraic model for gas transport including active
elements like compressors or control valves that can be used to change the pressures in
the network. In the following, one aims at a cost-optimal control of these active elements
that leads to feasible transports respecting the uncertainties. We note that feasibility is
characterized by (10.9) for the flow and pressure variables extended to active elements.
Concretely, active elements are modeled with additional arcs in the network and we
consider a linear model for the active elements, this means the pressure difference for
active elements is given by the value of the corresponding control variable. Therefore,
the right-hand side in the second equation in (10.9) for rows that correspond to active
elements are given by the control variables. In our model, the control has to be decided
before the realizations of the uncertain parameters are known, but the flows and pres-
sures adjust themselves as second-stage variables to the uncertainties. The problem can
be formulated as a single-stage problem due to the uniqueness of the physical states:
once a control of the active elements and a realization of the uncertain parameters is
fixed and the pressure at, e.g., the root node is fixed, there is a unique physical state.
Concretely, there exists a function m(x, y; d, @) depending on the control variables,
the demands and the pressure loss coefficients that models the squared pressure at the
nodes. For a concrete description of this function we refer for example to [40].
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In the robust setting, the task consists in solving a mixed-integer nonlinear robust
optimization problem and the pressure bounds have to be fulfilled for every possible
realization of the uncertain parameters.

The robust gas transport problem can be written as a mixed-integer nonlinear robust
optimization problem as follows. The variables x, y denote discrete-continuous controls
with control costs f(:), and with d and @ being uncertain demand and pressure loss
coefficients:

min  f(x,y)
x,y
st (PN —x(x,y;d, ®) <0 V(d,®)eU
a(x,y;d, ®) — (p™)’ <0 V(d, ) eU

xeX,yeYnzv.

(ROgas)

Our approach to this robust optimization problem is to interpret it as a nonsmooth
optimization problem with the optimal value function of an adversary as a constraint
function. In detail, constraints of the form g;(x,y;d,®) < 0, € {1,...,n}, need to
be fulfilled for every possible realization of d and ®. They hence need to be fulfilled
in particular for the case where the uncertain parameters are chosen such that they
maximize the constraints’ violation. We call this maximization problem the adversarial
problem. For more details we refer to [40]. Using the optimal value function of the
adversarial problem, the uncertain constraints can be equivalently replaced by a single,
nonsmooth constraint:

n
G(x,y) = 0, gi(x, y: d, D)} < 0.
x, ) (d%f;tgw;max{ gi(x,y;d, @)}

This reformulation then results in a nonsmooth mixed-integer nonlinear optimization
problem (MINLP) of the form

min  f(x,y)
X,y

st. G(x,y) <0, (P)
xeX,yeYynzv.,

This problem is difficult to treat computationally. An effective solution approach uses
approximate robust formulations by a linearization in the uncertainty [14]. In [40],
a solution approach to this problem is developed under very general assumptions. In
particular, one allows for non-concavities of g in the uncertain parameters. This has
the consequence that the adversarial problem may not be solvable to global optimality
in a reasonable time anymore. This is overcome by allowing for inexact solutions and
hence inexact evaluations of the adversarial optimal value function. For details, see
Sect. 10.3.3.1.

Alternatively, the uncertainties in the demands can be treated stochastically if the
distribution is known. We focus here on uncertain demands and assume that the pressure
loss coefficients are fixed. Furthermore, we restrict to continuous control variables x.
Then, the pressure bound constraints can be formulated as chance constraints and the
chance-constrained nomination validation problem in the form of (10.2) is given by
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min  f(x)
st. P((p™")? — n(x;d, @) < 0, n(x;d, ®) — (p™™)? < 0) = p, (NV-CC)
xeX

for some given probability level p. This formulation is a classical joint chance-
constrained problem that is in general non-linear, non-convex and contains a mea-
sure integral for continuous distributions. We will shortly discuss a stochastic gradient
algorithm for this problem class in Sect. 10.3.1.3.

Nevertheless, there are often also additional uncertainties with respect to the dis-
tributions. Distributionally robust optimization combines stochastic uncertainties with
robustly protecting against a whole set of distributions collected in a so-called ambiguity
set. We call the resulting collection of infinitely many chance constraints a robust chance
constraint. So, instead of assuming a fixed distribution for the uncertain demands in the
nomination validation problem, we protect robustly against all distributions in a prede-
fined ambiguity set U. We discuss this setting further in Sect. 10.3.2.2. We conclude
this section by pointing out that there is further literature on robust protection against
uncertainties in gas networks. When we focus only on robust protection against demand
uncertainties (and do not fix the pressure at any node), the computational complexity of
robust nomination validation, also called checking the feasibility of a booking, has been
analyzed in detail. Complexity results and solution algorithms have been examined for
different problem variants and for various network structures. For further details, we
refer to [42], [43], and [57].

10.2.2 Capacity maximization under stationary and transient gas flow

The optimization problem of maximizing bookable capacities under uncertainty is a
highly relevant optimization challenge for network operators. We present an approach
of rigorous examination of the underlying optimization problem with nonlinear prob-
abilistic constraints that focuses on the free capacities on the exit side in a classical
entry-exit model. A couple of publications appeared recently on the topic of maxi-
mizing network capacities in a probust, that means probabilistic and robust, setting.
In [1] the authors deal with an optimization model for the capacity maximization that
focuses on both the entry and exit side. The focus in [34] is on the evaluation of free
network capacities on the exit side, which allows to reduce the mixed probabilistic and
robust optimization model to a pure probabilistic one, moreover, a deeper theoretical
justification by an analysis of the problem structure is presented. Whereas the contents
of the two mentioned papers are based on the stationary gas flow model according to the
algebraic model (ISO4-ALG), in [35] the approach of maximizing network capacities
is extended to a transient gas flow model.
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10.2.2.1 Stationary Gas Flow

First, we are going to take a closer look at the situation of stationary gas flow and,
therefore, here we want to follow the optimization model that is presented in [34]. A
special situation, which allows to formulate explicit feasibility conditions on the gas
demand in terms of inequalities, is given for tree structured gas networks with single
entry. Let V = {0, 1,..., N} be the set of all nodes, assign the index O to the single
entry node that is assumed also to be the root of the tree, and let b = (by,...,by) be
the demand at the exits. For k,£ € V, denote k = ¢ if, in G, the unique directed path
from the root to k, denoted I1(k), passes through ¢. Define for any k € V the functionals

0, ifk =0,

10.10
5 ( )

/’lk(b) = ® (
eclIl(k) ¢

2
> b,,) , otherwise,

n=7(e)

with 7(e) denoting the head of arc e. According to [24], some demand ¢ is (technically)
feasible, if and only if & satisfies the inequality:

?MN(@?m2+hMM)—kQTN(@?My+hAM)S(l (10.11)

Because the demand reflects the behavior of gas consumers, the demand is in fact a
random quantity with some probability distribution. For that reason, technical feasibility
is expressed in terms of probabilities. The gas demand is realized by nominations of
the gas customers matching booking capacities that are offered by the network operator
to each customer. However, the network operator is responsible for a reliable network
operation for any possible nomination within the offered booking limit. For that reason,
the evaluation of booking capacities turns out to be a challenging task.

For our formulation of the capacities problem, we want to assume that there are
already existing customers with demand profiles whose probability distribution can be
estimated by historical data records. The scope of our approach is to find out whether
the network reliability allows for additional customers, and if so, how much capacity
can be offered without losses with respect to the reliability of the network operation.

As opposed to existing gas consumers, the consumption behavior of new customers
is barely predictable. For that reason, it is appropriate to suggest a probabilistic approach
for existing customers and a robust approach for new customers in order to model un-
certainties of the overall gas demand. This leads to a probust formulation of constraints
as introduced in (10.7). Let ¢ denote the random vector corresponding to nominations
of former gas consumers and let y denote the nominations of new customers according
to the new booking capacity vector u. Then, the overall gas demand is £ + y, and hence,
by (10.11) the probability for a valid network operation reads

B max ((P™)?+ et +y)) = min (7} + he(€ +3)) <0 ¥y € [0.u)

(10.12)
Note that the control u is just the shape of the uncertainty set here, which is subject
to optimization now. As shown in [34] the robust part in (10.12) can be eliminated
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Fig. 10.2: Allocated free network capacities in the case of stationary gas flow for an
example tree network with single entry node. A larger size of the colored surrounding
of a node indicates a higher quantity of available free capacity at this node.

by a transformation of the random constraint. Due to (10.10), the ‘for all’ condition is
resolved explicitly when passing to the random inequality system

2

gre, &)= (pP™*+ D, @

ecll(k)\II(¢)

Z (En +un)

nx7(e)

(PP - > @,

eelI(O\II(k)

2
> g,,) <0 (10.13)

n=t(e)

for all k,£ = 0,...,N. The problem of maximizing booking capacities becomes a
classic optimization problem with probabilistic (chance) constraints according to (10.2)
now. It can be formulated as

min {(c,u) |P(grc(u,£) <0 k,£=0,...,N)>p} (10.14)

with ¢ denoting some cost vector allowing for preferences of the network operator and
with g ¢(-, -) defined in (10.13). Problem (10.14) is a probabilistic program that can be
solved by techniques provided in Sect. 10.3.1.1.

Figure 10.2 shows the computed free capacities as the solution of problem (10.14) for
an example gas network that has originally been presented in [34]. The network is just
a tree with a single entry and 26 exit nodes. The stochastic part of the exit nominations
¢ is represented here by a (truncated) Gaussian normal distribution that is obtained via
historical data.
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10.2.2.2 Transient Gas Flow

Now we are going to discuss a more general approach of maximizing capacities in
a gas network by incorporating time dependencies and, in particular, a transient gas
flow model. While this approach is applicable to general networks with tree structure
(see [35]), we restrict our considerations here, for simplicity, to single pipes. Dynamic
gas flow in a single pipe is modeled by the isothermal Euler equations (ISO2) see
Chap. 2, “A Catalog of Gas Network Models: PDEs, Coupling Conditions, and Numer-
ical Schemes”. Pressure and flow along the pipe are now functions with space and time
as arguments solving

Orp(x, 1)+ @ dyq(x,t) =0
q(x,Dlgx,n)| 0 (x,t) e [L,R]1x[0,T]. (10.15)

at‘](x’t) +,Baxp(x’ t) +’y
px,1)

The quantities «, 8, and y are fixed pipe parameters depending on speed of sound,
cross section, diameter, friction and length of the pipe. Recall that the algebraic con-
ditions (10.9) applied for a single pipe are obtained from the solution of (10.15) when
considering a stationary flow, i.e., where d,q = d,q = 0.

In general, the Euler equations above are solved by discretization techniques. As a
result, one obtains flow and pressure profiles Genury(t), Gexit(t), Pentry(t) and pexic(?) at
the entry and exit of the pipe. The exit demand, for both existing and new customers,
enters the model as boundary condition in (10.15). Then, technical feasibility means
that the obtained pressure profiles match the given pressure bounds, in particular, there
are constraints of the form

Pentry(®) € [Py Pan s Pexit(t) € [Pl P21Vt € [0,T1.

Finally, the optimization problem of maximizing booking capacities is formulated as a
probabilistic program similar to (10.14), but with two additional challenges: first, the
optimal control u is time dependent now, and second, instead of evaluating explicit
inequality constraints, the Euler equations must be solved in order to prove technical
feasiblity for some control u. Clearly, this increases the numerical effort significantly
when solving the capacity problem.

The authors in [35] compare two approaches, a transient and a quasi-static one, to
solve the Euler equations numerically. In the transient consideration (10.15) is solved
by replacing the x-derivatives by difference quotients (space approximation) and the
t-derivatives by an implicit Euler scheme (time approximation). Much less numerical
effort is required by the alternative approach of quasi-static consideration that is com-
pletely based on the algebraic model (ISO4-ALG) only (see Chap. 2, “A Catalog of
Gas Network Models: PDEs, Coupling Conditions, and Numerical Schemes”). After
discretizing the time horizon, the network is assumed to be a stationary state at each
time step such that the stationary solution (10.9) provided in the previous section is
applied for each time step. It turns out that this might be a good assumption as long as
changes of the boundary conditions develop smoothly in time. The capacity problem
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Fig. 10.3: Stochastic demand profiles (left) and the allocated free network capacities in

the case of transient and quasi-static gas flow in a single pipe. The picture shows that
the computed two alternative solutions are very close.

is well suited in this respect, because the critical quantity is the demand that usually
provides reasonably smooth profiles.

We conclude this section by some results from the numerical study in [35]. Both
approaches, the quasi-static and transient consideration, applied for allocating free
network capacities in a single pipe and in a small tree network configuration, have been
compared. The numerical tests reveal that the quasi-static implementation is an excellent
alternative to the fully transient implementation in both examples. Figure 10.3 shows
stochastic demand profiles for one day and the solutions of the (transient) capacity
problem for the single pipe example.

10.2.3 Maximizing the Chance of Feasibility for Transient Gas Flow

In a gas transportation network, an essential goal of the Transmission System Operator
(TSO) is to satisfy the demand of the customers according to their nominations. This
process is governed by the rules of the European Union for the gas markets. A dynamic
multilevel model of the European gas market is studied for example in [30]. The
customer demand is influenced by numerous factors that cause uncertainty (for example
the weather), hence it makes sense to model it as a random variable.

In the operation of the pipeline system, there is a desired operational range for the
gas pressure. The pressure decreases along the pipes in the direction of the gas flow.
Hence, there is a need for compressor control action to increase the pressure in order to
avoid that it falls below an acceptable value. On the other hand, there is also an upper
bound for the pressure that is feasible in the pipe which limits the admissible pressure
increase by the control action. The pressure at the exit points to the customers should
be greater than a lower bound py,i,. The compressors should be operated in such a way
that the probability that these bounds are satisfied at all times is sufficiently high. This
is a probust constraint of the type (10.7), where the decision parameter is the control,
which should be chosen in such a way that the control cost is acceptable.
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This leads to problem of optimal control, where the probability that the pressure
bound is satisfied is a part of the objective function. The objective function also contains
a control cost. In [29], this problem is stated for the case of a single pipe. It is shown
that an optimal control does exist. In this section we present an example with a small
network.

10.2.3.1 Chance Maximizing Controls

In the optimal control problem, the gas pipeline flow is modeled by the isothermal
Euler equations (ISO1). Thus, the gas network is represented as a networked quasi-
linear system where the flow on the edges is coupled by algebraic node conditions
that require the conservation of mass (Kirchhoff condition) and the continuity of the
pressure at the nodes, see [2,28].

Let a time horizon T > 0 be given. Let N € {1,2,3,...} denote the number
of compressors and u € X(T) = [H2(0, T)]N denote the compressor controls. A
sufficiently regular initial state is supposed to be given such that the pressure bounds
are strictly satisfied. Moreover, a reference control u,.r € X(T) is given that is C I
compatible with the initial state and generates a continuously differentiable state.

For u € X(T) and a penalty parameter y > 0, define the objective function

Jw=vyl|lu-u 2 —In|P min min p®¥(@, x) > p™"||, 10.16
w) =yl ref”x(T) ( (te[O,T],eeExe[O, L"]p @t x)=p ( )
where p®“ denotes the pressure in pipe e that is generated with the (boundary or
compressor) control # and uncertain customer demand, where the superscript w denotes
the random variable.

10.2.3.2 A Numerical Example

In this section, we present a numerical example for chance maximizing controls, similar
as it was done in [29] for a single pipe. We consider a network junction as shown in
Fig. 10.4a) with a single inflow node vy, one inner node v;, two exit nodes vy, v3 and
three pipes ey, e>, €3, where e; ends in node v; (i = 1,2,3). Let the [ISO1-model for
real gas be given on every pipe. The corresponding data is given in Fig. 10.4b), and we
assume that the data is equal on every pipe. The coupling conditions (see, e.g., [2,28])
at the network junction are given by mass conservation

Ge,(t, L) = qey(1,0) + gy (1,0) V1 €[0,T], (10.17)
and pressure continuity
pel(t’L)=pe‘2(t9O)s pel(tsL)=p63(t70)7 \7/[ e [O9T]9 (10'18)

. ke .
where ¢, in m—és and p,, in bar are flow and pressure at edge e;.
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In our numerical approach, the uncertain boundary data are modeled by random
Fourier series (see, e.g., [37, 46]), where as in the Karhunen—Loéve Theorem, the
coefficients in the series are random variables. For a function f in L*(0, T') and for
m=0,1,..., we define the orthonormal basis functions

Um() = % sin ((g +mx)%),

and the Fourier coefficients

T
an(f) = IO F(0) Ym(?) dt.

For a sequence of identically distributed random variables (£,,,),n>0, the random Fourier
series is given by

oM =2 Emw)adym(®).
m=0

Then, due to an extension of the Paley—Zygmund Theorem, for f € X(T'), the random
Fourier series f converges almost surely in L. Thus, the randomized Fourier series
has the same regularity properties as the original function. In our example, we use the
boundary functions

fvz(t)=15(1—cos(%27r))+80 and fv3(t)=15(1—sin(%4ﬂ))+75, (10.19)

and as a multiplier we apply Gaussian distributed random variables with mean value
u = 1 and variance o> = 0.1. The corresponding randomized boundary functions for
T = 12 hours are shown in Fig. 10.5.

We consider the chance maximizing optimal control problem (10.16), and the cor-
responding chance maximizing optimal control problem with X(T) = L?(0,T), where
the pressures are given by the solution of ISOI on the graph in Fig. 10.4a) with the
coupling conditions (10.17), (10.18) and the randomized boundary functions (10.19).
The control u(?) acts at the source node by increasing the inlet pressure, thereby defining
the boundary control condition

. Variable Letter Value Unit

inlet pressure po 55 bar

lower pressure bound  ppi, 43 bar
O: pipe friction coefficient A¥ 0.1

pipe diameter D 0.5 m

pipe length L 10 km

. sound speed in the gas ¢ 360 m/s

o—>

Fig. 10.4: Scheme of the network junction (left) with one source, one inner node and
two sinks, and parameters of the isothermal Euler equations (ISO1) for the chance
maximizing control problem (right).
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Fig. 10.5: Outflows f,, (left) and f,, (right) with 25 random scenarios for the expected
scenarios stated in (10.19).
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Fig. 10.6: Optimal controls of (10.16) for X(T') = L2(O, T)and X(T) = H2(0, T).

Pe(1,0) = po +u(?).

Note that the control is a scalar function in this example. As initial condition we consider
the corresponding steady state with boundary data po, f,,(0) and f,,(0). With u,.5 = 0,
for the H2-norm in (10.16) we consider different weights for the derivatives, i.e., we
consider
Tee) = 1 w72 2 6 a3 L 117
H L2(0,T) 20,1773 L2(0,T)

e,w min
~In (P (te[On%l]neeE xer[%lri‘ P (t, %) P ))
with y; = 1073, y» = 10° and y3 = 10'?, because otherwise, the influence of the
gradients vanish due to the long time period of 43.200 seconds. Note that y; is also
the weight of the L?-norm. The optimal controls for X(T') = L*(0,T) and for X(T) =
H?(0,T) are shown in Fig. 10.6 and the corresponding pressures at node v, and v3 for
25 scenarios are shown in Fig. 10.7.

As it was expected, the optimal control w.r.t. the H%-norm is less oscillatory than the
optimal control w.r.t. the L?-norm. The resulting optimal probabilities are given by

P min min 1, x) > p™n| = 79.59
L2 (te[o Tl.ecE xe[0, L¢] pelt, x)=p ) o

P t, x) > p™| = 63.5%.
H? (te[OTl]neeExer[%Hi‘p ( x) p ) ¢
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Fig. 10.7: Optimal pressures of (10.16) at nodes v, (left) and v3 (right) for X(T) =
L?(0,T) (above) and X(T) = H*(0,T) (below) for 25 random scenarios.

timet=3h timet=6h timet=9h

Fig. 10.8: 25 scenarios for the pressure profiles on the network at r = 3h, t = 6h and
t = 9h. Pressure profiles, that are above the lower bound for all times, are shown in
green, other profiles are shown in red.

Due to the additional derivatives in the optimal control problem with the H?-norm,
the probability is weighted less in relation to the L? optimization, leading to a smaller
probability. The pressure profiles for the H? optimization at different time points are
shown in Fig. 10.8. One can see, that at = 3h and at r = 9 h, all scenarios are feasible,
while at ¢ = 6 h, some scenarios are below the bound of 43 bar. This matches the results
of Fig. 10.7.

10.3 Algorithmical Approaches

In this section, we want to review some algorithmical approaches related with proba-
bilistic, robust, and probust constraints.
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10.3.1 Numerical Methods for Solving Optimization Problems Subject to
Probabilistic Constraints

It is evident that, before dealing with a probust constraint (10.6), one has to be able
to handle numerically conventional probabilistic constraints induced by finitely many
(smooth) random inequalities, which can be understood as probust constraints with
finite uncertainty set ¢. Numerical approaches for probabilistic constraints can roughly
be classified into methods that relax the constraints, resulting in formulations with nicer
properties (e.g., convexity, differentiability) and methods that approximate the original
probabilistic constraints. One method falling into the first class relies on the Conditional
Value-at-Risk, but other relaxations are possible (e.g., [9,39,47]). Facilitating solution
methods through relaxation of the probabilistic constraint comes at the cost of possibly
significant conservatism of the resulting solutions. The second class of approaches ap-
proximate the original probabilistic constraints. This approximation could be discrete
(as in sample average approximation [50]) or smooth (as in, e.g., [22,51]). A special
case of the latter methodology is kernel density estimation (e.g., [8,56]). Typically, the
aforementioned approaches are applicable to general probability distributions and just
require the possibility to sample them without exploiting special structure of concrete
distributions. In contrast, certain classes of distributions admit specially tailored meth-
ods such as the spherical-radial decomposition of elliptically distributed (e.g., Gaussian)
random vectors (e.g., [59]). In the following, we present some methods in a bit more
detail.

10.3.1.1 Spherical-Radial Decomposition

In this section, we revisit the spherical-radial decomposition (SRD) as a methodology
for addressing chance constraints. We assume that the decision variable x in the prob-
abilistic constraint (10.2) belongs to some Banach space. The SRD has a somewhat
greater level of complexity when compared to alternative methods cited above, which
are moreover applicable to any distribution accessible through sampling. Although
the SRD is confined to a specific class of multivariate distributions, namely ellipti-
cally symmetric (including Gaussian) distributions, it exploits their intrinsic properties
to provide three significant benefits: First, it facilitates the analysis of the original
problem (e.g., Lipschitz continuity or differentiability of the probabilistic constraint)
without requiring approximations at the outset [31, 59, 60]. This aspect has been uti-
lized in [19, 61] to derive optimality conditions for a continuous PDE optimal control
problem with uniform random state constraints (see Sect. 10.4.3). Second, the SRD
exhibits a potentially strongly reduced variance in probability estimation compared to
crude Monte-Carlo or methods based on Monte-Carlo samples. Third, the SRD pro-
vides explicit (sub-)gradient expressions for the probability function in both the original
and numerically approximated formulations. This is crucial for addressing probabilistic
constraints through non-linear optimization methods.

Though SRD applies to the broad class of elliptically symmetric distributions
(see [17]), we will present it here for simplicity for the special case of a d-dimensional
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{zlg(x,2) < 0}

Fig. 10.9: Spherical-radial decomposition of a Gaussian random vector for determining
the probability of a general set (left) and of a set described as a (decision-dependent)
inequality (right).

Gaussian random vector & ~ N (m, X). Then, the probability of a measurable set M C R4
can be represented as a spherical integral

P& e M)= J Uy {r=0|m+rLve M})duy().

vesd-l

Here, u, is the one-dimensional Chi-distribution with d degrees of freedom, duy is the
uniform distribution on the sphere S?~!, and L is a Cholesky factor of the covariance
matrix £ = LL”. In illustrative terms, the probability of M is obtained by scanning
one-dimensional probabilities along rays (see Fig. 10.9 (left)). Since we are interested
in probabilistic constraints such as (10.2), we set M := {z € R? | g(x, z) < 0} for some
fixed decision x and obtain

P(g(x,&) <0)= J Hy {r =01 gx,m+rLv) < 0}) duy(v). (10.20)

vesSd-1

Much more can be said under the additional assumptions for all decisions x:
g(x,-) is convex, 37 : g(x,Z7) <0, and P(g(x,&) <0) > 0.5. (10.21)

The last two conditions are mild: indeed, the existence of a Slater point can be taken
for granted under proper modeling of the problem. Moreover, in probabilistic con-
straints (10.2), one is usually interested in probabilities close to one, hence iterations of
an algorithm will likely produce decisions x realizing probabilities larger than 0.5. It is
shown in [59, Prop. 3.11] that these last two conditions imply the relation g(x, m) < 0,
i.e., the mean of the distribution is an interior point of the set M. This situation is
illustrated in the right part of Fig. 10.9. It entails that

{r>0]g&x,m+rLv) <0} =[0,p(x,v)] V¥ves¢,
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where p(x, v) is possibly infinite in case that the entire ray emanating from m in direction
Lvis contained in M. Plugging this into (10.20), we arrive at the more explicit expression

Pgx,&) <0) = J Fy(p(x,0) duy(v) — (Fy(e0) :=1), (10.22)
vesd-l e(x,v)

where F, denotes the distribution function of the Chi-distribution with d degrees of
freedom and we exploit the relations F,(0) = 0,lim;_, F, () = 1. By definition, F,
is the integral over the density f, illustrated in Fig. 10.9 (right). As shown in [36],
the ratio of variances between the SRD and Monte-Carlo estimates tends to zero for
large, small and symmetric sets. This makes SRD particularly interesting for rare events.
The potentially arbitrary improvement in variance reduction compensates the typically
larger computational effort for determining the radius function p (although the effort is
negligible when g is linear or quadratic in its second variable).

Most important for dealing with chance constraints within the framework of nonlinear
optimization is first-order information about the probability function ¢ in (10.4), which
is computed via (10.22). Assumptions (10.21) imply that ¢ is continuous. Unfortunately,
even when adding continuous differentiability of g to assumptions (10.21), there is no
guarantee that ¢ itself is more than just continuous, see [31, Example 1], where ¢ even
fails to be Lipschitz continuous. This issue is closely related with the boundedness of
set M := {z | g(x,z) < 0}. If M fails to be bounded as in Fig. 10.9 (right), then the
transition from finite to infinite values of the radial function p may cause problems in
deriving nice properties of ¢. When imposing the boundedness of M, however, and
assuming that g as a function of both variables is locally Lipschitz continuous, then
one may derive the Lipschitz continuity of ¢ and even estimate from above its Clarke
subdifferential [10] as

€ p(x) C J dC e(x, v)duy (v), (10.23)

vesSd-1

where e is defined in (10.22) and the integral has to be understood in the sense of
Aumann, see [31, Theorem 5]. The boundedness of M can be dispensed with when
assuming a certain growth condition that is satisfied in common applications. More pre-
cise statements can be made if g is not just locally Lipschitzian but, say, a maximum of
finitely many continuously differentiable functions g;, thus representing a smooth ran-
dom inequality system. Then, the upper estimate of the Clarke subdifferential in (10.23)
can be made fully explicit in terms of the input data (gradients of the g;), see [31, Corol-
lary 3]. If, in addition, the so-called ‘Rank-2 Constraint Qualification’ is satisfied, then
the probability function turns out to be differentiable [60, Corollary 4.4]. This constraint
qualification addresses couples of active gradients, so if g is continuously differentiable
itself, it is automatically satisfied. In the latter case, one ends up with the following
gradient formula (where f, is the density of the Chi-distribution):

Sy (o(x, )
(V,g(x,m + p(x,v)Lv), Lv)

Vo(x) = I Viglx,m+ p(x,v)Lv)duy(v). (10.24)

vesd-1
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While the mentioned (sub-)gradient formulae are tied with the original probability
function ¢ and could be exploited for theoretical considerations, such as optimality
conditions (see Sect. 10.4.3 or [61]), a numerical solution method would rather replace
the spherical integrals in (10.22) and (10.24), respectively, by finite sums:

K

9(x) > Fy(p(x,0");

i=1

K i
N fre(px, )
Ve =2, (Vog(x,m + p(x,v")Lv), Lv')

i=1

V. g(x,m + p(x,v))Lv’).

Here, {vl, 0K } refers to a sample of the uniform distribution on the sphere, which
can be obtained, for instance, by normalizing to unit length a (Monte-Carlo or Quasi
Monte-Carlo) sample of a d-dimensional standard Gaussian distribution N (0, I).

10.3.1.2 Kernel Density Estimation

In this section, we introduce the concept of kernel density estimation (KDE) (see,
e.g., [13]) and demonstrate how it can be applied to evaluate and approximate probust
constraints of the form (10.6) (see, e.g., [8,56]). KDE is a non-parametric technique
for estimating the probability density function (PDF) of a random variable based on
a finite sample set, without assuming any specific parametric form for the underlying
distribution. This flexibility makes KDE particularly valuable in optimization under
uncertainty, where the true distribution of the random vector £ may be unknown or
only available through empirical data. By constructing a smooth approximation of the
underlying density, KDE facilitates the estimation of complex probabilistic events—
such as those represented by probust constraints—enabling us to evaluate the probability
in (10.6) using data-driven methods. One of the key advantages of KDE is that it does not
impose strict assumptions on the distribution of £. This allows it to capture a wide variety
of distributions commonly encountered in real-world applications, while maintaining
continuity and smoothness properties that are beneficial for numerical optimization.

Before addressing the probust constraints (10.6), we apply KDE to evaluate pure
probabilistic constraints of the form

P(g(x,&) <0) 2 p, (10.25)

for a probability level p € (0, 1), as they appear in (10.2). We assume that £ is a d-
dimensional, absolutely continuous random vector with PDF p £. For a decision variable
x that belongs to a Banach space V, and a constraint g: V x RY — R, we assume that
g(x,¢) is also an absolutely continuous random vector with PDF p,. The probability
in (10.25) can then be evaluated by integrating the PDF of & over the feasible set, i.e.,

P(gx,8) <0)= J pe(2) dz, (10.26)
M(x)

where the feasible set M (x) is given by
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Fig. 10.10: Well-known probability distribution with unknown feasible set (left) as
in (10.26) and unknown probability distribution with well-known feasible set (right) as
in (10.27).

M(x) :={w € Q| g(x,&(w)) < 0}

While the SRD discussed in Sect. 10.3.1.1 is based on scanning the feasible set M (x),
KDE is applied to obtain an approximation of the PDF p,. Thus, instead of evaluat-
ing (10.26), we have

P(gx,8) <0) = f o pg(2) dz. (10.27)

A visualization of both approaches is given in Fig. 10.10.
Consider now an independent and identically distributed sample

Sf ={V,"" "> YN} € Rd’

of length Nyge € N of the random vector £. Defining Y;(x) := g(x, y;) for x € V, the
sample
Sg = {Y](X), Tt Ydee} c Rm

is an independent and identically distributed sample of the random vector g(x, -). For
a multivariate kernel function K: R™ — Rs( and a bandwidth matrix H € R™*™ the
KDE is given by

Nide

1 ;
- S'k(H Pz-v0)). 10.28
Pg.Nige (2) N M;} ( (z (x))) (10.28)

Note, that pg v, 1S an approximation of p,. In [25, 54], different kernel functions
are investigated, and in [32], the authors discuss a suitable choice for the bandwidth
matrix H. Under slight assumptions on the kernel function and the bandwidth matrix
(see, e.g, [25, Chap. 6, Theorem 1]), the KDE (10.28) converges in L' as the number
of samples goes to infinity, i.e.,

Ngde—®
log,Nae = PgllLimy—— 0 P — almost surely.

Due to Scheffé’s lemma (see, e.g., [25, Chap. 1, Theorem 1]), also the approximated
probability converges, i.e.,
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Ny qe—00
PN (8(x, &) < 0) = P(g(x, &) < 0) 70 P — almost surely.

In [54,56], the authors apply a Gaussian product kernel and a diagonal bandwidth
matrix to approximate the probabilistic constraints for steady state gas flow in pipeline
networks, which can be generalized for probabilistic constraints of the form (10.27).
Consider a multivariate Gaussian product kernel

K@) = m lﬂ[exp(—%zﬁ),

and a diagonal bandwidth matrix

n h & ( ! )m]“‘
H;i=h?%;; wit =—— ,
! 7 (m +2)Nige
where X is the covariance matrix of the sample S,. Then, the KDE (10.28) is given by
1 Nzklﬁ 1 ( 1(z,-—Yi,,-(x))z)
Pg,Nige = exp “S\— = |
ST Nie [T \/_ 2 Hj

For the corresponding probability (10.27), we can apply Fubini’s theorem, which yields
l dee m 0 l j —_ i](-x)

Phe (8, 8) < 0) = ———F—— J ( (—) )dz-.

« Niae T, VH; j ; [1[ o0 V Hj j !

Integration by substitution shows

”(x)

Z

el_[J jixp(—‘rz)dr
j=1

PN (8(x,8) <0) = de

<|

Il
—_

i

and applying the Gauss error function implies

1 Nide m Yi,j(x)
Pdee(g(x,f) < 0) = de Sm El | 1| (1 +erf( — \/? . (1029)
© i=1 j= JsJ

Thus, considering g continuously differentiable in x, the probability (10.27) can be ap-
proximately evaluated by the continuously differentiable algebraic formula (10.29). The
convergence of probabilistic constrained optimization problems, where the probability
is approximated by a KDE approach, is analyzed in [55].

For probust constraints (10.6), we can utilize the fact that

P(g(x,é,u) <0 VueU)= P( sup g(x, &,u) < 0).
ueld

By defining Y;(x) = sup,cq; 8(x,yi,u) for i = 1,..., Nyge, the whole approach can
analogously be applied to probust constraints. Due to the maximum, the resulting
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approximated probability (10.29) is not differentiable anymore, but for the optimization,
the kink in the maximum can be replaced by a smooth function, implying a continuously
differentiable approximation of the probust constraint based on a sample of the random
vector £.

10.3.1.3 Continuous Stochastic Gradient Method

When dealing with chance-constrained problems with continuous distributions, one
crucial question is how the distribution can be evaluated or approximated. Whereas
typical methods focus on special distributions as Gaussians or approximate them with
discrete distributions, the Continuous Stochastic Gradient method (CSG) directly deals
with general continuous distributions and improves the approximation quality over the
iterations by cleverly combining past information about sample points. For a detailed
introduction of the CSG method we refer to [26]. The general idea of CSG consists
of drawing only one random sample in each iteration and evaluating the respective
function values and gradients. The approximation of the whole integral and its gradients
is then computed as a weighted linear combination of the already sampled values. In
Chap. 11, “Continuous Stochastic Gradient and Spherical Radial Decomposition” in this
book a combination of spherical-radial decomposition and the CSG method for chance-
constrained problems is discussed and the CSG method is explained in more detail there.
Whereas the combined method is restricted to distributions, where the spherical-radial
decomposition is applicable, the pure CSG method can be used for every continuous
distribution. As a drawback, an additional approximation is necessary to guarantee
the existence of gradients. Therefore, we combine the penalty approximation from the
combined approach with an additional smoothing of the indicator functions to obtain
continuously differentiable expressions. The resulting approximation problem can be
directly solved with the CSG method. For a concrete description of the approximation
problem and the concrete smoothing functions we refer to [S]. Applying this approach
to GasLib 24, 40, and 134 yields nearly feasible solutions within a few minutes which
implies that the approximation problem works well and does not preclude finding
good solutions to the chance-constrained nomination validation problems (NV-CC).
For concrete results, we refer again to [5].

10.3.2 Numerical Methods for Solving Optimization Problems with
Probust Constraints

10.3.2.1 Adaptive Index Selection for Probust Constraints

When solving an optimization problem including probust constraints (10.6), one could
replace the uncertainty set 2 by some finite grid U* = {u',...,u*}. In this way, one
would return to the case of conventional probabilistic constraints with the possible need
to refine the grid whenever numerical accuracy requires one to do so. A straightforward
uniform geometric grid approximation of U, however, may turn out not to be efficient,



246 Bernhard, Geiersbach, Gugat, Heitsch, Henrion, Lang, Liers, Schultz, Schuster, Stingl et al.

Fig. 10.11: Illustration of geometric (left) vs. probability-informed (right) approximation
of some convex set which is defined as an infinite intersection of half spaces (details
see text.)

in general. In the following, we sketch a probability-informed approximation of U
as presented in [7] that is potentially more efficient. The main idea is illustrated in
Fig. 10.11. The figure shows some convex set represented as the intersection of an
infinite number (indexed by some interval [0, T']) of closed half spaces. The left figure
shows a finite selection of these half spaces indexed by a fine uniform subgrid of [0, T].
As one can see, the geometric approximation of the set is close to perfect. However, if one
is interested in an approximation of the probability of a set of infinitely many inequality
constraints—and such is the case with the probust constraint (10.6)—then one can do
better: The right part of Fig. 10.11 shows in addition some confidence ellipsoid (shaded)
in order to symbolize some given, say Gaussian, distribution determining the probability
of the mentioned set. Then it turns out that the intersection of a much smaller finite
selection of half spaces is sufficient to approximate the desired probability as precisely
as would do the large number in the left figure. Indeed, the geometric approximation
of this small set of half spaces is quite poor, but the deficiency becomes visible only in
regions with low probability, whereas close to the probability mass the approximation
is much finer.

The justification of the observation above is as follows: in the context of the probust
constraint (10.6) (with a fixed decision x), one always has the trivial inequality

P(g(x,&u) <0 YueU) <P(glx,&u)<0 Yueld’) YU CU.

In particular, no matter what (potentially finite) subset U* C U we select, we always get
an upper estimate for the true probability. Therefore, in order to make the approximation
as efficient as possible, an additional element should be joined to U* in a way that it
minimizes the probability of the new intersection (which still is larger than the true one).
This suggests the following conceptual two-phase algorithm for solving the probust
optimization problem

min{f(x) | P(g(x,&,1) <0 Vre[0,T]) >p}

with one-dimensional uncertainty set U := [0, T] (e.g., time interval):
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Algorithm 1 Conceptual two-level algorithm for probust optimization problems

(i) Choose an initial point x° € X. Set Iy := 0 and k := 0.
(i1) (lower level problem) Solve the following optimization problem with conventional probabilistic
constraints in ¢:
mtin{P(g(xk, £,1)<0Vie U {t}) | te T}

and denote by #; one of its solutions.
(iii) (upper level problem) Set I, := I;; U {t;:} and solve (with x* as a starting point) the following
optimization problem with conventional probabilistic constraints in x:

mxln{f(X) | P(g(xi";:’t) S0\7/t61k+1) 2P, XEX}

and denote by x**! one of its solutions.
(iv) Set k := k + 1 and verify a suitable stopping criterion. If satisfied, then STOP, otherwise go to ii.

On the upper level of this algorithm, the optimization problem is solved on a fixed
finite grid for the inequality system. On the lower level, the decision is fixed and the grid
enhanced by one more index in the described way of minimizing the arising probability.
The efficient implementation of this conceptual algorithm requires some additional
heuristics in order to avoid that the lower level problem becomes too time consuming
(for details, see [7]).

10.3.2.2 Distributionally Robust Chance Constraints with Bundle Methods

As an alternative to probust constraints, combining robust and stochastic perspectives
can also be done by distributionally robust chance constraints. First, the focus lies
on discrete distributions over a fixed and finite set of realizations, but an outlook to
continuous distributions is also given. In general, we consider robust joint chance-
constrained problems of the form

min f(x)
stPu(gx,&)<0)>p VYuel (DRO)
x € X,
where g = (g1,...,8|9] ) is a vector-valued function modeling a joint chance constraint

with | J| conditions for some finite set . Then, the joint condition in the chance
constraint can be equivalently expressed by g(x, &) := max;c g{g;(x,£)} and together
with the discrete nature of the distributions over a finite set A = {£1, . . ., £|a|} the robust
chance constraint equivalently reads

N
i 3 —00 g X Y] > s
%;} LiX)-00,01(8(x, €1)) = P
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where ¢ are the respective weights of each scenario in A and y is the indicator function.
This problem should be solved with the classical unconstrained bundle method intro-
duced by Noll [48] that is extended to an inexact version for robust problems in [40],
which is the subject of Sect. 10.3.3.1. To apply this unconstrained bundle method,
one performs again a smoothing and penalty approximation as for nominal chance
constraints in Sect. 10.3.1.3. Concretely, the respective approximation problem reads

1A
min £ + e max { max {0, p = 3 5@, €). B} | + deonpx(@),  (1030)
x geu i=1

where .. and A.,, are positive penalty parameters, px is an exact penalty term for the
constraint set X, and s is a smoothing function with respect to the parameter . For a
concrete version of the smoothing function to ensure convergence to the indicator func-
tion, we refer to [4] and the references therein. We note that sufficiently large choices of
the penalty parameters can be easily determined for the gas setting by some preliminary
computations. We refer to [4] for a more detailed explanation. If the input functions are
continuously differentiable in x and the ambiguity set U is compact, the objective func-
tion of the approximation problem is locally Lipschitz continuous, and therefore, Clarke
subgradients exist and the bundle method is applicable. Nevertheless, it sometimes pro-
duces slightly infeasible solutions to the original robust chance-constrained problem
and the solutions are mostly suboptimal. Therefore, the method described in [4] com-
bines solving the approximation problem via a bundle method with a scenario-based
postprocessing. Here, one uses the bundle solution to determine which scenarios to
include in the scenario-based formulation. In this formulation, the chance constraint is
replaced by the constraints
8x,&)<0 ViesS

for a subset of scenarios S € A. The numerical results for nomination validation prob-
lems in [4] demonstrate that this combined approach produces always feasible solutions
and globally optimal solutions in about 90 % of the tests. Furthermore, depending on
the concrete choice of the ambiguity set and the number of scenarios in A the com-
bined bundle method often outperforms solving the direct robust reformulation with
big-M constraints, initially introduced in [53], with standard optimization software and
can even produce feasible solutions if the direct reformulation cannot be built due to
memory limitations.

Nevertheless, the scenario-based bundle method is restricted to discrete distributions,
since the bundle method cannot deal directly with measure integrals in the indicator
function, and the scenario-based postprocessing is only meaningful for finite scenario
sets. An extension of the ideas presented in this section to continuous distributions
is given in [6], where finite mixtures of arbitrary reference distributions build the
ambiguity set. Besides applying the bundle method, the CSG method discussed for
nominal chance constraints in Sect. 10.3.1.3 is also able to handle this problem class.
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10.3.3 Numerical Methods for Solving Optimization Problems with
Robust or Almost Sure Constraints

10.3.3.1 Algorithms for Robust Nonlinear Optimization

In [41] an outer approximation approach for mixed-integer nonlinear robust optimization
problems, which can be formulated in the form of (P), is developed. In the literature,
there already exist outer approximation methods for nonsmooth MINLPs [11,62]. They,
however, require exact evaluations of function values and subgradients of the objective
and constraint functions. In [41] the outer approximation approach is extended to the
case of only inexact evaluations of the constraint function as they result from the novel
bundle algorithm that we will detail further below. In detail, a framework is established
that specifies which type of inexactness in function value and subgradients we can allow
such that the outer approximation approach still converges finitely.

In an outer approximation approach, as originally proposed by [15, 18], one generates
amixed-integer linear master problem that is a relaxation of the original problem. To this
master problem, one adds cutting planes in every iteration that are generated via function
values and subgradients. It is hence iteratively refined and in the end, it yields a solution
of the original problem. To generate new constraints for the master problem, one solves
a continuous, nonlinear subproblem in every iteration. The framework for inexactness
imposes requirements that solutions to the subproblems and the subgradients have to
fulfill.

It has been shown in [41] that the adaptive bundle method [40] can be used to solve
these nonlinear subproblems and is also able to generate subgradients that fulfill the
required properties. We summarize its main algorithmic ingredients next. Nonlinear
robust optimization problems with continuous decision variables cover the case of the
continuous subproblems of the outer approximation approach from [41]. Moreover, the
setting is extended to non-concavities in the uncertain parameters and non-convexities
in the decision variables. Such a nonlinear robust optimization problem can be written
in the following form of a minimax problem:

min Iunea(zlc v(x, u) = min S, (Minimax)
where X is a continuous set and v is a function depending on the variables x and the
uncertainties u. Again, we allow for inexact solutions to the adversarial problem, which
is the inner maximization problem. In [40], the problem of minimizing the nonsmooth
and non-convex optimal value function f via an adaptive bundle method is solved.
Problem (Minimax) is a nonsmooth optimization problem, for which bundle methods
are a method of choice. They are an efficient tool for such problems and require access
to function values and subgradients. Usually, one uses subgradients out of the Clarke
subdifferential, 8¢ f (), which is for the optimal value function f defined as

€ f(x) = conv{axcv(x; wy) | vlx,uy) = maqylc v(x, u)}.
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There are also inexact bundle methods in the literature, as, e.g., [33,49], which are
applicable for the case of non-convex functions. Even though Noll’s bundle method
can handle inexactness and non-convexities, it is not applicable to our setting. In detail,
we assume to have access only to an approximate worst case for a given x, i.e., to an
uncertain parameter ii,, € U such that, for a desired tolerance e,

v(x, iiy) > maxv(x,u) — €.
uel

Having such an inexact worst case at hand, we further assume that we can compute a
corresponding inexact subgradient g, in the following sense:

Gx € 0Su(xsiiy) € € f(x) = conv{axcv(x;iix) | ity € U, v(x,ity) > mgz{( v(x,u) - e}.
ue

Existing bundle methods require a bounded distance of inexact subgradients to the
exact Clarke subdifferential. The distance of the approximate subdifferential € f(-)
to the exact one, however, cannot be bounded in general. This made an extension of
existing bundle methods necessary. In [40] this difficulty is overcome by adaptively
refining the approximations of function values in the course of a bundle method and
Noll’s bundle method has been extended in [40] to render it applicable to nonlinear
robust optimization. Convergence of the resulting adaptive bundle method has been
proven in [40]. In detail, it converges to a stationary point in the sense that O lies in
the approximate subdifferential at the solution. The resulting adaptive bundle method
is applicable to nonlinear robust optimization problems of the form (Minimax) under
very mild assumptions. First, the function v(-,-) needs to be lower C ! which is the
class of functions that can locally be written as the maximum of C'!-functions. Second,
at every point x and for every required precision €, an approximate worst case and a
corresponding approximate function value and subgradient need to be accessible.

The robust gas transport with uncertainties in the demand and in pressure loss coef-
ficients from Sect. 10.2.1 fits into the considered setting. In order to apply the adaptive
bundle method [40] integrated in the outer approximation scheme [41], one needs ac-
cess to an approximate global solution to the adversarial problem. This adversarial
problem, however, includes non-convexities in the constraints. The adversarial problem
maximizes the violation of pressure bounds such that the pressure loss constraint and
further constraints such as flow conservation are fulfilled. We approximately solve this
problem by piecewise linear relaxation [21]: The non-convex pressure loss constraint is
relaxed to piecewise linear constraints, which can be modeled via a mixed-integer linear
formulation. The resulting mixed-integer linear program (MIP) can then be solved to
global optimality by state-of the art methods. It has been proven for the adversarial
problem that a bound on the error in the pressure loss constraint leads to a guaranteed
error bound in the optimal value. We hence can guarantee a distance of the approximate
optimal value to the global optimal value of this non-convex problem. Further, a formula
for a corresponding subgradient is derived in [40]. These results made it possible to
apply the adaptive bundle method to the robust gas transport problem with uncertainties
in the demands and pressure loss coefficients. In detail, the problem is solved in [40] on
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the GasLib-instances of sizes 11, 24, 40 and 134, each within less than a few minutes,
when the pressure at a chosen node is fixed beforehand.

By the outer approximation method from [41] the inclusion of binary decisions is
possible that allows an extension of the considered setting to the control of valves and the
option of a bypass-mode for the compressors. In order to fulfill the outer approximation
method’s requirements, one, however, has to restrict to the case of compressors that are
not on cycles. This leads to a convex problem. A reformulation of the problem enables
the derivation of subgradients also with respect to the binary decisions on valves and
hence to solve the resulting problem.

10.3.3.2 Almost Sure Constraints

As observed in the introduction, almost sure constraints (10.5) are closely related with
robust constraints (10.3), when the uncertainty set U is chosen as the support of &
and with probabilistic constraints (10.2) when choosing p = 1. However, applying
methods tailored to robust or probabilistic constraints in this setting may be difficult:
on the one hand, the support of the distribution may not be known explicitly or may
be complicated so that the uncertainty set U/ is impossible or hard to deal with by
means of robust optimization. On the other hand, coping with probabilistic constraints
on the maximum level p = 1 may lead to numerical degeneracies. Therefore, we present
here a further approach to handling almost sure constraints and illustrate it for the
example (10.34) in Sect. 10.4.3. The random state constraint y(x, w) < a forallx € D
imposed there, which should hold almost surely, is penalized in the objective in the
form of an additional term corresponding to a Moreau—Yosida-type regularization. The
regularized problem is

min - F) +yE(lmax©,y = )l p)]

uel2(D

subject to the PDE constraints in (10.34). It is possible to show that the solutions u” to
the regularized problem are consistent with the solution of the original problem (10.34)
as vy is taken to infinity; see [20]. This process is illustrated in the left part of Fig. 10.12
for a one-dimensional instance of the control problem. The expectation in the expression
above is evaluated by means of a sample average approximation based on a sample of
the random vector £. Therefore, not only the penalty parameter but also the sample
size has to be increased. It is important to note that more knowledge about the support
(e.g., convexity) may lead to potentially more efficient sampling. In our example, we
have considered & obeying a Gaussian distribution truncated to some ellipsoid. With
a concrete formula of the ellipsoid known and owing to the linearity of the state y
in the random parameter, it is possible here to solve the almost sure problem as a
robust optimization problem numerically precisely. The resulting solution is illustrated
in the right part of Fig. 10.12 (red curve). Comparing this with the Moreau—Yosida
model based on direct sampling of the distribution (yellow curve) corresponding to
the largest value of y (see lowest curve in the left part of the figure), we observe
a considerable gap with the exact solution. At the same time, we know from the
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Fig. 10.12: Illustration of the Moreau—Yosida approximation for dealing with almost
sure constraints (details see text).

mentioned theoretical results that with the penalty parameter and sampling size tending
to infinity convergence must take place, while the computational effort and numerical
stability might prevent us from reaching a reasonable vicinity of the solution. Still,
hoping for some improvement in efficiency, we might be interested in implementing
the Moreau—Yosida approach because it yields differentiable approximations of the
non-differentiable robust problem [20, p. 24]. As a consequence of the fact that linear
functions attain their maximum at boundary points of the support, it is evident that
the original sampling of the distribution is rather inefficient in that it generates a lot of
interior points without much information on the constraints. A more promising approach
would rely on a uniform sampling of the support (thus avoiding concentration in its
interior) or even better of its boundary. The progress in efficiency is illustrated in the
right part of Fig. 10.12, where all three approaches of Moreau—Yosida approximation
are based on a common penalty parameter and a common sample size.

10.3.4 Numerical Methods for Constraint Approximation

The main challenge in probabilistic or probust constraint approximation for PDE-based
gas network modelling is that any evaluation of the function g(x, &, u) for a specific
¢ € U in one of the problem formulations (10.4)—(10.6) requests a possibly expensive
numerical solution calling for a stationary or even dynamic flow model with uncertain
data on networks. As an illustrative example, let us consider the practically important
task of transferring a stationary state Y4 = (pa, g4) described by a certain pressure p o
and mass flow rate g4 into another stationary state Yp(£) which is considered to be
uncertain due to in advance unknown mass flow rates gp(¢) at the exits, i.e., the gas
demand of the consumers. We denote this transfer process by Y4 — Yp(£). Then we
would like to solve the following probust optimal control problem:
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uc € Uyg = argmin C(u.)
subjectto Y4 — Yg(£), &€U,
P(p(x,t,&ue) el Vix, 1) e Q%x[0,T]) > a.

Here, the objective function C models the cost of all compressors, which can operate
in the range of the admissible set U,  restricting the controls u.. In addition, the
pressure must lie inside certain intervals defined through the set I1. The robust condition
px,t,&uc) € I forall (x,¢) € Q x [0, T] can be reformulated as

min max

min p(x, 1, & uc) = p and - max p(x,t,&uc) < p
For given u, € U,y and ¢ € U, a numerical PDE solver uses discrete space-time
points (x;,1;) with (i, j) varying in a finite index set I to compute approximations
Yi(x;,t;, & uc) of the state vector Y(x;,1;,&;u.) with (possibly adaptive) resolution
h = (Ax, At) over the whole gas network. Hence, the corresponding discrete robust
conditions are then defined by

min_pp(x;, 17, & ue) > p™  and  max pp(x;,t;, & ue) < pm,
@.j)el (i)l

where pj, is the approximation of the pressure p at the discrete space-time points. The
inherent pressure loss in gas networks due to friction usually allows to monitor the
pressure in a small number of discrete spatial points to guarantee the pressure bounds in
the probust sense. However, large dimensions of the stochastic space U request hundreds
or even thousands of PDE solutions for certain £&¥) € 9/ to approximate the probability
density function of the minimum and maximum of the approximate pressures. In what
follows, we will discuss such approximations in a more general context.

A key point to efficiently approximate the probability density function of a general
quantity of interest ¥/(Y) depending on the network solution vector (for example, the
minimum and maximum pressure above) is to use a reduced order model based on a few,
but well selected samples to compute the overall gas network solution. Such a model
can be efficiently derived by an adaptive stochastic collocation method based on a set
of deterministic sample points {§(q)}q=1 _____ 0- chosen to compute independent, finite di-
mensional space-time approximations ¢ (Y}, (£9)) = (Y (£9))). These approximations
are used to construct a single-level interpolant

Q
Wo.n(&) = Iply (Y1) = D Wqdq(é)

q=1

for the function ¢ (Y) in the polynomial space Pq with global basis functions ¢,. The
interpolation conditions 7 [(Y;)](£9) = y(Y),(£9)) for ¢ = 1,...,Q determine the
coefficients ;. The quality of the interpolation process depends on the accuracy of
the space-time approximations Y;,(£@)), the regularity of the solution with respect to
the stochastic parameters &, and on the number of collocation points Q, which grows
rapidly with increasing stochastic dimension N. The interpolant Wg 5 (¢), also called
response surface approximation, can be used to directly calculate moments such as
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expectation and variance. Since its evaluation is extremely cheap, it also forms the basis
for approximating its probability density function by a spherical-radial decomposition
or kernel density estimator described in Sect. 10.3, and determining the practically
relevant probability that W ; (&) lies in a certain interval over the whole time horizon.

The whole approach can be extended to an error-controlled multilevel stochastic
collocation method [44, 45]. Using a telescopic sum of single-level interpolants, we
construct a K-level interpolant for the functional ¢ (Y) through

K
Yk () = Z (lPQK—k,hk & - lPQK—k,hk—l (5)) >
k=0

where hy refers to different resolutions in space and time, ranging from coarse (k = 0)
to fine (k = K). We have applied this approach to check the validity that gas is delivered
in a pressure range stipulated in a contract between gas company and consumer [44].

In some cases, piecewise smooth quantity of interests (£) with kinks have to be
approximated. Then hp-adaptive sparse grid collocation algorithms that combine low-
order basis functions with local support in parts of the domain with less regularity
and variable-order basis functions elsewhere have shown to work very efficiently and
robust [63]. Spatial refinement in the stochastic space is realized by means of hierarchical
multivariate knot trees which allows the construction of localised hierarchical basis
functions with varying order. Hierarchical surplus is used as an error indicator to
automatically detect the non-smooth region and adaptively refine the collocation points
there. The local polynomial degrees can be optionally selected by a greedy approach or
a kink detection procedure. An example is given in Fig. 10.13.

Sparse grid interpolation

-0.25

-0.5

-1 -0.75 -0.5 -0.25 0

Fig. 10.13: Adaptive hp-sparse grid approximation (left) and corresponding collo-
cation points (right) for ¥(¢) = min(1, 1.3 exp(—6(§1 +0.3)2 - 10(& + 0.2)2)) with
£ e[-1,0] x [-1,0].



10 From Probabilistic to Probust Constraints: Optimization Under Uncertainty 255

10.4 Selected Theoretical Results

10.4.1 Existence of Chance Maximizing Controls and the Turnpike
Phenomenon

For the chance maximizing controls, due to the H? control regularization term in the
objective functional J that is defined in (10.16), similarly as in [29] using the direct
method of the calculus of variations, we can prove the following theorem about the
existence of an optimal control:

Theorem 10.1 Assume that J(u,. ) is finite. Then there exists an optimal control that
solves the problem

min J(u).

uelU

In general, due to the nonlinearity of the system, a uniqueness result for the optimal
controls does not hold.

It is important to note that the optimal control problem is posed in a framework that
leads to semi-global classical solutions, in particular to solutions without shocks.

In the dynamic optimal control problem that is stated in the above theorem, and also
in general, the time horizon T is an essential parameter. In the context of the gas pipeline
flow, the state changes with the speed of sound, so that the time that the pressure waves
need to travel through the system is often longer than 7. In this situation of large time
horizons, often the optimal controls show a turnpike structure, where in the interior of
the time interval after a dynamic initial phase the optimal state is close to a steady state
which is the solution of the corresponding static optimal control problem.

For the situation where the trajectories depend on random variables, under certain
assumptions a turnpike property can be shown for the expected states. In [27], a proof is
presented for dynamic optimal control problems where the objective functional contains
a tracking term. In [27], the time-discrete case of the system is considered with a probust
constraint of the form (10.7).

10.4.2 Well-Posedness, Existence of Solutions and Convexity in
Probabilistically Constrained Optimal Control of Linear PDEs

d

For a bounded, sufficiently regular domain D C R¢, we consider an optimal control

problem under uncertainty, i.e.,

min J(u) subjectto ¢(u)>p, (10.31)
uely

where U,q C L*(D) is a convex closed set of admissible controls and ¢ is a probability
function defined by

o (u) =P (w €Q:y) < y(x,w) < y(x) fora.a.x € Z)) .
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Here, y*(x, w) refers to the random state depending on the control u as being the solution
of an elliptic PDE
Aw)y(w) + BE(w) + Cu = f, (10.32)

where the random variable £ takes values in a Hilbert space 7 and, for u € U4, A(u) :
Y — H™ (D) with Y a subspace of H!(D) is a linear invertible elliptic operator that is
differentiable with respect to u. Moreover, B : # +— H~ (D) and C : Uy — L*(D)
are bounded linear operators, and f € L?(D). Finally, y,5 € L*(D) are given lower
and upper bounds, respectively. B

The probust character of the probabilistic constraint in (10.31) is reflected by the fact
that the two-sided constraint has to hold almost everywhere. A first natural question that
arises is whether the probability function ¢ is well-defined in the sense that the event,
whose probability is taken, is measurable. A second question relates to the convexity
of the set Uy, 1= {u € L*(D) | ¢(u) > p}. This, in combination with natural convexity
assumptions on g and U, would turn (10.31) into a convex optimization problem. In
order to address these questions, we assume that the random variable ¢ is defined as a

linear combination of finitely many functions &, ey € L*D) (k=0,...,K):
K
Ew) =+ D) Gw)er, (10.33)
k=1
where ¢ = ({1,...,{k) is a K-dimensional random vector on the probability space

(Q, A, P). Then, we have the following:

Theorem 10.2 ([36], Theorem 2.1) The probability function ¢ is well-defined and
weakly sequentially upper semicontinuous. As a consequence, the feasible set Uy is
weakly sequentially closed for arbitrary p € [0, 1]. If the random vector { has a log-
concave density (e.g., Gaussian and many others, see [52, Sect. 4.4]), then Uy, is also
convex for arbitrary p € [0, 1].

On the basis of this theorem, one may easily formulate results on the existence of
solutions along well-known lines:

Corollary 10.1 ([36], Theorem 2.2) Assume that J is coercive, convex, and lower
semicontinuous, and that Uyg N Uy # 0. Then, (10.31) admits a solution. The same
holds if we replace the coercivity of [J by the additional boundedness of Uyg. If, in
either of the two settings, J is strictly convex and { has a log-concave density, then
(10.31) has a unique solution.

10.4.3 Optimality Conditions in PDE-Constrained Optimization Subject
to Probabilistic State Constraints

In some models for the optimal control of gas transportation, it is natural to impose
constraints on the state of the system; this provides, for instance, controls that do not
result in unreasonably high pressures in the network. If the state is described by a PDE,
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constraints must be applied uniformly along the pipeline. A natural extension of this
model is to allow for uncertainty in the inputs or parameters of the PDE. The state
constraint is still required to be satisfied uniformly on the physical domain, but possibly
only with high probability.

A representative example studied in [19] is the following optimal control problem
with random linear elliptic PDE and uniform probabilistic constraints:

min  F(u)
uel?(D)
st —Ay(x,w) = u@) + f(x,é&(w)), xeD P-as., (10.34)
yx, w) =0, x €D P-as,

Piy(x,w)<a VxeD)=>p.

Here, D is a bounded domain in R? for d = 1,2,3 and p is assumed to be close
to, or equal to, one (the latter being the robust or almost sure case). The control u is
distributed on the domain and the state y is random on account of the random term f on
the right-hand side. The random vector is supposed to follow an m- dimensional centered
Gaussian distribution & ~ N(0, ). Mild conditions ensure that each realization of the
state belongs to C(D); in particular, it is continuous on D up until the boundary.

To solve (10.34), it is common to apply approximation or regularization instead of
relying on optimality conditions. On the other hand, optimality conditions are fun-
damental to understanding the consistency of these schemes and the resulting theory
can contribute optimality certificates or even more efficient methods. Additionally, in
considering the problem as is, nonsmoothness inherent to the model can be taken into
account.

If the noise on the right-hand side is introduced in a structured way with

[ 2) = fo() + D zighi(x) (10.35)
i=1

for some given fy, ¢; € L*(D), then it is possible to exploit some hidden convexity for
the case p < 1 to derive necessary and sufficient optimality conditions of the form

DFu*) e '0%pu*), A1*>0, ou*)>p, A (ew*)—-p)=0, (10.36)
where ¢ is the probability function

pu) :=P(w | g(u,&{w)) < 0)

defined on L*(D) with g(u, z) := sup,.p [S(u, 2)](x)—a,and S: L>(D)xR™ — C(D) s
the parametrized control-to-state operator. Moreover, an explicit formula for the Clarke
subdifferential of the probability function 9€ ¢ can be derived using the spheric-radial
decomposition of a (Gaussian) random vector &.

The formula uses the following decomposition, which is available thanks to the
linearity of the parametrized control-to-state operator:
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m
S, 2) =Ju + > zy" (e LX(D),z € R™).
i=1

Here, the ‘mean state’ ¥, and y*) are solutions to
-Ay(x)=h(x) xeD; yx)=0, xedD (10.37)

withh=u+ fyand h = ¢;, (i = 1,...,m), respectively. Given h € L?(D), we denote
u,(h) = yh(x), where yh is the solution of (10.37). Now, under assumptions in [19,20]
that are verifiable for (10.34), it is possible to show equality in (10.23) with the following
explicit formula for the Clarke subdifferential:

0C(p(12) =- clco {M .

{vesm1|p(v)<co}

#(0, %) “x|XEM*(U)}du_c(v), (10.38)

where ‘clco’ refers to the closed convex hull, u, is the uniform distribution on the
unit sphere §”1, fy is the density of the one-dimensional Chi-distribution u, with m
degrees of freedom, and

#(0,x) 1= f}(z”zu»y“)(x),

i=1
p(v) := max{r > 0| §z(x) + rx(v,x) < @ ¥x € D},
M*() :={x € D | x(v,x) > 0, F@)(x) + p()x(v,x) = a}.

Figure 10.14 illustrates the application of the optimality conditions (10.36). The first
diagram on the left shows two solutions to a specific instance of problem (10.34) with
similar optimal value and obtained with different algorithmic approaches. In order to
identify the correct solution, we apply the optimality condition. According to (10.36),
at an optimal solution the derivative of the objective should be equal to an appropriate
multiple (the Lagrange multiplier) of a Clarke subgradient of the probability function. In
this example, it turns out that the probability function is continuously differentiable at the
respective solutions, hence Clarke’s subdifferential reduces to the classical derivatives.
The middle and right diagrams of the figure plot the respective derivatives DF of the
objective and successive multiples of the derivatives D¢ of the probability functions at
the two solutions. As can be seen, only solution 1 satisfies the optimality conditions.
The existence of the Lagrange multplier A* in (10.36) relies on the availability of a
strictly feasible point i, i.e., one in which (i) > p. This leaves the case of almost sure
and robust constraints unclarified. It is not possible to consider optimality conditions in
the limit when driving p towards one as demonstrated by [19, Example 3.1]. To arrive
at optimality conditions for the almost sure case, one must rely on functional-analytic
approaches originally developed for two-stage stochastic programming. The resulting
theory allows for more generality in the way randomness is introduced than (10.35); the
resulting optimality conditions are however less useful in the sense that they contain
singular Lagrange multipliers, which may not be tractable in practical computation.
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Two "optimal solutions" optimality condition solution 1 optimality condition solution 2
o

—— solution 1

—— solution 2

Fig. 10.14: Tllustration of the optimality conditions (10.36).

As already mentioned in the introduction, in some cases, the almost sure constraint
is equivalent to a robust constraint of the type “g(u, z) < 0” for all z belonging to the
support of the random vector. Then, it is possible to make a connection to semi-infinite
programming and obtain optimality conditions of the form

—DF(u*) € 103", A*>0, 3u*) <0, A*gu*)=0.

Here, g(u) := MaX(x,z)e ng[g(u)](x, z) — a with § being the control-to-state mapping
from L2(D) to C(D x E). The (convex) subdifferential of g has the form

ogu™) = {J _ 08x,(u)du(x, z) | ¢ is a probability measure supported on M(u*)} ,
DXE

and
M(u) = {(x,z>e13xa|[§<u>1<x,z)= max [§<u)1(x',z'>}.

(x’,27)eDXE
As is the case in the setting of probabilistic constraints, this formula can be made explicit
for the problem (10.34), which makes it amenable to numerical simulation.

10.5 Conclusions

We have discussed how probust constraints can be used in optimization problems that
model rational decision under uncertainty. The probust constraints contain a parameter

pe(, 1)

which is a prescribed probability level for the satisfaction of an inequality constraint that
is subject to uncertainty. Similarly as in semi-infinite optimization, where the inequality
constraints depend on a parameter in a compact set, in our setting we consider a family
of constraints that depend on a random variable. Since also the probability distribution
may be uncertain, the distributional robustness of such constraints is discussed as well.

Applications to the optimal operation of gas networks are presented. The problem
of nomination validation under uncertainty, where the aim is to find feasible transport
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plans to satisfy the customer demands is discussed. Next, static capacity maximization
is considered. For the dynamic case, chance maximizing controls are studied.

Finally, we have presented numerical algorithms, where the gradients of the proba-
bility with respect to the decision variables play an important role. The use of kernel
density estimation in connection with the stochastic gradient method is described.
The application of bundle methods for the numerical solution of distributionally robust
chance constraints is discussed. Then numerical methods for solving optimization prob-
lems with robust or almost-sure constraints are considered and numerical examples are
presented.

Also related theoretical results about the well-posedness, existence of solutions and
convexity in probabilistically constrained optimal control of linear PDEs, the necessary
optimality conditions and the turnpike property are discussed.

Our overview illustrates that for optimization under uncertainty with constraints that
are of probust type, a number of numerical methods is available that allows to solve
this class of problems which is useful for many applications. We have also presented
theoretical results that indicate the mathematical challenges in this interesting area that
spans from mixed-integer problems to PDE-constrained optimal control.
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Abstract In this chapter, a new method is presented for solving chance-constrained op-
timization problems. The method combines the well-established Spherical-Radial De-
composition approach with the Continuous Stochastic Gradient method. While the Con-
tinuous Stochastic Gradient method has been successfully applied to chance-constrained
problems in the past, only the combination with the Spherical-Radial Decomposition
allows to avoid smoothing of the integrand. In this chapter, we prove this fact for a
relevant class of chance-constrained problems and apply the resulting method to the
capacity maximization problem for gas networks.
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11.1 Introduction

We consider optimization problems with a probabilistic constraint or chance constraint
of the following form:

min  go(x),
X

st o(x) =Py (g(x,{) <0) > p.

(P)

Here, the decision x belongs to some finite- or infinite-dimensional space, gg is an
objective function to be minimized, g is a random constraint function, ¢ is a random
vector defined on some probability space (2, A, P) and p € (0, 1] is a probability level.
The interpretation of the chance constraint is as follows: the decision x is defined to
be feasible, whenever the random inequality g(x, ) < 0 is satisfied with probability at
least p. Formally, a chance constraint is a deterministic inequality constraint of the form
¢(x) > p, where ¢ denotes the probability function assigning to each x the probability
of satisfying the random inequality. The challenge posed by chance constraints relies on
the fact that usually no explicit formula for ¢ is given. This is even more prevalent for
gradients Vo, if they exist at all. For a comprehensive classical introduction to chance
constraints, we refer to the monograph [20] and to the more recent presentation in [26].
Algorithms and applications in the context of gas networks involving chance constraints
can be found in Chap. 10, “From Probabilistic to Probust Constraints: Optimization
under Uncertainty” of this book.

The concept of chance constraints to model stochastic uncertainties in the data was
first introduced by [8]. As already mentioned, ¢ is often not given explicitly in the
case of continuous distributions. Therefore, much research focuses on approximating
the chance constraint with easier functions. One possibility is to replace the continuous
distribution by a finite sample. Here, scenario approximations (e.g., [7, 16]) or sample
approximation techniques (e.g., [1, 15, 18]) are often the methods of choice. The approx-
imations result in classical mixed-integer nonlinear programming problems (MINLPs)
that can be solved by available approaches from this field. Nevertheless, good discrete
approximations of the original distribution often need too many samples to solve the
resulting MINLPs efficiently in practice. So, there also exist various different approxi-
mations of the function ¢ dealing directly with the continuous distributions. Common
methods are for example the Bernstein approximation [17], conditional Value-at-Risk
approximations [23] or robust approximations (e.g., [2, 3,28]).

Concentrating on special kinds of distributions, there also exist results to directly deal
with the chance-constrained function ¢. For example, in the case of elliptically sym-
metric (e.g., Gaussian) random vectors (see Sect. 11.2.1 and Sect. 10.3.1.1 in Chap. 10,
“From Probabilistic to Probust Constraints: Optimization under Uncertainty”), a suc-
cessful workhorse for the numerical solution of optimization problems (P) is the so-
called Spherical-Radial Decomposition (SRD), which provides strong regularity guar-
antees for ¢.

Nevertheless, evaluating the probability function with respect to a multivariate Gaus-
sian distribution is still necessary. So far, quasi Monte-Carlo methods are often used
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for this task. In this work, we propose a different approach, combining the Continuous
Stochastic Gradient (CSG) method [19] with SRD.

To avoid a numerically expensive (quasi) Monte-Carlo integration for the probability
function in each iteration, CSG follows ideas from traditional stochastic sample-based
optimization like the Stochastic Gradient (SG) method [22] or similar related ap-
proaches [6]. Thus, in each iteration, rather than being fully evaluated, the probability
function is sampled for a small number of realizations of the random variable (mini-
batch). In contrast to most other stochastic sample-based optimization schemes, these
gradient samples are not discarded after the iteration but instead stored to accumu-
late information during the optimization process. By adaptively recombining old and
new gradient information, CSG constructs a gradient approximation with vanishing
approximation error [11, 19], resulting in an overall reduction in the required number
of gradient evaluations.

To apply the CSG method to the chance-constrained problem, we penalize constraint
violations in the objective function. We note that the article [4] already uses the CSG
method to solve chance-constrained problems. However, convergence results for CSG
are restricted to probability functions with strong regularity assumptions [11]. To be
precise, in [11], ¢ is assumed to be of the form

e(x) =Es[o(x, D],

with globally Lipschitz V, ¢. Thus, an additional smoothing approximation to obtain the
necessary regularity of the underlying functions is carried out in [4]. By combining SRD
and CSG, we circumvent this smoothing operation in a nontrivial fashion. Nonetheless,
the SRD reformulation of (P) is still not sufficiently regular to apply known convergence
results of CSG. Therefore, we present an extension of CSG convergence theory that
covers our numerical examples and more general classes of objectives.

The efficiency of the proposed method is numerically demonstrated for small ana-
lytical problems as well as for the capacity maximization problem in gas networks.

11.2 Basic Components
11.2.1 Spherical-Radial Decomposition

The concept of Spherical-Radial Decomposition (SRD) relates to random vectors hav-
ing an elliptically-symmetric distribution (e.g., Gaussian, Student, Laplace, etc.). Such
distributions can be decomposed into a uniform distribution over the unit sphere and
some one-dimensional radial distribution (e.g., Chi-distribution for the Gaussian case).
For a basic monograph on this topic, we refer to [9]. Exploiting this property for
elliptically-symmetric distributions leads to several benefits like variance reduction in
the estimation of probabilities or representation formulae for gradients or subdiffer-
entials of probability functions. SRD has been successfully applied to the numerical
solution of many problems of operations research and optimal control involving prob-
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abilistic or chance constraints (e.g., [10, 12, 13]). For an introduction to SRD, we refer
to Sect. 10.3.1.1 of Chap. 10, “From Probabilistic to Probust Constraints: Optimization
under Uncertainty”.

11.2.2 Continuous Stochastic Gradient Method

The Continuous Stochastic Gradient (CSG) method [19] is an optimization scheme
designed for problems containing expected values. Consider a set of admissible designs
x € X C R%, asetof uncertain parameters £ € Z*! C R% as well as a Borel probability
measure ¢ on Z° with ¢ ~ . Then, we consider CSG’s application to the problem

g{rgg go(x),
(11.1)
st @x) i=Es[ox, )] = Jzad #(x, Hu(dd) = p.

Note that this includes problem (P) from the introduction, by reformulating the prob-
ability P as the expected value of an appropriate indicator function. In such cases,
gradient-based methods require the calculation of

Vo(x) = B¢ [Vag(x, )]

in each iteration, which may be numerically intractable. Thus, following the concepts
of the Stochastic Gradient (SG) mqhod in [22], the current true gradient Vo(x,) is
replaced by a stochastic direction G,, which is obtained by sampling V,@(x,, ) at
a small number Np (batch size) of independent and identically distributed random
samples {{fli)}i=1 _____ ~Ng- In SG, this direction is constructed by simply setting

~so . 1 @)
G, = N—B;:Vx¢)(xn, n )
which yields an unbiased gradient estimator, i.e.,

E{Zr(,i)} [52(}] = Vo(x,).

Unfortunately, this approach has two major drawbacks we want to avoid in this contri-
bution:

(i) If evaluating V,¢(x, -) is time consuming, e.g., because it requires the simulation
of a highly complex system, discarding gradient samples from previous iterations
is wasting precious information.

(i) The constraint appearing in (11.1) will later on be handled by a penalty approach.
However, the resulting penalty term

1
Pi(x) = 3 max{0, p — (x)}* (11.2)
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depends on ¢ in a nonlinear fashion. Thus, by the chain rule, we cannot construct an
unbiased estimator to VP, (x,,), as this would require knowledge of ¢(x,,). Therefore,
the resulting optimization problem is out of scope for SG.

To deal with both of these drawbacks simultaneously, CSG stores old gradient informa-
tion. Then, in each iteration, old and new gradient samples are used to build a biased
gradient approximation

GG = Zak,ivxab(xk,{,f)), i=1,...Ng. k=1,....n.
i,k

The parameters ay ; > 0 are called integration weights and correspond to an efficient
on-the-fly integration of the nearest neighbor surrogate model

Vi, 0) = Vi, ), (ki) € argmin]|(x, &) = (s Z)I-

(u,0)

Several numerical schemes for the calculation of integration weights have been pro-
posed in [11]. Therein, a key result for CSG convergence theory, the approximation
property ([11, Lemma 4.6]), was shown as well. It states that, assuming some regularity
of ¢ and V¢, we have

IGSSC — Vo)l + 1755C — ()] £5 0 (n — o),

where fSSG corresponds to the stochastic CSG approximation of ¢(x,), i.e.,

JSS6 = Dk ¢(xk, ,(;({l))-
ik

This result now implies the following properties of CSG:

(i) As the gradient (and function value) approximation error vanishes over the course
of iterations, the method asymptotically behaves like an exact full gradient scheme.

(i) Using the function value approximations fSSG, the CSG method is capable of
handling the penalty term P,, see (11.2), allowing us to solve the chance-constrained
optimization problem (P).

Nonetheless, there are some drawbacks we need to address before combining CSG with
SRD. First off, the integration weight calculation requires additional effort, but can
be seen as fixed costs for the optimization, added on top of the gradient and function
evaluations. Especially in settings where evaluating V ¢(x, -) is numerically expensive,
the amount of time spent calculating integration weights is negligible in contrast to
the time gained by performing fewer evaluations overall. However, if evaluations come
basically for free, it is likely that CSG will be outperformed by other approaches.

Moreover, one of the prerequisites for the approximation property is global Lipschitz
continuity of ¢ and V¢ in all arguments. As we will see, this assumption is violated
when reformulating ¢ via SRD. Thus, we will extend the approximation property to
cases with less regularity in Sect. 11.4.
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11.2.3 Combination of CSG and SRD

Since a general chance constraint is typically not continuous, the authors in [4] smoothen
the indicator function with a continuously differentiable one, which is a common tech-
nique in chance-constrained optimization (see, e.g., [14,21,24,25]). Reformulating the
chance constraint via SRD, this challenge no longer occurs, as the probability function
is continuous in this case. Therefore, we get rid of the necessity to smooth the expres-
sions. Similarly to [4], we penalize a violation of the chance constraint in the objective
function, since the CSG method is only able to handle constraints directly by project-
ing onto the feasible set, which is typically impossible for the chance constraint. We
apply a quadratic penalty term to keep the differentiability properties of the probability
function ¢. Concretely, the approximation to the chance-constrained problem reads for
a fixed penalty parameter 4 > 0

1
min go(x) + E/l max{0, p — cp(x)}z.

We note that we only consider finite values for A instead of 4 — oo in our numerical
tests since appropriately chosen values already produce nearly feasible solutions. With
the extended convergence analysis for the CSG method in Sect. 11.4 this approximation
problem can be directly solved with the CSG method for a large number of applications.

11.3 Application to Analytic Model Problems

After presenting the general framework for combining the CSG method with SRD,
we discuss its performance on small analytic examples with two different chance con-
straints. The first one contains a norm constraint that defines a ball, and the second one
is a joint chance constraint whose inner constraints define a box. Before presenting the
numerical results in Sect. 11.3.2, we briefly introduce the two problem classes.

11.3.1 Problem Formulations

Our first analytic example contains a single chance constraint and is formally given by

. m
min > X;
X =1

s.t. an(x) =P, (I —x|I’< R?) > p,

where R > 0 is a given radius, p € (0, 1) is the desired probability level, ||-|| denotes
the Euclidean norm and ¢ follows a standard multivariate Gaussian distribution in R".
Owing to SRD, we know that @p,(x) > p is equivalent to

lxll< Vg p.m:
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where g, ,,, is the solution of the equation F "9(R*) = p in gq. We note that the ex-
istence of g, ,, is guaranteed only for sufficiently large R > 0 and sufficiently small
p € (0, 1), which is the case in our following numerical examples. Here, F ”;’q denotes
the distribution function of the non-central y2-distribution with m degrees of freedom
and non-centrality parameter ¢°. Evidently, the unique globally optimal solution to the
chance-constrained problem is given by the analytic formula

T
B3 ( q]),m qn,m)
X == 1[ ,/
m m

due to the symmetry of the objective function.

The second example extends the first setting to a joint chance constraint, where
multiple conditions have to hold simultaneously with probability p. Concretely, the
conditions in the chance constraint are given by a box. Considering again a linear
objective function, we obtain the optimization problem

. m
min > x;
X =1

st ppox(x) =Ps(-R < i —x; < Rforalli=1,...,m) > p,

where R > 0 is the given size of the box, p € (0, 1) is again the desired probability
level, and ¢ follows a standard multivariate Gaussian distribution. Compared to the first
setting, a globally optimal solution can no longer be computed analytically. Since the
components of £ are independent, the chance constraint is equivalent to

m

P < @pox(®) = [ [[@(x; + R) - D(x; — R)],
i=1

where @ is the distribution function of the one-dimensional standard Gaussian dis-
tribution. Since the objective function is again symmetric, finding a globally optimal
solution can be reduced to computing a scalar ¢ with

D +R)—-D(t - R)= R/p.

Although there is no analytical solution to this equation, high-quality solutions can be
computed numerically. Therefore, it is possible to compare the results of our method to
this solution.

Coming back to the example with a ball constraint, choosing appropriate combina-
tions of the radius R and the probability level p, the gradient of the respective penalized
objective function is globally Lipschitz continuous, which implies that the convergence
theory for the CSG method holds. Nevertheless, there also exist parameter combina-
tions, where this property is violated. For the box constraints global Lipschitz continuity
is always violated.
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11.3.2 Numerical Results

Although the convergence criteria for the CSG method are only fulfilled in special
settings with the ball constraint, we numerically test our combination of SRD and
CSG on both problem formulations. Concretely, we choose instances with dimension
m = 3 for both chance constraints. The radius of the ball and the size of the box are
chosen as R = 5 and the penalty parameter for our formulation is given by 1 = 10*. As
mentioned above, choosing p € (0, 1) large enough guarantees Lipschitz continuity of
Vpan. Loosely speaking, in this case, the SRD rays are viewed from a point within the
ball and the length of these rays depends smoothly on the direction. In our numerical
experiments, we found p = 0.8 to be sufficiently large. Note that similar regularity
cannot be expected for Vi, due to edges and corners (see also Sect. 11.4).

To obtain examples, where SRD rays are constructed from points outside the ball or
box, we use the probability levels p = 0.4 (ball) and p = 0.1 (box). In these cases, the
Lipschitz condition is violated. We note that we choose these values to obtain different
settings, where the convergence criteria for the CSG method are sometimes satisfied and
sometimes not, to compare the method’s performance for these cases, but the concrete
values do not matter for these small analytical examples. We stop the CSG method after
4000 iterations and evaluate the feasibility for the original chance constraint with a
quasi Monte-Carlo (QMC) approximation with 50000 sample points. To overcome the
issue of randomness we perform 500 random runs of the CSG method with the zero-
vector as starting point. Furthermore, we choose the decreasing step size 7, = 0.2/n%7.
We note that these parameters have been chosen with some preliminary computational
experiments, but do not represent optimal choices.

The algorithm is implemented in Matlab R2024b and all computations are executed
on a machine with an Intel Xeon E3-1240 v6 CPU (3.7 gigahertz base frequency),
2 cores and 32 gigabyte RAM.

We start by numerically evaluating the convergence of the CSG method for the four
tested problems. To this end, we study the original and penalized objective functions
over the iterations. We note that there is no significant difference between the penalized
and the original version, and therefore, we only show the medians and some quantile
values of the original one in Fig. 11.1.

On the left-hand side we see the development over all iterations, whereas on the right-
hand side the y-axis is shrunk to have a better view on the quantiles. We observe that the
CSG method converges for all four instances within the allowed number of iterations.
Studying the quantiles we observe larger quantiles for boxes with p = 0.1 than for
the other instances. Considering the maximal deviation, given by the fraction of the
maximal difference between the objective function values over all runs and the median
of the objective function values, we obtain for the final iteration deviations between
0.02 and 0.04 for all four instances and there is no significant difference between boxes
and balls. Therefore, the larger quantiles result from the larger objective function values
for p = 0.1 and the CSG method behaves similarly in all four tests.

To analyze the feasibility of the returned solutions with respect to the original
problem, we study the QMC approximation of the chance constraint as well as the
returned violation by the CSG method for the quality of the penalty approximation.
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Fig. 11.1: Objective function values over iterations for the median (black line), shaded
areas for quantiles Py 25.0.75 (dark) and Py 1,09 (light)
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Fig. 11.2: Median distance of the CSG iterates (left) and the SCGD iterates (right) to
the optimal solution x* in every iteration

Since the maximal returned violation is 0.004 for all instances, we conclude that the
penalty parameter is chosen large enough. With respect to the QMC approximations
we see that the median probability always meets exactly the desired probability level
and the minimal and maximal values deviate up to 2 % in each direction from the
desired level p. Furthermore, we do not notice a significant difference between the
tested examples.

Since we have access to the globally optimal solution for the ball problems and to a
high-quality approximation for the boxes, we furthermore compare our solutions to the
exact ones in the left part of Fig. 11.2.

We see that the CSG method reaches for all four instances an accuracy of about
107! to 1072. Nevertheless, the CSG method seems to be more accurate for p =0.8
than for the smaller probability levels. Furthermore, we notice in all four cases one
sudden improvement before the difference to the optimal solution becomes larger again.
At this point, the CSG iteration is closest to the analytical solution over all iterations.
We note that we start for all four instances with a feasible point and the CSG method
reduces the objective function values until the penalty term for the chance constraint
becomes active. Since we deal with an inexact penalty term, the solution returned by
the CSG method is always slightly infeasible and the peak occurs exactly where the
CSQG iterations cross the analytical solutions, but due to the inexact penalty term, the
CSG method reduces the objective function even more before reaching the optimum of
the penalty problem. Therefore, the distance to the analytical solution becomes larger
again after the peak. Nevertheless, we conclude that our combined approach produces
high-quality solutions for all four instances although the theoretical convergence criteria
of the CSG method are sometimes violated. For this reason, the next section deals with
an extension of the convergence theory to these cases.

Before stating these theoretical results, we briefly compare the CSG method with
another stochastic gradient method from the literature, namely the Stochastic composi-
tional gradient descent algorithm (SCGD) introduced by Wang et al. [27]. Although this
method is not as flexible as the CSG method, it is designed to handle two nested expec-
tations, and is therefore applicable to our penalty formulation of the chance-constrained
problem. SCGD needs the same number of evaluations per iteration than the CSG
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method, but instead of reusing information from the last iterations SCGD decomposes
the approximation of the two nested functions by separately calculating efficient step
sizes. Therefore, the additional effort for calculating the integration weights in CSG no
longer occurs, but SCGD typically needs much more iterations to converge. To com-
pare the two approaches, we allow a running time of 70 seconds for SCGD since all
performed runs of the CSG method need between 60 and 70 seconds. The respective
distance with respect to the exact solution over the iterations is shown in the right part
of Fig. 11.2. We note that the maximal difference to the optimal solution for the vectors
created with SCGD is typically one decimal better than for CSG. But if we compare
the results for both methods with the same number of iterations, namely 4000, CSG
outperforms SCGD in the minimal, maximal and median values.

In general, we conclude that for these small analytic examples, both methods work
quite well, but SCGD needs way more iterations to approximate the optimal solution
well. Therefore, CSG should be preferred if the function or gradient evaluations are time-
consuming or complicated to avoid a huge number of iterations, and for easy evaluation
as in this example, SCGD is an alternative to the CSG approach. Nevertheless, we will
not focus on SCGD in the following, but concentrate on an extension of the convergence
theory for CSG.

11.4 Extension of the CSG Convergence Theory Beyond Problems
that are Globally Lipschitz

As stated in Sect. 11.2.2, convergence results for CSG require the inner gradient function
V¢ to be Lipschitz in both arguments. However, the numerical results presented above
indicate that this assumption can be weakened to cover a more general setting. In
fact, both academic examples violate this assumption, as can be seen in Fig. 11.3 and
Fig. 11.4.

1.5 1.5
1 . 1 .
0.5 .r - 0.5 % N
I I
0 ,—"'\-\—‘Y— | 0 -7 7T |
0 0.5 1 1.5 0 0.5 1 1.5

Fig. 11.3: Illustration of the setup in the academic example using ¢p,. Utilizing the
SRD reformulation, the probability of a region with center ¥ € X (blue dot) is obtained
by integrating the (weighted) intersection length r (red) over all possible directions
v € S'. The value of » might change non-smoothly when varying the direction v (left)
or moving X (right).
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Fig. 11.4: Left: Intersection length r (see Fig. 11.3) for fixed midpoint x and different
directions, parametrized by the angle «. Right: Value of r for fixed direction v and
varying X = (1,x), see Fig. 11.3. In both cases, we observe that kinks in the graph of
r correspond to cases in which the considered ray {dv : A > 0} passes through one of
the four corners of the square.

In this section, we will extend the convergence theory of CSG to cover more general
classes of problems and show that, due to the SRD reformulation of ¢, the examples
presented above fall within this category. An important observation is that for fixed
x € R discontinuities of V¢ appear precisely in directions £ € R% for which the
ray {A¢ : A > 0} is tangent to the boundary of the box or passes through a corner. In
other words, the discontinuity set of V¢ is directly correlated to geometric properties
of the set Z24. With this in mind, we construct our general set of assumptions.

Assumption 11.1 (Regularity of X, Z* and u) The set X € R%r is compact and convex.
The set Z% C R% is bounded with supp(u) € Z.

Assumption 11.2 (Regularity of ¢ and ¢)

(1) The function V¢ : X — R is Lipschitz continuous.
(i) For all € > 0 and for all x € X exists a closed subset M(e,x) € Z* and a
0(g,x) > 0 such that

p(Me.x) <e and  ¢(0) € C'(Bis(em(x)) forevery £ € (M(e,x))".
In particular, the set
V)= {( ez ¢(-, {) is not continuously differentiable in x}

has zero measure for all x € X.
(iii) The gradient V,¢ is uniformly piecewise Lipschitz continuous, i.e., there exists
N € N such that for each £ > 0 and all x € X there exists a partition of M(e,x)¢

.....

Lipschitz continuous on the sets Bz, x)(x) X Oj(g, x).
Hence, there exists a constant L € R, independent of £ > 0 and x € X, such that

IVed(x1, &1) = Vi, DN L (IIx1 = x2llx+1E1 = &l zaa)

for all (x1, {1), (x2, {2) € Bs(s.0)(X) X Oj(e,x),j=1,...,N.
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Fig. 11.5: Product space X x Z® with possible discontinuity set (blue). Given ¥ € X
and € > 0, we can construct a set B¢, 5)(X) X M(g, X) (red) that locally contains these
discontinuities.

Assumption 11.2 allows us to decompose the product space X x Z into smaller
regions on which V,¢ is well-behaved. An illustration is provided in Fig. 11.5. The
key idea to show that the approximation property [11, Lemma 4.6] remains valid under
these milder assumptions is to “cut out” small regions around the discontinuities of
Vx¢. By Assumption 11.2, these regions can be chosen small enough such that their
contribution to the value of Vg is arbitrary small. On the remaining regions, we can
proceed as in the proof of [11, Lemma 4.6].

To simplify notation in the upcoming convergence result, we only consider a batch
size of Ng = 1 and define the nearest neighbor index of £ € Z?! in iteration n as

KNE) = min{i e{l,...n}:ic a}:r_gminn(x,,,g)—(xk,gk)n}.

1,..., n

Thus, k" () denotes the index of the sample point with minimal distance to (x,, {). If
the minimum is attained at multiple indices, k" () is chosen as the smallest one. With
k™ (), the CSG gradient approximation can be expressed as

G = > @k Vad(aer L) = JZ Vb G e D).
=i ad

Proposition 11.1 (Approximation Result for Vo) Under Assumptions 11.1 and 11.2,
the approximation error for Vo almost surely vanishes in the course of iterations, i.e.,

IVo(xn) = Gull <=5 0 for n — co.

Proof. Let &,& > 0 and 0 < & < &, with C > 0 to be defined later. Utilizing the
compactness of X, we find a finite cover (B:(X;))i=1,...,k of X consisting of K € N

.....

balls with radius 6f = 6 (&,x;) centered at points X¥; € X. In addition, we choose
compact subsets K; (£,%;) € O; (£,%;) and a radius r(&) > 0 such that
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N
D (0 (8. x)\K; (8,.%)) <& and K; (&%) +Br50) € O;(&,%)
j=1
fori=1,...,Kandj=1,...,N.Now,byapplying [11, Lemma4.5], we find N(¢) e N
such that for all n > N(g) and all ¢ € Z we have
. o AE) €
Zy(0) = llxn = xino)llx+1¢ = Sk llx < min {V(S), - 3_L} ,
with probability 1. Here, A(§) > 0 denotes the corresponding Lebesgue number of the
finite cover. In particular, for each n > N(e) this implies the existence of an index
in € {1,...,K} with the property x,, xgn(z) € B‘sf‘; (%;,) and {xnry € O; (€, %;) for all
{ € Kj (&, %;). Now, we decompose Z as illustrated in Fig. 11.5. We obtain for all
n> N(e)

[ vwonan - | Vst doem
M( &%) Zw

||V<,0(xn) -Gy <

IZﬂde¢(xn,§)u(d{)—I Vb, Oudd)

+

< 20(%, )1 (M (5. %,))
N

+>) IV (n, &) = Vi (Xan(z)s Crneey)ll u(d)

j=1 Oj é,x,‘n

N
<2C(%;,)8 +2C(%;,) > 1 (0 (8,%:,) \ K; (8.%,))
j=1

+

N
IVx¢(xn, O) = Vad(xin(r), Sino)ll n(dd)
1

j= Kj «‘:‘,)_Cin

N
<4CE,E+ D LZ,({)p(dd).

Jj=1 Kf &, Xip

Note that, by the assumed regularity of V¢ and compactness of X, the constants C(¥;,)
with

can be chosen independent of x,, and ;. Thus, setting & < % yields

< 20(%, )1 (M (&, %,))

J Vbt O) ud2)
M(&,Xi,)

||V‘p(xn) - én <eg,

finishing the proof. O
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11.4.1 Convergence for Numerical Examples

By Proposition 11.1, we know that the CSG method converges for our numerical
examples, as long as the regularity assumptions (Assumption 11.2) are satisfied. To
show that this is indeed the case, we note that both settings can be captured by the
following general framework:

Assumption 11.3 Given x € R%, we denote
ZM = {eR% : g(x,0)<0}.

We assume that there exists a set Z% ¢ R% with the following properties:

(i) Z* is compact and convex.
(i) There exists § € C'(R9;R™) such that Z% = {¢ € R% : g({) < 0}. Moreover,
linear independence constraint qualification LICQ is satisfied for all € Z%.
(iii) There exist functions R € C'-!(R%x; SO(d;)) and T € C LI(R4x; R4 ) such that

Z;d = R(x)Z¥ +T(x) forallx € R,

ie., Z;d is obtained by rotations and translations of Z ad Here, SO(d,) denotes the
special orthogonal group.
(iv) There exists a vector € Z satisfying the Slater condition §(£) < 0.

Note that, by construction, both examples from Sect. 11.3 satisfy these assump-
tions. The remainder of this section is dedicated to prove that Assumption 11.1 and
Assumption 11.3 imply Assumption 11.2, i.e., that the generalized convergence result
(Proposition 11.1) is applicable for our numerical examples.

First off, we show that these assumptions imply the Lipschitz continuity of V¢ on the
set X. Since this latter set is compact by Assumption 11.1, it is sufficient to verify the
local Lipschitz continuity of the globally defined probability function Ve in (P). The
following lemma provides a verifiable condition on the density of the random vecor ¢
which is in particular satisfied for the Gaussian distribution.

Lemma 11.1 Let A € R< be a compact set. Let T : R" — R and R : R" — R9*4
be mappings with locally Lipschitz continuous derivatives such that R(x) is a regular
d X d— matrix for all x € R". Finally, let ¢ be a d— dimensional random vector having
a density fg with locally Lipschitz continuous derivative (e.g., multivariate Gaussian
distribution). Then, the probability function

e(x) =P eT(x)+ Rx)A) (x €R")

is continuously differentiable and its derivative is locally Lipschitz.

Proof. By assumption, we have that, thanks to regularity of R(x),

e(x) = I fe()dz = Iff(T(x) +R(x)y)detR(x)dy (x € R").
A

T(x)+R(x)A h(x,y)
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Fix an arbitrary X € R". Our assumptions ensure that % is continuously differentiable.
In particular, thanks to the compactness of A, there exists a constant M such that for all

xcloseto X, forally e Aandall j = 1,...,n, the estimate ) - (x, y)‘ < M holds true.

Next, fix an arbitrary j € {1,...,n} and denote by e; the correspondmg standard unit
vector in R”. For an arbitrary sequence ¢, — 0, we obtain that

P +1xe)) = ¢(F) _ I h(x +trej, y) — h(x, y)dy

1 Ik

A

By the Mean Value Theorem, for each y € A, there exists some 74 (y) with |7 (y)|< |t |
such that

hGE+1xej,y) - h(%,y)  9h Oh
(X +1rej,y) = h(X,y) - a_(x+7-k(y)e],y) - —(x )

Ik

Moreover, | (x +711(y)ej, y)|< M for all k sufficiently large and all y € A. Now, since
A has finite Lebesgue measure as a compact set, the Bounded Convergence Theorem
yields that
(X +1re ) — p(X)
Ik

oh
- I —(x ydy = —(X)
A

because t; — 0 was arbitrary. Since ¥ € R" and j € {1, ..., n} were arbitrary, we have
that all partial derivatives of ¢ exist and are given by

0 oh
6_¢(X) = I —@,ydy (j=1,....n; x eR").
)Cj 6xj

Now, let again ¥ € R™ and j € {1,...,n} be arbitrary and consider an arbitrary con-
verging sequence x*) — %. Then, repeating the argument of the Bounded Convergence
Theorem already employed above, we check that

<M Vk > ko,

oh oh oh
k) G =N on (k)
ox, *,y) — ox; *,y); ' ox; @™, y)

whence P ah P

99w J Oh = Ny =29

(9xj(x )_) (9xj(x’y) Y ij(x)'

A
Therefore, ¢ is continuously differentiable. It remains to show that the partial derivatives
are locally Lipschitz. To this aim, let once more X eR"and j € {1,...,n} be arbitrary.
Observe that our assumptions imply that is locally Lipschitz. As a consequence of
A being compact, there exists an open nelghborhood U(x) of X and a modulus L > 0
such that
oh oh al

— (x4, )—g(xb,y) < L|x%-x
J

Vx4, xb e UR) Yy € A.
0x;
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This then entails, with ¢ denoting the Lebesgue measure of A, that

0 0
—(p(x“) - —‘p(xb) < Le|lx® = xP|| Vx4, x? € UE).
ij 6xj
Hence, the derivative of ¢ is locally Lipschitz. O

For the other properties listed in Assumption 11.2 we have to distinguish two cases:
tangent directions and directions passing through an edge of Z%. We begin with the
latter.

Edges Let Poa,-1(2) = ﬁ for ¢ € R% \ {0} denote the projection of € R% on the

unit sphere % ~!. Moreover, for 7 C {1,...,m}, we define 7¢ := {1,...,m} \ T and

ET)={0eZ™: gr(0)<0, gr() =0}

By Assumption 11.3, it holds
0Z¥ =) &).

| I]>1

Furthermore, the edges of the set Z2 correspond to points of Z2 at which at least two
inequalities are active, i.e., they are given by

U ew).

| 7>2

We show that the corresponding set of directions v € S%~! passing through an edge is
of Hausdorff measure zero, as our regularity assumptions imply that Z2 has a finite
amount of edges and each individual edge is of low dimension.

Lemma 11.2 Under Assumption 11.3, it holds that 7—(;?;11 (Psd{—] (U122 8([)))

=0.

Proof. Let k := |I|. Utilizing LICQ and the preimage theorem, we conclude that
&) is a (d; — k)-dimensional submanifold. Hence, for every p € &(1) there exists a
C'-diffeomorphism ® p on an open neighborhood V), of p such that

) (EX)NV,) =By (V) 0 (REF x {0)*).
Then, ¢, := ®,'(-, 0) defines a C'-mapping on the open set
Up:={¢eR¥% | (£,00ed,(V,)} cR%
Now, let W, := {§ €Up | La,—j=0forall j < k} and note that y,(W,) = EI )NV,

as well as A4, -1(W),) = 0. We consider ¢, to be a local parametrization of the sphere
§4c=1 guch that Pods-1 (E@)NV,) Cim(pp). Since
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<P;1 oPeag-10Y), € c! (Up;Rdi‘l),
we deduce
o (90;,1 (Psdr] (&dn Vp))) = Ad;-1 (("01—71 © Pgaz1 0 lﬂp) (Wp)) =0

and the claim follows from the compactness of Z¢. O

Tangent Directions By the assumed convexity of Z%, if 0 € int(Z?%), there can be
no directions v € S9! that are tangent to Z*¢ and therefore nothing has to be shown
in this case. Thus, we always assume 0 ¢ int(Z??) in the following, without mentioning
it explicitly every time.

Definition 11.1 (Tangential Points) We say ¢ € Z?! is a tangential point of the set
Z™, if there exists an outer normal vector ng € R4 \ {0} and a corresponding half
space Hy := {x € R% | (ng,x) < (ng,¢)} such that Z% € H, and 0 € (int (Hz)) .
We denote the set of tangential points of Z% by 7.

Definition 11.2 (Tangential Directions) Let 75 := {{ € 7 | (nz,¢) = 0} \ {0}. We
define the set of tangential directions of Z% as V := Paz-1(70).

In the following, we denote the closed and convex conical hull of the set Z% as
K* := cone(Z™) = {acice Z4 > 0}.
Note that if 0 € 9 Z, K™ is identical to the usual tangential cone of Z at 0.

Lemma 11.3 Under Assumption 11.3, it holds that V = 8., (8%~ ' nK*) =
Sde='n oK.

Proof. Let v € V. Then, there exists 1 > 0 such that v € 17175 € 1719Z% c K*.
Hence, we find an outer normal vector ny, € R% \ {0} such that (n4,,v) = 0 and
Z* C ‘H,,. This implies K* C H,, and for every & > 0, there exists azs > 0 such that

Pz (W +asny) € %N (KN Bs().

Thus, v ¢ intga,—1 (S9! N K*), which implies v € da,-1 (%1 N K*).

Now, let v € da -1 (S%~' NK*) . Then, v € dK* C K* and we find u > 0 such
that v € Z%. The convexity of K™ implies the existence of n v € R \ {0} such that
(nyv, k — pv) < 0 for all k € K*. Choosing A > 1, we obtain

02> (nyy, Apv — pv) = (A = 1){nyy, o) > 0.
Hence, (n,, uv) = 0 and the claim follows. O

Next, we show that V is of Hausdorff measure zero and has open neighborhoods of ar-
bitrary small Hausdorff measure. For & > 0, let (V). = {v € %! | dist (v, V) < £}.
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Lemma 11.4 Under Assumption 11.3, it holds that 7‘(;;(__11 (V) = 0. Furthermore, for

every & > 0 there exists €5 > 0 such that 7—(;;{__11 ((V)g,) <6.

Proof. First, assume that 0 ¢ Z ad From the convexity of Z ad it follows that K* is a
convex and pointed cone. Thus, the set S%~! N K* is spherically convex and we can
choose w € intga, -1 (S~ N %) such that

st Nk 8= {ves% | (w,v) >0}.

Now, let ]R,Zlf = {{ e R% | (w, ) = O} and denote the corresponding gnomonic pro-

o d _ . . o .
jection as g, : Si — Ry,0 — (w,v)"'v — w. The function g, is a bijection with
inverse g,! := P -1(- + w) and it maps closed and spherically convex subsets in

S? to convex sets in ]Rff, see [5]. In the following, we proceed in a similar way to
Lemma 11.3. By choosing a parametrization ¢ of the sphere S% ~! with the property
S9 -1 N ¥K* C im(y), rotating the hyperplane ij by a linear mapping R € SO(d,)
such that R(Rfff) C R¥~1x {0}, then applying the canonical embedding E from R% ~!
to R% and denoting ¢ := E~! o R o g,,, we obtain

a6 0) < (67 08 oo o)) =0

Here, we utilized that the set 8 (¢ (S%~! N %*)) has zero measure as the boundary of
the convex set ¢ (S% 1 N K*) € R~

If 0 € dZ%, K* is either a convex pointed cone, or a half-space, due to the
convexity of Z¥ In the first case, we can proceed as above, while in the second

case, H* ™} (V) = 0 follows directly from #* ! (s=2) = 0.
s s¢
We now prove the second assertion. Since V is compact, we have V = N2, (V)

for any monotonically decreasing null sequence {&;};<;; and this implies

Sd;—l Sd»{_l Sd{—l

0=HIE (V)= HE | (ﬁ m&.) = lim HETL(V),,).
i=1

O

To show that part 2 of Assumption 11.2 is indeed satisfied, we need to make sure
that the set V does not change too rapidly for varying designs x € X.

Lemma 11.5 For all € > 0 and all x € R%, there exists 6(g,x) > 0 and a set
M(e,x) 2 V(x) such that 7'(;5{__11 (M(e,x)) < & and

V(y) € M(e,x) forall y € Bsie x)(x).

Proof. Lete >0andx € R9 . First, assume that 0 ¢ 6.Z f}d. Due to the Slater condition,
there exists a £* € int (Z29). Define the functions f; 'R" > R'and f; :R" > R"
as
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foizm @=U -9+ and fiizeo @-O1+¢)+ ™

Moreover, let Z7(¢,x) = f; (ZY),Z%(,x) = I3 (Z) and let K~ (¢,x) and
K*(¢,x) be the conical hulls of the sets Z (¢, x) and Z*(¢,x). Set K*(¢,x) :=
K*(p,x) \ K™ (¢, x). There exists a ¢(¢) > 0 such that

SN KE(P(e), x) € Velx).

There exists a (g, x) > 0 such that the inclusion 0Z§d C Z*(¢,x) \ Z (¢, x) holds
true for all y € Bs(e.x)(x). This implies 0K*(y) € K= (d(e),x) for all y € Bs(e,x)(X).
In total, we obtain

V(y) = S% 1 naK*(y) € S% ' N KE(@(e), x) € Vel(x)

for all y € Bs(e,x)(x), i.e., we can simply choose M(g,x) = V(x).
In the case that 0 € 6Z§d, we choose

M(e,x) = {{ eR¥% 1 L € Vep(x)or — ¢ € Vepx)}
and consider 6(;, x) instead. Then, the same steps as above yield the claim. O

Remark 11.1 In the proof of Lemma 11.5, the distinction whether or not 0 € 8Z§d
has a simple geometric reason: If 0 is a corner of Z2, the set of tangential directions
rapidly changes, even for minor perturbations of x. To see this, assume that x = 1 and

Z¥={{eR ¢ ¢ - (Lo lws 1},

Then, the associated tangent directions are given by V(1) = {(1,0)7, (0, 1)7}. However,
for any & > 0, we have V(1 — &) = {(0, )7, (0, —1)"}. In general, if O is a corner of
Z¥ and v € V(x) a tangent direction, translating Z¢ in direction —v will immediately
result in —v € V(X), even if —v ¢ V(x).

Note that the same steps as in the proof of Lemma 11.5 yield an analogous result for
directions passing through an edge of Z;d. Thus, we see that, under Assumptions 11.1
and 11.3, we indeed satisfy Assumption 11.2 and are able to apply Proposition 11.1 to
our numerical examples.

11.5 Applications to Capacity Maximization

In this section we want to solve the problem of capacity maximization in the setting
of stationary gas flow for a small example instance, where the random demand is
given by a (multivariate) Gaussian distribution. The problem formulation has already
been given in Chap. 10, “From Probabilistic to Probust Constraints: Optimization
under Uncertainty”. We recall from Sect. 10.2.2.1 that the capacity problem in the
stationary case can be reformulated as a classical probabilistic program (10.14) that
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is of the form (P). The random constraints are given in (10.13). They turn out to be
quadratic in both the control and the random variable. This structure allows for an easy
computation of the partial derivatives and the radius function p needed when applying
the SRD method. For each control # and spherical radial v the computation of the radius
p(u,v) (see Sect. 10.3.1.1 of Chap. 10, “From Probabilistic to Probust Constraints:
Optimization under Uncertainty”) just requires solving ordinary quadratic equations.
For more details we refer to [12], where in addition to the algorithmic aspects also
a theoretical justification for the existence of gradients of the probability function is
given.

For our numerical study, we consider the capacity problem example of medium
size represented in [12, Sect. 6]. Although it is not clear whether the requirements for
the convergence of the CSG method hold for the capacity maximization problem, we
apply the CSG method to it. Concretely, we consider the case of equal pressure bounds,
where the number of inequalities to calculate the constraint function can be significantly
decreased, and the case of general pressure bounds. We choose the probability level
p = 0.9 and the penalty parameter A = 107. Furthermore, we choose the all-ones vector
for the linear costs and start the CSG method with the zero-vector. In total, we perform
8000 iterations with the CSG method, but since the weight calculations become very
time-consuming for this number of iterations, we restrict the maximal number of old
sample points used for the gradient approximation to 4000 and discard the samples
that are farthest away from the actual point based on the nearest neighbor computation
for the weights. Furthermore, we use an adaptive step size rule, where we start each
iteration with a constant step size 79 = 5 and increase or decrease it if the gradient steps
get very small or very large. Furthermore, after the first 5000 iterations, we additionally
decrease this adaptively chosen step size by the factor 1/(n — 5000)°° in iteration n.
To evaluate the probabilities with respect to the original problem we perform a QMC-
approximation with 100000 sample points. Furthermore, we perform 500 random runs
for both test cases to overcome the issue of randomness in the CSG method.

First, we study again the convergence of the CSG method by looking at the objective
function values over the iterations. Comparing the original objective function and the
penalized version, the behavior is very similar, but due to the huge penalty parameter
there is more variation for the penalized version and the values are typically larger, but
the differences are small, and so, we only show the median and some quantile values
for the original objective function in Fig. 11.6. Since the behavior is also very similar
for the case of equal and general pressure bounds we restrict to a visualization of the
general case.

We see that the medians and quantiles converge. The maximal deviations are given
by 0.16 for both problem formulations. Therefore, the CSG method indeed converges,
providing numerical evidence that our theoretical requirements are satisfied. Further-
more, the penalty formulation works well since the maximal returned violation by the
CSG method is for both settings given by 0.01.

For the feasibility with respect to the original chance constraint we consider the QMC-
approximations. We note that in the median the estimated probability always equals the
desired value 0.9, but single runs can be slightly infeasible and the probabilities range
from 0.88 to 0.91. Nevertheless, we can conclude that the combination of CSG and SRD
is able to solve this difficult class of problems. Furthermore, the running times for both
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Fig. 11.6: Objective function values over iterations for the median (black line), shaded
areas for quantiles P 25,0.75 (dark) and Py 1,09 (light) for general pressure bounds

settings lie in the range of 240 to 270 seconds. We see no essential difference between
the two settings since the number of total function evaluations is quite small, namely
8000, whereas Monte-Carlo based methods that require multiple function evaluations
in every gradient iteration need significantly more time for the setting with general
pressure bounds. Therefore, the CSG method should be preferred if the function or
gradient evaluations are time-consuming and the stochastic dimension is small enough.
Solving the example problem with SRD and by the built-in SQP solver of Matlab for
the computation times in both settings we obtain approximately 40 and 120 seconds,
respectively. Even if the SQP method in combination with SRD works faster in this
example, we notice an increase of computation time of factor 3 in the general setting
that involves substantial more random constraints. The CSG method turns out to be
more self-contained if the effort of computing the probability function increases, which
emphasizes the potential of this method.

11.6 Conclusion and Outlook

In this chapter, a new method for the solution of chance-constrained problems based
on a combination of the SRD technique with the CSG method was presented. The con-
vergence behavior of the CSG-SRD method was investigated using a class of academic
test problems. Although standard assumptions required for the CSG convergence theory
to hold were violated, our numerical studies demonstrated the correct behavior of the
CSG method applied to the SRD formulation of the chance-constrained problem. This
motivated us to establish a generalized convergence theory of the CSG method under
weaker assumptions. It was also demonstrated that these weaker assumptions hold for
a relevant class of problems covering the analytic test problems used in our numerical
experiments. Beyond this, the CSG method using SRD has been applied to capacity
maximization problems for gas networks. While for this problem it is open, if our new
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convergence framework applies, again convincing numerical results could be obtained.
A comparison to classical Monte-Carlo based approaches shows that our method needs
far fewer function evaluations, and is therefore especially useful if function evaluations
are time-consuming. As an extension of the presented capacity maximization prob-
lems with chance constraints relying on the algebraic gas model, our proposed method
should be very efficient when moving to models including ODEs or PDEs as explained
in Chap. 2, “A Catalog of Gas Network Models: PDEs, Coupling Conditions, and
Numerical Schemes” of this book.
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, and

Abstract Incremental-decremental optimization is a mathematical framework to cap-
ture the gradual transformation or renewal of infrastructures. Elements are transformed
one at a time while minimizing the operational costs or maximizing the utility of the
transformed and untransformed parts. We present an algorithm for finding an order in
which to transform the elements such that the cost or utility is close to the optimum
value in each step. Additionally, two examples are given for applying the framework to
the transition from natural gas to hydrogen networks. Known bounds for incremental—
decremental maximization are surveyed.

12.1 Transition from Gas to Hydrogen Networks

To achieve carbon-neutrality, a major transition from natural gas to hydrogen infras-
tructure is planned in Europe [11]. In Germany, the approved Hydrogen Core Network
totals 9,040 km of which 56 % are converted from existing gas pipelines [4]. In this chap-
ter, we give a mathematical framework, called incremental-decremental optimization,
that addresses the question in which order the infrastructure should be repurposed.

We first discuss incremental-decremental minimization. In the incremental-decre-
mental minimization problem, we are given two objective functions g: 2 — R and
h:2E — R, defined on a finite set E of n elements, where g and 4 model the operating
cost of the natural gas and hydrogen network on a subset of the network elements,
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respectively. Then, f: 2F — R defined as f(S) = h(S) + g(E \ S) gives the overall
operating cost after repurposing a subset S and §; = argming.{f(S) : [S|= k} is
the optimum solution minimizing the operating cost after repurposing k elements. The
goal is to find the best order (ey, ..., e,) in which to renew the elements such that in
each step the cost of the partial solution Sg := {ey, ..., ex} is as close as possible to the
optimum value. That is, we want to minimize the competitive ratio

pi= ?llax }min{reRZo D (S <rfSPY (12.1)
€il,..., n
An order (eq, . . ., ey) is called a solution of the incremental-decremental problem. It is

called p-competitive if its competitive ratio does not exceed p. An algorithm that obtains
a succinct representation of the functions g and 4 on the set E as input, and returns a
solution, is called p-competitive if all its computed solutions are p-competitive.

12.1.1 Chaper Outline

The remainder of this chapter is organized as follows. In Sect. 12.2, we introduce a
double-greedy algorithm for incremental-decremental minimization. Initially, the algo-
rithm has no element earmarked for early or late transition. In each step, the algorithm
selects an element that provides the minimal increase in cost for either the new cost
structure & or the old cost structure g. If the cost increase was minimal for A, it adds
the element to the front of the sequence, and if the cost increase was minimal for g, the
element is added to the back of the sequence.

In Sect. 12.3, we illustrate its performance on a transition challenge in a subnetwork
of the German gas network. More specifically, the task is to convert possible exit nodes in
the network (that correspond to energy consumers) from being gas consumers to being
hydrogen consumers while minimizing a certain objective related to the operation of
the networks in intermediate time steps.

In Sect. 12.4, we consider incremental-decremental maximization that has been
introduced in [7] and is the maximization counterpart of the incremental-decremental
minimization problems. Here, the functions g and & represent the utility of the gas
or hydrogen network on a subset of elements, where f is defined as the overall value
after repurposing a set of elements. Then, the optimum solution maximizing the utility
is 87 = argmaxgcg{f(S) : [S|= k} and the goal is to find an order (ey,...,en)
maximizing the value of the partial solutions Si. Again, we want to minimize the
competitive ratio, which for maximization is defined as follows

p:=_ max min{r € Ryo:7rf(Sx) > f(SP}. (12.2)
We show that the double-greedy algorithm achieves a competitive ratio of 1 + -5

when both g and & are submodular. Further known bounds on the competitive ratio for
incremental-decremental maximization are mentioned in Sect. 12.4.1.



12 Incremental-Decremental Optimization for the Transition to Hydrogen 291

12.1.2 Related Work

Incremental optimization problems, where solutions must be near-optimal at every
intermediate cardinality, were introduced by Hassin and Rubinstein [16]. They asked
for matchings with the property that for each k, the total weight of the k heaviest
edges in the matching provides a good approximation for the best matching of k edges.
Matuschke et al. [19] showed that for this problem, the achievable approximation factor
can be decreased by considering randomization. Goemans and Unda [13] considered
incremental variants of classical combinatorial optimization problems. They, however,
aimed to approximate the average performance of a solution where the average is
taken over all intermediate solutions, and provided approximation guarantees for a
large class of combinatorial optimization problems. Hartline and Sharp [15] considered
an incremental flow problem where the capacities increase over time. Bernstein et
al. [1] derived general bounds for incremental maximization and highlighted structural
barriers that distinguish incremental objectives from their static counterparts. More
recently, Disser et al. [§—10] provided further and improved results in these directions.

Lin et al. [18] studied incremental minimization problems and developed a general
approximation framework motivated by hierarchical clustering and facility location.
In particular, they showed that greedy-style algorithms provide bounded competitive
ratios.

The incremental-decremental setting considered in this chapter generalizes these
models by allowing simultaneous growth and shrinkage of two coupled systems. In par-
ticular, while classical incremental optimization corresponds to the special case where
one objective function is identically zero, the incremental-decremental framework cap-
tures trade-offs between legacy and emerging infrastructures at every intermediate
step. Incremental-decremental maximization was formally introduced and analyzed by
Disser et al. [7], who established upper and lower bounds on the achievable competitive
ratios under various structural assumptions, including submodularity, bounded curva-
ture, and gross substitutability. The present chapter builds directly on that work, both
algorithmically and analytically, and complements it by illustrating its relevance in a
concrete infrastructure transition context.

The algorithmic design in this chapter is inspired by the seminal double-greedy algo-
rithm of Buchbinder et al. [3] for unconstrained non-monotone submodular maximiza-
tion, later refined and analyzed by Feige et al. [12]. Double-greedy methods maintain
two complementary partial solutions that grow towards each other, enabling constant-
factor approximations in settings where classical greedy algorithms fail. However, the
problem studied here differs fundamentally from unconstrained submodular maximiza-
tion. The presence of cardinality constraints at every intermediate step, combined with
the interaction of two objective functions (representing gas and hydrogen networks),
prevents a direct transfer of existing analyses. As a result, the competitive guarantees for
incremental-decremental maximization require new arguments, as developed by Disser
et al. [7], and no such guarantees are currently known for minimization.
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12.2 Double-Greedy Algorithm

The double-greedy algorithm that we propose for incremental-decremental mini-
mization proceeds in steps. In each step, it chooses an element with the lowest
marginal increase for g or 4 and adds the element at the beginning or at the end of
the ordering, respectively. The marginal increase measures how much the value in-
creases when an element is added to the given solution. We introduce the notation
fle | S) := f({e} US) — f(S) for the marginal increase in f:2F — R of an ele-
ment e € E with respectto S C E.

More precisely, initially, both the considered prefix and the considered suffix of the
solution are empty. In each step, we compute for each remaining element its marginal
increase in g relative to the current suffix, as well as its increase in A relative to the
current prefix. Among all the remaining elements, we then choose the element with
the smallest marginal increase in either g or A. It is then appended to the end of the
current prefix if the minimum is attained for A, or to the start of the current suffix if
the minimum is attained for g. For an illustration, see Fig. 12.1, and for the formal
definition, we refer to the double-greedy algorithm for minimization above.

Algorithm 1 Double-greedy algorithm for minimization

input: g, h:2F — R.( monotone
output: Ordering (ey, ..., e,) of the elements in E
G() — @; H() — 0
fori —1,...,n:
e; « argmin{min{g(e | G;-1), h(e | H;-1)} : e € E\(G;—1 U H;_1)}
if g(e; | Gi-1) < h(e} | Hi-1):
G; «— G;i_1 U {e:F}
H; <« H;_,
en-|Gil+1 < €]
else
H; — H; U {e:‘}
G; — G-
elm| < €

return (e;, ..., e;)

In the next section, we explain the model for minimizing operational costs and
illustrate the performance of the double-greedy algorithm on an example subinstance
of the German gas network.

For incremental-decremental maximization, we modify the double-greedy algorithm
to choose in each step an element with the highest marginal increase for g or A,
see double-greedy algorithm for maximization. For this setting, the double-greedy
algorithm is introduced and analyzed in [7]. Upper bounds on the competitive ratio are
derived for the cases where the objective functions are submodular, gross substitute, or
have a bounded generic submodularity ratio. In the first and last cases, if the functions
also have bounded curvature, improved bounds are shown. We give an overview of
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(et,....ex, 7 el ...,en)

h(e; | Hi-1) < g(e; | Gi-1) gle; | Gi1) < h(ef | Hi—1)
E\ (Hi-1 UG;-1)

Fig. 12.1: In step i the double-greedy algorithm chooses the element e} minimizing
min{g(e | G;-1), h(e | H;—1)} among the remaining elements e € E \ (G;-; U H;_1)
adding it to H;_; or G;_; depending on which marginal increase, g(e; | G;_1) or
h(e; | Hi—1), is smaller.

the upper bounds on the competitive ratio for incremental-decremental maximization
achieved by the double-greedy algorithm in Sect. 12.4.

Algorithm 2 Double-greedy algorithm for maximization

input: g, h:2¥ — R( monotone
output: ordering (e, - .., e,) of the elements in £
Go — 0; H() — 0
fori —1,...,n:
e} « argmax{max{g(e | G;-1), h(e | Hi-1)} : e € E\(G;-1 U H;_1)}
if hie; | Hi-1) < g(e} | Gi-1):
G; — Gi—1 U {e}}
Hi — Hifl
en-|G;l+1 < €]
else
H; < H;—1 U {e}}
G; «— Gi_i

*
€lH;| < ¢;

return (eq, ..., e,)

12.3 Incremental-Decremental Minimization of Operating Costs

In this section, we illustrate the algorithm for a concrete application. More pre-
cisely, we investigate the performance of the double-greedy algorithm for incremental-
decremental minimization of the operating costs of a gas network that transitions from
operation with natural gas to hydrogen on an example instance. In the beginning, we are
given a natural gas network, with exactly one entry and several exit nodes, that is to be
decommissioned over time while simultaneously building up a new hydrogen network.
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In each time step, we choose one exit node to cut off from the natural gas supply and
connect it to the hydrogen network instead.

Formally, we are given a tree network G = (V, A) with a unique entry node s € V,
where natural gas and hydrogen are provided, and several exit nodes E C V. We assume
all arcs are directed away from the entry node. All exit nodes v € E have an energy
demand which can be fulfilled by a certain amount of natural gas d5 or hydrogen d fj At
the beginning, all exit nodes are provided with natural gas. In each step, we renew one
of the exit nodes to be operated with hydrogen instead of natural gas. Our goal is to find
an order to renew the exit nodes so that the operating cost of the network is minimized
in all steps.

In practice, the pressure needs to stay within certain bounds, which is achieved by
inserting compressors into the network when the loss is too large. This motivates us
to model the operating cost via the maximum potential loss in the network. For each
arc a € A, the flow x, is induced by potentials 7, corresponding to the squared pressure
in its endpoints. In particular, in gas networks, we have

Ty = 7y = Balxalxa (12.3)

for every arc a = (u, v) where 3, is the resistance of arc a, see (7.1) and (7.2) in Chap. 7,
“Potential-Based Flows — An Overview”. The resistances of the arcs also depend on the
type of gas. When a subset of the exit nodes S C E is renewed, we obtain the following
balance vector for the hydrogen network

dl’} for all renewed exit nodes v € S,
b h(S) := 0 for all remaining exit nodes v € E \ S,
v 0 for all non-terminals v € V '\ (E U {s}) and

— Yues d!  for the entry nodes = v.

Likewise, the balance vector for a subset S C E of renewed exit nodes in the gas network
is given by

0 for all renewed exit nodes v € S,
bE(S") 1= ds for all remaining exit nodes v € E \ S,
v "o for all non-terminals v € V \ (E U {s}) and

— S wes ds  for the entry node s = v.

Since G is a tree, we obtain unique flows x”(S) and x2(S) in the hydrogen and the
natural gas network fulfilling the balances at all vertices, i.e.,

bIS) = D> xhS)— D) xk(S) and BES)= D) x5S - D) x5(S).

acot(v) acod™ (v) acdt(v) acd(v)

where 6*(v) := {(v,w) | (v,w) € A} denotes the set of edges leaving v and 6~ (v) :=
{(u,v) | (u,v) € A} denotes the set of edges entering v. The flow obtained by these
balances also induces potentials 72(S) and 7/(S), that are unique up to shifting all
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entries by a constant, fulfilling (12.3) with resistances depending on the gas type, see
Theorem 7.1 in Chap. 7, “Potential-Based Flows — An Overview”.

We normalize both the potential differences in the gas and hydrogen network by
dividing by the corresponding maximal potential difference (that is obtained when all
exit nodes are operated with natural gas or hydrogen, respectively). Thus, the cost for
providing a subset S of the exit nodes with natural gas or hydrogen is

75 (S) — minyey 75 (S) _ m(S) — minyey 7/(S)

= h =
g(S) (S) 7M(E) — mingey 7/(E)’

~ 7%(E) - minyey 73 (E)

(12.4)

respectively.

In the following, we investigate the competitive ratio of the double-greedy algo-
rithm on a subinstance of the German natural gas network. For this purpose, we use
the combined natural gas—hydrogen instance described in Chap. 21, “Gas2Hydro —
A Combined Natural Gas—Hydrogen Instance”. For better illustration, we consider a
subinstance, depicted in Fig. 12.2, of the natural_gas.net file. For this subinstance,
we introduce one artificial entry node with the label s = GK marked in green. The exit
nodes are E = {BB, BG, DD, GZ, LF, MB, MN, NR, OP, ZH}, where the labeled graph
is shown in Fig. 12.3.

For the demand scenario, we set an equal demand of d,‘%’ = IO,OOOmT3 at each exit

node v € E for the natural gas case. This corresponds to a demand of d,’} = 28,602‘%3
volumetric flow of hydrogen, where the factor of

36.4543670654 MJ /m?
12.745 MJ/m3

2.8602 =

stems from the ratio of the calorific values of natural gas and hydrogen as stated
in Chap. 21, “Gas2Hydro — A Combined Natural Gas—Hydrogen Instance”. The resis-
tances 85 and B" are computed according to model ISO4 introduced in Chap. 2, “A
Catalog of Gas Network Models: PDEs, Coupling Conditions, and Numerical Schemes”

Fig. 12.2: Tree subinstance (orange and gray vertices and orange edges) within the
remaining gas network in eastern Germany (hollow vertices); entry node marked in
green.
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g(E\ Sk)
044 T h(Sk)
—— f(Sk)
0.2 ¢ = f(Sp)
0 t t t t — k
0 2 4 6 8 10

Fig. 12.4: Normalized potential difference Axr as defined in (12.4) in the incremental—
decremental solution computed by the double-greedy algorithm where g(E \ Si) shows
the values for the natural gas network, 4(Sy) the values for the hydrogen network, f(Sx)
their sum, and f(S}) a corresponding optimal solution for each value of k.

using Nikuradze’s formula for the pipe friction coefficient and the AGA model for the
mean compressibility factor with physical quantities given in Chap. 21, “Gas2Hydro —
A Combined Natural Gas—Hydrogen Instance” for every arc a € A.

The double-greedy algorithm computes the solution

(GZ,0P,DD,NR,MB,ZH, MN, BG, BB, LF)

that is 1.6466-competitive on this instance.

The transition of the graph from natural gas to hydrogen according to this solution is
depicted in Fig. 12.3, where the natural gas network is shown in orange and the hydrogen
network in blue. At each step of the transition, one exit node is disconnected from the
natural gas network and connected to the hydrogen network. The parallel orange and
blue arcs indicate connections that must exist in both the natural gas and hydrogen
networks during that transition step.

The objective values of the double-greedy solution at each transition step are shown
in Fig. 12.4. The figure illustrates how the values are composed of the functions g(E \ -)
and h and compares the double-greedy solution to the optimum solution §; at each
step k. Further it is shown that the competitive ratio is attained at step k = 8.

In conclusion, we see that even though there are no known theoretical guarantees
for incremental-decremental minimization, applying the double-greedy algorithm to
compute an ordering for the transition of energy customers from natural gas to hydrogen
yields a solution with moderate performance.
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12.4 Incremental-Decremental Maximization

In this section, we consider the incremental maximization of flow values that can be
realized in the network. Let G = (V, A) be a graph with a unique entry node s € V and
a set E C V of exit nodes. For each exit node v € E, there is an upper bound d, > 0
on the amount of flow that the node can take. We here consider a slightly different flow
model where the flow is not governed by flow potentials. Instead, for each arc a, there
is a capacity u, > 0, and we require for the flow x, on arc a that x, < u,. We here
slightly overload terminology, assuming that also the values u,, a € A, and d,, v € E
are part of the graph. For a subset § C E of exit nodes, let us denote by

Xq S Ug foralla € A,
FG(S) ={x € RY) | Sacs-)Xa — Dacsrw) < dp forallv €S, and
Yaes-(w)Xa — Zaestwy¥a =0 forallv e V\ (SU {s})

the set of flows that uses only S C E as exit nodes. The function v¢ : 2 — R defined
as

vG(S) = max{Zyes Taecs-(v) Xa — Lacstw) Xa | X € FG(S)}

is called the characteristic function and measures how much flow can be sent in the
network to the exit nodes in S. It is a well-known result from flow theory that the
function v is submodular, i.e., it satisfies the diminishing returns property

va(e | S1) = vgle | S2) for S C Sa,e € E \ Sa. (12.5)

Lemma 12.1 (Meggido [20]) The characteristic function of a flow network is submod-
ular.

In the incremental-decremental setting, we assume that there are two networks
G = (Vg,Ag) and H = (Vy, Ag) modelling the natural gas network and the hydrogen
network, respectively. We further assume that there is a common set of exit nodes
E C Vi and E C V. Initially, the sinks, which correspond to consumers of energy, are
only able to receive natural gas. Each exit e € E can be updated to receive hydrogen
instead of natural gas. Our task is to find an update order so that eventually all sinks have
been updated, and, in each step, the total energy that can be sent in both natural gas and
hydrogen networks is a good approximation to the total energy that can be sent given this
number of update steps. This yields an incremental-decremental maximization problem
where the function 4 is defined as vy and g is defined as v¢. In light of Lemma 12.1,
both of these functions are submodular.

For general incremental-decremental maximization problems with submodular func-
tions g and h, we show the following result.

Theorem 12.1 (Disser et al. [7]) For normalized, monotone and submodular functions
h, g:2F — R the double-greedy algorithm is (1 + o7 )-competitive for incremental-
decremental maximization.



12 Incremental-Decremental Optimization for the Transition to Hydrogen 299

Proof. For ease of exposition, we assume that there exist no ties when the algorithm
compares elements by their marginal increase in either g or & with respect to any subset
of E. In practice, this can be achieved by perturbing the values of the elements. Recall
that f:2F — R.o, S — £(S) = h(S)+g(E \ S), that §7. is the optimum solution for f of
size k, i.e., f(S}) = maxscg |s|=k f(S), and that Sy = {ey, ..., ex} contains the first k
elements of the order computed by the algorithm. Further recall that after iteration i of
the algorithm, H; denotes the elements contained in the current prefix and G; denotes
the elements contained in the current suffix of the output order.
First, we prove that the values f(H;) are non-decreasing for 0 <i < n.

Claim 12.1 We have that

8(E) = f(Ho) < f(H)) < ... < f(Hp). (12.6)

Proof of Claim 12.1. The first equation follows immediately from the definition of
Hp = 0 and of f. For the inequalities, we show f(H;_1) < f(H;) foreveryi=1,...,n.
Since the algorithm does not update the set H; in every iteration, we focus on the case
where e; € H;\H;_;.By the submodularity of g and because G;_; C E\ H; we know that
gle; | E\H;) < g(e; | Gi-1). Since the algorithm adds the element e; to the prefix H;_
and not to the suffix G;_;, we conclude further that g(e; | G;—1) < h(e; | Hi—1).
Together with the definition of the marginal value, we obtain,

gE\H;i-1)—g(E\ H;)=g(e; | E\ H;) < h(e; | Hi-1) = h(H;) — h(H;-1),
which is equivalent to f(H;-1) < f(H;). N

To prove that the double-greedy algorithm is (1+ ;5 )-competitive, we need to show
that

£(SD) < (1 + )f(Sk) forallk=1,...,n.

e
e—1

We claim that it suffices to show

£S5 < (1 + )f(Hk) forallk =1,...,|H,|. (12.7)

e—1
To see the claim, note that (12.7) implies the results for all k € {1,...,|H,|} since
f(Hy) < f(Sr) by Claim 12.1. If, on the other hand, we have k > |H,|, we exchange the
roles of g and /. As we assumed that there are no ties in the decisions of the algorithm,
the algorithm will compute the reverse solution in that case, and we have k < |H,|, so
that it again suffices to show (12.7).

Next, we show that f(Hj) approximates /(S z) by a factor of e%l

Claim 12.2 We have that
1
F(HY = eTh(Si) forall k = 1,. .., |H,|. (12.8)

Before we prove Claim 12.2, we will first show that it implies the result. To see this,
note that, by the definition of f, by (12.8) and by the fact that f(Hy) > g(E) > g(E\S}),
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due to (12.6), and monotonicity of g, we have

F(SD) = h(SL) + g(E\ S1)
< S f(H)+(E\S))

< —S f(H) + f(Hy).
e—1

Thus, we have proven (12.7), which finishes the proof of the theorem.
It remains to prove Claim 12.2.

Proof of Claim 12.2. Denote by ¢; := max{h(e; | H;_1),g(e; | G;—1)} the maximum
marginal increase in either & or g achievable by adding element e; either to the prefix
H;_, or to the suffix G;_; after iteration i of the algorithm. By monotonicity of g, by
the definition of the marginal increase, and by the definition of the algorithm, we have

f(Hy) = h(Hy) + g(G)
= > hef | Hi-)+ > glej | Gioy)
ite; €Hy ire; Gy (129)

k
> Z ("7
i=1

Denote by F; := H; U G; the set of elements that are added to the output order after
iteration i of the algorithm. Then, we have for 0 <i < k — 1 that

h(Sy) < h(Fy) + h(S; \ Fi | Fy)

1
< D hiey | Firo)) + h(Sy \ F; | Fy)

i’=1

i
< D0 e} | Hioy) + h(S; \ Fi | Fy),

i’=1

where for the last inequality, we used the submodularity of /. Using the definition of
the values ¢; yields

h(Sp) < 2 pir + h(S \ Fi | Fo).

i’=1

Let now {si,...,sm} = S} \ Fi. Using the definition of the marginal increase the
submodularity of & together with the fact that H; C Fj, and the definition of ¢;,1, we
obtain

i m
/’Z(SZ) < Z(pi/ +Zh(sj | {S] . ..,Sj_l} U F;)
7= =
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i m
<D+ > h(s|H)
=1

SES;\F;

i
< Do +1Sp \ Fil i

i’'=1

i
< Do ko

i’=1
Rearranging the terms, leads to
i+l i

hS) <k D or— (k=1 @i
i’=1 i’=1

Adding (k — Dh(S}) — k 2!, @i and dividing by k yields

i+1 i

k-1

h(Sy) — E wir < k (h(SZ) - E ¢i,) forall0<i<k-1.
i=1 i'=1

Applying this inequality iteratively, we obtain

k k-1\*
h(S) = 2 i < (T) h(S})-
i'=1
Rearranging yields
k-1

k k
Do 2 (1 - (T) )h(SZ). (12.10)
i’=1

Finally, we conclude using inequalities (12.9) and (12.10) that

k k-1 k 1 k
fH) =D e > (1—(7) )h(S,’;)z (1—;) h(Sy).
i=1

Thus, Theorem 12.1 is proven. O

12.4.1 Further Results for Incremental-Decremental Maximization

In this section, we briefly review further results for incremental-decremental maxi-
mization obtained by Disser et al. [7]. First, they provide a more fine-grained analysis of
the competitive ratio of the double-greedy algorithm that depends on two parameters.
The first such parameter is the generic submodularity ratio 7y that has been introduced
by Gong et al. [14] and builds upon the closely related concept of the submodularity
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ratio introduced by Das and Kempe [6]. The generic submodularity ratio y is defined

as
flelA)
fle| AUB)

Intuitively, the generic submodularity ratio interpolates between general monotone
functions with y = 0 and submodular functions with y = 1. To see this, note that for a
submodular function, we have f(e | A) > f(e | AUB)forall A,B € 2F ande € E, so
that the minimum is attained for B = () and the generic submodularity ratiois y = 1.

The second such parameter is the curvature c. It has been introduced for mono-
tone submodular functions by Conforti and Cornuéjols [5] and generalized to general
monotone functions by Bian et al. [2]. In the latter case, it is defined as

7:=min{ :A,BEZE,eeEwithf(e|AUB)>0}.

fle| AUB)
fle]A)

Disser et al. [7] showed that the double-greedy algorithm has a competitive ratio of at
most %(1 + cefil) when g and & are functions with generic submodularity ratio y and
curvature c.

Second, Disser et al. [7] provided an improved bound on the competitive ratio of
the double-greedy algorithm for the case that g and h are gross substitute functions,
which are a subclass of submodular functions introduced by Kelso and Crawford [17].
Formally, a function f:2% — R is gross substitute if for all modular price functions
p,p':2F — R with p < p’ and all subsets S € arg maxgcg{f(S) — p(S)} there is a
subset §” € argmaxgcp{f(S) — p’()} with SN {e | p({e}) =p'({e}) } C §".

Disser et al. [7] showed that the double-greedy algorithm is 2-competitive for
incremental-decremental maximization when both g and h are gross substitute func-
tions. They further discussed lower bounds on the competitive ratio of any algorithm
for incremental-decremental maximization for different classes of functions.

c:=1—min{ :A,BEZE,eeE\Bwithf(e|A)>()}.
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Chapter 13

Introduction to PDE-based Optimization and
Control for Gas Network Applications

Falk M. Hante[OOOO*OOOl7976272903] and
Stefan Ulbrich[0000_0003_4036_2607]

Abstract This chapter provides an overview of the subsequent chapters focusing on
contributions to the optimization and control of gas networks through physically detailed
PDE-models as constraints.

The optimization of systems governed by partial differential equations (PDEs) represents
one of the most challenging areas in applied mathematics. The transition from model-
based numerical simulations to model-based design and optimal control is crucial for
example in industrial or economic applications, as it enables the systematic improvement
of system performance and efficiency. In gas network optimization, this transition
is particularly valuable due to the economic and operational significance of these
infrastructure systems.

Gas networks, which transport natural gas or hydrogen through pipeline systems,
are governed by complex physical laws described by hyperbolic PDEs. The optimiza-
tion of these networks involves determining control strategies (such as valve settings,
compressor operations, or injection/extraction rates) that optimize certain objectives
(such as minimizing operational costs or maximizing transport efficiency) while re-
specting physical constraints and operational requirements. This optimization problem
is inherently challenging due to the PDE constraints, the presence of both continuous
and discrete controls, the coupling conditions at network junctions, and the potential
for state constraints.

A particular focus is on developing indirect solution approaches that rely on regularity
properties of the underlying control-to-state map, gradient representations using adjoint
equations, and appropriate treatment of both integer and state constraints. Standard
methods from PDE-constrained optimization cannot be applied directly due to several
factors: the heterogeneous domain of functions on graphs, the hyperbolic character of the
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governing equations, the nonlinearities involved, and the complex coupling conditions
at network junctions. Key challenges include

* existence and regularity of solutions to nonlinear Euler equations, including appro-
priate adjoint calculus;

* structural analysis such as steady-state characterizations, stabilization, controllabil-
ity, and turnpike properties;

* characterizations of optimality with appropriate control- and state-constraint han-
dling;

* decomposition techniques to keep larger systems or longer time horizons tractable;

* handling of non-smooth and combinatorial aspects in the control and the system’s
dynamics.

This collection of chapters advances our understanding and capabilities in gas net-
work optimization through novel theoretical insights, methodological developments,
and practical applications.

Theoretical foundations are established through the analysis of optimal control for
discontinuous solutions of hyperbolic systems, examining the differentiability prop-
erties of entropy solutions for the Generalized Riemann Problem with respect to the
initial state. Chap. 14, “Optimal Control of Discontinuous Solutions of Hyperbolic
Systems of Balance Laws” provides crucial foundations for understanding how optimal
controls influence shock positions and solution behavior in hyperbolic systems, which
is fundamental to gas flow dynamics.

Attention then shifts to control methodologies, beginning with the extension of Se-
quential Action Control (SAC) to hybrid PDE systems in Chap. 15, “Sequential Action
Control for Hybrid Dynamical Models of Gas Networks”. This approach synthesizes
control strategies that incorporate switches between different operational modes, ad-
dressing the practical reality of gas networks with discrete components such as valves
and compressors. The development of a closed-form SAC control based on tailored
adjoint calculus represents a significant step toward real-time operational capabilities.

Complementing these control methodologies, Chap. 16, “The Turnpike Property and
the Optimal Control of Gas Networks”, continues with structural properties of optimal
solutions through the lens of the turnpike phenomenon. This analysis reveals how
optimal controls and states in gas networks converge to static solutions for most of the
operational horizon, with dynamic behavior concentrated at initial and terminal phases.
This property has significant implications for operational planning, justifying the use
of quasi-static approaches even when transient phases occur, and bridges theoretical
optimal control with practical engineering considerations.

The computational challenges inherent in large-scale gas network optimization
are addressed through domain decomposition techniques. The methods presented in
Chap. 17, “Domain Decomposition for Gas Network Control”, enable efficient and
scalable simulation and optimization by decomposing complex network problems into
more manageable subproblems. This includes also addressing combinatorial aspects
of switching components. The exploration of randomized decomposition approaches
further expands the toolkit for handling the computational complexity of transient gas
network operations.
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From a modeling perspective, Chap. 18, “A PDE-Constrained Generalized Nash
Equilibrium Approach for Modeling Gas Transport with Strategic Suppliers”, introduces
game-theoretic approaches through generalized Nash equilibrium problems that capture
strategic interactions among competing firms. This framework explicitly incorporates
the dynamics of commodity transport into market models, allowing for the analysis
of how linepacking strategies—using the network as temporary storage—affect market
outcomes and which participants benefit from such practices.

In Chap. 19, “p-Wasserstein Distances on Networks and 3D to 1D Convergence”,
the mathematical foundations are further deepened through the study of transport dis-
tances on metric graphs representing gas networks. By examining the convergence of
three-dimensional network domains to one-dimensional metric graphs and establishing
the properties of p-Wasserstein distances in this context, this work provides rigorous
mathematical tools for analyzing transport phenomena and optimization problems on
network structures.

Together, these chapters form a comprehensive exploration of gas network opti-
mization primarily from an optimal control theoretic perspective. They demonstrate the
interdisciplinary nature of the field and highlight the connections between different as-
pects of gas network optimization, collectively advancing both theoretical understanding
and practical solutions in this important application domain.
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Chapter 14

Optimal Control of Discontinuous Solutions of
Hyperbolic Systems of Balance Laws

Jannik Breitkopfl0009-0004-3640-7555] 44
Stefan Ulbrich!0000-0003-4036-2607]

Abstract In this chapter, we analyze the optimal control of entropy solutions of the
Generalized Riemann Problem (GRP) for strictly hyperbolic systems of conservation
laws, where the control is the initial state. The GRP has a piecewise C'-initial state
with exactly one discontinuity. We assume that this discontinuity only generates shock
curves but no rarefaction waves. Moreover, we assume that the time horizon 7 > 0
is sufficiently small such that no shocks interact or are newly generated. The control
variable consists of the C!-parts of the initial state and the position of the discontinuity.
Since the shock positions depend on the control, we use a reference space, obtained
by a transformation of the spatial variable, which keeps the shock positions a priori
fixed. We then present stability and differentiability properties of the solution operator
of the GRP, both in physical coordinates and in the reference space w.r.t. variations
of the control. In particular, we obtain the differentiability of the shock positions and
the smooth parts of the solution between the shock curves in the C°-topology w.r.t. the
control. This implies the differentiability of tracking-type objective functionals. Finally,
we analyze the adjoint problem and characterize the correct reversible solution to obtain
an adjoint gradient representation of a linear objective functional.

14.1 Introduction

The dynamics of a gas are described by the Euler equations (TA1) or possible extensions
to the mixture of two different gases (2.40). The underlying PDEs belong to the class
of hyperbolic systems of conservation or balance laws

et f)x=8C,y) on D, (14.1)
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on a suitable domain 9D c [0,7] X R such that D N ({0} x R) = {0} x [-¢, ] for
some £ > 0.In (14.1), y : D — R”" is the state, f € Cz’l(R";R") the flux function,
and g € C1(D x R™; R™) the source term. The system (14.1) is complemented by the
initial condition

¥(0, ) = uop. (14.2)

A crucial feature of (14.1) is that solutions generally become discontinuous after a finite
time, even if the data is arbitrarily smooth [20]. This is due to the formation of shock
curves. Moreover, weak solutions are generally not unique. By additionally imposing
an entropy condition, the physically relevant solution is characterized (Definition 14.1).
Therefore, it is a natural choice to allow discontinuous initial states uq for (14.1).

The Generalized Riemann Problem (GRP) has a piecewise smooth initial state with
exactly one discontinuity. Precisely, we assume for some fixed ¢ > 0 and & € (0, £) that

ui(x) if x € [-€, xo),

u,(x) if x € (xg, €], (14.3)

up(x) = {

where xog € (—¢&,¢) is the location of the discontinuity, and (u;,u,) € V,q are the
smooth left and right parts of ug for a suitable and later to be specified open subset
Vg €V =Cl([-¢, e]; R)XC([-&, £]; R™). This defines the set of admissible controls

u = (u,up,xo) € Upg := Vag X (=&, 8).

This chapter presents a sensitivity and adjoint calculus which is used to analyze optimal
control problems of the form

b
min J(u) = J @ (y(T,x), ya(x))dx subject to y solves (14.1), (14.2)  (14.4)

ueUy a

with @ € C"!(R" xR") and a desired state y; € BV ([a, b];R"), where [a, b] is suitably
chosen such that {T'} X [a, b] C D.

We recall existence and regularity results for entropy solutions of the GRP. Then,
we present differentiability properties of the solution w.r.t. the initial state ug. This will
also imply the differentiability of the objective functional of (14.4). Finally, we derive
the adjoint problem and characterize the correct reversible solution which then yields
an adjoint gradient representation.

14.1.1 Assumptions and Notation

We assume problem (14.1) to be strictly hyperbolic, i.e., the Jacobian matrix A(y) =

f’(y) has n real and distinct eigenvalues 1;(y) < ... < 4,(y) for all y € Q in some open

convex set Q C R". Furthermore, we assume that there exist Ayax > 0 and 7yin > 0

such that [2;(y)|< Amax and [2;(y) = A;(¥)|> Nmin forally € Qand i # j € {1,...,n}.
With 7;(y), [;(y) € R", we denote the right and left eigenvectors of A(y), i.e.,
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Ari(y) = W), LOMTAY) = WLO)T, lri(I= 1,

and all /;(y) normalized such that for all y € Q it holds that l[(y)Trj(y) =0fori#j
and [;(y)"r;(y) = 1. We assume all characteristic fields i € {1,...,n} to be either
genuinely nonlinear, i.e., VA;(y) ri(y) # 0 for all y € Q, or linearly degenerate, i.e.,
VA;(y)Tri(y) = 0. These are standard assumptions in the literature, see, e.g., [8, 14],
and are also satisfied by the Euler equations, see Sect. 2.2.

We assume that the underlying domain is of the form

D ={(t,x) €[0,TIXR | =0 + tAmax <X < £ — tAdmax} -

Note a solution on D is fully determined by the initial state on [, £].
We use the notation [n] := {1,...,n} and [n]y :={0,...,n}.

14.1.2 Related Literature

For scalar conservation laws, differentiability properties of entropy solutions w.r.t. the
initial state are investigated, e.g., in [4,9]. General variations of the smooth parts and of
the positions of the discontinuities in the initial state are considered in [21] and extended
to initial-boundary value problems in [16, 19]. Convergent numerical schemes of the
adjoint problem are discussed in [17, 18].

Existence theories for entropy solutions of systems of conservation laws with dis-
continuous initial data have been established in the class of BV functions [8] and for
piecewise smooth solutions [15]. A variational calculus for piecewise Lipschitz con-
tinuous solutions w.r.t. directional variations of the initial data is given in [10] and
corresponding optimality conditions are derived in [11]. Another approach by hori-
zontal shifts of initial controls is proposed in [2]. A formal sensitivity and adjoint
computation for systems with piecewise smooth solutions and exactly one shock curve
can be found in [1]. The optimal boundary control of classical solutions of networked
quasilinear hyperbolic systems on a graph for small time horizons is discussed in [5].

14.2 Existence and Regularity Properties of Entropy Solutions

In this section, we recall existence and regularity properties of entropy solutions of the
GRP, provided that suitable smallness assumptions are satisfied.

Weak solutions of (14.1) are generally not unique. To characterize the physically
relevant one, an entropy condition is imposed. We use the Lax Entropy Condition [14].
The structure of BV functions is discussed, for instance, in [13, Sect. 1.7].

Definition 14.1 A function y € BV(D;R") is an entropy solution of (14.1) if

(i) y is a weak solution, i.e., ess lim,\ o[|y(t, ) — uo|| L1 (g:rn)= 0 and
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L) Y e+ fO) px +8(.0) =0 Vg € CZ(D;R") with ¢lyp=0.

(i) Let J c D be the set of approximate jump discontinuities of y. Then for almost
all (t,x) € g w.r.t. the one dimensional Hausdorff measure, one can associate
a normal vector 77 = (—s,1)T € R? and one-sided limits y*. The Lax entropy
condition requires that for some j € [n] it holds

i) =2s = 2;0%, G >s> 0% Vi<j<k. (14.5)

The constant s € R from (14.5) coincides with the speed of the shock curve almost
everywhere. A weak solution of (14.1) satisfies the Rankine-Hugoniot jump condition.

Lemma 14.1 Let y € BV(D;R"™) be a weak solution of (14.1) and assume that the
graph t — (t,£(1)) of the Lipschitz curve & € C%'([to,11]) is, up to a set of measure
zero w.r.t. the one dimensional Hausdorff measure, contained in the set of approximate
Jump discontinuities J of y. Then for almost all t € [ty, t1] with the one-sided limits
yE@) = y(t, £(t)x) the Rankine—Hugoniot jump condition holds

ED (O -y @) =f(y®) - f ). (14.6)
Proof. A proof can be found in [8, Theorem 4.2]. O

Remark 14.1 The property (14.6) gives insights into the jump y* () — y~(#). Let

1
A(y1,y2) = J A(syr+(1=s)y2)ds (14.7)
0
denote the averaged Jacobian matrix of f. If |y; — y;| is small, A(y, y») has real and
distinct eigenvalues A;(y1, y) with right and left eigenvectors r;(y1, y2) and [;(y1, y2).
The condition (14.6) shows that for some i € [n] it must hold that £ = A;(y*, y~) and
y* — y~ is aright eigenvector of A(y*, y~) belonging to the i-th eigenvalue.

The simplest case of a discontinuous initial state is the Riemann Problem

ur, ifx <0,

ug ifx > 0, (14.8)

ye+f(x=0 on[0,T] xR, y(0,~)=uo={

for constants uy # ugr € Q. If lup — ug| is sufficiently small, there exists a unique
entropy solution y of (14.8). A proof can be found in [8, Theorem 5.3].

Assumption 14.1 The jump |uy, — ug| is small and for suitably small My, M; > 0 and
Vaa = {u,ur) € V| ug = urllco, llur — urllco< Mo, llujllco, llujllco< My},

(14.9)
all Riemann Problems with piecewise constant initial states

(v, vR) € { (up(x), uy(x)) € R" XR" | (ug, uy) € Vag, —& < x < 8}
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have a unique entropy solution only consisting of shock curves but no rarefaction waves.
The time horizon T > 0 is bounded by T' < Ty,x Where T, > 0 satisfies

& + AmaxTmax < € — AmaxTmax- (14.10)

which ensures that all shock curves generated at (0, x¢) for all —¢ < xy < € are contained
in D for all times ¢ € [0, T].

The existence of a piecewise classical entropy solution of the GRP is shown in [15].

Theorem 14.1 Let Assumption 14.1 hold. Then there is a time T > 0 such that the
GRP has for all initial states ug as in (14.3) with (u;, u,,x0) € Upqg = Vag X (—€,€) a
piecewise C' entropy solution y € BV(D;R™). The smooth parts of y are separated by
curves &y € c(o, T)) for k € [n] with €x(0) = xo such that the entropy condition (14.5)
is satisfied along &x. Moreover, there is a uniform C'-bound of the smooth parts of the
solutions for all (u;, u,,xp) € Uyg.

14.3 Stability and Differentiability Properties

We analyze stability and differentiability properties of the solution operator
S:u €Uy yeBV(D;R") s.t. yis unique entropy solution of the GRP

and the objective functional (14.4). Since the shock curves &x = &x(u) for k € [n]
depend on the control u € U,q, we first construct a reference space which is obtained
by a transformation of the space variable. This will fix the position of the shock curves.

14.3.1 Solution Operator in the Reference Space

The reference domain is motivated by the structure of an entropy solution of the Riemann
Problem. Since by Assumption 14.1 the Riemann Problem with the initial state (uy,, ug)
only contains shock curves and no rarefaction waves, the entropy solution of (14.8) is
of the form _
Yo =ur ifx/t < sy,
i(t,x)= yi ifs; <x/t<siy,Vie[n—-1],
Y = ug if x/t > s,,

with constant states yi, ..., y,—1 € R" and shock speeds s < ... < s,. For details, we
refer to [8, Theorem 5.3].

We denote by s; < ... < s, the shock speeds of the solution of the Riemann Problem
with initial state (1., ug). With this, we define the sectors

D;={(t,5) € [0,TI xR | st <¥ < sj1t}, i€ln—1]. (14.11)
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For the sectors left of the 1-shock and right of the n-shock curves, we use the reference
speeds s; = Amax and s, = —Apax to define

Do={(t,%) €[0,TI] xR | =+ st <X < s1t},

_ ~ ~ (14.12)
D, ={(t,x) e [0,T]XR | syt <X <€+ s,1}.

Moreover, we define D = U D; and
PCH(D) = xL,CX(Dy), ke{0,1}

and identify y € PC¥(D) by 5 = (/) je(n), With 3/ € C¥(D;). The space PC¥(D) is
endowed with the canonical norm ||| pc«py= max; N ”Ck(D'l,).

Now, fix y = S(u) for some u € Uy,q. The shock curves &; = £;(u) € C2%([0, T)) for
J € [n] separate the domain D into the control-dependent sectors

DY = {(t,x) |0 <1 ST, ~C +tdpax < x < EW(D)},
DY ={(t,x) |0 <t < T, £)() <x <&@} Vi€ n—1],
DY = {(1,x) |0 <1 < T, &x(u)(t) < x < € = tAmax ).

On D;”) for all j € [n — 1], define the transformation of the space variable by

x = &ju)(r) . Ejr1)(t) — x o
Ern (D) —&® T Ea@) - &)@

I (1, x) = (14.13)

for all (¢,x) € Dg.”). This establishes a one-to-one correspondence of the control-
dependent domains DE.“) with the reference domains D j from (14.11), (14.12). With

(t,x) € D j we associate the position (t,x) € D(].“) in physical coordinates by using the
inverse function of (14.13) which is given by

X — st Sipit—X
J J+
Ejr()(0) + ————
(51— 81

x=x®I,5) = —
(sjp1 —sjp)t™

&iu)(@). (14.14)

We proceed analogously on DE)”) and D).

Note that 7 > 0 and the constants My, M; in (14.9) have to be sufficiently small to
ensure the well-definedness of the transformation of the space variable for all u € Uyg.
For details and specific bounds we refer to [6].

The previous transformation of the space variables allows to define the transformation
of the state y = S(u) in the reference space. For this, let j € [n]y be arbitrary and define
a function 3/ : D; — R" by setting

(1, %) = y(t,x"J(1,%)  forall (t,%) € int(D)). (14.15)

Due to Theorem 14.1, the construction (14.15) can be continuously extended to a
function 3/ € C'(D;;R"). Repeating this for all j € [n], defines the state j € PC'(D)
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in the reference space associated to the solution y = S(u) of the GRP in physical
coordinates. We denote the solution operator in the reference space by

S u=(uy,uyr,x0) € Uy — ye PCl(D_) such that y satisfies (14.15),
where U,q is equipped with the induced norm ||-||¢; of
U =C'([-t,el; R") x C'([-&, (];R") X R.
Moreover, there exists a constant C > 0 depending on U,q such that it holds
ISl perpy< € Yu € Uag. (14.16)

We now state continuity and differentiability properties of the solution operator in the
reference space S. The proofs can be found in [6].

Theorem 14.2 Thereis Lg > 0 such that for all u = (u;, u,, xo), it = (i, it;,Xp) € Uag
it holds that

IS @) — S(“)”PCO(D)S Lg(lla; — uillcoq—g, epy+lldr — urllcog-e,ep*1¥0 = xol)-
Theorem 14.3 The solution operator S : Uyg — PC' (D) is continuous.
Theorem 14.4 The operator S is continuously Fréchet differentiable as a map

S : Ug — (PC' (D), |Ill peogy)-

Remark 14.2 The solution operator S is only differentiable in the topology of PCO(D).
Remainder terms are in general not small in PC'(D).

14.3.2 Solution Operator in Physical Coordinates

In this section, we exploit the stability and differentiability properties of the solution
operator S in the reference space from the previous section to deduce corresponding
properties of the solution operator

S:uelUyryeL”(D;R") subjecttoy solves (14.1)
in physical coordinates. The detailed proofs can be found in [6].

Corollary 14.1 For all j € [n], the j-shock curve &;(u) € C%([0,T)) is continuously
Fréchet differentiable as a map

u € Uy > &) € C1([0,TY).

For t € (0,T], let Z; = [—€ + Amaxt, € — Amax?] and denote the solution operator
of (14.1) at time 7 by
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St u e Uy — Su)t,-) € BV(I;RY).

In regions between the shock curves, S; satisfies the same stability and differentiability
properties as in Theorems 14.2, 14.3, and 14.4 in the reference space.

Theorem 14.5 Letu € Uyq and t € (0,T] be arbitrary. Then
8y = 65t 211, ) + 3= (6. 71, (5" - Su)(t. ) (14.17)
with y = S(u) and o0y = dyS(u) - ou for du € U defines a bounded linear operator
ou €U T)-du =06y e LV(). (14.18)

Let K =[a,B] C I; and U’ C U be an open set withu € U’ C Uyq. Assume that there
exists no j € [n] with £;(u’')(t) € K for any u’ € U’. Then the map

Wel YY) :=8w)lxe (CHIO, || lemex)

is continuously Fréchet differentiable for m = 0 and continuous for m = 1. Moreover,
8Y = d,Y(u) - 6u € COK) is given by

oY (x) =6y(x) Vxe K.
Forallu, ii = u+6u € Uyg withxj = ;(u)(t) and %j = &;(i)(t), it holds on the set
Cu,it) =1, \ (U;.’=ll(xj,ij))
with I(x;,%;) := [min(x;, ), max(x;,%;)] € I; and y = S(u), y = S(it) that
Iy =y = yllcoccu.ay = olldulle)  for ||6ullqy— 0. (14.19)

With this, it can be shown that the solution operator S is shift-differentiable in the
sense of [21], which yields a first order approximation w.r.t. ||-|| ;1.

Lemma 14.2 Fixt € (0,T] and u = (u, u,,x9) € Uag. We define an operator
T,(w): U — L"(I;) x R" (14.20)

for any r € [1, 0], which is defined for all 6u € U by Ts(u) - Su = (dy, 6x), where
0y =T(u) - ou with T(u) from (14.18), and 6x; = (d,&j(u) - 6u)(t) for all j € [n]. Then,
(14.20) defines a bounded linear operator Ts(u) € L(U; L" (L) xR™) forallr € [1, oo].
With the shock positions x; = £;(u)(t) for all j € [n] and

Sy = 0¥ + 2 (Si@)(xj =) = Si()(xj+)) sen(0x N 1x, xy+0xp) € L' (L)
Jj=1

and I(a, B) = [min(a, B), max(a, B)] for a, B € R, it holds that

||S; (1 + 6u) — S;(u) — s)ét(u)”Ll(]t)= o(||6ully) for U > éu — 0. (14.21)
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The previous result also implies the following L'-stability.

Corollary 14.2 Forallt € (0,T]), the solution operator S, is Lipschitz continuous as a
map S; : Upg — L' (Iy).

The next result shows that the dependence of the shock curves on the control prevents
the solution of the GRP from being differentiable w.r.t. the control in the L'-topology.
We canonically identify CO(K; R™)* = (M(K))" on any compact set K C R with the
space M(K) of Radon measures and denote by M(K)" —w* the induced weak*-topology.

Theorem 14.6 For all t € (0,T], the solution operator S; is Fréchet differentiable as

a map
S i Uyg = MUT)" —w™.

Let u € Uyg, y = Si(u), and xj = &;(u)(t). Then, p = d,,S;(u) - Su is given by

n

Sp =6y + > ((dué () - 5u)D) (y(x;=) = y(x;+)) 6 —x;) € MR)"  (14.22)

Jj=1

with 6y as in (14.17), and 6(-) denoting a Dirac measure centered at Q.

14.3.2.1 Objective Functional

The previous differentiability properties of the control-to-state map imply the differen-
tiability of the objective functional (14.4).

Theorem 14.7 Fix t € (0,T) and I = [a,b] C I;. Let ® € CHY(R™ x R™) and
Ya € BV(I;R") be a desired state. Moreover, let it € Uyq and X; = &;(a)(t) for all

J € [n]. Define
b

u € Uy — Ju) = I D (S, (u)(x), ya(x)) dx. (14.23)

a

(i) If yq is approximately continuous in all X, J is Fréchet differentiable at i.
(ii) If an X; is an approximate discontinuity of yq4, J is directionally differentiable at ii.
(iii) If yq is continuous in a neighborhood of all X, J is continuously Fréchet differen-
tiable at it.

14.4 The Adjoint Problem

In this section we give an introduction to the adjoint problem of (14.23) given by

pr+AQY) py=-g,(.»)"p onD,  p(T,)=p’ onla,bl, (14.24)

where y = S(u) for some fixed u € U,qg. The correct terminal state pT is specified later.
Moreover, we assume in this section that
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[a,b] = [~ + AmaxT, € — AmaxT].

For the sake of presentation and to reduce technical details, we use the following
simplifications in this section. The results of this section, however, can still be shown
even without these assumptions, see [7] for details.

(i) The position of the discontinuity x¢ in (14.3) is not varied and fixed at xo = O.
Therefore, the set of admissible controls in this section is a suitable bounded open
subset

Uya € U = C'([=¢,0;R") x C' ([0, €];R™)

and T > 0 is sufficiently small such that all solutions of (14.1) belonging to controls
u = (u;,ur) € Uyg have precisely the structure of Theorem 14.1, i.e., they only
contain shock curves, and no shock curves interact or are newly generated at times
te(0,T]

(ii)) We only consider conservation laws, i.e., g = 0.

(iii) The objective functional has for some ¢ € C%!([a, b];R") with ¢(a) = ¢(b) = 0
the linear structure

b
J(u) = J @) y(T,x)dx subject to y solves (14.1), (14.2). (14.25)

a

The goal of this section is to derive the adjoint gradient representation
du.](u) -o0u = (p((), ‘), 6“)[12([,[’5];]1@1) (1426)
for (14.25), where we canonically identify ou = (6u;, 6u,) € U as a function

ouy(x) if x € [-£,0),

u € L%([=C,1RY), - dulx) = {cmr(x) if x € (0,].

The analytical difficulty of the adjoint problem stems from the discontinuous coefficient
A(y)" = f’(y)" which is a consequence of the occurring shock curves. This makes
solutions non-unique as discussed, e.g., in [12] for scalar linear transport equations
with discontinuous coefficients. The non-uniqueness results from the fact that one can
prescribe arbitrary values for the adjoint state p along shock curves of the state y. An
example can be found in [3, Example 4.1.1].

14.4.1 Unique Existence of a Reversible Solution

We state interior boundary conditions which are prescribed along shock curves of y and
show that this implies the unique existence of a solution of (14.24).

For this, let¢; = £;(u) be the j-shock curve for arbitrary j € [n]and denote by y*(r) =
¥(t,&j(2)%) the left- and right-sided limits of y along &;. With the averaged Jacobian
matrix from (14.7), let 7; (y*(¢), y~(¢)) denote the right eigenvector of A (y*(¢), y~ (1))
belonging to the eigenvalue & (1) = (y*(1),y~ (1)), cf. Remark 14.1. Then the correct
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adjoint state needs to satisfy with ¢ from (14.25) the interior boundary conditions

d
ri(* (), y ()T —p(s,€;(5) =0 fora.a. s € [0,T7],
ds
riM), y~ ()" p(T,&;(T)) = ri(y*(T),y~ (1) o(&;(T)).

(14.27)

To fully determine the adjoint state on D, it is not sufficient to prescribe terminal data
only on {T'} X [a, b]. Additionally, zero boundary data has to be prescribed on

0Do = {(t, (£ — tAmax)) |t € (0, T]} . (14.28)

Theorem 14.8 For all ¢ € C%'([a, b];R") with ¢(a) = ¢(b) = O there exists a unique
function p € COY(D;R™) with p(T,-) = ¢ on [a,b] and p = 0 on dDy which satis-
fies (14.24) pointwise a.e. on D and (14.27) for all j € [n].

Proof. The proof works by the standard method of characteristic curves w.r.t. the
piecewise smooth coefficient A(y)T. O

Using the terminology of [3], we refer to the solution from Theorem 14.8 as the
reversible solution of the adjoint problem.

14.4.2 Adjoint Gradient Representation

In this section, we prove that the reversible solution constructed in the previous section
actually yields the gradient representation (14.26).

Theorem 14.9 Let u € Uy, be arbitrary and p € C%'(D;R™) the reversible solution
of (14.24). Then the adjoint gradient representation (14.26) holds.

Proof. Letii = u+du € Uyq be arbitrary and denote y = S(u), y = S(it). Since y, j are
weak solutions of (14.1), it follows that Ay := § —y € L®(D;R") is a weak solution of

Ay + (A(y, H)Ay), =0 on D, Ay(0, ) = 6u (14.29)

with the averaged coeflicient A(y, 7) from (14.7). Using p as a test function on (14.29)
and noting that p vanishes on 0Dy from (14.28) yields after integration by parts

J(@) — J(w) = (p(O,-), 6u) 2 ¢ £):rm) + ID AyT (pr + Ay, 9 px) - (14.30)

Let (6u”)yen C U with lim, e ||6u”||¢y= 0 and u” = u + u” € U,q for all v € N be
arbitrary. By Corollary 14.1, we can choose a sequence (&, ),en C [0, 00) with

&y = O(llou”ll)

such that it holds
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m?)ﬁ |E:)(@) — &+ ou”)@)| <&t Vv eN, Vre[0,T]. (14.31)

The goal is now to apply Theorem 14.6 on Ay in (14.30). However, since p; +A(y, )" px
is discontinuous, this argument needs some care.
To do so, we introduce a sequence p” € C%!'(D;R") constructed by

p(t,ék(1)  if [x — &)< &yt for some k € [n],
p(t,x)(t,x)) if x € (€x(t) + &vt, {1 (1) — &y1) for some k € [n— 1],
p(t,x)(1,%)) if x < &),

p(t,x,(1,x)) if x > &u(2),

pY(t,x) =

with the abbreviations for k € [n — 1]

v _ X — (&x(t) + &y1) Err1(t) — eyt —x
W= e O - & - 200 O 0 - ) — 20 H
v _ X = (=€ + Amax?) §1(t)—8vt—x 3
x() (I’X) - gl([) — &yl — (_f + /lmaxt)é:l(t) ¥ fl(t) — &yl — (_5 + /lmaxt)( £ /lmaxt)a
(14.32)

and x;/ (1, x) analogous to x; (7, x). It is no restriction to assume that

ka1 (1) — Ex(t) 2 38yt V1 €[0,T], Vk € [n],
E1(t) — (=€ + Amax?) = 2&,t V1 €[0,T], (14.33)
€ — Amaxt — &n(t) =2 2t Vt € [0,T1],
holds for all v € N since &, \, 0 for v — oo and assumption (14.10). With this, the

transformations (14.32) and p” are well-defined for all v € N. Moreover, it holds for all
x € (k) + &yt Ex41 (1) — &y1) that

&y1(2x — () — €1(1)) .
Err1(t) — E(t) — 26,

|x]:(t3x) _x|S

for v — oo uniformly w.r.t. (¢, x). This is analogous for the cases x < &1(¢) and x > &,(¢).
With this, it follows from the Lipschitz continuity of p that

Moreover, it follows from (14.32) and (14.33) that p” € C%'(D;R") and || p” lco1(pmm
can be bounded independently of v € N and only depending on ||p|co.1(p.pn)-

Now consider an arbitrary characteristic field k € [n] and a time ¢t € (0,7]. By
construction, p” is independent of x on the neighborhood

L) = (§k(1) = eyt, & (1) + &41) (14.35)

of the k-shock position & (¢) and thus pY(z, x) = 0. Since p” (¢, x) = p(t, £k (1)), it follows
from the interior boundary condition (14.27) that

r(y (@), y~ () p)(t,x) =0 (14.36)
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fora.a.t € [0,T] and all x € I]‘(’(t).
Taking p” — p € C%'(D;R") as a test function on (14.29) yields, after integration
by parts and using that p = p¥ = 0 on 0Dy from (14.28), that

J Ay ((pY = p)e + AQ, ) (Y = P)x)
2, ’ (14.37)
= f (Ay"(p” = p))(T,x)dx — I , (Ay"(p” = p))(0,x)dx.

Using (14.34) and Corollary 14.2 yields with (14.37) that

L) AyT ((p” =P + AG. )T (pY = p)x) = o(ll6u”|l¢)  for v — co.

This shows with (14.30) that to obtain the gradient representation (14.26), it suffices to
prove

ID AyT (p} + A, 5 pY) = o(l6u”|l¢) forv — oo. (14.38)

We first analyze the limit process around shock curves of y in Case 1. After that, we
analyze the region with positive distance to the shock curves where both y and ¥ are
C'. The shock center at (0, 0) is analyzed separately in Case 3.

Case 14.1 For arbitrary k € [n], we use the abbreviation y*(¢) = y(t, & (t)+) and the
basis

ri@) =ri (y*@0,y"@®), L@ =1 (y(0),y (@) Vie[n]
We decompose (14.38) on the neighborhood I{‘ (1) of &x(r) from (14.35) as

(P! + A0, TPY) " Ay = D r) () + AY, 5) pDL@T Ay
i=1 (14.39)
= > ri@® prLi() Ay
i#k

for a.a. t € (0,T], where in the last step it was used that pY is zero on / i(t) and the
interior boundary constraint (14.36) implies that the k-th summand in (14.39) is zero
fora.a. r € (0, T]. Now, fix r € (0,T] and let

ou” =d,S;(u) - u” € MR)"

as given in (14.22). The singular part of 6u* on I,i(t) is orthogonal to all /;(¢) for i # k
since y*(t) — y~(t) = cri(t) for some ¢ € R by Remark 14.1. This shows with the
operator T'(«) from (14.18) and 6y” = T(u) - du” as in (14.17) that even

LT ou” = 1;(t)T6y” € LY(IL(1)) Vi # k.

Applying Theorem 14.6 on I} (¢) implies for all i # k
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L ( )ri(t)Tp}'li(t)T(Ay = 06y") = o(llou”ll¢0)- (14.40)
y@

Moreover, using that T(u) € L (U; L*(Z;)) by Theorem 14.5, this shows

||ri(t)TP;/li(t)T5yv||L1(]{;(t)) < ||PV||C0-1(D)|li(t)|||5yy||L1(I(f(t))
< 28v||PV||c0.1(z))|li(t)|||5yv||Lm(1{;(;)) (14.41)
= 0(&3),

since meas(l’j(t)) = 2¢g, by (14.35). Using the uniform boundedness of ||pY[co.1(p)
w.r.t. v € N, we obtain after inserting (14.41) into (14.40) and then (14.40) into (14.39)

that
J‘I,:’(t)

Case 14.2 Consider the region between the shock curves where both y and ¥ are smooth.
Forally e Nand k € [n — 1] let

(py +AG, ) PY) Ay|dx = o(llou”lle) Vi € [n], foraa.t € [0,7].

D) ={(t,x) € [&,, TIXR | £x(t) + £yt < x < Epqi (1) — &y1}

be a space-time domain between the shock curves of y. By construction, D, does
not contain any shock curve of ¥ by (14.31). Therefore, it follows for Ay = § —y €
C'(D?;R"™) by Theorem 14.5 with a constant C > 0 independent of v that

IAY(E Il co(pyrzny < Cllou” [l (14.42)

‘We now show for all k € [n — 1] that

J‘ ) (p) + A, y)Tp;)T Ay = o(||6u”||¢) forv — oo. (14.43)

k

To do so, we first rewrite (14.43) as

J PV +AGLTPY) Ay = J @7 =P+ AG TP = i) " Ay
i i (14.44)
* J P+ AG3) T px) " Ay

Dy

Integration by parts of the first summand and using that (14.29) holds on D}’ in the
classical sense yields

Ly (p" =P +AGLH) (P = p)x) " Ay = IHDV(pV = p) (1 +nyA(y, 5)Ay doy,

where o denotes the surface measure on 9D} and (n,, ny)' the unit normal vector.
From (14.34) and (14.42) we obtain
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l(p” — PlicoapyzmllAYlicowpyrm= o(ll6u” |l ¢)-

Since the length 0/ (0D})) can be bounded independently of v € N, this yields
)J (07 = P+ AG. D@ = p) M| = ollowlla) forv — 0. (14.45)
Dy

To bound the second summand in (14.44), first observe that since p is a weak solution
of the adjoint equation on DZ and Ay e C 1(D"; R™), it holds that

J (s + A0 px) " Ay = 0.
D}

Since f € C>!(R"; R") by assumption, there exists a Lipschitz constant L4 > 0 of the
averaged Jacobian matrix (14.7) w.r.t. both arguments. Using this and (14.42) implies

1AW = A Dl copy wmy< LaCllou” |l

With this, we obtain
J (pe + A9 px) " Ay = J (A7) = AN px) " Ay = Olsu” 7).
D 4
‘ (14.46)
since p € C%!(D) by Theorem 14.8 and meas(D)) can be bounded independently of

v € N. Combining (14.45) and (14.46) proves (14.43).
The previous argument works analogously on the regions

v
k

D(‘)}(I) ={(t,x) | =€+ Amaxt < x < E1(1) — 41},
Dy(1) = {(t,x) | &n(0) + £yt < x <€ — Amaxt}

left of the 1-shock curve and right of the n-shock curve.
Case 14.3 Finally, consider the region around the shock center (0, 0). For this, let
CV =10,&,] X [-2AmaxEyvs 2Amaxey] € D Vv € N.

Note that all shock curves of y and j are contained in C” for all times ¢ € [0, &, ].
Furthermore, it holds that
meas(CY) = 4Amax?. (14.47)

By (14.16), there is an a-priori bound for y, § € L*(D) and thus also for Ay € L*(D).
This implies with (14.47) that

Lv (0! + AP Ay =O(l6w|B) forv—> oo (1448)

by additionally using that || p”||co.1(p.rn) can be bounded independently of v € N.

By construction of the Cases 1-3, we have that
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D c (UyDy)uC” u{(t,x) € le,, TIxR | x € I} (t) for some k € [n]}

for all v € N. Combining the previous estimates yields

J (P + A ) p2) T Ay = o(l6u 1) for v — .
D
O

Remark 14.3 Another approach to prove Theorem 14.9 is to prove suitable stability
properties of solutions of the averaged adjoint equation

P+ A(GLT) Pr=0 onD,  H(T,)=yonla,b] (14.49)

with y = S(u) and j = S(iF) for the limit # — u in U.

If, for instance, one could prove the existence of a solution p € CO1(D;R™) of (14.49)
with ||p = pll L1(p:rny— O for & — u in U with the reversible solution p € CON(D; R
from Theorem 14.8, then taking p instead of p as the test function on (14.29), Theo-
rem 14.9 immediately follows from (14.30).

This technique is used in the scalar case in [22]. However, this relies on [3] which
proves the stability of reversible solutions of scalar linear transport equations

pr+apy=0 on[0,T] xR

with discontinuous coefficients a € L*([0, T] X R) w.r.t. perturbations of the coefficient

ain L=([0,T] X R) — w* provided that a one-sided Lipschitz condition holds, i.e., there

is @ € L'(0,T) such that a,(z, -) < & holds in the distributional sense for a.a. ¢ € [0, T].
The results from [3] are not directly applicable to the system (14.49).

14.5 Conclusion

We presented various stability and differentiability properties of the solution operator
of the Generalized Riemann Problem both in physical coordinates and in a reference
space which keeps the positions of shock curves fixed by using a suitable transformation
of the space variable. By combining these results, also the differentiability of a large
class of tracking-type functionals followed.

Finally, we derived an adjoint gradient representation for a class of linear objective
functionals.
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Chapter 15

Sequential Action Control for Hybrid Dynamical
Models of Gas Networks

Yan Brodskyl [0000-0002-0550— 2320]

Falk M. Hante [0000-0001-9762—~ 2903 , and
Antonia Topalov1c[°009 0001-4545- 196X]

Abstract We generalize the framework of sequential action control (SAC) to hybrid
systems of partial differential equations (PDEs). SAC is a feedback scheme based on a
moving horizon optimization framework designed for advanced real-time capabilities.
Applied to hybrid systems the scheme synthesizes a control strategy towards a target,
including switches between different modes of operation occurring on certain conditions
or events. For the hybrid system, we consider a dynamical system switching at discrete
time points between abstract semilinear control systems in a Hilbert space. We show
that this setting covers gas network dynamics with discrete components such as valves,
check-valves and compressor switching. Based on an adjoint calculus tailored to such
a hybrid setting, we derive a closed form for the SAC control. We present stability
certificates for SAC-feedback based on linear-quadratic optimal control problems and
provide numerical examples demonstrating its stabilizing abilities, including a study
about pressure stabilization on a gas network.

15.1 Motivation

Optimization-based feedback control in gas network applications is challenging due
to the nonlinear dynamics, large-scale character, and the discrete nature of key com-
ponents. Valves, for example, perform critical functions including flow and pressure
regulation, directional control, and safety operations such as emergency shutdowns.
They operate in a binary manner (open or closed), which can lead to abrupt changes in
flow and pressure, making continuous optimization in a transient setting very difficult.
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S~ 7t = R-f‘-f'(z) -
Jov- & =RII(2) !

Fig. 15.1: Illustration of a hybrid dynamical system showing the transition structure
between modes j and j’ with corresponding output mappings. In each mode the system
is governed by another dynamics, encoded in the right-hand side F/, respectively. At a
switching point in time 7, the reset map R/>/" describes the effect of the mode transition
by z+(1) = R/>/ /(z’(r)), which might lead to discontinuities in the state trajectory z.

Addressing these challenges requires advanced modeling techniques that can accom-
modate both continuous aspects, such as the underlying dynamics, as well as discrete
variables. Beyond modeling considerations, the numerical and algorithmic treatment of
hybrid systems also demands sophisticated methods.

Generally, control systems that exhibit this mixed discrete-continuous structure are
called hybrid (switching) systems and can (informally) be described by

(1) = F/(z0), a(t)), z=R'(z7), y=G/(2), (15.1)

where z describes the state of the system and {F/}; is a family of right-hand sides each
corresponding to a mode of the system. Here, z~ refers to the the left limit, defined
as 2~ (fo) = lim,qy, 2(¢), analogously z* refers to the right limit. Furthermore, « is a
continuous control variable, y an observable, and G/ a mode-dependent output-map.
When a transition between a mode j and j” occurs, the reset map R7>J" describes how the
state is updated after the transition; cf. Fig. 15.1. These resets might cause discontinuity
of the state trajectory in time.

Optimal control problems governed by hybrid systems are both analytically and
numerically challenging. In particular, due to the discontinuities in the state trajectory
they provide little regularity and require appropriate tools to handle the additional
discrete control variables.

A straightforward approach is to fully discretize the dynamics and thus to transform
the optimal control problem into a mixed-integer nonlinear program (MINLP). Note
that this can lead to potentially large systems, especially if the constraints originate
from finite difference (FD) or finite element methods (FEM) for PDEs. Nonlinearities
such as the friction term in gas dynamics expositioned, e.g., in Chap. 2.3, make these
problems extremely difficult to solve. In [15] and specifically for gas network applica-
tions, a hierarchical approach is proposed to overcome these difficulties by a tailored
linearization of the pressure drop along pipes, resulting in a predictive control scheme
based on typically still very large mixed-integer linear programs (MILPs). Neverthe-
less, solving optimal control problems for nonlinear hybrid systems without resorting
to approximations of the dynamics remains challenging.
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For hybrid systems with mode dynamics governed by ordinary differential equations
(ODE?s), advanced strategies are available. For a broad overview of many significant
approaches, see, e.g., [30]. A key direction concerns the reparameterization of the overall
dynamics using switching times and discrete mode sequences. Optimization tasks can
then be performed based on adjoint calculus for switching times and mode insertion
sensitivities [4]. Motivated by gas network applications, these techniques have been
extended to abstract evolution equations, including semilinear parabolic and hyperbolic
PDEs [23,25]. Another key direction that also extends to PDE-dynamics concerns
relaxation techniques in combination with combinatorial integer approximation [9, 11,
12]. Studies specifically considering problems on gas networks include [10].

In the context of optimization-based feedback, classical methods like model pre-
dictive control (MPC) have been significantly extended to handle hybrid dynamical
systems by incorporating techniques like MILP [19], multi-parametric programming
[21], and piecewise affine systems [17], in order to achieve robust and efficient control.
MPC relies on solving the underlying optimization problem repetitively. This can be
computationally very costly, especially for problems governed by hybrid systems. The
authors of [2] developed another feedback scheme based on a moving horizon problem
called sequential action control (SAC). This method aims to find a control that drives
the sensitivity (w.r.t. a nominal control) to a desired decrease, therefore causing im-
provement in the cost functional w.r.t. said nominal control. For control-affine problems,
the SAC control action can be given in a closed form derived from adjoint calculus, and
its computation requires solving the forward and adjoint equation only once.

This method also extends to continuous PDE systems with bilinear control structure
and provides stability guarantees for SAC based on linear quadratic problems.

In this work, we consider an extension of SAC for hybrid systems with modes
governed by semilinear PDEs building on [3]. We present the known stability guarantees
for the case of linear quadratic PDE optimization problems. Furthermore, we show how
a hybrid gas dynamics can be modeled as to fit into this framework. We complement
our theoretical findings with numerical examples, including verification results for an
unstable heat equation, an ODE problem where only discrete control decisions are
available and a gas network problem with a mode switch occurring due to a compressor
failure.

15.2 SAC Principle for Hybrid Semilinear Systems

In this section, we present an extension of the SAC principle to the setting of hybrid
semilinear evolution systems in a Hilbert space. This framework is motivated by complex
systems, for instance, gas networks, where continuous physical flows are governed by
discrete operational changes like valve switches or compressor activations. The primary
goal is to derive a closed-form expression for a control insertion inside a given mode
of a hybrid trajectory. This insertion is designed to improve a cost functional involving
both running and switching costs. We assume a fixed sequence of modes and fixed
switching times. The present work extends and integrates the approaches developed
in [3] and [23].
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15.2.1 Problem Setup

Let H and U be real (separable) Hilbert spaces with inner products (-, -)gy and (-, ")y,
and its topological dual spaces H* and U*, respectively. Further, let (U, H) denote the
space of bounded linear operators from U to H. Consider a hybrid system defined by a
finite index set of modes Q and a switching sequence {;,}" | € Q with corresponding
switching times 0 = 19 < 7] < -+ < Ty < Ty4+1 = I. For each mode j, we consider
dynamics of the form

J(@) = AT y() + GI (8, (1)) + £ (1, (@) u" (1), 1 € (Tp, Tus1), (15.2)
with reset maps o
y(tn) =g (y (1)), n=1,...,N, (15.3)
and initial condition
y(t0) =yo € H. (15.4)

The associated cost functional, consisting of a running cost and switching penalties, is
given as

T N
J(u) = L Iy (s)ds + D 1m0 (v~ (1)) . (15.5)
n=1

We impose the following assumptions.

* For each mode j,, the operator A/~ is densely defined on D(A) C H and generates
a strongly continuous semigroup on H.

* For each mode j,, G/7:[0,00) x H — H is a continuously Fréchet-differentiable
function.

» For each mode j,, fj" € Cl([O, o) X H, &(U, H)), and ff" is linearly bounded or
defined on sufficiently small time interval (7,,, Tp+1)-

* The cost functionals /: H — R and [/»-1/»: H — R are continuously differentiable
in the sense of Fréchet and uniformly bounded.

* We have yg € D(A') and the map g/»-'*/» : H — H is continuously Fréchet-
differentiable foralln = 1, ..., N, and satisfies the inclusion gj"f*‘ Jn (D (Aj"*' )) C
D (A'n).

Using a definition from [23] a map y: [19, Tny+1] — H is called a mild solution to (15.2),
if, foralln € {0, ..., N}, there are functions y": [1,, T,+1] — H satisfying the following
conditions:

(i) The function y" is the only element of C([7,,, Ts+1]; H) satisfying the variation of
constants formula

T t i . . .
V() = 0Ty J ITINT(GI (1,y"(9)) + £ (5, 5" () " (5))) ds

Tn

Vt € [Tns Tn+1],

where
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n_ }Yo ifn=0,
Yo gln=tin (y' (7)), ifne{l,...,N}.
(ii) If 7, < T4y for some n € {0, ..., N}, then y|7,,7,,.)= "

We define y~(1,,) := y" (1) foralln € {1,...,N}.
The adjoint state p(t) is defined piecewise over the intervals (7, T,+1), satisfying

PO == (A7) p(0) = (G, yO) + (£t 3@ ), ) (1) = Dy (30, (15.6)

with terminal condition p(7T") = 0 and with jump condition at each 7,, given by

p() = (779 (@), ) p () + (i) 67 @) (5)

For sufficiently small 7,, > 0, both the forward and adjoint problem admit a unique mild
solution on [7,, T,+1], respectively foreachn = 1, ..., N, [20, Theorem 6.1.4].

15.2.2 The SAC Principle

Letu l'" be a given nominal control, defined within the mode j on (7, 7,+1). We define a
so-called needle variation uf{' by applying a perturbation only within a small interval

centered at T € (7, Tp41), for ﬁxed n as

v te['r—/—l ‘r+/—l]
Mv(t)— y 27 2" (15.8)

u"(t), otherwise,

with u/*(¢) = u{" (¢) for all k # n. We define the directional sensitivity of the cost (mode
insertion gradient) as

J\uy' sy J(u )
Yy = lim ( L ) : (15.9)
110 A

da*

This derivative exists due to [23, Theorem 10] and is given by

L@ = (p@, iy (o-u@)) (15.10)

d/l+ H*,H

pointwise in time for each 7 € (7, T,+1) corresponding to mode j,, where p(¢) is the
hybrid adjoint state.
The principle of SAC relies on choosing the control values u

Jn as

Jn

opt(7) for a fixed mode

2
Opt(r) = argmml’"(u 7) = 1 [ (t,u) - ] + %(u,Ru}U, (15.11)

ueU da+
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Fig. 15.2: A schematic illustration of the SAC principle [2]. The parameter A, denotes
the computational delay, while [#9, ¢ ] represents the prediction horizon. The value u*
is the sensitivity-based control found by the SAC procedure.

for some application time T € (7,,, T,+1), Where @4 < 0 is a desired rate of cost decrease
and R:U — U is a bounded, self-adjoint, coercive operator, for which the estimate
{u, Ru) > vy||lu||y holds for some y > 0 and all u € U. The fundamental principle of the
SAC algorithm is illustrated schematically in Fig. 15.2. In general, the SAC procedure
for hybrid systems is as follows:

(i) Nominal Prediction: Simulate the hybrid system forward with control u#; to obtain
y(#) on all modes. Then solve the adjoint p(f) backward using the hybrid adjoint
equations with jump conditions.

(ii) Compute Sensitivities: For each mode j, and time 7 € (1, T+1), coOmpute %(7, v)
using p(t) and f/n (7, y(1)).
(iii) Optimize Control Insertion: Compute u

Jn (1) according to the SAC princi-

opt
ple (15.11).
(iv) Apply Control: Choose insertion time 7 and duration A > 0. Apply the control
Jn

P! A
_ P on|T—5,7+ 5| C(1,, T .
/l,T,Mé;;l(T) [ 2 2] ( n» n+1)

(v) Repeat: Update ty — tg + t; and repeat steps at the next sampling time.

This approach guarantees a decrease in the predicted cost at each step due to the
contribution of the optimal control insertion to both the running cost and the switching
cost sensitivity, under the assumptions on differentiability and regularity of the dynamics
and cost terms. Furthermore, the problem (15.11) admits an explicit solution. In our
set-up, Theorem 2.1 in [3] can be reformulated as follows.

Theorem 15.1 Letr y be a mild solution of the state equation (15.2) with u being the
given reference control uy € C([0, T]; U). Furthermore, let p be the corresponding mild
solution of the adjoint problem (15.6) and P/» € C([ty,, Tp411; U*), defined by

Pl = (p@), [ (6, yOw) . s n €40, N}, 1€ (T, Tuar), (15.12)
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If R:U — U is a bounded, self-adjoint and coercive operator, then the operators
Pin(£)*Pin(t) + R* each have a bounded inverse and the optimal solution u’" (t) of the
problem (15.11) is given by

Jn
opt

uln (0) = (P(0)' PIn(0) + RY) ™ (P2 (@) PPt (@) + PR (e ) (15.13)
forall t € (13, 1), n€{0,...,N}

Proof. Under the above assumptions and using the mode insertion gradient given
in (15.10), the classical optimality conditions can be applied to obtain the explicit
control. The remaining parts of the proof follow similar steps as to those in [3]. O

Moreover, for each fixed mode, the subproblem of determining the action duration A
at any time ¢ € (7, T4+1), Which ensures a decrease in the cost J given by (15.5), can
be addressed by following a procedure analogous to that presented in [3].

The significance of Theorem 15.1 lies in providing an explicit, closed-form expres-
sion for the control update. In the control of high-dimensional systems, traditional
optimization often requires solving expensive iterative subproblems at every step. Our
result allows the SAC algorithm to remain computationally efficient and responsive.

Note that the SAC control action does not compute the full optimal control. Rather,
it computes a modification of the nominal control by applying needle variations that
locally decrease the cost. In fact, SAC synthesis does not even require the existence
of a (unique) solution to the underlying optimal control problem. However, for the
special case of a linear-quadratic base problem, there is a close connection between
the closed-loop SAC control and Riccati feedback, which can also be used to derive
stability guarantees for SAC schemes, as the following section will show.

15.3 Stabilization

To derive stabilization results, we begin by restricting the general framework of the
preceding section to the linear setting where f/»(t, y(t)) = B, AJ» = A, G/ =0, Vj =
0,...,N, with B denoting a bounded control operator mapping from the control space
U into the state space H. In this situation, the dynamics reduces to the controlled linear
evolution equation

y(@) = Ay(t) + Bu(t), u(t) €U, t<€(0,7), y(0)=yp. (15.14)
The corresponding adjoint system (15.6) takes the form
p() =—A"p() = 1)y (y(1), p(T) = my(y(T)). (15.15)

Applying Theorem 15.1, we obtain an explicit expression for the optimal control asso-
ciated with (15.11), namely

top(T) = (P(1)"P(r) + R*) ™' [PX(D)P(1)us (1) + P*(1)ara] (15.16)
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for every 7 € [0, T']. Here the operator P € C([0, T]; U*) is defined via
P@t):w — (B*p(1), wyy v te0,T] (15.17)

and P* denotes its adjoint operator. We now focus on the particularly relevant case of
quadratic stage costs. In this regime, the feedback representation admits a linearized
form which, to first order, characterizes the closed-loop dynamics generated by continu-
ous application of SAC-based controls. More precisely, the stage optimization problem
is iteratively shifted from the initial horizon [0, T'] to the moving horizon [¢,#+T],t > 0,
yielding the cost functional

5 1 t+T 1
B =5 [ 100 -yl dr+ JPrOG+T) =30+ T) =y (1519
t

subject to the dynamics (15.14), where y; = 0, u; = 0, Q is a bounded linear operator
on H, and Pr is positive and self-adjoint on H. Throughout, we identify H* ~ H and
U* ~ U. The analysis in [3] establishes that the SAC-induced nonlinear feedback is
Fréchet differentiable, so that the closed-loop system admits a first-order linearization
of the form

. =1 p¥
y = (A+a/dB(R ) B F) ym, 120, (15.19)

¥(0) = yo,

where F(t) : H — H is the positive self-adjoint solution of the differential Lyapunov
equation
F(t)=-A"F(t)- F(1)A-Q*Q, 7¢€(0,T)ae.

F(T) = Py. (15.20)

With the operators A, B, Q, Pr, and R fixed, the stability properties of the closed-loop
dynamics in (15.19) can be investigated. The operator A + DG(0), which generates
a strongly continuous semigroup 7'(¢), plays a central role. If it satisfies the decay
estimate lim;_,, = log||T(t)||< 0, then the equilibrium y; = 0 is exponentially asymp-
totically stable; see [16, Corollary 2.2]. In the case of parabolic evolution equations,
the asymptotic stability of the linearization guarantees the asymptotic stability of the
corresponding nonlinear dynamics in the state space; see [14, Theorem 5.1.1]. For
broader families of evolution equations, stability can be investigated using linearization
techniques, which are then complemented by suitable generalizations of the Hartman—
Grobman theorem; see, for instance, [13,18,22].

15.3.1 Unstable Heat Equation

The following example was presented and investigated in [3]. To demonstrate stabi-
lization via the SAC framework, we consider the one-dimensional reaction—diffusion
equation
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Vet X) = Yax(t, %) + 0 y(1,5) + B X(ay(X) u(t, ), (1,x) € [0,00) x (0, L),

(15.21)
y(,0)=y(, L) =0, y(0,x) = yo(x),
with equilibrium target y; = 0 and quadratic stage cost
. 1 TeL )
Siw) = 3 IOIO (@ (y(#,x) = ya(x)))~ dx dr, (15.22)

where B, G > 0, x(a,p) is the characteristic function of the control region (a, b) C (0, L),
and u > (m/ L)? so that the uncontrolled heat equation (# = 0) is exponentially unstable.
See also [1] for related MPC stabilization.

Let H = L*(0, L), U = L*(0, L), (a, b) = (0, L) (full domain), and define

Ay =y +yxx, ¥ € D(A)=H}0,L)NH*0,L), Bu = +/Bu, (15.23)
Then (15.21) can be written as
y(t) = Ay(t) + Bu(t), t€(0,T), y(0)=yo. (15.24)

With Qy = gy, Pr = 0, and R being the identity on H, the cost (15.22) is of the
form (15.18). The SAC closed-loop law (15.19) becomes

ye=Ay+@iBFqy, Yx0.=0, y(0)=y, (15.25)

where F, is the mild Riccati operator

T T
Fgy= J e 0*0 ey do = qzj (e“?y do, (15.26)
0 0

using the self-adjointness of A.

The solutions of (15.25) can be expressed via modal expansion in terms of the
Dirichlet eigenfunctions {¢x}x>1 of —A on (0, L) with eigenvalues Ay > 0. Writing
yo = X5, xkéx with coefficients xx = (Yo, #x)12(0,1,)» One obtains

Y6, x) = D @) ¢ (x),  ax(0) = xx, (15.27)
k=1

where each mode evolves according to

9 72
@gBq aqfq eZT(/l+/1k)t), (15.28)

ar(t) = xk eXp(('u + At = 2(u + Ax) 20+ Ag)

see [3, Lemma 3.2]. Furthermore, it follows that for any 7,7, > O there exists a
threshold @4 < 0 such that whenever ay < @4, the closed-loop system (15.25) is
asymptotically stable at y; = 0, see [3, Theorem 3.2]. These results establish that SAC
provides local uniform asymptotic stability in HO1 (0, L), guaranteeing the system returns

to the desired state provided the initial disturbance is sufficiently small.
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15.3.2 Numerical Results

We now turn to numerical experiments for (15.21), where we compare the performance
of SAC applied on the full and partial domains, and examine its robustness with re-
spect to parameter perturbations as well as in comparison with LQR. For the spatial
discretization, we employ a Galerkin approximation using piecewise linear finite ele-
ments for the state and adjoint variables, while the control is discretized using piecewise
constant functions on an equidistant grid with mesh size & = 0.01 (further details on
discretization can be found in [3]). The resulting system of ODE:s is integrated with the
implicit Euler method using a sampling interval ¢, = 0.1, while the computation time is
set to z¢a1c = 0 and the control horizon to A = ¢, (cf. [2]). For the numerical simulations,
we consider the specific case of (15.21), given by

Vi(t,%) = Y (t, %) + 135722 y(t, x) + V1.6 x(a.)(X) u(t, x), (£, x) € [0,00) X (0, 1),

1
y(,0)=y(,1)=0, y0,x)= 3 sin(nx),
(15.29)
with quadratic stage cost being

T el
Ji = 1J I (10 y(t,x))? dx dr. (15.30)
2Jodo

The specific interval (a, b) and T will be stated for each numerical example separately.
Figure 15.3 illustrates SAC performance for full-domain control on (a, b) = (0, 1).
ForT = 1andy = —0.5, the state and control are shown in panels (a)—(b). Larger negative
values of y accelerate decay but introduce overshoot due to fixed time steps, see panel (c),
while increasing the horizon T reduces the asymptotic L2-error, with exponential decay
until sampling limitations are reached, see panel (d). For subdomain control, with
actuation restricted to Q. = (0.5, 0.9) and perturbed instability g = 1.27% (including up
to 10 % random noise per step), Fig. 15.4 demonstrates that SAC achieves exponential
stabilization and outperforms LQR in terms of robustness and error reduction, see
panel (c). In particular, SAC reaches the target accuracy significantly earlier than LQR
(0.33s vs. 20.03 s CPU time), while for full-domain control, LQR eventually yields
smaller ultimate error but SAC achieves practically useful performance much faster.

15.3.3 SAC for Systems with Discrete Control Decisions

Now, let us consider the special case of control systems, where only discrete controls
are enforced. This can be modeled by

yO) +Ay@) = f(y@() te€(0,T) (15.31)

with v € L*(0,T; U), where v only takes values in a finite nonempty subset V c U.
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Fig. 15.3: Full-domain SAC: (a) state and (b) control for T = 1,y = —0.5; (¢) L2-error
vs.y (T = 1); (d) L?-error vs. T (y = =0.5) [3].

Fig. 15.4: Subdomain control on (0.5,0.9) with y = 1.272 and 10 % disturbance:
(a) state (T = 1,y = —1), (b) control, (c) L?-error: SAC vs. LQR [3].

For a given reference control u; € U, the magnitude of the SAC-action is computed
pointwise in time via
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2
1
ﬂ(n v) — ad] + §<U,RU>U

. 1
Uopt(T) = argmin lr(v; 7) = = [d/“

veV 2 (15.32)

! 1
= D) [(p(7)7 S, y(@) —ui(O) -1 — a/d]z + 5(1), Ru)y,

which reduces to a discrete optimization problem with quadratic cost since p, y are fully
determined by the reference control u;.

Example Inverted Pendulum

Consider an inverted coupled pendulum, also known as a cartpole. Its motion can
be described by a ODE system y = f(y,u) with state y = (0, 6,x, %), where x € R
denotes the position of the rod and 6 € [—x, ) denotes the angle between the vertical
(a line orthogonal to the ground) and the pendulums’ rod. The dynamics is given by the
right-hand side

6
£sin@ + % cos(6)

X

u

fO,u) = (15.33)

where £ is the length of the rod, g the gravitational constant, and the control enters via
the acceleration of the cart. The unstable stationary points of this problem are given by

¥y =(0,0,x,,0), u"=0 (15.34)

for any x,, € R. We restrict our set of admissible control values to V = {-1, 1}. When
computing the SAC-action in reference to u; = u* and a given cost functional J, we see
that due to the symmetry of V, equation (15.32) reduces to

1
Uopt(T) = arg{g mil; 3 [p(T)Tf(T, y(T))v — ad]2
ve{-1,1
(15.35)

-1 if p(0)" f(z,y(1)) 2 0,
1 if p(0)" f(z,y(1)) < 0.

Note that this holds independently of the choice of @y < 0.

Figure 15.5 shows numerical results obtained by controlling the inverted pendulum
via discrete SAC-actions. Here, we used u; = u* = 0 as a reference control and a
quadratic tracking-type cost functional

T

J@u,y) =J YO @y dr + y(D)" Py(T), (15.36)
0

where Q, P are positive definite matrices. Figure 15.5 shows that the discrete SAC

scheme succeeds in performing a so-called "swing-up", which refers to the task of

controlling the system from its stable stationary point y; = (m, 0, 0, 0) (the rod is hanging
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dwell times of SAC control

control value
41 — u)=+1
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(a) (b)

Fig. 15.5: Closed-loop trajectories (a) of the inverted pendulum (15.33) controlled
via discrete SAC control with control values v(t) € {-1,1} only and the corre-
sponding dwell times (b). The weights for the quadratic cost are given by Q = P =
[[5,0,2,0],[0,5,0,2],[2,0,1,0], [0, 2,0, 1]]. The magnitude of the SAC-action is com-
puted via (15.35), the duration of the SAC action is fixed at t; = 0.1, duration and time
of action is determined via [2, Algorithm 1]. We see bang-bang behaviour of the control,
which accumulates around the stable point, since the stabilizing control # = 0 is not
admissible.

down) to an unstable stationary point (the rod is standing upright), here y, = (0, 0, 0, 0),
asymptotically.

This demonstrates that SAC synthesis is compatible not only with switching between
modes but also with the incorporation of discrete control decisions.

15.4 Gas-Network Example

In this section, we demonstrate that SAC is applicable to gas network optimization
problems. To this end, we introduce modeling aspects and provide an abstract problem
formulation based on semigroup theory following [10]. In particular, the modelling
involves discrete control elements in the form of valves. As we will show, although valve
control appears on the boundary of the pipes, mathematically they can be modeled as
distributed control decisions by utilizing the concept of short pipes. This aspect of the
modelling makes the gas network dynamics compatible with the SAC framework.
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15.4.1 Networks with Pipes, Valves, and Compressors

We describe our network topology as a finite connected metric graph G(V, &), which
follows the notation laid out in Chap. 2.5.1. Additionally, each edge e € & is represented
by an interval [0, L.] with L, > 0. We exclude self-loops, i.e., forevery (vy,v) =e € &,
we have vy # v;.

Our model includes typical network components, such as pipes, compressors, valves,
entries, exits, and junctions. We split our edges into pipes and valves, which we will
represent as short pipes, e.g., & = &, U &,. Similarly, the set of vertices can be
divided into inner nodes Vj and boundary nodes V},, which represent exits and entries.
Furthermore, compressors are modeled as inner nodes, V., c V.

For each transport pipe e € &,, we consider the motion of a compressible non-
viscous gas, whose dynamics is modeled by the isothermal semilinear Euler equa-
tions (ISO2). For better readability, we denote (0¢, ¢¢) = (o, ¢)|o,1, for every edge e,
p refers to the density of the gas, and g to the mass flux. We assume a constant speed
of sound on the whole network, resulting in the state equation p¢ = ¢?p€ foralle € &
and ¢ = VR,TZ(T), where T > 0 is the constant temperature on the network, R, the
specific gas constant, and Z(T') the constant compressibility factor.

In order to simplify technical considerations, we assume that the density (and hence
the pressure) and the flow remain within bounds p € [p, p] and g € [g, ] with p > 0.
Such bounds are typically required in pipeline operations and may also be considered
explicitly in the optimization [6,29].

We set

2 = o A€ = _ 01 () =10 _QEW ! (15.37)
T \ge) 0| ’ max{p¢, p} '

for each e € &,, where p > 0 and 4 > 0 are suitable truncation parameters to simplify
theoretical considerations. With this, we can summarize the pipe model as

0;7° = A0xZ° + f°(2°), e€&p. (15.38)

In order to exploit the metric structure of the graph in our notation, we introduce
x(e,v) = Ope(), 1 Where ¢ denotes the Kronecker delta and n¢(v) encodes the adjacency
between vertices and edges as defined in equation (2.18).

At each node v € V, the coupling conditions on the network can be (generally)
expressed as

il((ek,v)pek (t’ ka(ek’ U)) = a)ecl(e/,v)p

“Ut, Lix(e;,v)), Ver,e; €EW), tel0,T].
(15.39)

a

for the density variables, where « € (0, oo)2|8|, as well as the flux balance given by

Z n®)q°(t, x(e,v)Li) = ¢°(t), t €[0,T]. (15.40)
ee&E(v)
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Junctions can be modeled as nodes v such that ¢g” = 0 and ai e = 1 for all e € E(v).
Entries and exists can be modeled as nodes v such that af;e(v) =1 forall e € EW),
but g” # 0. We refer to v as an entry node if ¢g* < 0, or an exit node if ¢g* > 0.
Compressors can be modeled as nodes v with ¢g* = 0 and &y (v) = Eour(v) = 1, where
a'le"“‘ =1, ag*" = @, where ej,, ey refer to the according ingoing and outgoing edge.
The parameter @ > 1 can be derived from the compressor specific enthalpy change
described by equation (2.118).

Finally as mentioned above, valves can be modeled as short pipes. For each e € &,,
we may assume 0 < L¢ < 1. For simplicity, we may also assume that (£¢)" = 0, for all
e € &, 1.e., valves are horizontal network elements. For some € > 0, we consider the

valve action

£ qou®) = fép.q),  ifw® =1 (valve open) (15.41)
o L1re(p,q), if w® =0 (valve closed). '
The valve action (15.41) can also be expressed as
1
fp,q,w) = w’ f(p,q)+ (1 - we)gfe(p, q), w°e{0,1}. (15.42)

This valve model is meaningful only for & sufficiently small, e.g., choosing ¢ =

(min; 06)2 %. Although too small & can cause very stiff problems numerically, this

valve model is still valuable theoretically, as it allows for modelling valves as dis-
tributed controls. Alternatively, valves can be modeled as controlled junctions using
a € {0,1}.

As the objective for optimization, we consider integrals over some Fréchet-
differentiable running cost ¢: L%(G) — R. With regard to stabilization tasks, a common
choice is a tracking-type functional

T rL;
D L L YE(pC(t,x) — S, 1)) + 95 (q° (1, %) — g1, )7 dxdr, (15.43)
ee&

p¢ and g¢ are some desired states, and y{,y5 > 0 are given constants, e € &.

15.4.2 Abstract Problem Formulation

We will set up an abstract formulation of the gas network system in terms of a semi-
group and discuss its well-posedness. This will make the hybrid sequential action control
scheme discussed in Sect. 15.2, applicable to the dynamics on the gas network.

For this, we consider a scenario where both discrete and continuous control decisions
occur. Specifically, we control the switching of the valves and the gas flux on the supply
nodes. We set |Ep|= n, |Ey|= ny, |V|= m where V; C V contains the supply nodes of
the network with |V, |= my.
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As the state and control space, we introduce

n

Y = | L*([0.L;1. R | ® L*([0,00),R™), U = L*([0,00),R™), V ={0,1}",
J=1
(15.44)
with a corresponding state vector and control vectors
1 T
y= ((z )T,...,(Z")T,q”l,...,q”’") €y,
(15.45)
u= (u],...ums) elU, v= (w',...,w"“) € {0,1} e V.
.
We denote the initial state by yg := ((z(l))T, @7, qgl, . ,qg’") . Further, we
introduce the operators
Al
0 0
A= " —, B=iy,—, 15.46
: ox ! ox ( )

An

where i, denotes the identity matrix and the nonlinear mappings f: Y XU XV — Y
defined by

S, u,v)

= (10N ), O, ™0, 0)
(15.47)

T

Remark 15.1 Instead of modeling the fluxes at the nodes of the network ¢, v € V, in
terms of the boundary conditions associated with the pipe components z!,...z" and
the operator A, we represent them by separate components of the abstract dynamics y.
In particular, they each obey the transport equation

0:q°(t,x) + 0xq°(t,x) = 145, ()u”  on (0, 00) X (0, 00), (15.48)

where the position x = 0 represents the actual flux at the node v in the network. This
allows us to choose the “simple” set Y as a superset of the domain of our semigroup
generator and thus avoids the technical difficulties of incorporating the time-dependent
coupling condition and boundary control into the underlying Hilbert space.

Moreover, we define the block diagonal operator diag(A, B) on the domain
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D ([?) g]) = {y =(,... .24 q",...,q")T € Y|y is absolutely continuous,

al)i(ek,v)z’l((t’ ka(Ek, U)) = &i(ehv)zl] (t, LIX(EZ, U))
YveV, ere € EWL),
> A(Ly)- D B0)=4¢"0) Vue V}.

ej €&Ein(v) ej €Eout(v)

(15.49)

Regarding well-posedness of the operator, we refer to the following result from [24].

(5 30)[o5) 1550

is the infinitesimal generator of a strongly continuous semigroup on'Y.

Theorem 15.2 The operator

The function f given in (15.47) is bounded and globally Lipschitz-continuous in y
and u for each fixed v € {0, 1}", but not Fréchet-differentiable. To meet the regularity
requirements of the SAC scheme presented in Sect. 15.2, we furthermore replace the
friction term on each edge f¢ by a smooth approximation, see, e.g., [8,28]. We note
that the function f(y,u,v) as defined in (15.47) can be split into f(y(?), u(t), v(t)) =
giy(®) + f (y(#))(u(1), v(t))) where g(y) entails the nonlinear friction terms on the pipes
and f has a bilinear structure with

1 1 T
gy = (gfl(y‘), e gf""(y”“), Ut (), 0, L 0)
fy,u,v) =

1 1
((1 - ;)fl(yl)wl,...,(l - ;)f"”(y””)w””,o,...,0,u1, cou™0,...,0

(15.51)
This allows us to express the gas network dynamics with valve switching control as an
abstract mixed-integer control problem

5(0) = [g .

with the initial condition y(zy) = yo with ¢y = 0.

This abstract representation of the gas network dynamics fits the theoretical require-
ments of Sect. 15.2 and thus allows for SAC-control synthesis for gas networks. Note,
that on/off control decisions on the valves are mathematically interpreted as distributed
controls.

T

YO+ fy(@),u@),0)) + g(y(®), 1 €[0,T], (15.52)
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15.4.3 Numerical Example

We illustrate the performance of the SAC strategy, implemented within the MPC frame-
work, on the Gaslib-11 benchmark network [26,27]. The network in our setup con-
sists of: 8 pipelines (PO1-P08), 3 gas entry nodes (entry®@l-entry03), 3 exit nodes
(exit0@1-exit®3), 2 compressor stations (CS01, CSO2), 1 controllable valve (VO1). An
illustration of the network can be found in Fig. 15.6.

All nodes are subject to operational pressure limits

Pmin = 40 bar,  pnax = 60 bar. (15.53)

The control objective is to maintain pressures safely within these bounds, ideally close
to a nominal target state, which can be formulated as maximizing the distance from
the bounds or, equivalently, minimizing the deviation from the desired pressure profile.
The physical dynamics of isothermal gas transport in pipelines with active compressor
units are described by the ISO3 model (ISO3). It is consistent with the model hierar-
chy simplification of the ISO2 model (ISO2): while ISO2 retains the full momentum
dynamics, including inertial terms, ISO3 neglects these inertial effects, resulting in a
simpler and more tractable formulation.

The simulations are based on a conforming mixed finite element discretization in
space and implicit Euler time integration for both the forward and adjoint equations,
following [5]. The SAC-MPC controller operates in a receding-horizon fashion: at each
control step, it computes an updated control profile based on the current network state,
applies only the first segment of this profile, and then re-optimizes after receiving new
measurements. This structure allows the controller to adapt to evolving conditions in
real time. Two baseline operational configurations are considered:

(i) Single-compressor operation — only CS01 is available, initially switched off.
(i) Dual-compressor operation — both CS01 and CS02 are available, initially switched
off.

To assess robustness and responsiveness, we introduce two critical events during oper-
ation:

‘ entry01 }ﬂ){ entry03

Fig. 15.6: GasLib-11 network
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* extreme increase in gas demand at selected exit nodes (critical event 1),
¢ sudden failure of compressor station CS02 (critical event 2).

Without intervention, these events can cause the solution to become infeasible, with
exit flows failing to meet demand or pressures exceeding bounds. In contrast, the SAC
controller responds by adjusting the operational settings of the remaining compressor,
restoring feasibility, and guiding the system back toward its nominal operating state. In
Figures 15.7 and 15.8, we present the simulation results for these scenarios, quantifying
recovery times and demonstrating the controller’s ability to stabilize the system in
realistic and challenging conditions. Furthermore, in Fig. 15.8 we compare the controller
found by SAC with a Gauss—Newton controller. The SAC maintains pressures within the
prescribed limits throughout the critical event, highlighting its robustness advantage.

15.5 Conclusion and Future Work

We have presented an extension of SAC to hybrid PDE systems governed by semilinear
control dynamics. In contrast to other moving-horizon feedback methods, in particular

time [h
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1 1 g :
0 2
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60 60
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9 10
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time [b]

mass flow [m/
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time [h]

Fig. 15.7: Critical event 1. Pressure and mass flow distribution along pipes 7 and 8, and
the corresponding control action in CSQ1.
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Fig. 15.8: Critical event 2. Output pressure at exit®1 and corresponding config:ctrol
inputs (for SAC and Gauss—Newton control).

MPC, the computation of SAC control can be carried out without solving the numer-
ically costly underlying hybrid optimal control problem. However, as a consequence,
the stability and sub-optimality guarantees provided by MPC, which computes a full
optimal solution, are not directly available. Nevertheless, our theoretical results provide
a stability analysis for the linear-quadratic case. Together with the numerical examples,
this illustrates not only the stabilizing capabilities of SAC but also its potential for
real-time application due to its comparatively low computational cost.

A natural direction for future work would be the extension of SAC to (hybrid) optimal
control problems with boundary control, including the derivation of a closed form for
uop and the corresponding stability analysis. This can potentially be based on the abstract
reformulation of boundary control problems discussed in [7]. Further aspects for future
work on SAC include handling uncertainties, integrating state observers, enforcing state
constraints, and extensions to different gas-related problems where real-time feedback
and hybrid PDE dynamics play a crucial role.
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Chapter 16

The Turnpike Property and the Optimal Control
of Gas Networks

Martin Gugat[0000700027528] -110X] and
Michael SChuster[OOOO—0002—4689—3663]

Abstract This chapter investigates the turnpike property in dynamic optimal control
problems arising in gas pipeline networks. For sufficiently long time horizons, optimal
states and controls typically remain close to a steady-state solution for most of the time
interval, with deviations occurring mainly near the initial and terminal phases. The
theoretical background of the turnpike phenomenon is discussed and illustrated through
two examples: an optimal control problem governed by a neural ordinary differential
equation and an optimal compressor control problem for a gas network modeled by the
isothermal Euler equations.

16.1 Theoretical Background on Turnpike Phenomena

In the operation of gas pipeline networks, the state of the gas in the pipes changes
with time, due to changing supply and demand, and changing control actions at the
control nodes. An important aspect is the uncertainty of future supply and demand in
the system, that has to be taken into account for operational planning. Moreover, there
are state constraints, for example the range of admissible pressures is bounded.

Thus, it is natural to state the optimal control problems for gas networks in a dynamic
setting (see [14,20]), where the system evolves according to a dynamical system, which
depends on the control actions subject to the boundary conditions. The boundary data
are uncertain, but in a simplified setting the expected values can be taken as fixed values.
As usual, in the statement of the optimal control problem the initial data for the system
are assumed to be known. In order to obtain an approximation of the initial state, an
observer system can be used, see for example [7]. Dynamic optimal control problems of
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this type can also be used in the context of model predictive control (MPC) or receding
horizon control (RHC), see, e.g., [19].

The objective functional of the optimal control problem typically contains a control
cost and a tracking term of integral type, where the integrand is the distance of the system
state to a given desired state. A natural control cost in this context is the compressor cost
that stems from thermodynamical considerations. The amount of energy input to the
gas by a compressor is given by the product of the flow rate through the compressor and
a function of the ratio between output pressure and input pressure, see, e.g., [22], (1).
Also terminal costs that penalize any deviation of the final pipeline state from a desired
terminal state are useful to avoid undesired terminal states.

For optimal control problems of the type described above, numerical computations
often yield optimal controls and optimal states that have a so—called turnpike structure
in the following sense: For sufficiently large time horizons 7' > 0, after a dynamic initial
phase on a subinterval of the form [0, 7g] c [0, T] the optimal control and the optimal
state are very close to a static state on the long subinterval [#y, T —#9]. Only close to the
final time, on the final subinterval [T — ¢y, T'], again a dynamic phase can be observed
sometimes.

Under certain conditions, the static ‘attractor’ of the optimal state—control pair (which
we can also call the "turnpike’) can be characterized as the optimal solution for the static
optimal control problems that corresponds to the dynamic optimal control problem. This
static problem can be obtained from the dynamic problem by canceling the initial con-
dition and the terminal costs in the objective function, and setting the time-derivatives
in the differential equation to zero. In general, it is much easier to solve the static
optimal control problem than the dynamic problem. The turnpike property provides a
justification for planning processes that are based on static models, since it implies that
for large time horizons, most of the time the optimal state, control and adjoint state for
the dynamic problem will be close to the optimal solutions of the static problem.

Often the difference between the dynamic optimal control and the static optimal
control decays exponentially fast both from the beginning of the time interval towards
its interior and also from the end of the time interval towards its interior. This situation is
called the exponential turnpike property (see, e.g., [16]). In [15], it is shown that under
certain assumptions, with the time horizon converging towards infinity, there exist limit
trajectories both for the initial phase of the control activity and for the terminal phase at
the end of the time interval. Also for the optimal state there exist initial limit trajectories
and terminal limit trajectories. The result is shown for linear systems and thus, not
applicable to the non-linear models. However, on account of simulation results, we
expect that similar results hold for the non-linear models.

The turnpike structure has been studied for a long time in economics, see for example
the early references [21, 24]. Meanwhile, the turnpike phenomenon is also a well-
established structural property in the field of optimal control, in particular due to its
relation with model predictive control in a stabilization loop. For recent surveys see,
e.g., [3,28]. Problems in a general abstract setting are studied in [30]. In the turnpike
analysis, the (strict) dissipativity property plays a prominent role. It has been introduced
by Jan Willems, see [29]. A survey on its influence is presented in [4]. The dissipativity
property requires the existence of a function w(¢) that is called the supply rate (depending
on the control and the state at the time #), and a storage function S depending on the state.
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As stated in [29], the storage function is ‘a generalization of the concept of stored energy
or entropy’ (and therefore, bounded from below) and ‘the storage function associated
with a dissipative dynamical system satisfies an a priori inequality’, namely for all time
intervals (g, t1) the dissipation inequality

1

S(x1) < S(xo) + I w(t) dt,

4]

where for j € {0, 1} the state at time ¢; is denoted by x;. In the context of optimal
control problems, the supply rate can be considered as the integrand in the objective
functional. It has been shown in [5] that strict dissipativity implies turnpike behavior
for time-varying discrete time optimal control problems.

Strict dissipativity also plays an important role in the analysis of port-Hamiltonian
systems, see [25], where the supply rate w(¢) has the form of a scalar product of the
observed state and the control.

In contrast to systems with distributed control or systems that are governed by ordi-
nary differential equations, there are only few contributions for systems with boundary
control that are governed by hyperbolic partial differential equations. For a paper on the
optimal Neumann control for the 1D wave equation and the corresponding exponential
turnpike property, see [17]. A turnpike phenomenon for the optimal boundary control
with a linear 2 X 2 system is studied in [8], where it is shown that the system has the
integral turnpike property: This means that for the optimal values on the time intervals
[0, T], that are given by the objective functional J7 evaluated at an optimal control ur
we have

sup Jr(ur) < oo. (16.1)
>0
Here the objective functional Jr has a similar structure as in (16.4) below. The integral
turnpike property (16.1) implies in turn that for all & > 0 there exists a number C,, > 0
such that for all 7 > 0 we have

wu{t €10, T]: lur@) — ug||> €} < Ce. (16.2)

Here u, denotes the optimal static control (i.e., the ‘turnpike’) and u denotes the
Lebesgue measure. Property (16.2) is called the measure turnpike property.

The results in [8] cover the case of a linearization of (ISO2), defined in (ISO2), that
is linearized around a stationary state. Note that for the corresponding problem with
the semi-linear system (ISO2), in general the uniqueness of the optimal control is lost,
see [1]. An integral turnpike result for the optimal boundary control of gas pipeline
flow governed by the isothermal Euler equations (ISO1) is presented in [9]. An integral
turnpike result for optimal boundary control problems with the transport equation under
uncertainty is shown in [23].

The turnpike phenomenon is an important justification for operational planning
processes that are based on the optimization of static states. The reason is that if the
turnpike property holds, for sufficiently large time horizons T the normalized difference
between the optimal values of the static problem J;,; and the dynamic problems J7(ur)
becomes arbitrarily small in the sense that
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. 1
7121:0 ? Jr(ur) = Jstar =0, (16.3)

for details see [11], Theorem 3. Therefore, it makes sense to solve planning problems
with static states, even if in the real operation transient phases occur on a regular basis.
Property (16.3) can also be a justification for the quasi-static approach, see [10, 18]
and for network designs that are based on static scenarios, see for example the study
of optimal compressor location in [12,26]. In order to control the transient situation,
a feedback control can be used that steers the system to the computed static optimal
control. Equation (16.3) implies that for sufficiently large time horizons 7', this approach
only leads to a small loss of optimality in the sense of a small increase in the objective
functional. The turnpike property is also visible in the numerical simulations in [13],
where a model of the European gas market is studied.

16.2 An Example with a Neural ODE

The following simple example illustrates the turnpike phenomenon. While the flow
in gas pipelines can be modeled accurately by dynamics that are governed by partial
differential equations (see the example in Sect. 16.3 below), we start with a simpler
example that is governed by an ordinary differential equation (ODE). A general ODE
has the form y’(t) = f(z, y(¢)) and is thus determined by the continuous function f on
the right-hand side. The universal approximation theorem (see [2]) implies that such
a function can be approximated uniformly by neural network approximators on any
bounded set. This motivates the consideration of neural ODEs, where the function f is
given by a neural network of the form

p
f(t,y)= > tanh(a]y + a;t + B;) wi(t)
i=1

with real numbers «;, B;, vectors a; and vector-valued functions w; (#) (i € {1,---, p}) of
the same dimension as the state y. These parameters can be considered as controls of the
system. In order to simplify the setting, we only consider the functions u(t) = (wi(t))f= !
as controls.

Let an initial state yo € R? and a desired state y; € R? be given. Let a terminal
time 7' > 0 and a parameter y > 0 be given. Consider the following optimal control
problem with a neural ODE:

. 1 (T & 2 y (T 2

5 (O dt + 5 1) — dt
ME;‘IZIE(I)I, T) 2 IO iélluw ( )” 2 IO “y( ) yd”

Pr ¥(0) = yo, (16.4)

y(t) = Zf:] tanh (aiT(y(t) —ya) +a;t +,8,<) w; ().

Here ||-|| denotes the Euclidean norm in R¢. The corresponding static problem is
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z 2,7 2
min wil|“+= ||y — ya
s ey =yl
subject to the constraint 0 = Zp tanh (aT(y —ya) +a;t + B;) w;.

Hence the static optimal control isw'* =0 €{l,..., p}) and the corresponding
optimal static state is equal to y4. For a real number r we use the notation

Bva) = {y € B2 lly = yallP< 2.

Assume that there exists a radius » > 0 such that we have yg € B, (y4) and

mo = yeBr(yd) t>02tanh a; P (V= ya) + ait +ﬁl) 0. (16.5)

Then the following result holds: There exists a number C > 0 that is independent of T

such that for all 7 > 0 the optimal state and the optimal control for Pz have the integral
turnpike property in the sense that we have

fny(r) yd||2+2||wl<t)||2dr<c (16.6)

This implies that for all £ > 0 we also have an upper bound C, that is independent of
T for the Lebesgue-measure u of the set where the optimal integrand is greater than &:

p ~
ufr €10, 712 150 = yallP+ YllwitolP> ef < C
i=1

for all T > 0. Hence, the measure-turnpike property holds.
Now we show that (16.6) holds. Let us consider the control function that for i €
{1,..., p} is defined by the feedback law

wi(t) = =\y (¥(t) = ya). (16.7)

Then for the Lyapunov function L(t) = %Il y(t) = yql|l> we have

p
L0 = (60 = ya)y/ () = =27 3 tanh (a] (¥0) = ya) + et + i) L(0).
i=1

Due to (16.5), this yields the inequality
L'(t) < =2~y mo L(¢),
and with Gronwall’s Lemma this implies

L(r) < exp(—2+/y mot) L(0).
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Hence ||y—yq/||* decays exponentially fast with the rate 2 1Y mo. By the definition (16.7)
of the w;, this implies in turn that Zf’ | |lwi||> decays exponentially fast with the same
rate.

Since the control (16.7) is feasible for the optimal control problem Pr, this im-
plies (16.6), where the upper bound C is given by the value of the objective functional
for the control (w;); defined in (16.7) and the generated state extended to the infinite

time horizon (0, ), to be precise by

—_ 0 p
o jo 1) — yallP+ S w0 .
i=1

Note that if yg # y4, for the feedback control (16.7) for all # we have w;(¢) # 0, while
the optimal control is switched off at the time 7', that is at the end of the time horizon.
For a more general analysis of the turnpike property for systems that are governed by
neural ODEs see [6].

16.3 An Example with a Gas Network (Gaslib11)

In this section we consider an optimal compressor control problem for gas transport on
the GasLib-11 (gaslib.zib.de) network, which consists of 11 nodes (3 inflows, 5 inner
nodes, 3 outflows), 8 edges and 2 compressor controls, as visualized in Fig. 16.1.
This example shows that optimal control problems with exponential damping on the
boundary data (the gas outflow) satisfy a turnpike structure even if the state is not
penalized in the objective function.

a Outflow

ey Outflow

el /\ CS
® @

w

e3 Outflow

Inflow —>

Fig. 16.1: A scheme of the GasLib-11 with closed valve

The gas flow on the edges e; — eg is defined by the isothermal Euler equations
(introduced in Chap. 2.3)


https://gaslib.zib.de/
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a d

a0 F e gD = 0,

d . 3 c? (g5t %)) A ¢ a5, (6,2 g5,(t, x)|
— E) - Ae € 9 _m— = - _%
atqm(t .X)+ ax( p (t X)+ Ae pe(t’x) ) 2D¢ A¢ Pe(t’x)

(16.8)
where p¢ is the pressure in Pa, ¢¢, is the massflow in kg/s, ¢¢ is the mass flux in
kg/(m?s), ¢ is the speed of sound in the gas, A° is the pipe cross section and A° is
the pipe friction coefficient for edge e, respectively. For the boundary data we consider
constant gas pressure at the inflow nodes, i.e., we consider

p1(t) = 55 bar, p2(t) = 52 bar, pe(t) = 53 bar. (16.9)

Further let perturbed gas outflows at the nodes v7, vio and vy in kg/ (m2s) be given,
that decay exponentially fast

. t 3 10 ¢

b7(l) =50 = sin ((m - Eﬂ) 471') -exp(— m) + ]25,
. t 10¢

b]()(l) =70 * sin m 2] - exp| — m + 115, (1610)
. t 1 10 ¢

b]](l) = 60 = Sln((m + zﬂ') . 27T) -exp(— m) + 130.

These outflows are illustrated in Fig. 16.2 without damping and in Fig. 16.3 with
damping.

At the network junctions vg (k € {3,4,5,8,9}), as coupling conditions, we consider
conservation of mass and continuity in pressure (see Sect. 2.5.2). For the compressor
stations we consider the multiplicative model (see Sect. 2.9)

CcS;

pou[ (t)
Pin' ()

=u(n>1 i=12, (16.11)

CcSi

where pi‘:f and p_ ( are the ingoing and outgoing pressure at the compressor stations,
respectively. The initial condition corresponds to the steady states associated with the
boundary data at + = 0 and compressor controls u; = up = 1. Finally, let pressure

200

7
50 I I I = I I
0 5 10 15 20 25 30 35

tinh

——b(t) —b, () —b,,(t)

Fig. 16.2: Boundary data for the outflow nodes without damping
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=

1) —P

20 25 30 35
tinh

Fig. 16.3: Boundary data for the outflow nodes with damping

bounds
Pmin = 40 bar, Pmax = 70 bar, (16.12)

be given at all nodes.
We consider the optimal compressor control problem

. 2
min u(t) ,
w(t)eL2(0,T)? I ”L2(°’T)

s.t. isothermal Euler equations (16.8) on every edge,
boundary conditions (16.9), (16.10) at nodes vy, v2, vg, U7, V10, V11,
coupling conditions at nodes v3, v, Vs, Vg, Vg,
compressor model (16.11) on c¢sy, ¢s2,
initial conditions at every edge,

pressure bounds (16.12) at every node.
(16.13)
The optimal controls of (16.13) are shown in Fig. 16.4 for the boundary data without
damping (cf. Fig. 16.2), and in Fig. 16.5 for the boundary data with exponential damping
(cf. Fig. 16.3). A turnpike structure is clearly observable for the optimal control with
exponential damping. While turnpike structures for optimal boundary control problems
with hyperbolic PDEs such as (16.13) usually require an additional tracking term for
the states in the objective function (see, e.g.,, [8,23,27]), the exponential damping of
the boundary data suffices to ensure a turnpike structure.

The corresponding optimal pressures at the outflow nodes v7, v19 and vy are shown
in Fig. 16.6 and Fig. 16.7. The optimal controls maintain pressures above the lower
bound by compensating the pressure loss along the pipes caused by pipe friction. The
exponential damping in the boundary data has a pronounced stabilizing effect on the
system dynamics. As the perturbation of the boundary outflows decay over time, the
optimal controls approach steady-state values more rapidly, leading to pressure profiles
that remain close to their stationary counterparts over most of the time horizon. This
behavior exemplifies the turnpike phenomenon, where both the control and the state
spend the majority of the optimization horizon near the steady-state solution, deviating
only near the initial and terminal phases.
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121 4
1 I | I I I
0 5 10 15 20 25 30 35
tinh

Fig. 16.4: Optimal compressor controls of (16.13) with the boundary data shown in
Fig. 16.2

0 5 10 15 20 25 30 35

0 5 10 15 20 25 30 35

Fig. 16.5: Optimal compressor controls of (16.13) with the boundary data shown in
Fig. 16.3

50 50 50
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Fig. 16.6: Optimal pressures at the outflow nodes v7, v1g,v11 for the optimal controls
shown in Fig. 16.4

In contrast, without damping, the persistent oscillations in the boundary data induce
sustained temporal variations in the pressures, preventing convergence toward a quasi-
stationary regime. The damping thus effectively suppresses transient fluctuations and
promotes the emergence of a distinct turnpike structure in both the control and the
pressure variables.
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Fig. 16.7: Optimal pressures at the outflow nodes v7, v19,v1; for the optimal controls
shown in Fig. 16.5

Conclusion

This chapter studied turnpike behavior in the dynamic optimal control of gas networks,
combining theoretical analysis with illustrative numerical examples. The neural ODE
example admitted an analytical treatment via the Lyapunov method, while the GasLib-
11 example highlighted the practical relevance of exponential boundary damping as a
mechanism that suffices to generate a turnpike structure. A key finding is that exponential
damping of boundary data alone can induce a turnpike structure, even in the absence
of a state-tracking term in the objective functional. This relaxes a condition typically
assumed in the hyperbolic PDE setting. The results reinforce the theoretical justification
for static and quasi-static planning models in gas network operation, and suggest that
turnpike-aware control design can reduce the computational burden without substantial
loss of optimality.

Open questions include the extension of exponential turnpike results to quasi-linear
hyperbolic systems and the characterization of turnpike behavior under stochastic supply
and demand uncertainty. These properties are particularly relevant in model predictive
control contexts, where exploiting the turnpike structure can substantially reduce the
effective optimization horizon.
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Abstract We present domain decomposition techniques for efficient and scalable simu-
lation and optimization of partial differential equations on network domains. Motivated
by transient gas network applications, the state-of-the-art of space-and-time decom-
positions for systems derived from Euler’s equations are presented. Moreover, combi-
natorial aspects of switching valves are addressed in a decomposition framework for
mixed-integer and ODE-constrained problems and a convergence analysis is presented.
Motivated by stochastic approximation, we also propose and explore randomized de-
composition approaches. Some of these advanced solution strategies can be combined
and regarded as variants of certain penalty alternating direction methods. We present
the potential applications of these techniques by summarizing numerical results from
the literature for transient GasLib instances modeling a realistic gas transport network.

17.1 Introduction

Partial differential equations posed on networked domains (metric graphs) arise in a
variety of applications and have been extensively studied with contributions to diffusion
and transport [7,24,51,59,67], singular perturbation regimes [11,22], and control of
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parabolic and hyperbolic systems [1,12,21]. A central motivating example throughout
this chapter is transient gas transport in pipeline networks.

As the size and topological complexity of the network increase, solving these sys-
tems becomes computationally demanding, particularly in time-dependent and control
problems [73]. This is especially the case for gas networks, where long horizons and
operational tasks (e.g., estimation, scheduling, and feedback control) require repeated
large-scale solves. To address this challenge, domain decomposition methods have been
developed and widely applied [57]. Classic formulations include overlapping (Schwarz-
type) and non-overlapping (Schur-complement) variants; see [57, Chap. III] and [75].

These techniques divide the global domain into smaller subdomains on which the
problem is solved locally. In a typical setting, one proceeds iteratively: at each step,
the PDE is solved over an individual subdomain for the entire time interval, using
boundary data from neighboring subdomains computed in the previous iteration. This
procedure defines a sequence of approximate solutions that, under technical conditions,
converges in a suitable norm to a solution on the entire domain. While effective,
this approach requires repeated resolution of full time-dependent problems on each
subdomain, making the method computationally slow, especially when the number
of subdomains or the time-horizon is large. In the gas network setting, a subdomain
corresponds to a subnetwork of pipes and the interface data correspond to junction
conditions, so global synchronization is a major cost driver. This naturally raises the
question of whether it is possible to design methods that avoid solving the PDE in each
subdomain over the full time interval, while still preserving approximation guarantees.

Classic space and time domain decomposition methods (STDDM) aim at efficient
solvers for large-scale simulation, particularly in the context of optimal control problems
for PDEs on networked domains. There are numerous textbooks available, cf. Quarteroni
and Valli [75] for an early contribution, Dolean et al. [19] for a more recent textbook.
The biannual proceedings of the “Domain Decomposition Conference”!' can be seen
as a regular update of the state of the art. See also [57] and [62] for an overview. We
also refer to [61], where the two-link transmission problem has been discussed. As for
time-domain decomposition, we refer to [27-29,41,57,65,86]. See further [19] and in
particular Gander [30].

Another possible path to overcome the computational burden for solving a PDE in
network settings is to relax the notion of convergence and to work in an average sense.
This is precisely the philosophy behind the Random Batch Method (RBM). Originally
introduced in the context of interacting particle systems, the RBM constructs a stochastic
approximation of the dynamics by considering, over short time intervals, only the inter-
actions within a randomly selected batch of particles, instead of computing all pairwise
interactions. The method switches to a new random batch at each temporal window.
In [46], it is shown that the RBM converges in expectation to the original interacting
particle system as the time intervals decrease, i.e., as the batch switching increases. As
expected, restricting to partial interaction information can yield a substantial reduction
in both computational cost and memory usage.

In this chapter, we present advanced domain decomposition techniques designed
for the efficient and scalable simulation as well as optimization of partial differential

! See https://www.ddm.org.
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equations on network domains. The work is motivated by the complexities of transient
gas network applications, where the need for robust and scalable solutions is paramount.
We present state-of-the-art space-and-time decomposition methods tailored for semi-
linear hyperbolic and nonlinear parabolic systems derived from Euler’s equations. A
significant contribution of our research is the integration of combinatorial aspects, such
as switching valves, within a decomposition framework. We report on the available
convergence analysis in the context of mixed-integer controls. Inspired by stochastic
approximation techniques, we also propose and explore randomized decomposition
methods.

Some of these innovative strategies can be combined and, in their primal reformu-
lation, be viewed as variants of certain penalty alternating direction methods, offering
flexible and powerful tools for solving complex network problems. To validate the
potential of these techniques, we review extensive computational experiments on real-
istic and transient GasLib instances. Our findings underscore the practical applicability
and effectiveness of the proposed methods in real-world scenarios. Throughout this
article, we provide a comprehensive overview of our methodologies, their theoretical
foundations, and their practical implications. This includes detailed discussions on the
decomposition frameworks, convergence analyses, and the integration of combinatorial
and stochastic elements. Our results not only advance the current state of the art but
also pave the way for future research in the simulation and optimization of large-scale
network systems.

The remainder of this chapter is organized as follows. Space-time domain decompo-
sition methods are discussed in Sect. 17.2, while the ODE-constrained case including
mixed-integer aspects is reviewed in Sect. 17.3. Randomized domain decomposition
methods are the subject of Sect. 17.4. Then, a consensus-based penalty alternating di-
rection method for the fully discretized case in presented in Sect. 17.5 before we close
the chapter in Sect. 17.6 with some concluding remarks.

17.2 Space-Time Domain Decomposition Methods

In this section, we present abstract formulations of optimal control problems on gas
networks and their possible decompositions both in space and time based on optimality
conditions. We concentrate on two models from the catalog in Chap. 2, “A Catalog of
Gas Network Models: PDEs, Coupling Conditions, and Numerical Schemes” of this
book, namely (ISO2) and (ISO3), derived from the classic Euler system. In Sect. 17.2.1,
the concept of metric graphs together with standard notation is introduced. We refer
to (2.130) and (2.131) for the corresponding network problems. In Sect. 17.2.3, we dis-
cuss optimal control problems for (2.130) and their space-time decomposition based on
optimality conditions. In Sect. 17.2.4 we discuss optimal control problems for (2.131)
and their space-time decomposition. While these results are, in themselves, novel theo-
retical contributions, they may also be viewed as a starting point for the computational
approaches presented in the upcoming sections. For earlier works motivated by gas
transport network applications, we refer to [53,54,63]
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17.2.1 Network Modeling

Let G = (V,E) denote the graph of the gas network with vertices (nodes) V
{ni,na, ..., |} = {n;:j € J} and directed edges (arcs) E = {ey,ez,...,e|g|} =
{e;:i € T}. For each directed edge e;, i € I, and each node n;, j € J, we define the
edge-node incidence coefficients

—1, if the the edge e; starts at node n;,
d;j =1 +1, ifthe edge e; ends at node n;,

0, else.

We introduce the edge degree d; := | ;| as the number of edges incident at node j. We
introduce the set M for all nodes with node degree of at least 2 and the sets jDS N
represents simple Dirichlet or Neumann nodes.

17.2.1.1 The Semilinear Model (ISO2) on a Network
As presented in Chap. 2, “A Catalog of Gas Network Models: PDEs, Coupling Condi-

tions, and Numerical Schemes”, the semilinear pipe model (ISO2) yields the following
dynamics on the graph G:

%pi+;—xqi=0, iel, xe0,¢),te0,T,)
L g —ﬁqim el xe0.6), 1€0.T),
p(nj,t) = p(nj,1), Vioke I, je gM, t €(0,7),
S dizq(n;, 1) =0, jegM e, 17D
ite
pnj, 1) = gi(0), i€l jedy, te€7T),
q(nj, 1) = hi(t), i€ljeJn, t€07),
pi(x,0) = p; o(x), gi(x,0) = gjo(x), x €(0,6).

The system consists of a continuity equation and a momentum equation for gas densi-
ties p; and gas mass flow ¢g; with parameters A, D; and ¢ denoting a friction coefficient,
pipe diameter, and the speed of sound in natural gas. Further modeling details and
extensions including non-zero pipe slopes, compressor models, valves, etc. will be in-
troduced in Sect. 17.5. For our purposes here, we regard g;(¢), h;(t), i = 1,...,m, as
controls and reformulate (17.1) as a system of semi-linear hyperbolic balance laws.
To this end, we introduce characteristics or Riemann invariants. We define F;(p;, g;) =

—(D)(2D;pi)qilg;|. Introduce the Riemann invariants w; := g; + c;p;, w; = q; — ¢;ip;,
which propagate at speeds +c; and —c;. In vector form,
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wy e O
)’i = (w.—)5 Ai L |:O _Ci

Then, (17.1) with F; as F; rewritten in (wf,w;) and stacking all edges, y :=
col(y1,...,yg]) € RUEI,A := blkdiag(Ay, ..., Ag|), we obtain the global interior
PDE

Oy +MNdyy=F(y) in(0,T)x(0,L1)X---x(0,0g)

with initial data y; (0, x) = y; o(x). For each edge, we collect the four endpoint invariants

w;(0)
end ._ w;(O) 4 end ._ end end 41E|
o= W) eR”, ¥y .—col(yl ,...,ylE‘)ER .
w; (6)

At each node n;, define the vectors of incoming and outgoing characteristics at the node
location are given by

Bj=col (Bij)cr,» @ =col(aij);cr,

with

-(0%), ifd;;=-1,
Bij :={w’( ). ibdy; and «;; =

wl.+(0+), if d,‘j = —1,
w:—(fl_), if dij =+1,

wl_(fl_),lf dij=+l.
There exist fixed selector matrices B;, A; € R4%*4El guch that
ﬂj — Bj yend’ @) = Aj yend.

We proceed with an explicit construction of the matrices. Let EEO) € R¥4IEl pick the
ith edge’s (-, 0) entries, i.e.,

EO —10...0 L 0--.0].
N——
col jng=4@i - 1)+1:4G - 1)+2

E©:=[0---0 b 0---0],
——
coling=4(i—1)+3:4(i—1)+4

and let S* := [1 0] as well as S~ := [0 1]. Then the rth row of B; (corresponding to
edgei, € I;)1is

STEY, ifd;;=-1 S*EY, ifd;,; =1
Bi) = iy rJ " and (4)),. = 7 it ’
( J)r,~ {S+ El(f)’ if dl}j =+1, ( J)r,~ S™ El(f), if dirj =+1.
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Stacking all nodes, we get
Bi=col(B))jeg = By™, a:=col(;)jeq = Ay™, (17.2)

with B := blkdiag(B;) and A := blkdiag(A ;).
For an interior node n; with equal characteristic impedances (or after impedance-
weighting), the scattering law

2
@j=S; By +s;0), S =1ly - 11T, 83 =14, (17.3)
J
enforces continuity of p and the Kirchhoff flux sum at ;. For heterogeneous impedances
Z;; > 0, we have
z7"nr _
Sj = Idj -2 m, Zj = d1ag(Z,-A,~),-€Ij.
J

Prescribed boundary ports are absorbed in the affine term s;(¢) (Dirichlet/Neumann
data).
Stacking (17.3) over all nodes and using (17.2) gives the global block relation

Ay™(r) = SBy™(t) + s(t), S :=blkdiag(S;)jcy, s:=col(sj)jeq. (17.4)

Equivalently, C y*"(¢) = s(r), C := A — SB. As for the boundary conditions, we define
the global incoming/outgoing stacks in “left/right” order:

in = (y+(L)) out — (y+(0))
Y =hro) )

There exist permutation/selection matrices Pj,, Py € RM¥4|E| (withm = 3 ; d;) such
that

ﬂ — Byend — Pin yend N yin — Hin ﬂ,
a=A yend — Pout yend N yout — Hout a,
with Iy, [oy simply reordering the node-incident entries into the stacked y*(-) blocks.

Since Pin, Pout, [in, oy are (block) permutations, they are invertible with inverses
equal to their transposes. Using (17.4),

@=SB+s = y" =T ST, y" + Tous.
[ — S~——
=K =k(r)

Hence, in compact left/right form, we have

YO | _ [y — -1
[y_(L) =K [y_(o)] + (1), Ki=Tloy STI;.
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This is equivalent to (17.4).

Remark 17.1 1f boundary controls u(#) act on a subset of ports (e.g., Neumann/Robin
actuation), they appear (i) either by making k() affine in u(¢), or (ii) as source injections
through a distributed term Byu(t). In the compact interior form we may write

8y +Adyy = F(y) + Bau(), (x,1) € (0, L) x (0, T),
[ﬂo)} =K [y+(L) + K, u(t) + Ko(0) te©,T), (17.5)
y (L) y~(0) " ’ h :
y(x,0) = y(x), x€(0,L).

17.2.1.2 The Parabolic Case (ISO3) on a Network: The p-Parabolic Problem on
the Network

Besides the semi-linear model (ISO2) for gas flow in a single pipe as used in (17.1)
above, we here resort to a friction dominated gas flow model proposed by Bamberger [3].
For slowly varying flow regimes, y = p> denoting the squared pressure p = ¢2p and
for zero slope of the pipes the Euler equations can be reduced to (cf. the (ISO3) model
in Chap. 2, “A Catalog of Gas Network Models: PDEs, Coupling Conditions, and
Numerical Schemes” and [64])

D. &
0 —— — e\ 20,2 o, (17.6)

Iy A 710,y

We introduce the monotone function B(s) := s/ (\/H). Then, (17.6) reads

9B(y) = y9xB(dxy) = 0.

It is also possible to write this down in the p-Laplace format:

3, (1v1772y) = yx (10,317 20,7) = 0, (17.7)

where p = 3/2. Equation (17.7) has come to be known as doubly nonlinear parabolic
equation of p-Laplace type. See, e.g., [76] for an early contribution also in higher
dimensions, [79] for a more recent functional analytic treatment. Notice that p < 2 and
that the system is, therefore, singular for (% y(x) = 0. For p > 2 such equations exhibit
instead degeneration. Equations similar to (17.6) have been considered in the literature,
see, e.g., [3]. We note that the doubly nonlinear parabolic problem associated with the
friction-dominated flow on a network has been considered in the thesis [85] and [70].

Similarly as for the pipe model (ISO2), we now describe the gas dynamics using the
doubly nonlinear p-parabolic problem (17.7) on a network.
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O B(yi(x, 1) = Ox (BOxyi(x, 1)) =u;, i€, x€(0,6), te,7),
yi(nj, 1) = yr(n;, 1), Vi,keI;, je g™, te(0,T),
> dijBByyi(nj, 1) =0, jegM, te©1),
ic; (17.8)
yilnj, 1) = gi(0), i€l jeJdp, te7),
di;B(Oxyi(ny, ) = u;(1), i€l jedn, te7),
pi(x,0) = p; o(x), qi(x,0) = g;o(x), x €(0,6),

where the functions u;, g;, i € T, u;,j€1;,j€J S serve as distributed and boundary
controls, respectively.
We now embark on space-time domain decomposition of the network equations.

17.2.2 Space-Time Domain Decomposition

We partition the metric graph G into edge—disjoint subgraphs G = U;’ _, G and time
into windows 0 =Ty < T; < - -+ < Tpy =T. Define

QP = (T, T x| (0,6,

ecGWP)
P = {(t,n;) : t € (Ty-1,Tp), n; € ports of GP}.

Our goal is to decompose the full space—time problem on G into local subproblems
on Qﬁnp), communicating iteratively across time caps {T,,} and spatial ports {n;}. The
method may be viewed as NeTl (Network Tearing and Interconnection), a space—time
analogue of the FETI paradigm.

For clarity we focus on the hyperbolic balance law

(9,y(P’m) +A(p)3xy(p,m) - F(p)(y(p,m))’

where AP)(x) is diagonal with entries equal to the signed characteristic speeds along
edges of G,

Atany node n; incident to G (), decompose y = (y*, y~) into outgoing and incoming
components. Collect the outgoing and incoming traces belonging to G into

Py e R, B (1) € R,

and similarly for other subgraphs touching n;. Denote by N; the set of all subgraphs
attached to n;, and form the global stacked vectors

ajt)= P o0, B =D BT 0.

qeN; qeN;

The node scattering is the symmetric involution
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a;(t)=S; ;) +s;(1).

Each local subproblem uses only the restriction of &; to its own components.

17.2.3 Optimal Control Problems

Control of systems of hyperbolic balance laws is a well established field; see, e.g.,
[4] for a recent account of the literature. Here, we concentrate on the space-time-
domain decomposition of optimal control problems. Again, to fix ideas, we begin with
problems based on (17.5). Another restriction here is that we deal exclusively with
boundary control problems and, in fact, with final value problems. The machinery to
be developed is easily extended then to running costs and distributed controls which, in
turn, are mathematically much more simple than boundary controls.

17.2.3.1 Hyperbolic Balance Laws: Final-Time Boundary Control and KKT
System

Let T > 0. The global state is y = (y;)ieg, yi = (W], wl.‘)T. Given targets zl.d = (p?, q?)
att =T, and control weight « > 0, define

i T
3 [ (1070 = p P10 = g0R) e+ 5 [ ucoiPar

1
J(y’g) = 5
ieE

The global optimal control problem is

(mi% J(,8) st Gyi+NiOyyi = fi(y;) on(0,T) % (0,6)
y.8

with the following graph couplings: (i) scattering @ = S at interior nodes, (ii) outer
ports given by the boundary controls u (Dirichlet/Neumann/Robin), and initial data.
Let p; = (pw+> Pw-)' be the adjoint in characteristic coordinates. Let z; = M (”)yi and
p. = (MP)T p;, where MP) translates the the original variables into the characteristic
variables. The first-order optimality conditions are given by

8ryi + Nibxyi = fi(yi), (17.9a)
Orpi + NiOxpi + (5yﬁ(Yi))T pi=0, pi(T,)= (Ml-(p))T (zi(T)—-z%),  (17.9b)
a()=SB1), Bpt)=S"apy®), (17.9¢)
u(t) = k~'¢; pu-(Liy ). (17.9d)

Equation (17.9¢) for the adjoint is the correct transposed law (it follows from the
boundary bilinear form and (@ = S)); for equal impedances, (ST = S). A generic Robin
law ata port, d g+0 p = h(t), rewritten in (w*, w™) is: (d ¢;+) w*+(—d c;+o)w™ = h.
At the left end x = 0 the unknown is the incoming w™ (0, ¢), so with outward d = —d;;
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and at the right end x = ¢; the unknown is w*(¢;, t), with outward d = +d;i. So

hij(t) = (o = d;jc;) wi(0,1)

(0,1 = s
i ( ) O'+d,'J'Ci
W T) = hig(t) — (0 — digci) w; (€, 1)
e O'+dikci ’

A positive impedance condition o + d ¢; > 0 yields well-posed port updates.

17.2.3.2 Space-Time Decomposition

Choose time cuts 0 = Ty < -+ < Tpy = T, I, = (Tp—1,T,,), and a partition of G
into edge-disjoint subgraphs G = Ui - G'P) meeting at interface nodes. On QE,’,J) =
I X U, e (0, €;) we impose local problems coupled by:

e Time caps: value coupling in rotated variables y = y + Bp, § = y — Bp at

t=T! _,,T,. The corresponding time-domain iteration is exactly the one discussed
in [53].

* Spatial interfaces: node scattering between subgraphs. If node n; is shared by
subgraphs indexed by N; c {1,..., P}, we use the multi-port form

oV = 38 g B +550). PP = Zs”,q '\, (17.10)
qENj geN, f

with S ; symmetric for equal impedances. We can also mix the forward and backward

modes (rotated variables): y = @, + 78,, 6 = B, — Ta,. Then with

M@ =1_1

I TI]

and R(t) = M(7)"'diag(S,, S p)M(7), we have, for a single multiple joint

5] =70 )

Boundaries controls act at simple joints, only. Thus, they do not enter the interface
conditions. The identity can be read into a block identity over the entire graph using
the notation in (17.10). In essence, spatial domain decomposition then amounts
to apply a possibly under-relaxed Jacobi iteration for the corresponding block
matrix equations. We omit the details and refer instead to [57] for similar spatial
decomposition methods.

The decomposed KKT on Q7" is exactly (17.9a)—(17.9d) restricted to edges of GP),
with the above cap and node couplings.
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17.2.3.3 Virtual Control Formulations and Equivalence

We now introduce state-only local minimization problems whose first-order condi-
tions reproduce the decomposed KKT couplings. The adjoint arises as the Lagrange
multiplier; it is not imposed as a constraint.

17.2.3.4 Time-Cap Virtual Controls (TDD)

On I, X G introduce virtual cap anchors g, -1 at T,,—1. Define

. 1
min S (Y, Sm) + o f (1mTon) = st P+l g1 1) i
2ul)c

Ym> Sm>8m,m—1

St Ot ym +ANOxym = f(ym),
y(Tmfl) = ¢m,m71 + 8m,m-1,
Uy =SB + S

k

k .
mm—1 ¢m,m+1, we obtain

By standard variational arguments, for given ¢

I Tne1) = Bogd Tn1) = By s
I @) + Bpi (Tn) = B, i
Ot = Va1 Tn1) = By (Tn1)
Ok et = Vet D) + B (o),

which is precisely the time domain decomposition above.

Remark 17.2 We remark that the concept of virtual controls can be extended to the
spatial decomposition (see [57]) and space-time domain decompositions [60].

Example 17.1 We consider a 3-star graph with controls at the leaves (x = 1) and
standard final tracking cost. We refrain from a detailed description of the parameters
and their role. We use particular initial conditions such that the information is traveling
along characteristics. The initial condition is places in edge 1 only. The top figure in
Fig. 17.1 shows the evolution of the state, the second the backward evolution of the
adjoint corresponding to a final value cost indicated in Fig. 17.2 on the right. The
left image in Fig. 17.2 shows the iteration history. We use 3 time slabs and apply the
STDDM discussed above. The example should be seen as a proof of concept for the
STDDM.
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WR-KKT state mesh: w* —w ™

edge 2 edge 3
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WR-KKT adjoint mesh: p,,+ — py-
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Fig. 17.1: OC of hyperbolic systems: meshes of states and adjoints
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Fig. 17.2: OC of hyperbolic systems: error history and final values
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17.2.4 Doubly-Nonlinear p-Parabolic Optimal Control on Graphs and
STDD

Let G = (V, &) be a metric graph; each edge e; € & is identified with (0, £;). On e; the
controlled doubly-nonlinear p-parabolic state is

010(3) = x (@00 023l 20uvi) = fit, 0+ (Buo(en),  (x,1) € (0.6) x (0.7),

with ¢(s) = |s|P~2s, where p; > 1, px > 1, and a;(x) > ao > 0. At interior nodes n;j
with incident set Z;, we impose continuity and Kirchhoff laws

yilnj, )= 4;(t), i€l D sijailyixlP* *0xyi(n;, 1) =0,

iel;

where s5;; € {+1} are outward signs. At leaf nodes we prescribe controls, e.g., Neumann
—a;lyix|? x=2y; « = u;(t) (Dirichlet/Robin variants are analogous). We track a desired
state y4 and penalize u:

' w T ot , p T
min J(y,u) = —ZJ I (i = ya.i)* dxdr + —ZJ |u;|* dr.
you 25 )odo 2]

17.2.4.1 KKT System

Let p; be the adjoint. The Lagrangian and its variations with respect to the corresponding
test functions yield the first-order conditions:

0rp(yi) — O (ai|yi,x|px_2yi,x) = fi + (Biu),
—0; (¢ (yi) pi) — Ox ((Px - l)ailyi,xlpx_zpi,x) =w i —Yd,)

with ¢’(y) = (p; — 1)|y|?"~2. At interior nodes one has continuity vi(nj, 1) = A;(1),
pi(nj,t) = m;(t), and Kirchhoff balances

> sijailyix P 2yixmp ) =0, > sii(px = DaglyixP* 2 pix(ng, 1) = 0.
iel; iel;

For Neumann control at leaves —ailyi,XIP"_zyi,x = u; the optimality is xu; + p; = 0,
hence u; = —(1/«)p;. For the time caps we p;(-,T) = 0 and ¢(y;(:, 0)) is fixed by yy.
17.2.4.2 Space-Time Robin-Robin Decomposition

We partition now the time horizon as 0 = Ty < --- < Tpy = T and split the graph into
edge-disjoint subgraphs G = Uﬁ _, G'P) meeting at interface nodes. On a space-time
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subdomain Qﬁ,’f) = (Tn-1,Tim) X U,, e (0, €;) we impose per-interface-edge Robin
ports for the state

—dij ailyi x|P* 2 yix(n, ) + 0 yi(ng, 1) = hij(0)

with d;; the outward sign w.r.t. G/ and the adjoint Robin

~dij (px = Dailyi x|P* pix(nj, ) + o pi(nj, 1) = Eij(t)~

Across the touching subgraphs at n; one applies a relaxation using the (block) scattering
matrix S;:

W = (1 - )P + w8, (20’ yene - h(].“b)’k)
with an analogous law for h ;. At time caps we use the energetically natural pairings

Bz (v.p) =9 - Bp, Bz(y.p) =9 +pp, B>0,
with cap data m(r::l () and mﬁ,’,’) (x) coupled the standard reflections between neighboring
slabs.

Remark 17.3 We remark that is also possible to show that the algorithm is equivalent
to a virtual optimal control problem on the individual edges analogous to the case of
the hyperbolic system. We refrain from describing the details. Moreover, we can use a
rotated variable variant in which we couple state and adjoint variables; see [61, 62].

17.3 Mixed-Integer Control

In this section we discuss the application of domain-decomposition techniques such as
presented in Sect. 17.2 in the context of mixed-integer programming approaches. To
this end, we mainly review the results in [39].

We will focus on time-domain decomposition and consider an optimal control prob-
lem on a fixed time horizon [#g, #¢] of the form

min ¢ (x(70)) + pr(x(7r)) (17.11a)
s.t. X =f(x,u) a.e.in (¢, ), (17.11b)
x(x(t9)) =0, (17.11¢)
Y(x(tp)) =0, (17.11d)

u() € U a.e.in [tg, tf], (17.11e)

where x: [tg, tf] — R" is a state function, u: [ty, tf] — R™ is a control function and U
is a non-empty and otherwise arbitrary set. In particular, U may be used to restrict
certain components of u(¢) to integer-values modeling on/off characteristics of valves,
and the ODE in (17.11) and the imposed boundary conditions may represent a spatially
discretized dynamic of ISO2 or ISO3 on networks, cf. (17.1) and (17.8), while the
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objective is, w.l.o.g., reduced to a Mayer-form, see, e.g. [39]. Related problems are
considered in [5,17,34-38,48,58,66,72,77,80].

If x and ¢ satisfy regularity conditions and if (x,u) is optimal in the sense of
Pontryagin, there exist a function 4 and multipliers @, 8 such that

X=f@,u) a.e. in(t, 1),
x(x(t9)) =0,
Y (x() = 0,
u(t) e U a.e.in [tg, tf],
A==ATf(x,u) a.e.in (to, tr),
Alto) = @}(x(10)) + B xx(x(10)),
Aty) = —i(x(19)) = By Y (x(1p)),
max HA®), x(t), u) = HQA®), x(1), u(®)) a.e. in (t, tr),

(17.12)

holds, where H(A,x,u) = AT f(x,u) denotes the Hamiltonian of the problem [2,
18, 71]. The optimality conditions (17.12) can be written piecewise in variables
x0, Ag, . - ., XK, Ag Wwith transmission conditions at intermediate times 7

X (te1) = Xier1 (Tra1)s k=0,...,K—-1, (17.13a)
() = A1 (f2), k=1,....K. (17.13b)

We now consider an iteration index ¢ and iterates xi, /12, and ui for the unknowns xp,
Ak, and uy to decouple the transmission conditions (17.13) as

X)) + YA (teat) = B4y k=0, K—1,
X)) — At = ol k=1.... K.

The .rightjhanq-sides ¢£’_k1+1, ¢£,_kl—1 are chosen as right/left neighboring data from the
previous iteration

B = (1= &) (¥ e + 25 i)

o (e e + 72 ), k=0, K-,
By = (1= &) (¥Zhe0 =y o)

+e (xi_l(tk) - mi—‘(tk)) . k=1,... K.

Here, y > 0 is arbitrary, but fixed, and € € (0, 1) is a damping parameter.

Note that, if x]i — xr and /li — A forall k =0,...,K and { — oo, we obtain the
transmission conditions (17.13) for the limit. Moreover, all sub-conditions have primal
interpretations.

For the first time sub-interval, i.e., k = 0, the problem reads



378 Hante, Hernandez, Leugering, Schmidt, and Zuazua

. 1 _

min  o(xo(10)) + 5= llxo(t1) = 657" II?

Xo,Uo 2y ’

s.t.  Xo = f(xo,up) a.e.in (to,1t1),
X j(xo(t0)) =0,

up(t) e U a.e.in [tg,t1].
For the inner time sub-intervals k, we get

min P 5 - ¢ P
st Xp = f(xg,ur) a.e.in (tg, tge1),
xp (1) = ¢i,_k1_1 + hy,
hy € R,

up(t) e U a.e.in [tg, tre1],

where hj is a new (virtual) control variable. For the last time sub-interval, i.e., k = K,
we obtain

XK UK hKk

min % 1 I1? + @r ek (1))
s.t. Xx = f(xg,ug) a.e.in (tg,tx+1),

xk(tx) = ¢§;}<_1 + hk,

¥k () = 0,

hx € R",

ug(t) e U a.e.in|tg,tg+1].
We note that these virtual problems almost have the same control and state dimension,
but live on smaller domains. Moreover, all K + 1 primal problems can be solved in

parallel, e.g., using direct transcription.
For the case of linear dynamics and quadratic in state objectives

143

1 1
min zx(tg)TQox(to) + g x(to) + E)C(tf)TQfx(ff) + g x(tp) + I L(u)dt (17.14a)

0]

st. x=Ax+Bu+c a.e. in(ty,tr), (17.14b)
Rox(t9) = co, (17.14¢)
Rex(tg) = ¢y, (17.144d)
u(t) e U a.e.in [1g, tf] (17.14e)

with Qq, Qr € R™ " positive semi-definite, convergence can be analyzed by fixed-point
methods. To this end, consider the errors

~C . 4 ~{ . l ¢ . 4
X=Xy = Xp, Uy =uy —ug, A=A — A
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andset U :=U - U = {u — v:u,v € U}. With

K-1 K K-1 K
e . 701 70-1 . A 70
X= ((¢k’k+1)k=0 ’ (¢k’k_1)k=l) - TX= (((ﬁk’k*l)k:o ’ (¢k’k_1)k=l) ’
the methods acts as
T.:=(1-¢e)T +¢l.
Moreover, X is a fixed point of T and T if and only if the transmission conditions for
the errors hold
Xr(tre1) = i1 (Frr1)s k=0,...,K-1,
Ar(t) = Ak—1(te), k=1,...,K.

We note that 7 and T are nonlinear, but one can actually show that T is non-expansive,

i.€.,
ITX, - TXz||< |1 X1 — X2l

An application of Schifer’s Theorem [81] then gives the following result proved in [39].

Theorem 17.1 If the proposed domain decomposition method is applied to the linear-
quadratic problem (17.14), the iterates (xi, /li)for k=0,...,K converge in the sense

xb (tear) = x4, (tk1) = O,
A(tienr) = Ay (1) > 0
forallk =0,...,K—-1as{ — co.

In [39], we demonstrate on numerical examples that this procedure can provide
computational advantages compared to solving the direct discretization of the original
problem on the entire time horizon. We also discuss the choice of additional parameters
of the proposed algorithm. Typical convergence rates are shown in Fig. 17.3.

15| —x
| —A
|
l

0o I = —
o 10 20 30
Iteration

Fig. 17.3: Convergence in error for a linear quadratic test problem from [39] with a
splitting into 4 subdomains and solutions computed by ANTIGONE over the iterates k.
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Our computational experiments show that this advantage also pays off for the case of
nonlinear problems if the procedure converges. For other than the linear-quadratic case
however, a convergence theory or convergence enhancing mechanisms are still to be
investigated. An application to a GasLib instance related to these findings is presented
in Sect. 17.5.

17.4 Randomized Domain Decomposition

We introduce the Random Batch Method (RBM) for PDEs on graphs as a randomized
domain decomposition: over short time windows, we evolve the dynamics only on a
randomly selected domain, while the complement is temporarily frozen. In gas networks,
this means advancing the state on a randomly chosen set of pipes during short intervals.
The payoft is reduced memory and runtime while retaining convergence guarantees.
Two complementary formulations are developed. The discretize+randomize ap-
proach (Sect. 17.4.1) applies RBM to the linear PDE after spatial semi-discretization,
i.e., to the resulting ODE system. By contrast, the continuous approach (Sect. 17.4.2)
introduces randomization directly at the PDE level for parabolic problems on graphs.

17.4.1 RBM for Discretized PDEs

In this section we introduce the RBM for discretized PDEs. We first analyze the RBM
in the setting of finite-dimensional systems. Consider the linear control system

%(t) + Ax(t) = Bu(t), t€(0,T),

17.15
x(0) = xo, ( )
where x : [0, T] — R< denotes the state, u € L2(0,T;R9) the control input, B € R9*4q
the control matrix, and A € R4*9 the system matrix.
Our aim is to approximate these dynamics by means of a randomized time-splitting
method. To this end, we first decompose the system matrix A as a finite sum

M
A= Ap, (17.16)
m=1

where each A,, € R4 This decomposition is not unique, and different choices of

{Am}%=] are possible. Next, introduce N nonempty subsets (called batches) such that

N
Bi,....8yv c{l,....M}, |UB;={l,....M}. (17.17)
Jj=1
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We partition the time interval [0, T] into K subintervals I := [(k — 1)k, kh) of fixed
length A, for k € {1,...,K}. At each interval, a batch will be chosen at random. To

formalize this, let {wk}f=1 be i.i.d. random variables taking values in {1, ..., N} with
probabilities
N
Pwk=j)=p; >0, > p;=1 (17.18)
J=1

Foreacht € (0,T), let k; :=min{k € {1,...,K} :t < kh} and B(¢) := Bwk,- We then
define the random matrix

A;
An®) = D>, =, m:= >, pj (17.19)

ieB@r) i (jiieB;)

The weights m; serve as normalization constants ensuring that Ay (7) is an unbiased
estimator of A, namely E[A,(¢)] = A forall # € [0, T]. Since B(¢) is piecewise constant
in time, A, (¢) inherits this structure. We assume 7; > 0 forevery i € {1,..., M}.
The RBM dynamics is then defined by
{xr(z) + A (Ox, () = Bu(t), t€[0,T], (17.20)
x-(0) = xo.

In practice, Aw(¢) is typically much sparser than the full matrix A. Consequently,
solving (17.20) is computationally cheaper and requires less memory than solving the
original dynamics (17.15). In fact, the per-step cost scales with the average batch size
rather than the full dimension, so that RBM achieves reduction in the problem size, at
the expense of introducing stochastic error.

Regarding the relation between (17.20) and (17.15), it was shown in [88] that the
mean-square error between the RBM solution x,.(#) and the exact solution x(¢) vanishes
as h — 0. To make this precise, define the variance of the random matrix Ay, by

N 2

Var[Ap] = Z

=

A
A-Zﬂ—’"

megB; M

P (17.21)

LU R/ S

1
1
1
1
1
1
1
1
1
T
t

L .
=

to

Fig. 17.4: Representation of the RBM. In blue, the real dynamics; in red, the RBM. At
each subinterval, a random batch is selected, and the dynamics switches.



382 Hante, Hernandez, Leugering, Schmidt, and Zuazua

where ||-|| denotes the spectral norm (£2-norm). This quantity measures the randomiza-
tion error induced by the batch design. Then, we have the following result.

Theorem 17.2 ([88]) Let x and x, denote the solutions of (17.15) and (17.20), respec-
tively. Then, for every t € (0,T), one has

E[|lx(r) = x,®)||*)] < C(A,u,T,xp) Var[Aw] h, (17.22)

where C(A,u,T,xy) > 0 is a constant depending on A, u, T, and xo, but independent
of h.

Remark 17.4 The proof of Theorem 17.2 is based on standard energy estimates, together
with the boundedness of ||A|| in finite dimension. Moreover, by Jensen’s inequality and
estimate (17.22), we deduce

lx(r) = Elx,()]|1> < C(A,u,T,xo) Var[Aplh, € (0,T).

In particular, the expected trajectory E[x,(¢)] converges to the exact solution x(z) as
h— 0.

17.4.1.1 Discretized PDEs

In high-friction, slowly varying regimes, the isothermal Euler equations on a sin-
gle pipe—after neglecting inertia in the momentum equation—reduce to a nonlinear
parabolic model (17.7); linearizing about a steady state then yields a heat-type evolution
for the pressure. With this interpretation in mind, we instantiate the framework on the
one—dimensional heat equation, viewed as the linear high-friction approximation of the
isothermal Euler model on a pipe. Consider

aty_axxy=f’ (x7t)€ (O’L)X(O7T),
¥0,0)=y(L,0)=0, t€(,7), (17.23)
y(x,0)=yx), xe€(0,L).

Here y° € L2(0, L) is the initial condition and f € L*(0,T; H (0, L)) a source term.
According to [25, Sect. 7.1.2], problem (17.23) admits a unique solution

y € C([0,T]; L*(0, L)) N L*(0, T3 Hy(0, L)).

A finite element semi-discretization of (17.23) is obtained as follows. Let {x j};f;‘é
be a uniform partition of (0, L) with mesh-size 6 > 0, let {q)j};?:l denote the P,
basis functions, and define V,, := span{¢; ;f=1. The semi-discrete formulation is: find
Yn € CI(O, T;V,) such that

OrynC 1), d )20,y + Oxyn (5 1), 0x0)120,0) = (fC5 1) Bj)r20,1)5

0 (17.24)
(5 0), @) 200,y = V() @) r20,1)5
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for every t € (0,7) and all j € {1,...,n}. Writing y,(-,1) = Z;.’zl yj(®)¢;(-), the
coeflicient vector y, () = (y1(¢), . . ., yn(t)) satisfies

E}’l atYn + Rn Yn = fn, re (07 T)’

(17.25)
E,yn(0) =y,

where E,;, R, € R™" are the mass and stiffness matrices, respectively.

Since (17.25) is a finite-dimensional system, we may apply RBM. In this setting, the
stiffness matrix R,, plays the role of A. Decompose R,, = Z%ﬂ Ry.m asin (17.16), and
define

R .
Rpw, )= >, —=, 1€(0,T),
ieB(r) T

with 71; as in (17.19). The corresponding RBM dynamics reads

E, 61y (w,1) + Ryp(w, 1) yr(w, 1) =1, t€(0,T),

(17.26)
E, Yr(o) = y(r)z

Only the stiffness matrix is randomized; the mass matrix remains deterministic. We
define the finite element function associated with y, (w, t) by

n

Yr(xtw) = 3y j(@,1) ¢(x), (17.27)

j=1
where (y;); denotes the j-th component of y, (w, 1).

Theorem 17.3 ([43]) Let y, be given by (17.27), and let y be the solution of (17.23)
with yo € H(l)(O, L)yand f € L2(0,T; L%(0, L)). If 6 < V6T, then for everyt € (0,7T),

h
E ”))r(t)_Y(t)”iz(O’L)] < C(64+§C(M)), (17.28)

where C > 0 and C(M) > 0 are independent of 6, h, and C(M) depends only on the
chosen decomposition.

Remark 17.5

e The proof of Theorem 17.3 combines Theorem 17.2—applied to (17.26) ver-
sus (17.25)—with standard finite element error bounds for (17.24) versus (17.23)
(see [74, Prop. 11.2.1]), and then uses the triangle inequality. Accordingly, the FEM
discretization contributes the term of order O(6*), while the RBM approximation
contributes the term of order O(h/67) in (17.28). Thus, convergence is ensured
whenever 6 — 0 and 2 — 0 in such a way that /6’ — 0.

* The factor C(M) is essentially the variance Var[R], determined entirely by the
chosen decomposition of R,,. Hence, the batch and decomposition design directly
governs the trade-off between accuracy and efficiency. On the one hand, a decompo-
sition that maximizes sparsity (leading to faster linear solves and reduced memory)
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may increase the variance, thereby forcing very small / and offsetting the computa-
tional gains. On the other hand, a decomposition that reduces variance (and hence
decreases C(M)) often produces denser batches, which makes each linear system
more expensive to solve. Balancing these two effects is a central open problem in
the design of RBM decompositions.

17.4.1.2 Further Extensions

The analysis in Theorem 17.3 extends to finite difference methods (FDM). However,
obtaining an L?-in-space error estimate between the FD approximation and the exact so-
lution requires smoother data; see, for instance, [44, Theorem 16.5], where the estimate
depends on [|0¥yl12(0.7:c(0,1))-

In addition, [43] applies the discretize+RBM strategy to the linear—quadratic regu-
lator (LQR) for the heat equation: the PDE is discretized via FEM, and a randomized
optimal control is introduced to approximate the discrete optimal control problem. By
combining the convergence of the FEM discretization for LQR (see [52]) with the RBM
convergence for linear systems (see [88]), one derives an overall convergence estimate
for the randomized optimal control.

17.4.1.3 Applications to PDEs on Graphs

Motivated by gas pipeline networks, we model the infrastructure as a metric graph
whose edges (pipes) are coupled at junctions (vertices). Thus, we consider G := (&, V)
to be a metric graph, where V denotes the vertices and & the edges, each e € & being
identified with (0, L) with L = 1. On each edge ¢ € &, consider

0y¢ — 0xxy’ = ¢, (x,1) €(0,L)x(0,7),
v, 0) =y (0,1), (1) eVyx(0,T), ¢, e €EW),
;() Oy, )n.() =0, (v,1) € Vo x(0,T), (17.29)
yé(,t)=0, (v,t) €V, x(0,T), e €&EQ),
¥(x,0)=)y0(x), x€(0,L),

where y(e) is the initial condition and f¢ the source term on e. Here &(v) denotes the
set of edges incident to v, and n.(v) is the incidence indicator of e at v. Let f = {f“},
and 0 = {y%}.. We assume f € L*(0,T;L*(&)) and y° € H}(8) (see [67, Chap. 3]
or [42, Appendix A] for Sobolev spaces on graphs). According to [22], there exists a
unique solution y € C(0,7; L3(&)) N L*(0,T; HY(E)) of (17.29). In what follows, to
describe the RBM applied to (17.29), we consider the graph G illustrated in Fig. 17.5.



17 Domain Decomposition for Gas Network Control 385

(a) (b)

Fig. 17.5: Tllustration of the graph G and its decomposition. (a) The graph G has edges
& = {e;}}?, and vertices V =V UV}, where Vy = {v;}?_, are interior vertices and
Vy = {v,-}}i4 are boundary vertices. (b) Overlapping decomposition. The subgraphs
with edges {e1,...,es}, {e4,...,es}, and {eg, eg, 10} are associated with batches B,
B,, and B3, respectively.

17.4.1.4 Finite Element Method on Graphs

Let V& be the P finite element space on the graph, spanned by {¢ j};.‘=1 (see [43,
Sect. 4]). The semi-discrete variational formulation of (17.29) reads: find y, €
C'(0,T; V%) such that

Oy, 0, (Nr2ey + (Oxyn( 1), 0xP (N2 = (FC. 1), §(Dr2e)s
n(0), 87N r2e) = 00 6 (N2

for every j € {1,...,n} and t € (0,7). As in (17.24)—(17.25), the coefficient vector
Y,.(¢) solves

En atYn + Rn Yn = Fna re (0, T)’
En Yn(o) = Yg,

where E,, and R,, are the mass and stiffness matrices on the graph, and F,, is the load
vector. As in (17.26), one introduces a random system by randomizing only the stiffness
matrix. The estimate in Theorem 17.3 then applies to the heat equation on G.

The matrices E, and R,, are block-structured: each edge contributes a block, and
the interior-vertex coupling contributes additional nonzero rows/columns. Hence, R,
encodes both dynamics and topology. A natural decomposition of R,, is therefore guided
by the graph structure. Fig. 17.6 (a) shows the structure of the matrix R,, in which each
block is associated with one subgraph shown in Fig. 17.5.
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Table 17.1: Comparison between the discretize+RBM approach and the full graph
implicit Euler method. The error for the full graph method and discretize+RBM scheme
is computed as sup, ||y — yn||2L2 and sup, E[||y — y, ||2Lz], respectively.

Metric Discretize+4RBM Full Graph (IE)
Time (s) 2.72 6.78
Memory (MB) 187.88 418.52
Error 9.3951x1073 9.6152x1073

17.4.1.5 Numerical Examples

We consider a decomposition of R, based on an overlapping decomposition. For the
numerical test we adopt the manufactured-solution setting of [43]: on each edge e;,
i €{l,...,10}, we prescribe

t

Ve, ) = pe; x(L=x) e, 30 () = pe, x(1=x),  fo,(x,1) = pe, 2 —x+xD) e,

with weights (pe,, ..., pe,) = (1,-1,-1,1,-1,-1,-1,2, -1, -1). Spatial discretiza-
tion uses P; finite elements with 300 elements per edge; we set T = L = 1 and employ
implicit Euler in time with 201 time steps. The expectation is approximated by the
average of 30 i.i.d. RBM realizations.

Table 17.1 compares the accuracy, (average) memory usage, and computational time
of the discretize+RBM approach versus the full graph solver. We observe that the
expected RBM solution closely approximates the exact solution, while requiring about
half the memory and achieving roughly a twofold speedup.

To corroborate the theoretical rate of convergence in Theorem 17.3, we follow
Remark 17.5 and choose & = §7*¢ with & > 0. The corresponding convergence is
illustrated in Fig. 17.6.

agy 0
By o
0 & Ry 2 ¢
_ " .
R, = a By a
TR — 1 £| t) - y(0)]?
4 ol Rl o5 oco / ogsup(elllyn 8 - YOI
c —_ 02
as 0g(6°%)
0 B,
as ]
(@) (b)

Fig. 17.6: (a) Illustration of the stiffness matrix R, associated with the heat equation on
the graph. ¢;’s and a;’s denote row and column vectors, while R,, denotes 1-d stiffness
matrix. (b) Convergence of the RBM solution in expectation as § — 0 with 4 = § '+¢
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17.4.2 Continuous RBM for Parabolic PDEs on Graphs

In the previous section we observed that RBM for PDEs on graphs can be interpreted
as a random domain decomposition. At the same time, the convergence bound in
Theorem 17.3 shows a limitation of the discretize+randomize strategy: the error contains
a term of order O(h/§"), so that the RBM step & must decrease much faster than the
mesh size 9.

This motivates the development of a formulation whose accuracy depends only on A,
independently of the discretization parameter. In the next section we therefore introduce
a continuous RBM for parabolic PDEs, where the randomization acts directly at the
PDE level, without passing through a prior discretization.

Let G = (&,V) be a metric graph and T > 0. On each edge e € &, consider the
parabolic equation

atye - ax(aeaxYe) + beaxye t PeYe = fe: ()C, t) €eX (0, T)’
Yer (v, 1) = yer(v,1), veE Wy, Ve',e” € E),
Ve, 1) = gu(1), vEV)p, e€E),

D 0xye,Hn(0) =0, veW,
ee&E(v)

(17.30)

Velx,0) = yg(x), X €e,

for every ¢ € (0,T). Here yo is the initial condition, f the source term, g the boundary
data, and (a, b, p) the coefficients (diffusion, convection, potential). System (17.30)
generalizes the heat equation (17.29) previously analyzed on the graph. Regarding the
well-posedness of (17.30), the following maximal regularity result holds.

Theorem 17.4 ([42]) Let (a, b, p) € WI°(E) x L= (E) x L™(E) satisfy

ar.>ag>0, foreveryee &, and Z be(V)n.(v) =0, foreveryve V.
ee&E(v)

Assume that f € L2(0,T; L*(&)), yO e HY(&) and g € HY0,T;12(V})) satisfy the
compatibility condition yg(v) = g,(0) for each v € V. Then, there exists a unique
solution y € C([0,T); H'(8)) N L*(0,T; H*(&)) N H'(0, T; L*(&)) of (17.30).

17.4.2.1 Random Domain Decomposition

Let us consider a decomposition of G via a family of subgraphs {g'"}M =
{&", v, ’")} , that is pairwise edge-disjoint and covers G. Denote by V" and (V b
the interior and boundary vertices of each V", respectively. Denote by 8’”(1}) the set
of edges in & that are adjacent to v. For every v € (V ! we assume that 8’ (v) = E(),
that is, interior vertices in the subgraphs keep all ad]acent edges. Fig. 17.7 illustrates a
decomposition of a diamond-shaped graph satisfying these assumptions.

Now, let us consider the batches B4, ..., By introduced in (17.17). Then, for every
j € {l,..., N} the batches determine the sets
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Fig. 17.7: Feasible decomposition. The graph is decomposed into M = 4 edge-disjoint
subgraphs, such that E7*(v) = E(v) for every m € {1,...,4}.

&=Jer vi=\ v (vof ={veV/ :8Ww=80)} (1731

me BJ‘ me B_,‘

and (Vj = VI \ V!, where &/ (v) is the subset of edges in &/ that are adjacent to v.

Hence, (VJ collects the vertices whose incident edges are all in &/, while (Vj contains
the remaining (interface) vertices.

Assumption 17.1 For every v € V) there exists a batch B, such that v € (VO*, where
V' is defined as in (17.31).

This structural assumption ensures that the Kirchhoff flux condition is enforced in
expectation across the whole graph. In particular, every interior vertex has a positive
chance of being activated as an interior vertex of some batch, which is crucial for the
consistency of the randomized scheme.

Foreveryie {l,...,M}andy : G — R let

X;’j(x) =y(x) lsll(x)’ Si‘ = Qi \ ((Vlf N Vo),

where 1 st denotes the indicator function on S’. By definition, X 1s a function with
support on QY such that 3; Xl J = = onevery edge e € &E. That s, y! v J is alocalization
of the function on a given subgraph.

Now consider the time subintervals {Ik}le, the i.i.d. random variables {wk}le,
and their probabilities py, ..., pn as introduced in (17.18). For ¢ € (0, T'), consider

Xy (x)

Ly(x,t) = Z

ies@r) T

where 7 is as in (17.19). Since B(z) is constant on each I, {y(-,1) is a piecewise
constant function in time and—by construction—an unbiased estimator of  for every
t € (0,T). Moreover, observe that

suppy (1) € G0 = () G, with G = (&, V).
ieB(t)

Figures 17.7 and 17.8 illustrate the function {y in a particular example for a batch
satisfying Assumption 17.1.
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a a &

corrNvNW
Shohoins

Fig. 17.8: Illustration of {, with ¢ = 1. We denote by ¢ lJ// when the batch j is chosen.
Here the batches 8; = {1}, 8, = {2}, B3 = {3}, B4 = {4}, B5 = {1,2,3}, and
Be = {2,3, 4}, satisfy Assumption 17.1. For 85 we have V) = {vs},and £ = x|~ /71 +

2,5 3,5
Xl /7T2+X1 /71'3.

17.4.2.2 Continuous RBM System

The continuous RBM system reads as

017¢ — 0x({aOxze) + {pOxze + {pze ={1fe, (x,1) €eXx(0,T),
Zel(va t) = Zez(v7 t)a v e (VO7 617 62 € 8(0)9
10, 0)(ze (0, 1) — go(1) =0, v E V), e €EQ),

> G0, 00xze 0, D) =0, v eV,
ee&E()

(17.32)

Ze(x,0) = yg(x), X € e,

for every e € &. Note that the vertex—continuity condition in (17.32) is enforced on
the entire graph, whereas the boundary and flux terms are switched on or off by the
function ¢;. Hence, (17.32) encodes two dynamics within a single formulation: the PDE
dynamics on the active subgraph G2 and, on its complement, a system of first-order
ODE:s that freezes the solution over the interval I, .

Theorem 17.5 ([42]) Assume that the initial and boundary data satisfy the regularity
conditions of Theorem 17.4. Then there exists a unique solution z of (17.32) belonging
to the class H'(0,T; L*(&)) N C([0, T]; H'(E)).

The proof of Theorem 17.5 hinges on two facts: (i) by Theorem 17.4, on each interval
I, the system restricted to the active subgraph admits a unique solution whose terminal
value lies in H' on that subgraph, and (ii) the vertex—continuity condition in (17.32)
propagates this H' regularity to the full graph. Starting with zo € H'(E), we therefore
obtain z(t;) € H'(E) after the first step, and the argument can be re-applied on I,.
Induction over k € {1, ..., K} yields global well-posedness.

Let us introduce A : (0,T) — R,, defined by
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AW 1= E {10 = Z)0) ey | + B |16 = 210312 |
B[00 = £y ey | + {1121 = DS 12|

where y is the solution of (17.30), and f and (a, b, p) are the respective source term and
coefficients. The quantity A is the continuous analogue of the RBM variance (17.21),
and depends on the subgraphs, batches, and probabilities considered.

Theorem 17.6 ([42]) Assume Assumption 17.1 and the regularity assumptions from
Theorem 17.4. Let y be the solution of (17.30) and z the solution of (17.32). Then,
A € LY(0,T) is uniformly bounded with respect to h, and

sup E[llz(t) = y®)II2, ] < CIAILZ A,
1€10.7] L2(&) LY(0,T)

where C > 0 depends on the problem data but is independent of h > 0.

Remark 17.6 The proof of Theorem 17.6 relies on energy estimates and two key facts:
(i) £ is an unbiased estimator; and (i) z € H'(0,T; L*(&)) and y € L*(0,T; H;,,(E)),
where HgW(S) denotes edgewise H” regularity on the graph (see [42]). The argument is
concluded by applying Gronwall’s lemma and verifying that all constants are uniform
in h. The regularity results 17.4 and 17.5 are crucial for establishing Theorem 17.6.
On the other hand, the constant C > 0 in the convergence estimate deteriorates as
7, := min; 7; — 0, which highlights the importance of a balanced batch distribution.
Finally, in contrast to Theorem 17.3, Theorem 17.6 provides an estimate independent

of 6.

17.4.2.3 Numerical Examples

In addition to the theoretical analysis, we present numerical experiments.

On each edge e, we consider the coefficients: a.(x) = x(x — 1)+ %, be.(x) = % sin(7x),
Pe(x) = sin(mx), and following the manufactured-solution method, we consider the
exact solution as y.(x, ) = w,(x) v(f) with v(t) = sin(27t) and we(x) = @ex* + Bex® +
x2 +x + 1 (see [42, Table 1] for (e, Be)). Then f,, g,, and yg are defined consistently
from the PDE. The FEM space uses a P basis with 100 basis functions per edge plus
one basis per vertex (10 vertices), hence n = 1010; we set T = 1 and Ar = 0.002. The
RBM expectation is approximated with 20 i.i.d. realizations.

Table 17.2 shows the average execution time and the memory usage for both the
RBM and the full graph solver. We consider two time discretizations: Implicit Euler
(IE, first-order) and Crank—Nicolson (CN, second-order). For the full graph solver and
the RBM, the errors are measured by

2 2
sup ||y = yaull7» and  sup E[lly —zall52.4 ],
re[0.T] nilr2ee) r€[0.7] nllpzeg)

respectively. Here, y,, and z,, denote the FEM approximation of (17.30) and (17.32),
while y is the exact solution. As shown in Table 17.2, the CN discretization does not
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Table 17.2: Performance comparison: Full graph vs. RBM with varying &

Metric Full Graph RBM
h =0.002 h =0.004 h =0.006
IE CN IE CN IE CN IE CN
Time (s) 47.9800 64.3542 20.7443 37.1141 21.6726 33.9533 23.8093 29.4326
Memory (MB) 112.52  120.00 103.14 104.30 105.48 103.56 103.49 101.75
Error 3.764e-1 7.327e-2 3.773e-1 3.731le-1 6.120e-1 6.245e-1 9.846e-1 9.808e-1

reduce the error with respect to the IE, confirming that the RBM is first-order and
suggests that the convergence rate in Theorem 17.6 is sharp. This also highlights a key
feature of the continuous RBM: It approximates the solution independently of the time
discretization, and thus it can be coupled with any standard first-order time integrator
without affecting its order of accuracy.

As expected, smaller values of & yield RBM errors closer to those of the full solver,
while retaining computational savings in time and memory. Moreover, the log—log plot
in Fig. 17.9 demonstrates the theoretical rate of convergence O(h).

Error Convergence Plot h Error; Error,

3.333x 107 5.530x 1072 1.744 x 1072
6.667 x 107* 1.675x 107! 6.139 x 1072
1.667 x 1073 2.502x 10~1  4.924 x 1072
10 4.667 x 1073 7.118 x 107! 2.125 x 107!
1.167 x 1072 2.150 x 10° 2.074 x 107!
2.833x 1072 4.826 x 10° 6.793 x 107!
6.933x 1072  1.310 x 10! 1.358 x 10°

1024

—— 0O(h)

o — Erron, 1.687 x 1071 2.147 x 10" 3.818 x 10°
. - Errony 4107 x 107" 2.016 x 10" 6.128 x 10°
107 ot 10 10° 1.000 x 10°  1.538 x 10"  6.128 x 10°

(a) (b)

Fig. 17.9: (a) Log—log plot of the errors versus the RBM step size 4. The black curve with
dots represents Error; := sup, E[||y — anli2 ( 8)], the blue curve with crosses represents
Error, = sup, ||y —E[z,] ||2L2 & and the red line with plus markers indicates the expected

O(h) convergence. (b) lists the corresponding error values for different 4.
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17.4.3 Related Work and Comments

17.4.3.1 Related Work

Random Batch Methods (RBM) were introduced for large interacting particle sys-
tems and later adapted to finite-dimensional dynamics, including linear—quadratic and
model predictive control, as well as kinetic models such as mean-field, Landau, and
Fokker—Planck; see, e.g., [13,45-47,50, 68, 87, 88]. In the PDE context, much of the
literature proceeds via prior discretization—randomized domain decomposition for
nonlinear PDEs, stochastic evolution equations, and gradient flows are representative
examples [8, 14,23]. The discretize+randomize scheme discussed in Sect. 17.4.1 fits
naturally within this family [43]. By contrast, the continuous formulation [42], dis-
cussed in Sect. 17.4.2, introduces randomization directly at the PDE level in a parabolic
setting. Readers interested in broader perspectives on graphs and gas networks may also
consult the references cited in the introduction.

17.4.3.2 Comments

We presented the Random Batch Method (RBM) as a randomized domain—-decom-
position paradigm for PDEs on graphs. In the discretize+randomize formulation
(Sect. 17.4.1), RBM is applied after spatial semi-discretization to the resulting finite-
dimensional dynamics, with the convergence estimate Theorem 17.3; this setting also
covers optimal control (see [43]). In the continuous formulation (Sect. 17.4.2), ran-
domization acts directly at the PDE level; Theorem 17.5 ensures well-posedness and
Theorem 17.6 yields a mesh-independent first-order error bound governed by the RBM
step /. In both cases, evolving only active subnetworks over short windows reduces
memory footprint and wall-time while retaining convergence.

Discretize+randomize vs. continuous RBM: The discretize+randomize formulation is
broadly applicable to linear PDEs (parabolic, hyperbolic, or mixed), integrates nat-
urally with LQR optimal control, and leverages graph structure. However, its error
bound features a mesh-dependent term (O(h/67) in Theorem 17.3), which forces
h < ¢ and can render simulations that strictly meet the theoretical guarantees
impractical. By contrast, the continuous RBM acts at the PDE level and delivers
a mesh-independent approximation for parabolic problems, with error controlled
by i (Theorem 17.6). Its current analysis is confined to parabolic operators with
specific vertex conditions; extending it to other systems will require new analysis.

Let us finally discuss some open problems and directions.

Optimal decompositions: As noted in Remark 17.5, batch design must balance sparsity
(cheaper local solves, lower memory) against variance (randomization error). Spec-
tral cuts (Fiedler vectors), clustering, and optimization-based designs, are natural
candidates for constructing batch decompositions on the graph; see [43, Sect. 5].

Beyond the heat equation: Extend the continuous RBM to hyperbolic and mixed sys-
tems, or cast it within a semi-group framework. Since the heat equation is a
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linear approximation of the isothermal Euler model in high-friction regimes
(see Sect. 17.4.1.1), it is natural to extend both RBM approaches—discrete and
continuous—to nonlinear gas-transport models, such as those introduced in [20],
and to provide error estimates between the proposed model solution and the exact
solution.

Optimal control: Extend the continuous RBM to LQR and MPC on graphs, establishing
convergence guarantees and a priori error bounds. In parallel, extend both the dis-
cretize+RBM and continuous RBM approaches to general optimal control beyond
quadratic costs and linear dynamics. For applications to gas and fluid transport on
networks-central to TRR154-RBM-based optimal control is essential for reducing
computational cost. A formulation consistent with standard gas-network models
can follow the framework in [40].

17.5 A Consensus-Based Penalty Alternating Direction Method for
Graph-Decompositions of Gas Networks

We now consider dynamic and discretized gas transport optimization problems, which
lead to large-scale and nonconvex mixed-integer nonlinear optimization problems
(MINLPs). Usually, the resulting instances are too challenging to be solved by today’s
general-purpose MINLP solvers. In this section, we briefly sketch a graph decomposi-
tion approach developed in [55] to obtain multiple optimization problems on sub-graphs,
which can even be solved in parallel. Instead of employing a fixed-point iteration as
used in the previous Sections 17.2 and 17.3 to achieve feasibility at the interfaces of the
blocks, we here use a tailored consensus-based penalty alternating direction method.

17.5.1 Modeling

We consider a fixed and finite time horizon [0, 7] and the network is again modeled as
a directed and weakly connected graph G. We continue referring to nodes V consisting
of entries V,, exits V_, and inner nodes Vj, i.e.,

V=V,UV_UV,,

while, in the following, we refer to edges as arcs consist of pipes, short pipes, valves,
compressor stations, and control valves, i.e.,

A=Ay UAgpUA,UAgU Ay

We now model the separate gas network components and state possible objective
functions.
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17.5.1.1 Pipes

The one-dimensional semi-linear Euler equations (see, e.g., [40]) that we use to model
the gas flow in a pipe a € A are given by

2

Oipa+ ;—axqa -0, (t,x) € (0,T) X (0, L), (17.33a)
a

_ /lacz qalqal _ gAqhy,
2D, A, pa c?

014a +AuOxpa = Pa> (t,x)€(0,T)x(0,L). (17.33b)

They detail and extend the ISO2 model as used in (17.1) above, now in variables
pressure p, and mass flow g,. Here and in what follows, A, D, L, and A’ describe the
cross-sectional area, the diameter, the length, and the slope of the pipe. Furthermore,
g is the gravitational acceleration. In what follows, the notation p, ,(¢) stands for the
pressure in the pipe a at time ¢ directly at the interface to node v.

There is a multitude of ways to model the friction coefficient 4,; see, e.g., [26, 84].
For the modeling in this paper, we use the flow-independent law of Nikuradse, i.e.,

-2
D
Ay = (2log,0 (k—“) + 1.138) ,

a

where the parameter k, describes the roughness of the pipe’s inner wall.
Finally, we assume that the mass flow inside of every pipe and every other element
of the network is uniformly (over time) bounded from below and above, i.e.,

qa(t:%) € [q5.q%] (17.34)
holds on (0, T) x (0, L). The same holds true for pressures, i.e.,
pa(t.x) € [pg.ph] (17.35)

holds on (0,7T) x (0, L).

17.5.1.2 Short Pipes

Short pipes a = (v, w) € Ay are artificial modeling tools to directly connect two nodes
so that there is no pressure loss, i.e.,

Pap(®) = paw®), tel[0,T], (17.36)

and there is only one mass flow variable q,(t) = q4.,(t) = qq,4(t) for every point in
timer €T.
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17.5.1.3 Valves

At each point in time ¢ € [0,T], a valve a = (v,w) € A, is either open or closed. If it
is open, it is modeled as a short pipe. If the valve is closed, gas flow is blocked and the
pressures at both incident nodes are decoupled. Thus we have p, ,(t) = pq,w(?) if the
valve a is open and q,(¢) = 0, if the valve a is closed. This can be modeled by using a
binary variable o,(¢) € {0, 1} that indicates if the valve is open (0,(t) = 1) or closed
(04(t) = 0). The mixed-integer model for valves then reads

Pao®) 2 paw®) = (ph = p )1 = 04(1)), (17.37a)
Paw(®) < paw®) +(py = pa )1 = 04(1)), (17.37b)
qa(t) = q,04(1), (17.37¢)
qa(t) < quo4(t) (17.37d)

foralla € Ay and all t € [0,T].

17.5.1.4 Compressor Stations and Control Valves

Similar to valves, compressor stations a € A.s can be open or closed. If they are open,
they can be either active or in bypass mode. Active compressor stations can increase the
pressure by a controlled and positive amount Ap,, € [Ap,, Apt] with0 < Ap, < Ap}.
Finally, compressor stations in bypass mode behave like short pipes. The flow direction
of a compressor station a € A is fixed, i.e., g, = 0, and we assume that all compressor
stations are always open for the ease of presentation. Hence, we have

Pao(t) +Apa(t) = pa.w(®), if the compressor station a is active,

Pa.o(t) = Pa.w(®), if the compressor station a is in bypass mode.

To obtain a mixed-integer linear model for this, we introduce a binary variable b,(t) €
{0, 1}. This variable indicates if the compressor station is active (b,(¢) = 1) or in bypass
mode (b,(t) = 0). The mixed-integer compressor station model then reads

Apa(t) 2 Ap ba(t), (17.38a)
Apa(t) < Apyba(t), (17.38b)
Pap(®) +Apa(t) = pa,u(?). (17.38¢)

Note that there are much more realistic nonlinear compressor station models in the
literature; see, e.g., [69,78].

‘We model control valves a = (v, w) € Ay similar to compressor stations, but instead
of increasing the pressure they can decrease it. This can be modeled by using the
compressor station model (17.38) with Ap € [Ap~, 0]. Note that by choosing the upper
bound as 0, the bypass case is always included in the active case.
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17.5.1.5 Nodes

The model for nodes v € V has to capture pressure continuity
Po(t) = pay(t) foralla € 6(v) foralls e [0,T], (17.39)

i.e., the node pressure p,(¢) is equal to the adjacent arc pressures p, ,(¢) at the interface
to the respective node v. Here, we use 6(v) = 6(v) U §°"'(v), where 6™(v) and 6°"'(v)
are the sets of in- and outgoing arcs of node v. Moreover, the pressure at all nodes are
bounded from below and above via

po) € [p,.py] forallz €[0,T]. (17.40)
Furthermore, at nodes, we have to model mass balance via

G+ D, qao®= D qant)=0 (17.41)

aedin(v) ac s (v)

forv € Vandt € [0, T], where g,(¢) is the mass flow that is supplied or withdrawn from
the network at node v. It holds

>0 forentriesv € V,,
qu(1)3<0 forexitsv e V_,
=0 forinner nodes v € Vj

and the mass flow at nodes is also bounded from below and above, i.e.,

qu() € |g;.q}] forallveV,tel0,T]. (17.42)

17.5.1.6 Objective Function

A classic objective function in gas transport optimization is to minimize the operational
costs of the compressor stations, i.e., one wants to minimize

T
fe= D) J Apq(r)dr. (17.43)
acA Y0
Another possibility is the tracking-type objective function on entries V. and exits V_,
fi= D) n(p@ =50 +6(qu(T) -G, (17.44)
veV,UV_

for given factors 17, 0 and target pressures p and mass flows g.
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17.5.1.7 Problem Statement

Combining all the parts presented before, we arrive at the optimization problem

min (17.43) or (17.44)
s.t. Euler equations: (17.33),
short pipe model: (17.36),
valve model: (17.37),

) (17.45)
compressor station and control valve model: (17.38),

pressure continuity equations: (17.39),
mass balance equation: (17.41),
variable bounds: (17.34), (17.35), (17.40), (17.42).

The variables of this problem are the following. We have pressure p (-, -) and mass flow
variables q4(-,-) for all pipes a € Ap. Moreover, the model includes variables p ,,
Pa,v, and g, for short pipes, valves, compressor stations, and control valves, i.e., for
a = (u,v) € Ap U Ay U As U Acy. Finally, we have variables o, for valves a € Ay,
Ap, for compressor stations a € Acs and control valves a € A, as well as pressure
variables p,, for all nodes u € V. Finally, we have variables b, for compressor stations
and control valves a € Acs U Agy.

17.5.1.8 Discretization

Model (17.45) is a time-dependent mixed-integer optimization problem that is further
constrained by partial differential equations. In this paper, we follow the first-discretize-
then-optimize approach. To this end, we have to discretize the Euler equations (17.33) in
space and time. For both dimensions, we apply the implicit Euler method. For time, we
use the grid given by the points #,, k =0, ..., Ny, withtg = 0,1y, =T, and t, < t,41. We
assume that all variables at time point #y = 0 are fixed as they constitute the initial state
of the system. For the spatial discretization, we use the grid given by the points x ,,
v=0,...,N¢, with x40 = 0, x4 ny¢ = Ly, and X, < Xq,+1. Note that the spatial
grid depends on the specific pipe a € Ajp. For the ease of presentation, we consider an
equidistant discretization in time and space with a fixed time step

At=T/N; =ty —t, forallk=0,...,N;, -1
and spatial step
Axq = La/N§ =Xa,y41 —Xa,y forallv=0,...,N{-1,a€A,.
Using this notation, we get the fully discretized set of Euler equations

pa(tk+1axa,v+l) = Ppalts, xa,v+1) + C_2 Qa(tk+lvxa,v+l) - Qa(tk+1axa,v) _
At Ag Ax,

O,
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Qa(tk+lsxa,v+1) - Qa(tx»xa,vﬂ) + Pa(tk+1,xa,v+1) - Pa(tk+1»xa,v)

A
At “ Axa
¢ qalqal gAN,
+2DaA ap < (tit1sXa,ve1) + Cuz upa(tk+l’xa,v+l) =0
a a a

for all a € Ay, k = 0,...,N,, and v = 0,...,N¢. We now replace (17.33) in
Model (17.45) with these discretized equations and further discretize the remaining
algebraic constraints by simply writing them for all time points 7, with x = 1,..., N;.
Moreover, we discretize the objective function (17.43) via the right Riemannian sum

Ny
fe= Z ZAtApa(tk)-
a€Aq k=1

Note that Ap,(tg) is given and thus not part of the sum in the objective function. The
tracking-type objective function (17.44) stays unchanged because it only depends on
the time point 5, = 7. In this way, we obtain a large-scale but finite-dimensional and
structured mixed-integer nonlinear optimization problem. Here, the nonlinearities are
all contained in the model of the pipes, namely in the discretized momentum equation.

17.5.2 Classic Penalty Alternating Direction Methods

For the moment, let us consider the optimization problem

min  f(x,y)
X,y

st. gx,y)=0,
xeX,yeY

with X € R"™ as well as ¥ € R’™ being non-empty and compact sets and
f:R™*y — Raswellas g : R™*" — R™ are continuous functions. Classic PADMs
try to compute so-called partial minima of this problem, which are points (x*, y*) that
satisfy

fG&x*, 9" < f(x,y") forallx € X with g(x,y*) =0,
S5y < f(x",y) forally € Y with g(x*,y) =0.

For what follows, we introduce the penalized objective function

GO,y ) = O, y) + D18 (x,y) (17.46)
j=1

with penalty parameters x4 € R”{) and the penalty problem

min  ¢(x,y;u) st xe X, yeY. (17.47)
X,y
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Note that we have a separate penalty parameter for every constraint. With this, we can
state the PADM, which is formally given in Algorithm 1.

For a thorough discussion of the convergence properties of this method we refer the
interested reader to [32]. Several applications of this method to different applied fields
can be found in [15,31, 33,49, 82].

17.5.3 A Consensus-Based Penalty Alternating Direction Method

The graph decomposition described in the next section leads to problems of the general
form

¢
min >UAGED (17.48a)

xxtz 4
st. (¢, eX;, fori=1,...,¢, (17.48b)

z€”Z (17.48¢c)

with X; C R xR"z, f; : R%" — Rfori=1,...,¢, and a convex set Z C R"z. The
problem consists of £ constraint blocks X; that are connected via the so-called linking
variables z € Z. Informally speaking, we call such problems “quasi-separable” if the
dimension of the coupling variables in (17.48c) is not too large.

We reformulate problem (17.48) by introducing a copy 7’ of z for each block, which
yields the equivalent problem

4
o Xlg}zingf’z Zl] fi(xh (17.49a)
st. (', Z)eX; fori=1,...,¢, (17.49b)
z€Z, (17.49¢)
d=z fori=1,...,¢, (17.49d)
ez fori=1,...,¢ (17.49¢)

Algorithm 1 Penalty Alternating Direction Method

Require: x%0 € X, y*0 ¢ Y, and penalty parameters u° € RT,.
1: fork=0,1,2,... do
2: Setl =0.
3 while (x5!, y%1) is not a partial minimum of (17.47) do
4 Compute x**! € argmin _ {¢p(x, y*!; u*): x € X}.
5 Compute y*-'*! € argmin { p(x*"*!, y; u¥):y € Y}
6 Setl «1+1.
7:  end while
8 Choose new penalty parameters pu**! > uk.
9 Set (Xk+l’0, yk+l,0) — (Xk’l, yk,l)'
0:

10: end for
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To this setup, we can now apply the penalty alternating direction method given in
Algorithm 1 with x = (x',z,...,x0,20), y =2, X = (X N(RM X Z)) X - -+ X (X, N
R™ x Z)), and Y = Z. Moreover, the constraints g are identified with the equality
constraints (17.49d). The optimization problem in Step 4 of Algorithm 1 is then given
by

t ) ng ) ) )
] m1nl y Z (fl-(x‘) + Z/fj (z; - (zj)k,l) )

i=1 Jj=1
st. (,Z)eX;, fori=1,...,¢,
ez fori=1,...,¢.

This problem is completely separable. Therefore, we can instead solve

2
min f,<x)+2uj( - ™)
s.t. (x,z)eXl-,

‘ez

for all blocks i = 1, ..., ¢, which can be done in parallel. The optimization problem in
Step 5 of Algorithm 1 reads
2

min zzﬂj(( )’”_zj).

€z i=1 j=1

The solution for this so-called consensus problem is the weighted arithmetic mean
1+1

l i

4 (4),

forall j = 1,...,n,, since Z is convex and (z )1+1 € Zforalli =1,...,¢ because
of (17.49e); see, e.g., [6].

¢

2j =

=t

17.5.4 Decomposition of Gas Networks

To efficiently apply the PADM to the discretized version of Problem (17.45), we need
to identify a quasi-separable structure as in (17.48). To this end, we can utilize the
fact that we model the problem on a graph. As each variable can be associated with a
certain location in this graph it follows that decomposing the graph yields corresponding
blocks (indexed with i) of variables with respective constraint sets X;. If the network
is decomposed in a way that the resulting sub-networks are only coupled in a sparse
way, then the number of linking variables z stays small and we have the desired quasi-
separable structure.
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Pa,v

da,v

Fig. 17.10: The vertical red line represents a possible decomposition at node v that
minimizes the number of linking variables.

The question is still open on how to decompose the graph. One might assume that
it is a good idea to decompose a network at selected nodes of the network. This,
however, significantly increases the number of linking variables if the degree of the
respective nodes is large since the pressures and mass flows of all adjacent arcs are
connected across the node by the pressure continuity equation (17.39) and the mass
balance equation (17.41). This undesired aspect can be avoided by splitting the network
at points that lie on arcs instead of nodes. To still assign each arc to exactly one
sub-network, we decide to only split an arc at the interface to its start or end node.
Figure 17.10 depicts a possible decomposition at the interface to a node of degree three.
The only linking variables in this situation are p, , and g, for all time points #,.

More precisely, we decompose the graph (V, A) into blocks (V;, A;) fori=1,...,¢

with
v={Jv, A=A

i=1 i=1

and

VinV;=0 fori,j=1,...,6 i#],
ANA;=0 fori,j=1,...,6i+].

Thus, each node v € V and each arc a € A belongs to exactly one block (V;, A;). Note
that a block (V;, A;) itself is not a graph, as a = (v,w) € A; does not imply v € V;
and w € V;. Vice versa, it can happen that a ¢ A; for some arc a € §™(v) U 6°(v)
with v € V;. These cases appear exactly at the interfaces of the blocks. We define the
interfaces of a single block i € {1, ..., ¢} as

I :={(v,a) e Vi xA:aebdWw)anda ¢ A;} U{(v,a) e VX A;:a € d@w)andv ¢ V;}.

The set of all interfaces is then given by

4

1=

i=1

We now use this graph decomposition for gas networks. The constraint system of
Problem (17.45) can then be written as
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Euler equations: (17.33) for A, N A;,

short pipe model: (17.36) for Ay, N A;,

valve model: (17.37) for Ay N A;,

compressor station and control valve model: (17.38) for (Acs U Acy) N A;,
pressure continuity equations: (17.39) for V;,

mass balance equation: (17.41) for V;,

variable bounds: (17.34), (17.35), (17.40), (17.42) for (V;, A;).

Moreover, the objectives (17.43) and (17.44) can be rewritten as

4 T
=2 2] JApa(t)dr

i=] acAinNA; Y0

and
14

=20 > n(pu =50 +0(qu(T) - G)* .

i=1 ve(V,UV)NV;
The linking constraints between the blocks are finally given by

L....¢,
L....¢C.

Plw=Paw for(wa)el, i

CIZ,U =qqy for(v,a)el;, i

Finally note that there are multiple strategies to decompose a gas network. If more
sub-networks are created, the number of linking variables increases, which potentially
makes it harder to find a point that is feasible at all the sub-networks’ interfaces. This
can lead to a higher number of iterations required by Algorithm 1 and, therefore, longer
computation times. However, multiple smaller problems may be easier to solve than a
few larger ones. This trade-off needs to be considered when choosing the number of
sub-networks.

17.5.5 Numerical Results

In this section, we apply a PADM for quasi-separable problems to the transient gas
network optimization problems. To this end, we implemented the method in Python 3.8.
We use GAMS 36.2.0 [9] to model the optimization problems, which we then solve using
the solver CPLEX 20.1.0.1 [16] for LPs and MIPs and the solver KNITRO 12.4.0 [10]
for NLPs and MINLPs. We also tested other MINLP solvers but KNITRO delivered
the best results. However, KNITRO is a not a global solver but only solves nonconvex
(MI)NLPs to local optimality. Since the different decompositions tested in the following
lead to different models, the used solver might end up in different local minimizers. In
our opinion, the choice of KNITRO, even if it is a local solver, is legitimate since we are
mainly interested in running times and since the overall objective values of KNITRO
are rather good.
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All computations were done on nodes of the HPC cluster Woody at FAU Erlangen-
Niirnberg with Xeon E3-1240 v6 CPUs on 4 cores, 3.7 GHz, and 32 GB RAM. For the
discretization, we choose a time step size of Ar = 3600s = 1 h and a spatial step size of
Ax = 5000 m. For each problem, we set a time limit of 1000s.

All details about further implementation details such as the chosen tolerances, the
initialization and update of penalty parameters, etc., can be found in [55]. Moreover, all
code and data used for the presented numerical results are publicly available [56].

17.5.5.1 Transient Gas Network Data

The gas network instance GasLib-134 used for the numerical experiments is taken
from the GasLib [83]. It contains the network data as well as 1234 different stationary
scenarios and each of these scenarios represents a day between the 1st of November 2011
and the 17th of February 2016. This information is used to create transient scenarios
on a time horizon of T = 24 h. First, we fix the mass flow g, of each exit node v € V_
and the pressure p, for each entry node v € V,. For the mass flow at an exit node at
t = 0 we use the value given in the stationary scenario. Then, we apply a vertically
shifted sine curve with period 7" and an amplitude of 0.1 to this initial value to receive
the mass-flow curve for the complete time horizon:

qu(t) = (1 +0.1sin (tz?ﬂ)) g,(0), veV_, tel0,T]

The pressure at the entry nodes stays constant over the time horizon. We first solve all
1234 stationary scenarios by using the discretized version of Problem (17.45) with only
one time point t = 0 = 7. To this end, we use the stationary Euler equations

/1aC2 qalqal gh:z
7 - Pa
2D, A; DPa c

axCIa =0, 8xpa ==

where all time derivatives vanished, a simplified compressor station model without
integer variables (see [55] again), and the objective function (17.43), which now reads

fe= Z Apa.

acAg

Then, we fix the entry pressures to the corresponding values of the obtained stationary
solution. Since for two of the stationary problems, the solver reported infeasibility, this
results in 1232 transient scenarios for the GasLib-134 network.

For the initial conditions of each scenario we used the solution of the corresponding
stationary model. The same holds for the terminal condition that are needed for the
tracking-type objective function (17.44). This stationary solution is also used to initialize
all variables including the linking variables.
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Fig. 17.11: Different decompositions of the GasLib-134 network: Active (red), Halves
(blue), CS Arm (cyan), CV Arm (green), Both Arms (orange)

17.5.6 Discussion of the Results for the GasLib-134 Network

Preliminary tests on smaller test networks showed that applying the consensus-based
PADM to transient gas network problems can yield a significant benefit w.r.t. the
solution times as well as the objective value. However, the results can vary strongly and
are dependent on a number of factors including the objective function, the network’s
structure, and, in particular, the chosen decomposition. Therefore, we test different
graph decompositions for solving the real-world gas network GasLib-134. GasLib-134
models the gas network of Greece and consists of 134 nodes including 3 entries and
45 exits, 86 pipes, 45 short pipes, 1 compressor station, and 1 control valve. The total
pipe length is 1447.02km. The network is a tree with the compressor station in the
north and the control valve in the south east.

Figure 17.11 shows GasLib-134 and the different decompositions we use. The details
can be found in [55]. All block details of the proposed decompositions are shown
in Table 17.3. This includes the number of nodes, entries, exits, pipes, short pipes,
compressor stations, and control valves as well as the model type of each block.
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Table 17.3: Decompositions of GasLib-134

Block Nr. #nodes #entries #exits #pipes #sp #es #ev Type

No decomp.
1 134 3 45 86 45 1 1 MINLP
Active
1 42 2 13 28 13 0 0 NLP
2 81 1 28 52 28 0 0 NLP
3 11 0 4 6 4 0 0 NLP
4 0 0 0 0 0 1 0 MIP
5 0 0 0 0 0 0 1 MIP
Halves
1 65 1 23 41 23 0 1 MINLP
2 69 2 22 45 22 1 0 MINLP
CV Arm
1 11 0 4 6 4 0 1 MINLP
123 3 41 80 41 1 0 MINLP
CS Arm
1 42 2 13 28 13 1 MINLP
92 1 32 58 32 0 1 MINLP
Both Arms
1 42 2 13 28 13 1 MINLP
2 11 0 4 6 4 0 1 MINLP
3 81 1 28 52 28 0 0 NLP

Figure 17.12 shows the percentage of instances that can be solved in which amount
of time for each type of tested decomposition and objective function. The decomposi-
tions “Active”, “Halves”, “CV Arm”, and “Both Arms” outperform “No decomp.” for
most of the scenarios. For both objective models, “CV Arm” and “Both Arms” perform
especially well while the overall worst results are produced by “CS Arm” and “No
decomp.”. Moreover, for the tracking-type objective, also “Halves” can lead to some
benefit for some scenarios.

Hence, the results show that decomposition approaches may lead to significant com-
putational benefits. However, the impact strongly depends on the specific instance and
the specific decomposition used. The question on how to compute a good decomposition
for an arbitrarily given network is still open research question.

17.6 Conclusion

We presented advanced domain decomposition techniques for the efficient and scal-
able simulation and optimization of partial differential equations on network domains
with a particular focus on transient gas network applications. We sketched novel space-
and-time decomposition methods for semilinear hyperbolic and nonlinear parabolic
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Fig. 17.12: Percentage of solved instances of GasLib-134 in the time limit of 1000 s
for different decompositions as well as compressor station cost (17.43) and tracking-
type (17.44) objective functions.

systems derived from Euler’s equations. We also addressed combinatorial aspects of
switching valves for the case of ODE-constrained problems. The convergence analysis
in this context is yet limited to linear-quadratic problems though. The exploration of
randomized decomposition methods has opened new avenues for stochastic approxima-
tion techniques. Through reviewed computational experiments on transient scenarios
for a realistic gas transport network, the practical applicability and effectiveness of
domain decomposition approaches is illustrated. Overall, our findings not only advance
the current state of the art but also provide a solid foundation for future research in
the simulation and optimization of large-scale network systems, offering flexible and
powerful tools for solving complex network problems.
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Abstract We investigate a class of generalized Nash equilibrium problems (GNEPs)
in which the objectives of the individuals are interdependent and the shared constraint
consists of a system of partial differential equations. This setup is motivated by the
modeling of strategic interactions of competing firms, which explicitly take into account
the dynamics of transporting a commodity such as natural gas or hydrogen. We establish
the existence of a variational equilibrium of the GNEP. In the case of symmetric firms,
we identify an equivalent optimization problem. We use this model to numerically
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18.1 Introduction

The framework of equilibrium problems considerably contributes to the understand-
ing of a wide array of real-world problems, ranging from management and microe-
conomics applications to a variety of design problems in engineering. Specifically,
non-cooperative game theory has turned out to be a useful tool in analyzing the actions
of agents (also denoted by players) on markets. In such a context, one seeks solutions
in which each player’s individual objective is maximized subject to individual (also
denoted private) constraints, and no player has an incentive to take decisions deviating
from a Nash equilibrium [30]. For classic Nash equilibrium problems (NEPs), the cou-
pling between individuals occurs in the objective functionals only, whereas the feasible
sets of player’s decisions are independent. If the latter are also interdependent, one faces
a so-called generalized Nash equilibrium problem (GNEP).

In this work, we investigate a particular GNEP in which the dynamics of transporting
a given good are described by a system of partial differential equations (PDEs), which
constitutes a shared constraint that is taken into account by all players. This is highly
relevant, e.g., in the case of liberalized energy markets, where conversion and trading
of energy carriers is organized by competing private companies that seek to maximize
their profits in a non-cooperative fashion. Within a short time horizon, as in an intra-
day market, it is important to consider a high-fidelity model of the dynamics when
transporting goods with slow transients such as natural gas or hydrogen. Moreover, in
our setup, the objective functionals are interdependent, so that the actions of a player’s
rivals directly affect the value of that player’s objective. This is thus closely related to
classic oligopolistic situations of strategically interacting firms in a market context; see,
e.g., [10] for a seminal article in this area. The focus here is on the solution concept
called variational equilibrium (VE) for which the multipliers associated with the shared
constraints have a clear economic interpretation.

In view of the aforementioned application regarding liberalized gas markets, in
this work we first provide conditions for the existence of a solution to the governing
system of PDEs with enough regularity to ensure the existence of multipliers to the
shared constraints. Second, we show the existence of a VE that solves the underlying
jointly convex GNEP. For symmetric setups, we identify a reformulation of the original
equilibrium problem as a single optimization problem, which allows us to derive a
solution algorithm for finding such a VE. Finally, we apply our algorithm to a suitable
test instance, which is motivated by the trading and transporting of natural gas. Our
numerical results highlight crucial dynamical aspects in the context of natural gas such
as the impact and value of linepacking. The latter refers to the action of changing the
amount of gas stored in the pipe, the so-called linepack. When such a linepacking
occurs, the pipe acts as a temporary storage device. This allows to take advantage of
price variations or to overcome fluctuations in supply and demand.

Our work contributes to several strands of the literature. Indeed, equilibrium prob-
lems that are subject to network constraints have received considerable attention. In
the context of energy markets, these settings have been studied mainly for the analysis
of electricity and gas markets. There, we find many contributions that consider strate-
gic interactions of firms in the presence of shared and static, i.e., stationary, network
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constraints; see, e.g., [7,33,37,39] as well as, more recently, [22]. Due to its physical
properties, a steady-state approximation of electricity transmission is well accepted for
many market applications. Owing to slower speeds of propagation, a stationary ap-
proach cannot capture, however, all aspects of the dynamic evolution of gas transported
in a single pipe or in an entire network.

Another strand of literature explicitly considers strategic interaction of firms in a
dynamic context—but in the absence of shared network constraints. In several contri-
butions, firms experience adjustment costs when changing their output; see [6,24,40].
Other contributions have analyzed situations in which strategic firms exploit a private
resource stock [28] or accumulate private productive capacities over time [27]. Similar
to our approach, in these contributions, the interactive nature of the situation analyzed
also arises due to firms’ profits being influenced by all rivals’ actions. However, there
are no shared constraints that restrict the choices of the firms.

Several works on dynamic oligopoly models do consider shared constraints; [3, 4]
study differential games in which firms jointly exploit a common renewable production
asset. More recent articles further elaborate on this; see, e.g., [8,9,42], who consider
different types of strategic behavior among firms. Note that for all these problems,
the shared constraint can be represented by a single state variable governed by an
ordinary differential equation (ODE). For a proper modeling of the physics underlying
the transportation aspect of our setup, we have to consider a spatially distributed state
variable governed by a system of PDEs.

Several recent works analyze GNEPs involving shared constraints governed by PDEs
[13,16,19,20,25]. While the structural assumptions vary among these contributions,
the results and methods are mostly applied to instances in which objective functionals
are of tracking type and the shared constraint is a scalar PDE. In our setup, we consider
objectives that model market interaction of strategic firms. In addition, the shared
constraint comprises a system of PDEs, which allows to appropriately capture the
physical phenomena under consideration.

The remainder of this paper is structured as follows. After this introduction,
we present the stylized GNEP model coupling trading and transport phenomena in
Sect. 18.2. Section 18.3 provides general well-posedness results for the system of PDEs
under investigation. In Sect. 18.4, we establish the existence of a VE for the jointly
convex GNEP under consideration. A reformulation of the GNEP is given that allows
for a computational approach to determine a VE. We illustrate the important role of
linepacking in Sect. 18.5 and finally conclude in Sect. 18.6.

Notations For a given Banach space X, its dual is given by X*. If A: X — Y is
a linear and continuous mapping between Banach spaces, its adjoint is denoted by
A*:Y* — X*. The continuous and dense embedding of a Banach space X into Y is
represented by X — Y. With Q being an open interval of R, for any integer p (and
even for p = +00), the function space L? (L) is the standard Lebesgue space. For any
real s, H*(Q) is the L?(Q)-based Sobolev space of order s. Let f:R — X and T > 0.
If t — || f(¢)||x lies in LP(0,T) and is Bochner measurable, then f € L”(0,T; X). The
space C([0, T]; X) consists of all X-valued continuous functions on [0, 7] equipped with
the norm of uniform convergence. For more background on these spaces, see, e.g., [1].
As we have only one spatial dimension, denoted by x, the Laplacian operator A has
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the same action as taking second partial derivatives #%/dx>. When applied to a vector-
valued function, its action is to take second partial derivatives of each component. As a
shorthand notation, for any function f depending on x and ¢, f;, fy, and f,, denote the
first-order derivative with respect to ¢, x, and the second-order derivative with respect
to x, respectively. For a given set S, its closure is denoted by S, its interior by int S,
and its indicator function by 6s. Given a convex set S, its normal cone is denoted
by Ns(-): X =2 X*, where “=3” indicates that it is a set-valued map. The subdifferential
of a convex function g: X — R U {+o0} is represented by dg: X =3 X*.

18.2 A GNEP Model for Gas Transport with Strategic Suppliers

We investigate a stylized market situation where a commodity, e.g., natural gas or
hydrogen, which is supplied by several competing firms has to be transported through
a single pipe e. The pipe’s diameter D¢ > 0 is typically much smaller than its length
L¢ > 0. Hence, a one-dimensional model for the flow of gas is appropriate. Let A¢ :=
(D°)*n/4 be the constant cross-sectional area of the pipe. We consider the case of
an isothermal flow, i.e., the temperature Tomp > O of gas is constant. We denote the
density by p°, the pressure by p°, and the speed of sound by ¢s = /RsTer, for a given
specific gas constant Ry. The state equation is given by the ideal gas law p¢ = ¢2p°,
and the velocity of gas is assumed to be small with respect to cs. Given the operational
conditions in a pipeline system, the evolution of the gas can be modeled by the system

2

Cy
p{ —EPS + A—Zai 0,

. . . (18.1)
e e e e _ eei e_q_ee_AegSIH‘pee
q; = €q% + A"D5 ffAﬁe(q 2ﬁep) 2 P,
where & > 0, 0¢ := 16¢22¢/(n*(D€)%), A1¢ > 0 is the friction coefficient, g is the
gravitational acceleration, and ¢¢ is the constant angle of the pipe with the horizontal
plane. The pair (p, ¢), with p > 0 and ¢ > 0, is a reference state. System (18.1) comes
from the linearization and viscosity regularization of the hyperbolic system known as
“ISO2” in Chap. 2, “A Catalog of Gas Network Models: PDEs, Coupling Conditions,
and Numerical Schemes”, which presents different models for gas flow in pipelines
depending on the operational conditions. The boundary conditions for (18.1) are of
Dirichlet type. Among other gases, flows of natural gas and hydrogen can be modeled
by (18.1).
Alternatively to the single-pipe scenario, a small pipeline network whose graph is
a directed tree, could be considered. In such a setting, at a node at which multiple
pipes meet, two relations have to hold: (i) The pressures at the common endpoints of
these pipes are identical and (ii) the inflows and outflows of gas are balanced. In our
subsequent exposition we will, however, stick to the single-pipe setting for convenience
as this allows us to emphasize the GNEP aspect. We consider supply decisions of
strategic firms which ship and sell the commodity through a pipe. The two nodes are
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labeled in and out, respectively. For the ease of notation, subsequently we drop all
superscripts related to the pipe’s identifier. Further, we assume that M strategic firms
(producers) may inject gas at the in node and sell it at the out node. Concerning the
equilibrium setting, we consider the case of Cournot competition, i.e., suppliers choose
quantities supplied and sold, then market prices at the output node result in equilibrium.
More specifically: With the goal of maximizing their respective profit over a finite
time period [0, 7], T > 0, each firm strategically decides on the injected mass flow qi.n
at pressure p;" and the withdrawn mass flow ¢ at pressure p¢"'. Our setup thus
considers an open loop situation in which strategic players simultaneously choose their
optimal strategies which then determines all transported and consumed quantities for
allt € [0,T].

Note that we use the terms “firm”, “agent”, or “player” as synonyms. We denote by
u; = (pi.“, qi.“, p?‘“, q?“t) the decisions of firm i, and let u := (u1, . . ., ups) be the entire
decision vector. With respect to notation, we use the classic game-theoretic convention
that for any i, u = (u;,u_;), where u_; collects the decisions of all the other firms
except i. Mathematically, it is supposed that each u; belongs to U € L*(0,T)*. In the
pipe, the state variableis y := (p, ¢): (0, L)x(0,T) — R2. The aforementioned Dirichlet
boundary conditions are given by y(0,-) = ulq and y(L,-) = u% where the nodal state

values ul. := (p™, ¢™) and uk = (p°™, ¢°) are related to the firms’ actions by

out

0 M p;n M L M pout M .
2R DIE I TR DIE I (18.2)
i=1 i=1 i=1 i=1

The relations on the mass flows fit the above stated conditions at a junction. For the
pressures, this is also the case if all firms choose the same pressures, and we focus on
this case. Furthermore, we consider lower and upper bound constraints on the pressures
and mass flows. For given bounds y := (p, ¢) and y := (p, ¢), these state constraints are
represented by T

y € K := {y € C([0,T]; C([0, L])?) | Yy <y, 1) <yVx, ) e[0, L] x[0, T1}, (18.3)

where the space C([0, T]; C([0, L])?) is chosen to ensure the existence of the associated
Lagrange multipliers for a primal-dual stationarity characterization of optimal solutions
or equilibria. Since firms are fully aware of both the system (18.1) and the bound con-
straints (18.3), they all take into account the same, and thus shared, network constraints.
Let S be the so-called control-to-state operator, which gives the solution (state) y of the
PDE system for a given (control) u. Then, the inclusion y = S(#) € K represents the
shared constraint of the underlying GNEP.

Now, at any time ¢ € [0,T], there is a given demand of gas at the consumption
node out. The price of gas is given by an inverse demand function P(z, g°*'(¢)), where
q°"(¢) is the total amount of gas at the exit node. On the other hand, each firm chooses
to inject the amount qi.“(t) at a cost of ¢;(t) qi,“(t). For our subsequent investigation, we
make the following assumptions on the data.

Assumption. (i) We have P(t,q°"'(¢)) = B(t) — a(t) ¢°*'(¢t), and both « and 3 are
measurable functions in t.
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(ii) There exist finite numbers Qmin and amax such that 0 < amin < @(t) < amax holds
for almost all t € (0,T).

(iii) Forany firmi € {1,..., M}, there exists a constant ¢; > 0 such that |c;(t)|< C; for
almost all t € (0,T) and c; is measurable.

Forany i € {1,..., M}, the maximization problem for firmi € {1,..., M} reads
T M ‘
max Jo (P t, ; 612‘"(1)) q;"' (1) = ci(t) ;" (1) | dr = Ri(uy) (18.4a)
st. 0<¢q"(r) < g™ foralmostallz € (0,T), (18.4b)
JOT (g9 - q}“(t)) dr <0, (18.4c)
S(uj,u_;) € K, (18.44d)

where c}i." is a given production-specific capacity bound. The convex function R; in the
objective function (18.4a) is there to influence, specifically regularize, the state at the
end of the time period (i.e., at t = T') in the pipe. Indeed, the initial state yo := (po, go)
is likely to be rather regular (in space), but without any additional consideration the
final state is only required to satisfy the constraint (18.4d). Constraint (18.4c) ensures
that over the entire time period each firm has injected at least as much gas as it has
withdrawn. This is important since at the beginning of the time period, the pipe does
contain some gas as we require the initial state y( to fulfill the given upper and lower
bounds. Hence, the constraint (18.4c) ensures that there is no free gas for any of the firms.
In problem (18.4), the constraints (18.4b) and (18.4c) are private, whereas (18.4d) is
shared among producers. The collection of these M-many optimization problems gives
rise to a GNEP, which is studied in more detail in Sect. 18.4.

As a benchmark for the GNEP solution, we consider the corresponding welfare
maximization problem. In fact, the overall welfare is given by the total consumer surplus
minus the total production cost:

T [ pg® @)=Y, ¢t M ,
J J P(t,7) dt = > ci(Ng" (1) ] dr.

0 0 i=1

After replacing the innermost integral by its expression and noting that we only need
to consider the total amount of gas withdrawn, the associated welfare maximization
problem reads

dr — R(u)
0

T 1 M .
max J (ﬂ(t)q‘““(t) - 5™ (g™ (1) - > ciDgl (1)
ue i=1

st. 0<g"(r)<g" foralmostalls € (0,T)andalli € {1,..., M},

T M
J (q"“t(t) -2 q}“(f)) dr <0,
0 i=1

S(u) € K,

(18.5)
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where u := (p™, p™™, (¢'", ..., ¢, ¢°") and R sums up all R;, i = 1,..., M. Note
that from any solution u* of the GNEP with identical pressure variables, i.e., (u}, u*;)
is a solution to (18.4) for all i € {1,...,M} and (p", p?*") = (pi;‘,pj’.“t) foralli,j €
{1,..., M}, afeasible point for the welfare maximization problem can be constructed.
Therefore, from a solution of the GNEP, a lower bound on the optimal function value
in (18.5) can be obtained.

18.3 Well-Posedness of the Gas Flow PDE System

Before analyzing our GNEP, we first address the well-posedness of the PDE sys-
tem (18.1) over a pipe with a solution of sufficient regularity to ensure the existence of
multipliers for the shared constraint.

The spatial domain of the pipe is Q := (0, L), with L > 0, and we set Q7 := Q% (0,7T)
for a time horizon T > 0. The system of PDEs modeling the flow of gas is given by

2
Pt —&Pxx t ;TSCIX =0 in Qr, (18.6a)
. . Ao
Gi — g + Apy = —0cAL (q— ivp) - L8R, inQr,  (18.6b)
p 2p c2
p0.)=p", p(L.)=p™, ¢0.)=¢", qL.)=¢"" in(0.T). (18.6c)
p(,0)=po, q(0)=qo in Q, (18.6d)

where (pg, qo) is the initial state and (p, §) € C([0,T]; C (Q)?), with p bounded away
from zero, is a given reference state. For our analysis, we transform (18.6) into a system
of PDEs with homogeneous Dirichlet boundary conditions. For this purpose, we require
the boundary data (p™", p°Ut, g™, ¢°") to be in the Sobolev space H'(0,T)*. Then, for
the boundary data u? := (p™, p°'') and uyl := (¢, ¢°"*), we construct extensions up
(resp. ug) of uf’ (resp. uil) to the entire domain Q. Specifically, for any (x, 1) € Qr, we set
ug(x, 1) and ud(x, 1) to be the linear interpolation of the values of u;’ and u{. at both ends
of the pipe. More precisely, we define the operator &: H'(0,T)> — H'(0,T; H*(Q)),
with s being an arbitrary positive integer, as

L—x

by
E(v1, 2)(1)(x) = vi(r) + zvz(l)- (18.7)
This yields ug = ) as well as ul = E(uf). From the expression in (18.7),
(ug)x and (ug)x are constant with respect to x. Hence, these extensions indeed belong

to H'(0,T; H*(Q)). We then consider the shifted state variables 7 = p — ug and
g:=q- “gy which are solutions to the system
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2 2
= =~ Cs . _ p Cs . g .
Pt —&Pxx t qu = —(ug)r — Z(ug)x in Qr, (18.8a)
v A . )
@—squ+Aﬁx+aAzq+—ﬁ%gf—aAqQL7
p lon 2p
. Ao »
=—wg»—¢u%bx+aA%ug+ ginw—aﬂézzug inQr, (18.8b)
S
pQO,)=pL,)=0, §0O,)= gL,)=0 in (0,7),
(18.8¢)
BP0 = po = po = ug( 0, 4(,0) = do = go - ugy(,0) inQ. (18.8d)

Remember that the feasible set of each firm includes the constraint y € K with K given
in (18.3), and that for analytical but also numerical reasons one wishes to characterize
a solution of (18.4) by Lagrange multipliers. This leads us to seek solutions of (18.6)
with higher regularity than the classic parabolic one; cf. (18.10) below for the latter. In
this vein, our subsequent approach provides us, under appropriate assumptions, with a
unique solution of (18.6) in the space

Y :={y € L*0,T; H*(Q)*) N L™(0,T; H'(Q)?) and y; € L*(0,T; L*(Q)*)}.

Then, by the Aubin-Lions Lemma (see Lemma 18.5 in Appendix A), we have the
(even compact) embedding of Y into C([0,T]; C (Q)?). The latter space is instrumental
in proving the existence of an interior point for the constraint y € K. As a conse-
quence, Slater’s constraint qualification (CQ) is satisfied, which yields the existence of
a (bounded) Lagrange multiplier for this constraint.

For the proof of higher regularity we proceed as follows. First, the existence and
uniqueness of a solution with classic parabolic regularity is obtained via classic results
on abstract parabolic problems. Then, for the additional regularity, we do not wish to
follow the usual path of showing temporal regularity and then spatial regularity as terms
involving the time derivative of the control are already present in (18.8a) and (18.8b).
Rather, we only show additional spatial regularity, first for (p, §) and then for (p;, G, ).
Indeed, under appropriate regularity of the shifted initial state and the right-hand side,
the solution (p, §) satisfies

(5, §) € L*0,T; HX(Q)*) N L™(0, T; Hy(Q)?),
(P1»Gr) € LA(0,T; LA(Q)%),

which leads to (p,q) € Y.

Let V := Hj(Q)* and H := L*(Q)*. We denote any element v of V, resp. H, by
(vp,vgq), where both v, and v, belong to H(l)(Q), resp. L>(Q). This specific notation is
inspired by the variable names for gas pressure and flow. It is well-known that Hé(Q) is
dense in L2(2) and that the embedding of H(l) (Q) into LX(Q) is compact. Therefore, we
have the Gelfand triple

Ve H— V.
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Let (:,-)4; denote the inner product of ¥ and let ||-||¢ be the corresponding
norm. For any v, w in H, we have (v,w)q = (vp, wp)Lz(Q) + (vg, wq)LQ(g) and
||v||?H= llvp ||2LZ(Q)+||UC, ||2L2(Q). The norm of V is denoted by ||-||. In the following, we
consider a system of parabolic PDEs with the lower-order terms having generic coeffi-
cients. This allows us to streamline the presentation and also invoke these results for an

associated adjoint system in future works. Let the bilinear form a,: [0, T]XV XV — R
be defined as

a-(t,v,w) := —& (Vo, Vw) g + 0, (Vug, wp)Lz(Q) +04 (Yo, wq)LZ(gz)

+ Z (yij(t)viij)L2(9)+T(vv w)'}{v
i,je{p.q}

(18.9)

where £ > 0, both 6, and 6, are non-zero constants, and each y;; belongs to
C([0,T]; C(Q)) with magnitude bounded by ¥;;. The parameter 7 is fixed later. By
applying the Cauchy—Schwarz inequality to each term in (18.9), we see that the bilinear
form a, is bounded, i.e., there exists C,, > 0 such that |a.(¢, v, w)|< Cq, ||v]|v ||w]lv
forall v,w € V and ¢t € [0, T]. Let L,(¢) be an operator in H with action

" e0 06, YopO+T  Ypg(®)
LD = (OS)AU+(9q O)Vu+( Yar®) Vool +T

and domain D(L-(1)) = (H*(Q) N Hj(Q))*. Recall that v € D(L(1)) is equivalent to
veV, L(tyweH, and (L:(t)v,w)y=a.(t,v,w) forallweV.

We are going to investigate a problem of the following form: Find v € L?(0, T; V) with
v; € L*(0,T;V*) such that given vy € H and £ € L*(0,T;V*), it satisfies v(0) = v
and for all w € V, we have

d
a (0(-), w) gy + a0, v(), w) = (£(), w) gy

in the sense of D*(0,T), the space of distribution on (0, 7). This is referred to as
Problem (P). As it is usual in the parabolic case, rather than requiring the coercivity of
the bilinear form ay, it is sufficient to check that a satisfies a weaker condition, namely
Garding’s inequality (also known as weak coercivity).

Lemma 18.1 (Garding’s inequality for ag) Consider the bilinear form defined
in (18.9). Then, there exists two constants T, {, with { > 0, such that for all v € V and
t € [0,T], we have

= 2 2
ao(t,v,0) + Tllvllg= lfvll5,.

Proof. Take t € [0,T]. We use classic inequalities to get the following bound on the
second term in the right-hand side of (18.9):

1
2 2
(Vl)q, Up)LZ(Q) = _”VUq”LZ(Q)”vp”LZ(Q)Z _K2||Vvq”LZ(Q)_E”Uanz(Q)

for any «, > 0. Similarly, for the third term of (18.9) we have
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(VUP’ U‘I)LZ(Q) K3||VUP||L2(Q) 4 ” ‘1||L2(Q)’

with k3 > 0. Finally, each term in the sum (fourth term of (18.9)) is bounded from
below by

_ 2 - 2
(YorWvp,0p) 12y Z =Vpplloplliagy (Yaq(vg:vg) 12y 2 ~Vaqllvgllz ),

Yra
(Ypa(vp, Uq)L2(Q) ~Kpq¥pqllvp “Lz(g) A pg L ||L2(Q)’

7pq
(qu(t)vq’ vp)LZ(Q) qu?’pq”UqHLz(Q) 4 ” P”LZ(Q)’

. _ — . _& . _E&
where k,, > 0and k,p, > Oinvolve ¥, and ¥p,,. Now, we set k; = No,] and k3 := 2761

andlet 7, := 37,,p+)7pq/<,,q+)7qp(4/<qp)‘1 aswellas 7, := )7qq+)7qp/<q,,+)7pq(4/<pq)‘1
Then, we get

€ > (10p] |64
ao(t,v,v) 2 §||VU||«H— (E ||Up||Lz(Q) 2t ”vq”LZ(g)
62 0?2
02 p q
> §||U||(v— (Z +Tp + ) ||Up||Lz(Q) (28 +Tg + ) ||Uq||Lz(Q)

With 7 being the maximum of the coefficients in front of ||v, 12
obtain

L2(Q) and ”Uq ||

L@y ™
EnZ _z112
ao(t,0,0) > 210l =0l
which completes the proof. O

Since the time horizon T is finite, we continue our investigation with the coercive
bilinear form a := az. Indeed, if z is the solution of

d _
T (z,w) g+ alt,z,w) = (7€, w),, forallw eV,
z(0) = vy

in the sense of D*(0,T), then v = z e’ is a solution of Problem (P). For more details,
see [11, Remark 2, p. 512], [31, p. 383] or [35, Appendix A]. In the following, we set
L = L; and we continue to use £ to denote the constant terms of the system of PDEs.

Proposition 18.1 Suppose that vy € H and € € L*(0,T;V*). Then, there exists a
unique solution v to Problem (P) with

ve L*0,T;V) and v, € L*0,T;V). (18.10)
Moreover, there exists C > 0 such that the following estimate holds for all t € (0,T]:

O+ 1012 0 gy C0OIZ AN 2 ) (18.11)
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Proof. The existence result is classic; see Theorem 1 and 2 in [11] (on Pages 512-513),
Theorem 1.371in[21], or Theorem 11.3 in [31]. The estimate is providedin[11, Page 515]
and [21, Theorem 1.35]. m]

For the additional regularity, we follow the procedure outlined in [11, Remark 2,
Page 532] for our system. Let us first check that over the domain €, the operator £
satisfies the Ladyzhenskaya—Sobolevski inequality.

Lemma 18.2 (Ladyzhenskaya—Sobolevski-type inequality) There exists c1,c2 > 0
such that for any fixed t € [0, T], we have

(L0, ~D0) g = 1[0l qp—c2llol3, forallv € DL,

Proof. We proceed as in [29, Proof of Theorem 1.1]. Let v € D(L(1)) = (H*(Q) N
H}(Q))* and consider the splitting v =: (v}, v,). First, thanks to Lemma 18.7, we get
that the second-order terms in L satisfy

& 144
8(Avp,Avp)Lz(Q)+8(Avq,Avq)L2(Q)2§||v||éz(g)2—a(C + Dol (18.12)

for some constant C"” > 0. Then, moving on to the first-order terms in £, we have

(Vvq’ AUP)LZ(Q) > _vaq ||L2(Q)||Avp ||L2(Q)
> —k1llvg | 2@ 1AV, 1 20) = Ci g | L2 1AV, [l 120 (18.13)

ki 2 2 , Kl 2
> _?”Uq”].ﬁ(g)_ck[ CKf”Uq”LZ(Q)_(K] + ?)”UP”HZ(Q)’

where we used the relation (18.41) in Lemma 18.6 given in Appendix A and Cauchy’s
inequality. Similarly, we have

K2 K2
(va, Avq)LZ(Q) 2 _? ”Up ”iIZ(Q)_CKzCKZ' ||U[J ”%‘Z(Q)_(Ké + ?)”Uq ”ilz(ﬂ) (1814)
Finally, with 7, = 744 = T and 7,4 = 74, = 0, for i, j being p or g we have
(i + 75701 A0j) 20y 2 (@i + 7)) (=K1, 11071 gy ~Co s i gy ) (18.15)

for all ¢+ € [0,T]. Summarizing, we derived lower bounds for (L(#)v, Av)4, in terms

of ”UV”iIZ(Q)’ ”U"”?ﬁ(ﬂ)’ ”UPHZL?(Q)’ and ”Uq”il(g) for all ¢ € [0, T']. Furthermore, the

magnitude of the terms |[v,||2,, ., and ||v, | ,in (18.13)~(18.15) can be controlled by

H(Q) H2(Q
choosing k1, Ki , K2, K’z, and «; ;. Hence, for any Valuezs of6p,0,4,7, and;’/l-j ,one can select
these quantities such that the contribution of [|v, ||H2(9) (resp. [lvg ||H2(Q)) in (18.13)—

(18.15) is larger than —§||v,,||§mm (resp. —§||uq||§[2(g)). Finally, using (18.12), we
obtain

LD, ~Av) gy = )2 C 2

( ()U’_ U)‘H = Z”U”HZ(Q)Z_ total”U”q.(,

with a suitably chosen Cioa > O. m|
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Now, we are ready to state the desired regularity result.
Proposition 18.2 Suppose that vy € V and € € L2(0, T;H). Then, the solution v to
Problem (P) satisfies
ve L®0,T;V)N L*0,T; H*(Q)?)

with the estimate

loll L=o.7:v)+ vl 20, 7: 1202y < Clvoll v+ 200, 7:40)

Jor some C > 0.

Proof. We follow [11, Remark 2, Page 532]. To this end, we consider the following
approximation
Vin = span {W;}'

of V, where W; = (ej, e;) is defined by the (normalized) eigenfunctions e; of the
Laplacian in the Dirichlet problem

—A€j=Vj€j in Q

and e;(0) = e;(L) = 0. These functions form an orthonormal basis of L*(Q) and belong
to H(;(Q) N C(Q); see [5, Theorem 9.31]. Note that the sequence {e;//v; + 1};’;1
forms an orthonormal basis of Hé (). For the initial state of the finite-dimensional
problem over V,,,, we choose v (0) € V,,, such that v (0) converges to vy as m — oo

in V. With o™ = ¥ £;W; being the solution to the Galerkin approximation of
order m to Problem (P), for almost all 7 € (0, T'), we have

(iu“")(t), w) +a(t,0"™(1), w) = (£(), w) gy (18.16)
dr H

for all w € V,, ¢ H. For almost all ¢ in (0, T), we take w = v;{;(t)W; in (18.16) and
sum all the equalities. This yields

d ey anm) M)y ) _ )
( (1), ~Av (t))ﬂ+(.£(t)v (1), —Av (t))(H—(t’(t), Av (r))w.

After integrating by part the first term and exchanging the partial derivatives, we have

(%wm)(z), Vv(”’)(t)) + (.E(t)v(m)(t), —Av(’")(t))ﬂ - (f(t), —Av('")(t))(H .

H

Then, we integrate w.r.t. r and get
1 t
Vo™ D%+ | (L™ (s), —A"™(s)) ds
H
2 0 H

t
1
= _ A m) - (m) 2
= JO (f(s), Av (S))st + 2 Vo (0)”7{
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Using Lemma 18.2, there exists strictly positive constants c¢; and ¢, such that

l t
SITE Ol e [ 107 g
(18.17)

t t
< ||Vv(m)(0)||3{+L||5(S)||7+||Av(m)(s)||wds+62L||U(m)(s)||$4ds,

N —

where we used that £ € L2(0, T;H). Now, there exists C a > 0 such that

t t c t
[ nema s < g | 1e6Ms+ G [ 10N .

Using the estimate in (18.11), we know that there exists a positive constant C, such
that

t t 1 1
czj 0™ ()|I3,ds < Ce, U l1£(s)13,-ds | + §||U(m)(0)||%{—§||v(m)(t)||?H
0 0

holds. To get an upper bound independent of m, we use the last two relations in (18.17)
and the boundedness of the sequence "™(0) € V, as it converges to vg as m — oo
in V. Thus, we get

1 cl t t
SO+ Luv("l’(s)u%,z(g)z ds < ColluolI%+Cins Lut’(s)n%{ds. (18.18)

Hence, o™ € L=, T;V)n L2(0, T; H2(Q)2). Then, using classic arguments, at the
limit m — oo, the solution v also fulfills (18.18). The estimate is then obtained based
on this inequality. O

Let us now turn our attention to the characterization of the control-to-state mapping.
We start with the following relation between £ and the boundary values.

Lemma 18.3 Letur € H'(0,T)* and € be the right-hand side of the equations (18.8a)—
(18.8b). Then, there exists C > 0 such that

1Nl 20,7590 < Cllurllgio, -

Proof. In this proof, C is a positive constant that may take different values depending

. . 2 2 .
on the context. We show that the inequality [|£]|7, O.T:HS Cllurlly, .77 holds. First,
note that for any (x, t) € Qr, we have

PO (t) — p™(1)

Wly(x, 1) = %(p"‘)z(r) + %(p"“t)t(t), Ul (x, 1) = -

and similar relations hold for (ud,); and (uf). With £ = (¢7,£9), for all s € (0,T), we
have

167, )12 < € (1)1 DI g HIWEC DI g )
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Using the expressions above for (“fz)t and (ug)x, we obtain

167 9y < € (6D + (9 () + (")) + (g™ ()))
Now for £9, using similar arguments, we have
167C, 8117 2
< C (1) DI gy HIGG) o N gy H I Ny I )
< C (@) + (@) + P + (0™ ()
PP W) + (P + (75D + (g (6)P)

Hence, it follows that

2
”[”Lz(O.T;H)
= [le7 |13 +le1;
L2(0,T;L2(Q)) L2(0,T;L2(Q))
iny|2 2 in|2 2
< C ”pm||L2(0’T)+||pout||L2(0’T)+”qm”LZ(()’T)+||qout”LZ(()’T)

+ ||(Pm)t ||iZ(0’T)+||(pom)t ||iZ(0’T)+”(qm)t ”iZ(O’T)-l_”(qom)t ”iz(O,T) .
This concludes the proof. O

Finally, the desired regularity result for the solution of the system can be obtained. As
the shifted initial state has to be in Hé (Q)?, there are compatibility conditions between
the initial state and the value of the controls at = 0. To capture these, we define

Z :={(yo,ur) € H'(Q)* x H'(0,T)* | po(0) = p™(0), po(L) = p°*(0),
q0(0) = ¢™(0), qo(L) = ¢°"(0)}.

Lemma 18.4 Given yo € H'(Q)?, assume that the boundary control ur satisfies
(yo, ur) € Z. Then, the unique solution y = (p, q) of (18.6) has regularity

y € L¥(0.T: H' (Q)*) N L*0,T; HX(Q)*) and y, € L*0,T;H),
and there is a linear and continuous mapping Sppg: Z — Y such that y = Sppe(Yo, ur).

Proof. The hypothesis allows us to invoke Lemma 18.3 and Proposition 18.2. Given
data (yo,ur) € Z, let v be the unique solution of Problem (P) with initial state vy =
yo — (Ef), E(uf))T (-, 0). From Proposition 18.2, we have

v e L0, T; Hy(Q)*) N L*0,T; HX(Q)*) < L*0,T; (HX(Q) N Hy(Q)*), (18.19)

andthenv € D(L(¢))forallz € [0, T]. Moreover, Problem (P) is equivalentto v, = {—Lv
in L0, T;V") plus initial and boundary conditions; see [11, Remark 2, p. 512]. As
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{— Lve L*0,T;H) c L*0,T;V*), we have v, € L>(0,T;H). Furthermore, with v
satisfying (18.19), the estimate

loell 20,790 < Wl 20,7001 Lol 200, 75700
< Wl 20,1240 +C 2llvll 200, 712022

holds due to the boundedness of £. In combination with the estimates from Proposi-
tion 18.2 and Lemma 18.3, we get

loll L=©.7:v)+Hlve ll 20,7270 V] 20,752 002) < Clvollv+lur || g1 0,7y4)-

From v, the unique solution y of (18.6) is given by
_ E(ur)
- (8<u">)

Recall that &: H'(0,T)*> — H'(0, L; H*(Q)) is linear and bounded. Therefore, we get
the boundedness of Sppg. m|

Before moving on to the analysis of the GNEP, let us define the control-to-
state mapping S. The compatibility condition (yg,ur) € Z restricts the solution
operator to be well-defined on a subset of H'(0,T)*. More precisely, with u?" =
(p0(0), po(L), qo(0), go(L)), the set of boundary controls compatible with yq is Uy, :=
{ur € H'(0,7)* | ur(0) = u*}. With @ € Uy, the constant function & = u’, the
relation between any boundary control ur € Uy, and the state can be written as

y = Sppe(y0, ur) = SppE(Y0, #>°) + SppE(0, ur — u’°),

where R
ur — 20 € U = {u € H'(0,T)* | (0) = 0} (18.20)

is the Banach space (with the norm of H'(0,T)*) of controls compatible with the initial
state being 0. With So U—>Y given by u — Sppg(0, i), the control-to-state operator
§:Uy, — Y is given by

S(ur) := SppE(yo, ) + So(ur — ) = y. (18.21)

18.4 Analysis of the Jointly Convex GNEP

Given the well-posedness of the PDE governing the gas flow, we now study the un-
derlying GNEP. The space of pressures (resp. mass flows) at the pipe’s endpoints is
P := H'(0,T) (resp. Q := H'(0,T)?). Each firm’s decision variable u; = (p;, qi),
where p; and ¢g; are the pressure and mass flow variables, is an element of U := P X Q,
and we define U := UM as we consider M-many firms. The set of initial states com-
patible with the constraint y € K is given by:
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Y5 = {yo € H(Q)* | y < yo(x) < y forall x € [0, L]},

where y,y € R with y < y are fixed. The mapping in (18.2) between the players’
decisions and the boundary values is £: U — U with

1 M M
L= (L0, L9 with LP@):= 77> pi and  LIw):= D] g
i=1 i=1

While this does not impose the continuity of the pressure, we shall see that this particular
choice of L7 allows us to show existence of solutions to the game such that the continuity
of pressure holds.

In our analysis below we invoke the following notation. As previously discussed,
the control-to-state operator S is only well-defined on a subset of U that lacks the
vector space structure. To facilitate the handling of the compatibility conditions, we
perform a change of variables. Given yg = (po, qo), consider the constant functions
po) = (po(O) po(L)) and g°(t) = (qo(0)/M, qo(L)/M) for all ¢ € [0,T]. With
w)" = (p°,q°), the shifted decisions for playerz are given by u; = u; — u", and these
quantities are collected in & and u#”°. With P = {p € P | p(0) = 0} and Q ={q €
Q | g(0) = 0}, the assumptions stated in (18.25a) and (18.25b) below allow us to define
the feasible sets for the pressures and mass flows as P := {p e P | p+ 0 e P4y
and Qad = {q € Q | q +q° € Qad} In the light of the definition of U in (18.20),

we note that U = P x Q Also, as closed subspaces of H'(0,T)?, equipped with the
norm of H (O/,\T)z, both P and QAare Banach spaces. Furthermore, from the inclusions
HY(0,T)* c P c L*(0,T)* and P* ¢ H™'(0,T)?, we infer that P is dense in L*(0,T)?.
Coupled with the contmuous injection of H O, T) in L2(0,T), we deduce that we have
the Gelfand triples P <> L%(0, T)2 < P*and 0 — L2(O T)* — Q. The space

= (UM is isomorphic to U*, denoted by Z = U*. We can thus identify any
element of Z with a unique element of U* and vice-versa. The duality pairing between
U and Z is given by (z, ”>Z,'L7 = Zf.‘;’l (zi, ui)ﬁ*ﬁ. Then, the feasible set for u; is a
subset of the Banach space U. The affine mapping S U — Y, from the players’ actions
to the state, is given by

y = S(@) = SepE(yo, %) + So(L(@)).

With £;: P x Q — Px Q given by L;(u;) = (p;,q;/M) forall i € {1,..., M}, we
define §i(17i) = So(L;(&;)). Then, for a given u_;, the mapping from each player’s
control i; to the state y reads

S(@@, -i) = Si(@;) + Sepp(yo, @°) + So(L0, T_7)).

Note that S;: U — Y is _well defined and linear. The feasible set for each agent is given
by the set-valued map C;: UM~! =3 U defined as

Cili;) = {i; € U | (i, ;) € K}, (18.22)
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where ﬁfd = padx Q?d. As both ﬁf‘d and K are non-empty, closed, and convex, the fact

that S is affine ensures that the images of a(fi _;) are closed and convex (if non-empty).
The part of the objective functional that intertwines the players’ decision variables is
the revenue functional

T M
ri(gf™, q%) = IO (a(t) DAt - B(t)) g;"(ndr.
=1

k

in Zout ~in Zout

With u; = (p}", p?*, ¢}, ¢7™), in the shifted variables, we get

@™, ) =@ + qo(L)/M, 3% + qo(L)/ M)

T M
=J0 la(t)zafim(t)—(ﬂ(l)—w(t)CIo(L)) [Zlf-’m(t)+610(L)/M] dr.
k=1

Note that for all g*' € L*(0,7)M~!, the mapping g = (@M, g™ is convex
and continuously Fréchet differentiable. The expression of the gradient w.r.t. the first
variable reads

M
Vi@, 00 = @ D g + a g3 — (B~ @qo(L))
k=1

with @ == a(l + M)/M. Lete € U*, dy:U x UM~! — U*, and d»: U — U* such that

for any w; = (wf’o, wf’L, w?o, w?L) € U the following holds:

M
(di (g, u-p), wi)g. g = (GZ Aim,w?L) , (18.23a)
k=1 L2(0,T)
m N o — sout gL
(o), wi)g. (aql S W, )Lz(o,r)’ (18.23b)
N o= _ qL
(e, wi)g. g (ﬁ aqo(L), w; )L2(0’T). (18.23¢c)

We are now ready to state our main result.

Theorem 18.1 Given an initial state (pg,qo) € Y2, consider the following jointly
convex GNEP with M players, where the optimization problem associated with player
ie{l,...,M} is given by

T M
min fi(u,u-) = L (a(r) 2 a0 - ,B(t)) 65" (0t + gi()
=1

u; € X

st u; € PY% QY S(ui,u_y) €K,

(18.24)

where g;(u;) is any function defined as g;(u;) = gP(p;) + g;’(qi) with both gP and g?
being lower semicontinuous and proper convex functions. Assume that the subdifferen-
tials 0gP and dg;, for each player, have full domain and that the sets K, P4 c P as
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well as Q?d C Q are closed and convex. In addition, P* and Q?d satisfy the property
that

pe Pad . pm(O) — PO(O) and pout(o) = PO(L)» (18.25a)
q € Q¥ = Mq"(0) = qo(0) and Mq3"'(0) = qo(L). (18.25b)

Furthermore, suppose that there exists il € H?;I | (PMx Q?d) such that Slater’s constraint
qualification (CQ)
S@@) € intK (18.26)

holds. Finally, assume that the subdifferential of the sum MgP(p) + Zl’.‘;’ ] g?(qi), when
restricted to P* x ]—Il{‘;[ 1 Q?d, is coercive. Then, there exists a variational equilibrium to
the GNEP with all pressures p;, i € {1,..., M}, being identical.

Proof. We proceed in three steps: First, we show that there exists a solution to the GNEP
for which the first-order conditions for the players’ optimization problems exhibit the
same multiplier for the shared constraint S(u) € K. Second, we formulate a reduced
generalized equation with only one boundary pressure variable and show that its so-
lution set is non-empty. Lastly, from any solution of the latter problem, we construct
a solution to an operator equation associated with the first part and therefore to the
jointly convex GNEP. Note that this investigation is performed in the shifted variable
spaces introduced before the theorem statement, as it facilitates the handling of the
compatibility conditions.

Step 1. We focus on the first-order optimality condition for the minimization problem
associated with player i. For this purpose, take any fixed iz_; such that C;(i1—;) # @ holds.
Since for any u_;, the partial map f;(, _;) is lower semicontinuous and convex, for i;
to be optimal, it is necessary and sufficient that the inclusion

0€d(fitu-i) +0g,q ,)) (18.27)

holds, where SG. s is the indicator function of the set a(ﬁ_i). Let g7(p;) == gP(p, +

u-;)
PV and g7(g,) := g7(g, +4°). As7; is C' and 4g; has full domain, by applying the sum
rule for convex subdifferentials we obtain

Ofi(u—i) + 0, 5 i) = di (i, u—;) + do(u;) — e + 08i (i) + 90z, )ihi),

where d|, d,, and e were defined in (18.23a)—(18.23c¢). Using the chain rule for convex
subdifferentials we get that for any u; € U?d with S(it;, u_;) € K, the inclusion

966, @) 2 Ngu (i) + 00k (SGii, @-1))) (18.28)
holds. Hence, any solution to the generalized equation

0 € dy (i, ii-) + da(@;) — e + Igi(0;) + Ngaa i) + (S g (S, ii-;))) (18.29)
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satisfies (18.27) and therefore is optimal for player i. Recall from (18.21) that u;
S(ut;, u_;) is an affine mapping. Invoking again the chain rule for convex subdifferentials,
we have R R _

Ak (S, u_;))) 2 S;Nk (S(ui, u_;)). (18.30)

With y; € N «(S@a;, 7)), from (18.29) we get the generalized equation

e € di(@, i) + da(@;) + 0 (ir) + Ngaa (@) + S iz

Any i € fL(A that satisfies the above inclusion for all i € {1,..., M} is a solution of the
GNEP. Note that if an appropriate constraint qualification, like Slater’s CQ, were to hold
for C;(u_;) as given in ( 18.22), then both (18.28) and (18.30) would hold with equality.
Since the state variable y = S(uz;, i£_;) is the same for all players, we can restrict all y;
to be equal. This leads us to the following operator equations:

e € dy (@, i-;) + do(@;) + 0Zi(i;) + Ngaa (@) + Sip, i€ {1,..., M}, (18.31a)
i € Ng(SGQ)). (18.31b)

Any i € U that satisfies the above relations is a variational equilibrium of the GNEP.
To conclude the first step and streamline the remainder of the proof, let us provide an

equivalent system of inclusions that characterize a solution to the jointly convex GNEP.
Letd;: O x QM1 — Q" and d»: O — Q" be such that

M
=|a azut, woul ,
k=1 LZ(O,T)

(d2(gi) wz) (@ @™, wi™) 2o -
Cwilg 5= (B = a@qo(L), wi™) 1201

(@i, q-). wi)@

)

for any w; = (wi.“, w?‘“) € Q . Remembering that Z =~ U *, we conclude that the solution
set of the system (18.31a)—(18.31b) coincides with the one of

0 € 98" (p;) + Npu(P;) + M~ 'n”, ie{l,...,M},
(18.32a)
Jl(aia Zi—i) + JQ(é\l) + @é’\,q(fil) + Né;xd(al) +n9, ief{l,...,M},
(18.32b)
1t € Ng(S(@)), (18.32¢)
np —
i = Sou. (18.32d)

Step 2. We are interested in the existence of a solution for which the endpoint pressure
is the same for all players. For this purpose, we consider the operator equation in the
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space U = P x QM. Let £: P x QM — Px Q be given by £(5,9) = (p, Zf‘fl qi).
The relation between the state variable y and the controls (5, 7) € U is now given by

S(p q) = SppE(yo, U°) + So(.ﬁ(f 7). The constraint set is C := = {(P, q) € pad Qad |
S(p,q) € K} with Q‘rﬂ1 = Qa“l Thanks to the convex1ty of Pad Condition (18.26)

ensures the non—empgnessNOf C. With Z = P* x (Q YM | we associate the operators
A: U — Z and B: U =3 Z with

; 0 IMgP (p)

o di(q1,4-1) + d2(q1) L ag!(q1)
AP, q) = : and B(p,q) = : . (18.33)

d\(Gm. G-m) + do(Gumr) 085, (@m)

Our goal is to show existence of a solution to the generalized equation

ec AP, +B'(P, 9 +N&(p, 9, (18.34)

where & := (0,¢,...,é) and A’ as well as B’ are deﬁned by identifying the sets ?l(p Z[)
and B(p, q) with the corresponding subsets of u. Conversely, the operator C: U = Z
is defined by setting C(p, g) to the corresponding subset of N&(P, ). We show that the
sum A + B + C is maximally monotone and start by establishing that A is monotone
and demicontinuous. The latter property is true whenever for any sequence {vn} c DA
converging strongly to v in U, we have that ﬂ(vn) converges weakly to A) in Z;

see [2 Definition 1.137]. With z? € P, z € Q z = (zl ,z"“t) and z? collecting all
the z7 ;» we have

'ME

Il
—_

M
<ﬂ(p~, 9, (2%, Zq)>2 = (a Z kut’ Zout) (a,;j?ut’ ZOUt)LZ(O,T)
k=1 LZ(O T)

4

(&

As a € L¥(0,T), we have az{" € L*(0,T). Then, for any sequence {(p,gn)} € DA
strongly converging to (5, q), we have weak convergence of all the terms in the sum above
and A(p,, ,) converges weakly to A(j, g). For the monotonicity, as g +— d(gi, ;)
is linear, the operator A is a linear. Taking z” = p and z9 = g in the previous relation
yields

M
Aout
q

1

Ma

M
—out out
qi ’ZO‘Z ) + z" L2(0T)
12(0,T)

>~
Il

1

i=

Ma

M
(AG. . (P, ‘D (QZ a", Aom) + (aq?Ut’a?u[)LZ(o,T)
L2(0,T)

k=1

Il
—_

i

M
(QZ kut,

k=1 i

Ma

i=1

M
lut) + Z aaﬁ)ut’ Z]? 0.1
L2(0,7)

Since a(t) > amin > 0 for almost all ¢ € (0, T'), we infer that
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M
<ﬂ(17 @ (p ®> a’mm”Z AOUt”LZ(O T)+amin Z”AOMHLZ(O T
i=1

As A has full domain, is monotone and demicontinuous, it is maximally monotone;
see [2, Corollary 1.142]. The maximal monotonicity of the sum A+ B+C follows from
the fact that both A and B have full domain.

For the existence of a solution to (18.34), we rely on the coercivity of the maximally
monotone sum A + B + C; see [2, Definition 1.138]. By the assumption on the subdif-
ferential of Mg?(p) + ZM i gq(q ), namely B, we have the coercivity of the sum B + C.
As A has full domain and is maximally monotone, the sum A + B + C is coercive.
Now under the isomorphism between Z and U, the operator A’ + B’ + N¢ is also
coercive and maximally monotone. It is well-known that a coercive and maximally
monotone operator from a reflexive Banach space to its dual is surjective; see, e.g.,
[2, Theorem 1.143]. Therefore, there is a solution of the operator equation

ec (A +8B +Ng)u). (18.35)

Step 3. Finally, we construct from any solution (p*, g*) of this generalized equation a
solution u* of the system (18.31a)—(18.31b) and, thus, of the GNEP. First’,\since (18.26)
holds at it = (p, §), we infer that with p’ := (5; Z¥, p;) — p® and ¢’ € QM defined as
q;=qi — 7", the inclusion

S(p’.q) €intK
holds and (p’, ¢’) € C. Invoking the chain rule for convex subdifferentials, we get that
for any (j,q) € C, we have

N, @) = Npuy g, @) + L SoNk ($(5, @)

Let u* € Nig(S(p*, ¢*)) be such that the inclusion (18.35) holds. With n* := S*,u we
get (pP)* € P* and nH* € Q* from n*. Then, from (18.35) we obtain that

0€ IMZP(p*) + Npua(p™) + (1")*
holds. Since dMgP (p*) = MAgP(p™*), the following inclusion is satisfied:
0 € 927 (p*) + Npu(p*) + M~ )", (18.36)
We define u* € U by setting u¥ = (p*, q}) and since S(p*, g*) = S(u*) by construc-
ti~on, we have u* € Ng(S(u™*)). Using the definition of the operators in (18.33) and of
L, forallie{l,..., M} we get
0ed(ql.q*)+dag))+ agl(q7) + Née}d(q:'() + ()~ (18.37)

Since u* € Ng(S(u*)), n* = ggy*, and (18.36)—(18.37) hold for all u*, we infer that
u* satisfies (18.32). O
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Corollary 18.1 Given an initial state (po, qo) € Y24, consider the GNEP formed by the
collection of problems of the form (18.4). Suppose that for each firm i, the functional
Ri(pi,qi) = R?(qi) + RP(p;) with both R?: 0O — Rand RP: P — R being lower
semicontinuous, proper and convex with subdifferentials having full domain. We set

03 = {(¢".q°") € Q | qo(0) = Mq™(0), qo(L) = Mq°*(0),
JOT g (t) — ¢"(1)dt <0,
0<g™<g" 0<q™<Gae in(0,7)}
and
P ={(p", p*) € P | p < p™, p™ <, po(0) = p™(0) and po(L) = p™(0)}.

Assume that there exists it € I—[l].‘;l ! (P x Q';‘d) such that S(it) € int K holds. Suppose that
the subdifferential of the sum MRP(p)+Z?;’1 7{? (g;), when restricted to P* x Hf‘;’l Q?d,
is coercive. Then, there exists a variational equilibrium to the GNEP with all pressures p;
being identical.

Proof. To fit into the format of (18.24), we let

T .
gi(u;) = Jo ci(t) g (1) dr + R (u;)

and note that all the hypotheses are satisfied. O

Remark 18.1 The existence of feasible controls satisfying (18.26) is automatically given
whenever the initial state yg is a stationary solution satisfying the bound constraints
and there exists feasible controls to satisfy the injection requirements given in (18.25b).
The coercivity condition is satisfied whenever the feasible set of each agent is bounded.
Otherwise, like in our test instance, this condition is satisfied whenever each feasible
set is bounded in the L2 sense and each R is the square of the L? norm of the weak time
derivative; see (18.43) below.

Remark 18.2 For the existence of a variational equilibrium, the mild Slater condi-
tion (18.26), involving all players’ decisions, needs to hold. If one seeks a stronger
characterization of the solution set of the GNEP, so that any variational equilibrium is
a solution of System (18.31a)—(18.31b), then we need both (18.28) and (18.30) to hold
with equality. For this, a sufficient condition is that for all i, and any feasible &_;, there
exists u; € 0;“1 such that
Sy, i_;) € intK,
which is much more stringent.

Furthermore, if the producers have the same feasible sets and cost functionals, then a
solution to the GNEP can be constructed from the solution to an optimization problem.
We refer to this case as the symmetric case. Note that this is a simplified but not a trivial
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setting since this symmetric case does not necessarily lead to symmetric equilibria; see,
e.g., [32].

Proposition 18.3 Consider the GNEP of Theorem 18.1 with a given initial state yy and
assume that the players’ problems are identical. Suppose that all the assumptions of
Theorem 18.1 hold, except for the boundedness of the P*4 and Q. Let Qg‘;t = MQ™
and suppose that there exists it € P x Qggt such that S(it) € intK holds. Then,
a variational equilibrium of the GNEP can be constructed from any solution of the
optimization problem

. g M+1 out out
min JO( a(n)g*"(1) = B ¢ (1) di + gw) (1838)

st uePYxQ%. Swu)ek,

where g(p,q) = Mgp(p) + Mg?(M_lq).

Proof. We use the same functional analytic setting as in the proof of Theorem 18.1
and we also perform the Change of variables p := p — p® and 7 := ¢ — g° with
Ao(t) = (po(0), po(L)) and g 3°@) = (q0(0), go(L)) for allt € [0,T]. We also use the
same functional analytic setting as in the previous proof. The space Qopt is defined as
{q € Q |g+q° € (0)8 t} We show that any (p, g) satisfying the first-order optimality
condition of this problem can be used to construct an element & € P x Q satisfying
the first-order optimality condition (18.34). From basic results of convex analysis, we
have 0;3(p, q) = dgl(M~'(7 + g°)). Recall that @ = (1 + M~") . The revenue part
Topt: L*(0,T) — R of the objective functional with the shifted variables reads

T
ropl(aout) = J
0

It is Fréchet differentiable and its gradient is given by

a(t)?""(l) B() + a(t)qo(L) [°"(1) + qo(L)] dr

Vropt(q ) AAOUt + a'\QO(L) - B.

With the assumptions on the cost function and the fact that Slater’s CQ holds, any
solution of the optimization problem satisfies

0=Magr(p*)+¢p+n",

5 — 0 q -1, % , =0 q
e = a(1+M—l)(qout)* +ag,‘ (M (C] +q ))+§q+rl ’

where (), € Nﬁad(p*), {4 € N@d (g*), u € NK(§(u*)), (n?,n?) are obtained from §(’§p
opt

and ¢ satisfies (&, wi)g. 5 = (B~ @qo(L), W) 2., for any wi = @, wf™) € Q.
Note that £, :== M~!'¢,, also belongs to Npu(p™). Now let g; = M~'g* and q collects
all g;. Then, after some algebraic manipulations, we get that the following holds:



436 Grimm, Hintermiiller, Huber, Schewe, Schmidt, and Zottl

0=0g"(p")+ &, + M P,

5 _ 0 q = -1-0 q
e_(azkzizut_i_aa?ut)*'agi(QI"'M Q)+§q+77'

Note that g7(g; + M~ 'qo(L)) = g7(g;) holds by the definition of the latter function.

Since S(u*) = S(p*,q), we have u € N (S(p*,q)). Then, one can see that for all i, the
generalized equation (18.32) holds with u; = (p*, g;). Therefore, the strategy profile
u=uy,...,up)is a variational equilibrium of the GNEP. O

Existence of a solution of the optimization problem (18.38) is easily obtained using
classical arguments. The feasible set is a non-empty, convex, and closed subset of a
reflexive Banach space. In addition to the hypotheses of Proposition 18.3, assume that

lim U) + 0 pady ad (U) = +00.
il o 81 T Ozt (00
This ensures that the level sets of the objective functional are bounded over the feasible
set. The objective functional is also proper lower semicontinuous and convex with full
domain. Then, there exists a minimizer; see, e.g., [2, Theorem 2.11].

18.5 Test Cases: The Influence of Linepacking on Market Outcomes

The dynamics of transport in networks, as formalized in our analysis, capture impor-
tant intertemporal aspects that are highly relevant in real-world market interactions.
One important example arises in gas markets, where transport dynamics enable the
network itself to function as a temporal storage device—a phenomenon referred to as
linepacking. The importance of linepacking in the operation of real-world gas transport
is documented, for instance, in [26, Page 212]. It has been estimated that for, e.g.,
the Great Britain national gas transmission system, the average hourly linepack stores
energy of about 3743 GWh, but that the available linepack flexibility varies widely
over the year [38]. In that study, the available within-day flexibility of the transmission
system ranged from 13 GWh to 427 GWh.

In what follows, based on a stylized numerical test example, we use our framework to
illustrate how the ability of linepacking can influences market outcomes in gas markets.
Specifically, we investigate how linepacking is used for storage by market participants
and who benefits to which degree.

To this end, we consider M identical and strategically acting firms that trade natural
gas, which is transported over a single pipe. The time horizon of 4 h is split into two
periods of 2 h each. Purchase cost ¢(#) and inverse demand P(z, g(t)) = B(t) + a(t)q(t)
do not change within each period. With i € {1, 2}, we use ¢;, @;, and B; to denote their
values, which are given by

. 388.8, t€[0,2h),
" 1432.0, te[2h,4h].
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-16.6, t€[0,2h),
a(t) =
-20.7, te[2h,4h],

{1500.8, 1 € [0,2h),

B(1) =

2000.3, e [2h,4h],

The purchase cost of gas is 10 % cheaper in the first period and the inverse demand func-
tion P(t, q(t)) reflects higher demand in the second period. This choice of parameters
thus incentivizes producers to use the pipe as a temporal storage for the gas acquired in
the first period for its use in the second one to reduce the overall costs. Taking piece-
wise constant data allows us, moreover, to easily formulate a “static”” counterpart of the
considered scenario. For this counterpart, we associate a mass flow ¢; and boundary
pressures ( pi.“, P9 for each period. We consider the flow to be stationary and that each
triple (g;, pi.“, p™) satisfies the Weymouth equation as a stationary approximation of
gas flow in a pipe. Our choice of parameters ensures that no congestion occurs for the
stationary flow. In the stationary case, this implies that the bounds on pressure and mass
flow do not influence the market outcomes. As we will see, however, these bounds play
an important role in the instationary model.

The physical parameters of the instance, inspired by [34], are as follows: The pipe
has length L = 50km, a cross-sectional diameter D = 0.5m, a slope angle ¢ = 0,
and its wall has a roughness k = 1 x 10™* m. The gas temperature is Temp = 15°C, its
molar mass is and m = 0.016 043 kg mol~". The latter two values are those for methane,
which usually dominates the composition of natural gas. With R = 8.3145Jmol ' K~!
being the universal gas constant, the specific gas constant Ry := R/m has value
518.26 Jkg K~!. The friction coefficient is modeled using the formula by Nikuradse,
ie,1=2 loglo(%) +1.138)72; see Page 25 in [26] for a discussion of this model.

The initial state is assumed to be stationary and is given by go = 48.289kgs~! and
the pressure at the entry node being 50 bar. Remember that the pressure and mass flow
admit, in a pointwise sense, upper (p, ¢) and lower (p, g) bounds in the pipe. The values
for the last three bounds are fixed to o

p=40bar, ¢g= 10.9kgs_1, qg =163 kgs_l.
The value of p directly influences the maximal linepack capability in our setup and,
thus, we will vary it in our test cases. By using the ideal gas law p = c2p, the total
amount of gas in the pipe linearly depends on the integral of the pressure profile over
the pipe. Thus, pressure is the variable we monitor when studying linepack effects. In
our setup, we vary p in the range of [50.1, 70.0] bar.

With this calibration, we solve the model described in (18.4). More precisely, we are
in the setting of Proposition 18.3. The specific discretization of the PDE system (18.1)
is described in Appendix C. To keep the presentation focused on the actual results, we
moved the detailed problem formulations for this test case to Appendix B. There, we
also present the modeling environments and solvers used for the computations.

Let us first present the time evolution of the physical quantities in the case of 3 firms.
We start with the evolution of the mass flows at the endpoints of the pipe as shown in
Fig. 18.1. For most parts of the time horizon, the output ¢g°" is constant but has rather
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Mass flow IN ¢ (kg/s) Mass flow OUT ¢ (kg/s)
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Fig. 18.1: Mass flow boundary controls ¢'" and ¢°" for different values of the upper
pressure bound p. On the right figure, the crosses indicate the optimal flow given by
the static model. The circles indicate the optimal mass flow during the second period
with the cost of gas being ¢ rather than ¢, also for the static model.

different values in each period. Each value is very close to the one obtained by the static
model, which is indicated by the crosses in the figure. Two transitions are present: (i) at
the beginning from the initial state to the desired output value and (ii) at the interface of
the two time periods at ¢ = 2 h. The latter has a drop in the outflow, which we will discuss
later. The evolution of ¢'" is distinct for each value of p. The general trend is that when
p increases, more gas is injected during the first period and less during the second one.
This leads to the situation that only the minimum amount g is injected during or towards
the end of the second period. The exception to this behavior is for 5 = 50.1 bar, where
the ability to steer the system from one operational point to another one is difficult due
to the small gap between the initial pressure and its upper bound.

Evolution of linepack

==+ j=50.1 bar
P = 55.0 bar
P = 60.0 bar
P = 62.8 bar
P = 64.0 bar

Variation (in %)

Fig. 18.2: Evolution of the linepack (total mass of gas in the pipe). The instance is the
same as in Fig. 18.1.
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In Fig. 18.2, the evolution of the linepack relative to its initial value is displayed.
Except for p = 50.1 bar, the curves are similar with an increase in the first period,
leading to a maximum around the switching time of 2 h, which is finally followed by an
almost linear decrease. A higher value of p leads to a higher linepack peak. Any value p
greater than 64 bar yields the same result for this instance. As mentioned before, the
linepack is related to the pressure profile in the pipe. Figure 18.3 displays the values

644

624

Pressure IN p™ (bar)

Pressure OUT 7 (bar)

—+=+ j = 50.1 bar
= 55.0 bar
= 60.0 bar

—=- j = 50.1 bar
= 55.0 bar
= 60.0 bar

= 62.8 bar

- = 628 bar
=640 bar

604 - p=164.0 bar

T T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Time (h)

T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5

Fig. 18.3: Evolution of the pressure at the endpoints. The instance is the same as in
Fig. 18.1.

of p'" and p°™ over the time horizon. For a given p, these pressures evolve similarly
except for the period just before ¢ = 2h. Except for p = 64 bar, p'" reaches a plateau
close to its upper bound. Note that this is not the case for p° or the linepack, which
is due to the drop in ¢g°* for this short time interval, leading to a higher linepack. This
drop disappears when the upper pressure constraint is not active; see, e.g., the plot
for p = 64 bar.

‘We now move on to the economical interpretation of these results. First, note that
the cost and demand structure indeed incentivizes linepacking. The case p = 50.1 bar
is an exception since the physical constraints appear to be too tight—remember that
p™(0) = 50 bar—so that linepacking is not observed to a significant degree. There, the
transition between the different desired output values drives the decisions. With p large
enough, the quantity of gas stored during the first period covers the amount sold during
the second one with qi“(t) = g for t € [2h,4h]. If more gas can be stored, this leads to
an increased value of g°". This lasts until g°" reaches the solution of the static problem
with purchase cost ¢ rather than c,; see the results for p = 64 bar. Then, a further
increase in the linepack ability does not yield any change.

Next, we look at the price of gas at the output node as shown in Fig. 18.4. There,
as a reference, we display the purchase cost c(f) and static strategic prices given by
c(t) + BM~1g°"(z). These would occur if firms choose standard strategic markups for
a given ¢°"'(r). Again, the two transitions induce price variations. Furthermore, the
discontinuity of P at ¢ = 2h leads to a jump in prices. For low and moderate linepack
capability, i.e., p € {50.1,55.0, 60.0} bar, pricing apparently takes place based on the
current purchase cost c¢. Firms, rather than consumers, benefit from savings due to
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Fig. 18.4: Evolution of the “static” and actual price at the output node. The instance is
the same as in Fig. 18.1.

linepacking. When the storage capacity is large, i.e., p € {62.8,64.0} bar, we observe
a significant decrease of consumer prices. In these cases, the firms can purchase all
the gas that they plan to sell minus the minimum amount induced by ¢. The static
price prediction, as the relevant marginal purchase cost, is not only determined by the
purchase cost ¢, but also takes into account cj. If the upper pressure bound is never
active, then c; is the only relevant purchase cost for the entire time horizon. Market
prices in hours 2 to 4 are then also based on c; only.

To further understand how the market participants benefit from additional linepack
ability, we look at the evolution of the aggregated firms’ profits, the consumer surplus,
and the overall welfare over time if p varies in [51,70] bar. In addition to the case
of 3 firms, we solved the same instance in the case of perfect competition. To better see
the different occurring effects, we split the overall firms profit into three components:

4h .
| (Pa.aang o - conga) a

=J“@mm—fmﬁmw

0

4h
+ ‘[(QM—IqOut(t)) qOut(t) dt (1839)
0

+ r(t}(z, G (1)) — (a/M’l 4() + c(l))) ¢ (t) dr

0

= ‘ linepack savings ‘ +‘ static strategic profits ‘+ ‘ network rent|.

The first term captures the reduction in total purchase cost thanks to linepacking that
allows them to separate purchase and selling time. Next, we have profits obtained
by the exercise of static market power. Last, the network rent captures the impact of
the network on market prices. These are defined as the earnings obtained from the
difference between the observed market price and the static price. In Fig. 18.5, the
welfare and its two components are displayed. We can observe that there are two
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Fig. 18.5: Aggregated consumer surplus and welfare (left) and firms’ profits partitioned
in components (right) for the test instance in the case of 3 producers and under perfect
competition.

different regimes with different solution structures: Low linepacking ability and high
linepacking ability. As seen in Fig. 18.5 (left), if the linepacking ability is low, the
consumer surplus remains constant, while the welfare increases with p. This implies
that firms’ profits become larger, which is confirmed in Fig. 18.5 (right), where we see
that the linepack savings are increasing. This structure of the solution stays the same
for linepack abilities below a threshold of around p = 62 bar for 3 firms and p = 67 bar
for the case of perfect competition. With p above these values, the structure of the
solution changes. In those cases additional linepack capability increases the availability
of cheaper gas. As discussed previously, the market price in the second period is then
based on both ¢ and c¢,. From this, the consumers benefit and their surplus increases,
leading to higher welfare values. Finally, for very high linepack capability, purchase
cost ¢y does no longer influence the market price at all, but it is exclusively determined
based on the lower purchase cost ¢, inducing lower market prices in the second period.
This beneficial effect of linepacking, inducing lower market prices is observed for a
larger range of linepack capabilities in case of strategically acting firms rather than for
the perfectly competitive case. This is due to the fact that strategically behaved firms
in general tend to sell less gas and smaller linepack capabilities allow to fully cover all
sales by period 1 purchases. As a consequence of the drop in market prices for large
linepack capabilities we observe a drop of firms profits in those cases, which is caused
by network rents becoming negative in those cases; see Fig. 18.5 (right). By looking
at its definition in (18.39), it is clear that as soon as the market price drops during
the second period, this quantity becomes negative. As firms are forced to purchase a
minimum amount of gas for all points in time ¢ (qm(t) > q) in the case of perfect
competition, the firms’ overall profit even becomes negative for large p.

We have thus seen that our setup is suitable to analyze dynamic network transport
in a market environment and thus contributes to the understanding of phenomena such
as linepacking, which is highly important in the context of gas markets. We are able to
analyze how the ability of linepacking can influence market outcomes in gas markets
and which market participants benefit to which degree. Interestingly, for low linepacking
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capabilities mainly firms can increase their profits due to an improved purchase cost
structure. This reverts in case of high linepack capabilities where reduced market prices
induce a significant increase of consumer surplus.

18.6 Conclusion

We investigated a stylized market situation in which strategic suppliers transport and
sell a commodity (e.g., natural gas or hydrogen) to consumers. This has been modeled
as a GNEP in which the evolution equations for the gas flow are shared constraints.
We showed the well-posedness of this system of PDEs with a solution regular enough
to ensure the existence of Lagrange multipliers. Then, we proved the existence of a
variational equilibrium of the GNEP, which is consistent with the continuity of pressures
at the nodes. When producers are identical, we identified an equivalent optimization
problem in the sense that a variational equilibrium can be constructed from any solution
to the latter. We illustrated the insights gained via such a PDE model compared to a
static one. In particular, we highlighted how linepacking impacts the market outcomes
and determined who benefits from additional linepacking ability. For this purpose, we
considered a simple instance in which the time horizon is split into two periods and gas
is cheaper during the first one. While the quantity of gas sold is most of the time close
to the solution of the static problem, the inflow is rather different and changes with the
linepacking ability. Indeed, the producers seek to reduce their overall cost by storing
cheap gas as much as possible in the pipe. There, linepacking only benefits the producers
and this lasts until it is possible to store enough gas to cover the sale of the second period
while fulfilling the flow constraints. Then, the amount sold during that time interval
increases until it reaches the value given by the solution of the static problem for the
second period, but with the cost of the first one. This indicates a decoupling between
injection and withdrawal of gas from the pipe and induces an increase of the consumer
surplus as well as a decrease of the firms’ profit, while the overall welfare is still
increasing.

These results encourage further investigation of such models. On the one hand, other
models for the evolution of the gas flow can be considered; see, e.g., [12]. In this case,
the shared constraint consists of a semilinear system of hyperbolic PDEs. On the other
hand, one can depart from the deterministic setting and investigate the market outcomes
when uncertainties are present. These could originate either from the physical model,
where, e.g., the friction coefficient is unknown, or from the economical data such as
demand or supply.

A Fundamental Results

In this section, we review some fundamental results from convex optimization and
the theory of PDEs. For our work, we need to prove that our problems have solutions
of high regularity (see Sect. 18.3) to ensure the existence of multipliers of the state
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constraints. For this, we need to review some results from PDE theory, starting with the
Aubin-Lions lemma.

Lemma 18.5 (Aubin-Lions lemma; [36, Corollary 4]) Let Xy, X, and X, be three
Banach spaces with Xo € X C X|. Suppose that Xy is compactly embedded in X and
that X is continuously embedded in X;. For 1 < p,q < +0o, let

W = {u € LP(0,T; Xo) | u; € LY(0, T; X)}.

(i) If p < +oo, then the embedding of W into LP(0,T; X) is compact.
(ii) If p = +o0 and q > 1, then the embedding of W into C([0,T]; X) is compact.

We use this lemma with X = H)(Q)%, X = C(Q)?, and X; = H™'(Q)%. The proof
of additional regularity of the solution to the PDE system uses the Ladyzhenskaya—
Sobolevski inequality for the Laplacian. For convenience, we provide a proof of this
result and also state its main ingredient: the interpolation inequalities of Gagliardo—
Nirenberg.

Lemma 18.6 (Interpolation inequalities of Gagliardo—Nirenberg; [5, p. 234]) Let 1
be an open and bounded interval. Then, there exists a constant C > 0 such that for any
v € H3(I), we have

1/2 1/2
IVollzay < Cllellga, ol 5 (18.40)

and for a given k > 0, there exists C, such that

IV0ll 2y < Mol i< &llol izt Celloll - (18.41)

We can now state and prove the Ladyzhenskaya—Sobolevski inequality for the Lapla-
cian.

Lemma 18.7 (Ladyzhenskaya—Sobolevski inequality for A) Let I be an open and
bounded interval. Then, there exists a constant C > 0 such that for all v € H2(I), we
have
Lo 2
(AU’ AU)LZ(I) 2 5 ”U”HZ(])_C”U”LZ(])'
Proof. From Inequality (18.40) in Lemma 18.6, we have

2
1V0112.. )< € Nollzzqr ol 2

Using Cauchy’s inequality, there exists C”” > 0 such that

1
2 2 2
“VU“LZ(I)S E ||U||H2(I)+CN”U||L2(I)

holds and by further using the definition of the H?-norm as well as by rearranging
terms, we obtain
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2 2 2 2
||AU||L2(1) 2 ”VU”L2(1)+||U”L2(1)_2(C” + 1)”U||L2(1)’

2 2 2
2||AU||L2(1) 2 ”v”HZ([)_Z(CH + 1)||U||L2(1)

Finally, we get

1
(AU, AU)LZ(I) 2 5“0”22(1)_(("” + 1)”0“%2(1) o

B Optimization Models Used for the Test Instance

In Sect. 18.5, all producers are identical. In this case, we can solve the optimization
problem given in Proposition 18.3. Remember that the price functional in the symmetric
case is given by
M+1
a(t t).

i ®) q()
With u = (qi“, q°", pi“, p°UY), the optimization problem associated with the symmetric
case reads

P, q(0) = B -

T
max J (ﬁ(t, 4°U(0) ¢ (t) — c(t)qm(t)) dt = R(p, g, u) (18.42a)
uecHY 0,7 Jo
2
St pr—epa+ %qx —0 in(0,L)x(0,T), (18.42b)
1 2§ §? .
qgr —&qxx + Apx = —=0A —4q4- 5P in (0,L) x (0,7), (18.42¢)
2 P P
p(0,)=p",  p(L,)=p™ in(0,7), (18.42d)
q(0,)=¢", q(L,)=¢"" in(0,7), (18.42¢)
p(,0)=po, ¢(-,0)=¢go in (0, L), (18.42f)
P<p<p, qg<q<q in[0,L]x[0,T], (18.42g)

po(0) = p™0), po(L) = p°(0), go(0) = ¢"™(0), go(L) = ¢°*(0), (18.42h)

T
I g™ (t) — g™ (1) dr < 0. (18.42i)
0

Thanks to the regularity of the solution to the system in (18.42b)—(18.42f), any feasible
(boundary) controls also satisfy the same bounds as in (18.42g) pointwise in time. As
in our instance the lower and upper bounds at the nodes are identical to the ones in
the pipe, we do not add explicit bounds at the nodes. The compatibility conditions
between the initial state and the decision variables are given in (18.42h). Remember
that Inequality (18.42i) ensures that the market participants do not get gas for free out
of the initial state. The regularization functional R has the structure

R(p» q, M) = 7’{) ”me”iZ(O’T)Z-Fqu “qu “iZ(O,T)Z'H“ ||VCI(, T)”i2(g) (1843)



18 A PDE-Constrained GNEP for Modeling Gas Markets with Transport 445

with non-negative coefficients. By the regularity of the solution, we have g €
C([0,T]; H'(Q)), which ensures that Vg(-, T) € L*(Q). The last term aims at avoiding
unrealistic final states. For any sequence u,, € H'(0, T)* such that || Vu,,|| L20.T)*— 0,
we have lim R(S(u,,), u,) = +co0. As any feasible control of Problem (18.42) is bounded
in L*(0,T)*, the level sets of the objective functional are bounded. The latter is also
lower semicontinuous, proper, and its subdifferential has full domain. Furthermore, the
feasible set is non-empty, closed, and convex. Thus, there exists a solution of Prob-
lem (18.42). In order to discretize System (18.42), we use a discretization scheme
that is motivated by analogous schemes for the semilinear Euler equations; for details,
see Appendix C. It better captures the problem structure than a generic discretization
scheme for parabolic PDE.

Problem (18.42) is parametric in the linearization point (p, ¢). Inspired by sequen-
tial programming approaches, we seek a tuple (u*, p*, ¢*) such that (u*, p*,q*) €
SOL(p*, ¢*), where SOL is the solution mapping of Problem (18.42). Starting with
7%, ") = (po(0), qo0), a sequence of solutions (%, p*, g*) € SOL(p*~1, 7*~1) is com-
puted. Whenever the relative difference between (5%, g¥~1) and (p¥, §¥) falls below
a given threshold, the procedure stops and a solution is returned.

The corresponding stationary model is given as follows. The time interval [0, T] is
partitioned into J subintervals [#x, x+1). The flow g is constant along the pipe and the
pressure monotonically changes according to the Weymouth equation

p*(x) = p*(0) — oqlqlx;

see Sect. 2.3.1.2 in [26] for a derivation of this relation. Hence, for each time subinterval,
the state consists of the scalar flow g and the endpoint pressures pik“ and pzm. With ay,
Bk, and c being the constant data of the inverse demand and cost functions on each
subinterval [fg, fx+1), we obtain the problem

J
max >tk — 1) [(Be = (M7 + Dargigr — crq]
q,p™,p® k=1

st (P92 = (P - Aqs, 1<k<J,

PEPR<p, p<pY<p g<qi<q  1<k<l,

(18.44)

with A := o L. As gy is constant on each time subintervals, Constraint (18.42i) is
automatically satisfied.

We use two different computational setups for the PDE-constrained and the stationary
problem. The discretized version of Problem (18.44) is a convex QP. The latter is
solved using the barrier algorithm of Gurobi 9.5.0; see [17]. We use JUMP as the
modeling environment; see [14]. The complete instance data as well as the code to
perform the numerical computations and create the figures can be found at [23]. The
nonconvex stationary problem (18.44) is solved by Ipopt 3.14.1 via the Pyomo modeling
environment; see [41] and [18], respectively.
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C Discretization Scheme

Coming back to Problem (18.42), as a first step towards solving such instances, we pursue
a discretize-then-optimize approach. For the discretization of the system in (18.42b)—
(18.42f), rather than using a generic scheme for parabolic PDEs, we retain a numerical
scheme that can be related to the linearized version of the ISO2 system. Indeed, the
relations in (18.42b)—(18.42c¢) are obtained from the semilinear Euler equations

2

CS
Pt + qu =07

1
qr + Apx = ——a'AM — gAsin goﬁ,
2 p cs

S

by linearizing the right-hand side and adding a viscosity term. Using the Riemann
invariants R, := c;A~'q + p, we obtain the diagonal system

(Ry): +cs(Ry)x = F(Ry, R_),

(18.45)
(R-)r —cs(R)x = F(Ry,R_),

in which the coupling between R, and R_ is through the right-hand side

+R_| R. - R_

A R
G (Ry + R_)|+— —gsing————.
Ry

F(R+, R_) = —E

-R_ 2¢

This diagonal form is useful to investigate theoretical properties of the system as well
as for developing numerical schemes; see [15]. For the relations in (18.42b)—(18.42c¢),
the same change of variables results in

(Re)r = 8(Ry)xx + ¢s(Ry)x = Far(Ry, R-),

(18.46)
(R-)r — &(R-)xx — ¢5(R-)x = Fag(R4, R-),

where Fug is the affine approximation of F' around the operational points p > 0 and
q>0.

Let us first discretize the linearized version of the hyperbolic system (18.45), where F
has been substituted by F,g. Specifically, we integrate R. along the characteristic lines
using a triangular grid as illustrated on Fig. 18.6. There, the solid line from node ¢
to node k (resp. from j to k) represents the characteristic line for R, (resp. R_).
The characteristics passing through a given pair (¥, ) are the images of the mappings
Ei(s, X, 1) = (X +cs(s—1),s)and &_(s, X, f) 1= (X — cs(s — f), 5), respectively. Along
the characteristics, System (18.45) is compactly given by

d
a(Ri 0fy)=(Ri)r0&s+cs(Re)y 0 = F(Ry,R_)0 &, (18.47)
Let us denote by R%, Ri, and RX the values of the Riemann invariants at the nodes ,

j, and k. We have Ax = x; — xj—1 = Xj41 — X1, At = tpy] — by, and Ax = ¢ At as
well as R¥ = R, (£.(t, + At,x;_1,t,)) and R¥ = R_(¢_(t, + At, X141, 1,)). Integrating
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s ()
qe ()
st (7)
I

tn+l

Fig. 18.6: Triangular grid used for integration

System (18.47) along the characteristics starting from node i (node j) for R, (R_) and
using the midpoint rule for approximating the right-hand side yields

. At . R

RE-R = 5 [Far(R,, RL) + Fur(RY, RY)),
. At P

Rk —RI = 5 [Far(Ry, RL) + Far(RE, R)).

Next, we relate this discretized system with one obtained by discretizing the viscosity
regularized system. We proceed just with R, as the reasoning is similar with R_. We
discretize the left-hand side of the first relation in (18.46) using a finite difference
scheme with Ax = csAr and € = csAx. Using a central difference formula for the
second-order term, one obtains

R - RiGuty) R+ R,=2Ruty)  R] = RuCu.tn)

At o (Ax)? T A
R.]: - R+(Xl, tn) _ Ri + R-l{- - 2R+(.Xl, tn) + Ri - R+(Xl, tn)
At At At
_RE-R!
A

With our choice of the right-hand side, the values of the Riemann invariants at (x;, ,,)
do not appear in any relation. This gives the grid its triangular shape.
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Chapter 19

p-Wasserstein Distances on Networks and 3D to
1D Convergence

Martin Burger [0000-0003-2619-2912]

Ariane Fazeny[0009 0002-0008— 3646]

Gilles Mordant [0000—0003-1821— 5168 and
Jan-Frederik Pietschmann!%000- 0003-0383- 8696]

Abstract We study transport distances on metric graphs representing gas networks.
Starting from the dynamic formulation of the Wasserstein distance, we review extensions
to networks, with and without the possibility of storing mass on the vertices. Next,
we examine the asymptotic behavior of the static Wasserstein distance on a three-
dimensional network domain that converges to a metric graph. We show convergence
of the distance with a proof that is based on the characterization of optimal transport
plans as c-cyclically monotone sets. We conclude by illustrating our finding with several
numerical examples.

19.1 Introduction

The theory of optimal transport, introduced by G. Monge in [25] and reformulated by
L. V. Kantorovich in [18], is nowadays an ubiquitous tool in many areas of applied
mathematics, statistics, and data science [2,9, 13, 14, 19,20, 29, 30,32, 35]. The theory
arose from the “logistic” problem of moving mass from a source configuration to a
target configuration at overall minimal cost. Here, the ground cost encodes the difficulty
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of transporting one unit of mass from a point x to a point y. As such, the overall optimal
cost thus defines a metric (or more general distance functional) between probability
distributions that leverages the ground metric, which makes it a versatile tool.

Additionally to the optimal transport plan, establishing how to reorganize the mass
from the source to the target, it is sometimes possible to add a time component to the
problem and track how the reorganization should evolve as time passes. The problem
without the time component is often called the static formulation, while the other version
of the problem is called the dynamic formulation, provided it exists.

This dynamic formulation further connects certain evolution equations to gradient
flows in the space of probability measures endowed with the Wasserstein metric. This
view, motivated by physical principles [16,17,23,24,28], has had a tremendous impact
in the PDE community. In the Euclidean case, a gradient flow is given by a smooth
curve x : Ryg — Q, x(¢) = x; for some space domain Q, such that dx,/dt = =VE (x;)
for t > 0, where E : Q — R is some (typically convex) energy function. Then the
gradient flow x; minimizes E following the steepest descent. If we now want to evaluate
an energy function at not only a point in space x; € €, but rather for a probability
distribution p, € P () on the space domain Q, then in order to have a well-defined
gradient of E with respect to probability distributions we need a way of quantifying the
distance between two probability measures.

One popular metric for quantifying the distance (in the sense of optimal transport
cost) between two probability measures is the the Wasserstein distance. Given a domain
Q c R?, d € N, and two probability measures y, v € P (L), the minimal total transport
cost of going from u to v is given by

1/p
Wpuon)i=_min {[jheeslirancon) (WDS)
nell(u,v) OxQ

where IT (u, v) denotes the set of all joint probability distributions 7 on € X Q, with the
respective marginals y and v, meaning that u(A) = (A, Q) and v(B) = n(Q, B) for
all Borel measurable sets A, B C Q. In the definition above, the ground cost, generally
denoted by c, is the p-th power of the Euclidean distance. Further, this formulation
of the Wasserstein distance solely involves an infimum over so-called couplings 7 on
Q x Q without any time component, thus it corresponds to the static formulation.

In the case of a non-convex domain €, the formulation (WDS) generally also allows
mass transport outside of Q, as the costs only consider the Euclidean distance. In order
to restrict the feasible transport to the space domain £, one can alternatively also define
the static formulation of the Wasserstein distance as

l/p
Wp(u,v) := min J do,p(x,y)P dn(x,y) , (19.1)
nell(u,v) QxQ

where dgq  is the shortest path distance on Q given by
1 1/p
do.p(x,y) = inf : {J ||§(r)||’; dt} ) (19.2)
. Wo

£ec'(]o,1
£(0)=x, £(1)=y
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Here, the infimum is taken over all (continuous) curves & in Q which are connecting
xeQtoyeQ.

The optimization problem (WDS) is linear in the coupling 7, which also needs to
fulfill the marginal constraints. Hence, it is natural to express the constraints by relying
on Lagrange multipliers. Doing so, one obtains an “inf-sup” problem where it turns
out that the inf and the sup can be exchanged. This crucial fact gives rise to a dual
formulation of the problem, which we recall later in Theorem 19.2.

A further important aspect is the notion of c-cyclical monotonicity of the set on which
an optimal coupling * for the problem (WDS) is concentrated, see Definition 19.6.
The c-cyclical monotonicity expresses the fact that the optimality of 7* would be
contradicted by the possibility to re-route the mass of 7* to produce a coupling achieving
a smaller overall cost. Such considerations thus induce strong geometric constraints on
the support of 7*, which will be leveraged in some of our following results.

In the seminal contribution of J.D. Benamou and Y. Brenier in 2000, [3], the mini-
mization problem (WDS) was shown to have an equivalent dynamic formulation. The
main idea is to consider curves of probability measures (p;)o<,<; C P(£2) over an
artificial time interval [0, 1], which connect the two measures u and v, such that py = u
and p; = v. As mass is preserved along this evolution from u to v, the curves (p;)o<r<1
are characterized by solutions (in the sense of distributions) to the continuity equation,
1.€.,

Orpr +V - (prv) =0

PO=HM, P1L=V,

for some (measure-valued) velocity field v,. We denote the set of all such curves
(Pt)o<i<1 C P(Q) fulfilling (19.3) by CE(u, v). Then, selecting the curve with minimal
kinetic energy from CE(y, v), thus corresponding to an optimal transport from u to v,
one recovers the 2-Wassertein distance, i.e.,

12
Wy (u,v) = v |°d . 2-WDD
2 () = <p,v,)ece<w>”f o, pt} (2-WDD)

The connection of the dynamic formulation of the Wasserstein distance to the problem
of gas transport within a complicated network is done by extending (2-WDD) to metric
graphs as the domain 2, modeling a gas network. Roughly speaking, metric graphs are
combinatorial graphs in which a one-dimensional interval is associated to each edge (see
Sect. 19.2.1 for a rigorous definition). Then, the continuity equation (19.3) can be used
on each of the edges to ensure mass conservation in the individual pipes. However, to
enforce global mass conservation on the entire network, additional coupling conditions
at the vertices, corresponding to pipe junctions, have to be introduced.

So far, two approaches have been considered in the literature: In [11], homogeneous
Kirchhoff conditions were imposed. In this setting, the sum of mass entering the node
is equal to the mass leaving it, which means that no mass is stored on the node and no
additional gas is entering the network through the node. This also allows for a static
formulation on the metric graph, analogous to (WDS), by choosing a metric graph as
the domain Q and replacing the Euclidean norm distance by the distance (GD) on the
metric graph, defined in Sect. 19.2.1.

(19.3)
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The second approach, introduced in [4], allows for storage of mass on a node, utilizing
a more general version of Kirchhoff’s law. Here, additional continuity equations on the
vertices are imposed. It was then a striking observation, made in [12], and rigorously
proven in [34], that the ISO3 model for gas flow, given as

B p® + 0x(p%0®) =0

(IS0O3)
axpe (pe) =

e ef e e L: e
55l |0®| - gp® sin (w®)
can be interpreted as a 3-Wasserstein gradient flow for a certain energy functional E.
Here, the superscript-e-notation corresponds to the restriction of the respective func-
tions defined on the whole gas network to a single pipe e. The derivation of the ISO3
model is described in detail in (ISO3), alongside an entire hierarchy of models for the
gas flow within one pipe, all derived from the Euler equations system for compressible,
inviscid fluids. Note that, here the pipe inclination angle w, relative to the ground is
used instead of the pipe hight function b.. Both approaches for the coupling conditions
at vertices, [11] and [4], are based on a dynamic formulation of the Wasserstein dis-
tance on a metric graph, where the second approach is closely related to the study of
transport on coupled domains of different dimension (the 1-dimensional edges and the
0-dimensional vertices), such as [6,7,26].

While the setting of metric graphs is a convenient way to model gas networks, it
has the inherent limitation that pipes are modeled as one-dimensional entities, only,
utilizing an averaging argument over the pipe cross sections. This gives rise to the
question whether this approach can be justified by a limiting procedure, starting from
a fully three-dimensional model and, in turn, letting the diameter of the pipes go to
zero. We study this question in Sect. 19.3 and are indeed able to prove the convergence
of the Wasserstein metric in its static formulation (corresponding to the case without
mass storage on vertices). This serves as a starting point for further investigations of
the convergence of the (equivalent) dynamic formulation and, subsequently, also the
convergence of Wasserstein gradient flows.

19.2 Dynamic Transport Distances on Metric Graphs

Our next aim is to give a brief review of dynamic transport distances on metric graphs
and their connection to the ISO3 model, following the results of [11, 12, 15,34].

19.2.1 Metric Graphs

Using the notation of [15], we start with an undirected connected graph, which is a
(finite) node set V with edge set E ¢ V XV, such that if vw € E then wv ¢ E. We
use E(v) to denote the set of all edges adjacent to node v. Based on this combinatorial
graph (V, E), we construct a metric graph M by fixing an orientation for each edge e € E
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and then associating this oriented edge with a finite line segment [0, £°] C R, for some
edge length ¢¢ > 0.

To fix notations, given € = vw, we will call v fail and w head and give those the
orientation

—1, if vis the tail node of e;
n:VxE— {-1,0,1} with nS=10, ifv ¢ e; (19.4)
1, if v is the head node of e.

Note that the orientation of edges is used to determine the flow direction later on, with
a positive sign of the velocity if the flow goes from head to tail, and a negative sign
otherwise.

We associate the edge length £ to each e € E via the function

€:E— (0,00),  givingrisetotheset — L=]| |[0,¢°]. (19.5)

ecE

Here, and in the following, | Je<g [0, £¢] denotes the disjoint union, also called coprod-
uct, understood as the set of ordered pairs U.cg {(e, [0, €¢])}. The metric graph is now
the triplet M = (V, E, L), where in our application, V represents the set of pipe junctions
and pipe endpoints, while E are the pipes of the gas network, which we assume to be
finite and connected.

Definition 19.1 (1D distance on metric graph) For x,y € G, we define the local
distance as

b}

_Jlx=yl, ifx,y € [0,£°], for the same edge e € E
hoc (xy) = {+oo, otherwise

and extend it to the whole metric graph G with edges E as
Xip =X Yi, =Y,

in
Zdloc(xi’)’i) V‘].G{l?z’"'an_l}: . (GD)
py YipXija € Vs yi; ~ X,

d(x,y) = min
( y) @Q(_{il,iz ..... i,,}g{l,z ..... k}

The metric graph distance corresponds to the shortest path from x € e;, toy € €;,
along the edges e;,,€;;,...,€;, ;.

Note that with the results from [27], we immediately obtain that (G, d) is a geodesic
space. Furthermore, the previously introduced Wasserstein distance is hence also well-
defined in the metric graph setting, and by [11], we get that (P (G), W>) is a geodesic
space as well. For general p > 1, in [22], it was shown that (P(G), W),) is a geodesic
space.
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19.2.2 Continuity Equations

To obtain a dynamic formulation of optimal transport, we first need to introduce a notion
of the continuity equation, generalizing (19.3) to metric graphs. Note that instead of
using a velocity vector field, we introduce the momentum (also known as mass flux)
J;y = pyvy. This has the advantage of rendering the continuity equation linear in p, and
J¢, and resulting in a convex optimization problem in (2-WDD).

We will separately discuss the case of mass storage on nodes, and the case with
classical Kirchhoff conditions. We will closely follow the definitions and notations
of [15], but also see [4, 12] for properties of the Wasserstein metric with node mass
storage and [11] for the version with classical Kirchhoff conditions.

19.2.2.1 Mass Storage on Nodes

To arrive at a continuity equation structure on M, we start with the definition of the
continuity equation on the metric edges L, for which we specify a family of time-
dependent (and in the case of j signed) measures p : [0, 1] — Mso(L), p(t) = p; and
fluxes j : [0,1] — M(L), j(¢) = j,. Here, we write the shortcut notation p, € M(L)
for p, = {p? € M(]0, fe])}eeE, and j, € M(L) for j, = {j¢ € M([0,¢°])},cg and we
call the pair (p, j) a solution of the continuity equation if ut holds true that

Vie (0,1), x € (0,£%) 1 ,pf(x) + 0xj5(x) =0, for all edges e € E, (19.6)

where for all e € E we have measures p® and j€ from the dual space of the con-
tinuous functions defined on [0, £°]. Note that we do not impose any continuity or
differentiability constraints at the nodes.

To obtain a mass preserving evolution, we complement the continuity equation with
a local Kirchhoft condition, which receives the mass leaving from the metric edges
due to the net-balance of the normal fluxes of {j®}ecg evaluated in the head- and tail
nodes of the edges, and which acts as a reservoir for each of the metric edges. Since, in
general, j; € M(L) does not posses a normal flux, we introduce a new set of variables
Je . [0,1] — R for any (v,e) € V x E, which are coupled in a weak sense by imposing
the following integration by parts formula on the metric edges: For any j§ € M([0, £¢])
with smooth density j7(x) dx, we impose the identity

Vs A
J PP () jf(x) dx = D soem,,—f O p® dje. (19.7)
0 veV(e) 0

Here, we write V(e) for the set of the head- and tail node of a given edge e and
¢ : L — Rdenotes a test function, which is continuous across all nodes and continuously
differentiable within the respective edge.

The net-balance is stored in the node density y, for each node v € V and the local
Kirchhoff law becomes
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YeV: Oyve= D, Je, fora.e.t € [0, 1]. (19.8)
eeE(v)

We define the space of probability measures on M as tuples u; = (y+, p:) € P(M) C
Mso(V) X Msp(L) such that y,(V) + p,(L) = 1. We are now in a position to introduce
our notion of the continuity equation on a metric graph with node mass storage.

Definition 19.2 (Continuity equation, [15]) A family of curves of probability measures
u=(y,p):[0,1] - PM) with a flux pairj = (J, j) : [0, 1] = M((VXE)XL) satisfies
the continuity equation on the metric graph with node reservoirs if (19.6) and (19.8)
hold, and (y, j) solves the abstract continuity equation

Oty +divi, =0, (19.9)

where for a.e. t € (0, 1), the measures u and j are form the dual space of the continuous
functions defined on V X L. For such a solution we then write (u,j) € CEy. In terms
of duality, for ® = (¢, ) € C'(V x L) the abstract version of the continuity equation is
defined by

Z dvyve + Z @°(x) dpt]

veV ecE (19.10)
ZZ( ‘pl ]VI+Z ax(P sz
veV eeE(v) ecE

for a.e. t € (0, 1). Furthermore, we denote by CEy (yo, u!) the set of all weak solutions
(i, j) to (19.9), such that given initial- and final conditions uo = u° and u; = ' are
fulfilled.

Among the solutions to (19.9) with bounded flux, we can find an absolutely contin-
uous representative.

Lemma 19.1 (Well-posedness of CE, [15]) Let (u, j) € CE with

J [ PRAEDS dljfl] dt < 0, (19.11)
veV eeE(v) ecE

then there exists (i) € CE such that (ft)rer0,1] € P (M) is an absolutely continuous
curve equipped with the narrow topology of measures. This means that for all pairs
O = (¢, p) € C(V x L) the map

e

t = (@, fir)uxL = Z¢v7vt +Z

veV ecE

is absolutely continuous.

Proof. The proof is completely analogous to [1, Lemma 8.1.2] for the metric edge parts
and [10, Lemma 3.1] for the edge-node-transition parts. O
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19.2.2.2 Kirchhoff Case

In the case of classical Kirchhoff’s law at the nodes, we make use of the continuity
equation structure introduced in [11], which is set on the quotient space

G:=L/~,

where the equivalence relation ~ identifies the head and tail nodes of different intervals
corresponding to the same node. This means that we consider a situation where the
edges are glued together at the nodes to form one connected space domain.

The main difference compared to the previous section is the use of test functions that
are continuous over the complete graph. Thus, the boundary terms which were present
in (19.10) disappear in the weak formulation, encoding a Kirchhoff condition on the
fluxes.

Definition 19.3 (Continuity equation (Kirchhoff) [11]) A family of curves
(01> J1)ref0.1) consisting of probability measures p, € P(G) and signed measures
J; € M (L), such that for all Borel sets A the map ¢ — (p;(A), J;(A)) is Borel measur-
able, is called a weak solution of continuity equation on the metric graph with Kirchhoff
condition if for all test functions ¢ € C'(L) N C(G) and a.e. 7 € (0, 1) it holds

EJ ¥ dp; =J V- dJy, (19.12)
dr Jg L

where we assume

(D) Yyt IG ¥ dp; is absolutely continuous,
) j«w |J;](L) dr < co.

We denote by CEx(p°, p') the set of all weak solutions (p,J) to (19.12) such that
po=p"and p; = p'.

Remark 19.1 The Kirchhoff condition is implicitly contained in the weak formula-
tion (19.12). Indeed, if the flux would be sufficiently regular to allow for integration by
parts, due to the continuity of the test function across nodes, we would obtain that

Z = Z Jjs(vn =0 forallv e V
ecE(v) ecE(v)

must hold.

19.2.3 Action Functionals and Dynamic Distances

We are now able to define dynamic transport distances based on the minimization of
action functionals over curves which satisfy the respective continuity equations.
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19.2.3.1 Mass Storage on Nodes

In view of our application, mass storage on nodes may have different interpretations. It
is for example possible to use mass storage on nodes to model gas inflow and outflow
for the network. To this end, one differentiates between boundary nodes 9V, where gas
may enter or exit the network (as supply or demand), and interior nodes V. Then, the
set of interior nodes is defined as

V=V\dV,

which directly implies 0V U V = Vand VNV = 0 so that each node is either a boundary
node or an interior node.

For the set of boundary nodes 9V, it is possible to differentiate further between
source nodes d*V, which supply the network with gas, and sink nodes 9™V, at which
gas is taken out of the network to meet given demands.

The inflow and outflow of gas into and out from the network can then be modeled
via time-dependent boundary conditions at V. For the sake of readability, however, we
will limit our exposition to the case without boundary nodes and refer to [12] for details
on those.

For given initial- and final mass distributions u° := (y°, 0%) and p! := (', p!), we
define the dynamical formulation of the Wasserstein distance as

WV,p (/Jos/‘ll) =
1 08 1/p
min J D J h(js.pf) dn|+ D k| D) iSwe| dty
(,u,j)eCEv(u",ul) 0ece \JO veV  \eecE(v)
(19.13)
where the perspective function h : R X R — R is given as
lal® - ifb >0,
(a,b) = h(a,b) =10, ifb=a=0,

+oo, ifb<0V b=0,a40,

and it is responsible for penalizing negative densities and non-zero flux in the case of
zero densities. Here, 7 denotes a reference measure and, abusing notation, we denote
densities of j€ and p® with respect to 7 still by the same symbols.

While (19.13) was introduced in [12], the gradient flows studied in [15] are under-
stood with respect to a different version of the Wasserstein distance. Indeed, in (19.13),
the contributions at the nodes depend on

2 T

ecE(v)

i.e., the net flux summing the contributions of all edges adjacent to the node v. In
contrast to that, in [15], each contribution is considered separately which yields the
metric
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Wy,p (1, ') =

VP (19.14)
Z(I Jt,p?)dn)+2Zh(ﬁ,t,yv,t)dt -

(H, J)€CEV(,U b { 0 ecE veV ecE(v)

19.2.3.2 Kirchhoff Case

In the classical Kirchhoff case, we are considering curves (p,J) € CEg (pO, pl) for
given initial- and final densities p°, p! € P(G). The Wasserstein distance is then given
by

I/p
WK,p(PO,Pl) = min I |Ut|p dp, dt )
(p.pv)€CEk (0%.0") ()0 ecE

with CEk (0 p!) as in Definition 19.3. In order for the right hand side of J; = v, p;
to be well-defined, we need a characterization of absolutely continuous curves in the
p-Wasserstein space. This is given by a theorem proven in [34], which requires the
following two definitions.

Definition 19.4 (Absolutely continuous curve [1]) A curve ¢ : [0,1] — P(G) is
called p-absolutely continuous in the p-Wasserstein space for p > 1, if there exists a
function m € LP(0, 1) such that for all 0 < s < ¢ < 1 it holds true that

t

W, (L(s), (1) < I m(r)dr. (19.15)
S

Definition 19.5 (Metric derivative [1]) For every p-absolutely continuous curve (in

the p-Wasserstein space) ¢ : [0, 1] — P (G), its metric derivative is defined as

d(£(s),£(1))

s —1|

[£](2) := lim

for t € (0, 1) and it exists for a.e. such ¢, where d is the shortest path distance on the
metric graph, see (GD).

In [1], itis proven that the metric derivative of a p-absolutely continuous curve exists
for a.e. r € (0,1) and that |{| € LP(0, 1). Furthermore, |§| satisfies (19.15) chosen as
m, and |§ | is minimal, meaning that for any other m € LP (0, 1) satisfying the equation,
it holds true that ’§|(t) <m(t) forae.t € (0,1).

Theorem 19.1 (Absolutely continuous curves)

(i) If p : [0, 1] = P(G) is an absolutely continuous curve in (P(G), W,,) then there
exists, for a.e. t € (0,1), a vector field v, € LP (p;) such that IG [lve]1 dps < |p]1(2)
and (p, pv) is a weak solution to the continuity equation, as defined in 19.3.

(it) If (p, pv) is a weak solution to the continuity equation, as specified in 19.3 and

f fnvtudp,dmoo,
0,1) JG
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then p : [0, 1] — P(G) is an absolutely continuous curve in (P(G),W,) and for
almost every t € (0, 1), we obtain |p(¢)| < IG [[vell dpoy.

This result was already proven for p = 2 in [11], and it was generalized to p > 1
in [34]. It is an important result, as Theorem 19.1 (i) shows that every W-absolutely
continuous curve p; can be realized as a physical mass flow with an L?-finite velocity
field v, and mass conservation, so p; encodes a feasible optimal transport of the gas
through the network. Moreover, Theorem 19.1 (ii) shows the opposite direction, meaning
that having a mass flow with finite p-energy, which also satisfies the continuity equation,
then the corresponding mass trajectory p; is an Wp-absolutely continuous curve, thus
any weak solution of 19.12 with an integrable velocity v, is a feasible optimal transport.
Regarding the dynamic formulation of the p-Wasserstein distance, this theorem ensures
that the mass flux J; from a weak solution of the continuity equation can be decomposed
into J; = p; vy.

19.2.4 Gradient Flows on Metric Graphs

Since the introduction of Otto-Wasserstein gradient flow, [16, 17, 28], many equations
were recognized as gradient flows in Wasserstein-type metrics. We briefly review some
results for equations set on metric graphs.

19.2.4.1 Mass Storage on Nodes

So far, gradient flows in the setting of mass storage on nodes have not been studied in
relation to gas networks. Instead, linear drift-diffusion equations were considered in [15].
To introduce the system, we fix a positive reference probability measure (w, 1) € P(M),
where we assume 7 to have a density given by m(dx) = e~ P*®dx for some potential
P : L — R, such that P® : [0, £°] — Ris Lipschitz for all e € E. With this, we consider
for a.e. € (0, 1), the system

8,p° = d®dy - (0xp® + p°0x P®), on [0, £¢] for every e € E,
(19.16a)

_ e (axpe + peaxPE) ng=r(e.v) pfl,—r(v.eyn, foralle cE veV,
(19.16b)

dr= > (r(e, V) p°|, - r(v, e)yv), forallveV.  (19.16¢c)

ecE(v)

We set p®|, = p®(0) if e = vw, and we set p®|, = p®(£®) if e = wv for some w € V.
Moreover, we introduced the parameter d® > 0 as the diffusion constant on the metric
edge e, r(e,v) as the jump rate from the endpoint of the metric edge associated with



462 Burger, Fazeny, Mordant, and Pietschmann

e to an adjacent node v, and r(v, e) for the reverse jump rate from the node v to the
adjacent edge e.

The main result of [15] is that system (19.16) admits a gradient flow formulation,
provided that the jump rates satisfy the detailed balance condition, with respect to the
reference measure (w, 7) € $,(M), that is it holds

8|y Wy e
r(e,v) =r(v,e) = £, foralle e E,veV. (19.17)
Wy ﬂ-elv
The driving entropy functional is given by
&) = EL(p) + Ev(y) = D H (p°[7°) + 25 H (nlwy) (19.18)
ecE veV

where the relative entropy H is defined as

du dv, ifu<v,
ﬂ(u|v):={{fo(dv) S (19.19

else,

where n(r) := rlogr —r + 1 for » > 0. Here and in the following, we use the convention
that 0 - log0 = 0.

Remark 19.2 As the above system (19.16) is a combination of diffusion on the metric
edges and a reaction-like mechanism for the mass exchange between edges and nodes,
the gradient flow structure also consists of two parts. While the edge dynamics can
be captured by quadratic action functionals as introduced above, the reaction part
requires a non-linear cosh-type functional. Thus, even on a formal level, the combination
of quadratic diffusion terms with non-linear reaction terms does not yield a metric
structure, and instead a JKO approach as in (19.20), one uses an R*—R formulation, see
also [21] for details.

19.2.4.2 Kirchhoff Case

In [12], it was shown that the (ISO3) model is a Wk 3-gradient flow with respect to the
energy functional

£ 2Deg
E(p) =D ,&%(p°%) =D . F®(p®) + ’C sin (w®) p®x + d®p® dx.

ecE ecE

Here, the entropy density F€ for each edge e is defined based on the pressure-entropy
relation 2D° b (p%)
er( ey _ p\p
F"(p°) = e
together with F¢(0) := 0. Moreover, the integration constants d, arise from the fact that
even though the global mass within the network is conserved, the mass per edge can
change between pg and p.



19 p-Wasserstein Distances on Networks and 3D to 1D Convergence 463

In order to derive p-Wasserstein gradient flows with the defined energy &, the
optimality conditions of the minimizing movement scheme

p(is1)r = arg_min { W,‘;p(p,pﬁ)w(p)}, (19.20)

pePG) | p P!

starting at the initial network state pg := po, for step size 7 > 0 are analyzed. It is then
proven that for 7 — 0, an appropriate time interpolation of the minimizers converges
to a solution of the respective p-Wasserstein gradient flow.

The minimizing movement scheme provides a variational time discretization of the
gradient flow associated with the energy functional & in the p-Wasserstein space, where
in each time step the new p ;1) is chosen such that on the one hand it is “close enough”
to the previous network state p;, (minimizing the transport cost), and on the other hand
such that the new network state is a low energy state (as we aim at minimizing the
energy &).

Taking 7 — 0 in the optimality conditions, then the resulting equation system of the
p-Wasserstein gradient flow is given by

a[pe-'-axje:()’
. . -2 -1 ’
Joi%)7 T == (%) 0x (8 (0°))-

Plugging in our specific choice for the energy functional & as well as p = 3 results
in (ISO3), expressed by

0ip® +0xj° =0,

- 2D° 2D°
je|je|P 2=_(pe)2( 8

FORC 0% (0%) + T sin(we)).

For the same Wasserstein distance, yet in the case p = 2, the authors of [11] rigorously
proved that the drift-diffusion—aggregation equation

op=A2p+V- (p(VV + VW[p]))
with non-local interaction part
Wlnl(x) = JG W(x, y)du(y)

is a gradient flow with respect to the metric Wk ». In this case, the energy functional is
given as a sum of the logarithmic entropy and the non-local part

1
Wip) = 5 JG W) dpdo(y),

where W : G X G — R is symmetric and Lipschitz continuous.
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19.3 Zero-Width Limit of Gas Networks

To prove our main results we need to introduce some concepts that can be found in
most textbooks on the subject of optimal transport, such as [32,33]. The major concepts
introduced below were already motivated in the introduction.

Definition 19.6 (Cyclical monotonicity) Let X,Y be arbitrary sets, and take a cost
function ¢ : X XY — (—oo,4+00] . A subset ' € X X Y is said to be c-cyclically
monotone if, for any N € N, and any family (x1,y;), ..., (xn,yn) of points in I', the

inequality
N N

Delxi yi) £ D elxi, yivn)-

i=1 i=1
holds, using the convention yy+; = y1. A transference plan or coupling is said to be
c-cyclically monotone if it is concentrated on a c-cyclically monotone set.

Definition 19.7 (c-concavity) A function ¢ : ¥ — R U {—oo} is called c-concave if it
is not identically —oo and there exists ¢ : X — R U {+o0}, such that

6 = inf fe(x, ) - v},

Theorem 19.2 (Kantorovich Duality) Let X and Y be Polish spaces, let u € P(X) and
vePY), andletc : X XY — R, U{+o0} be lower semicontinuous. Then the following
holds:

(i) Kantorovich duality:

OT(u,v,c) := inf {chn} = sup {J¢dy+f¢dv}. (19.21)
mell(p,v) el (w), yeL (),
d(x)+yY(y) <clx,y)

(ii) If ¢ is real-valued and the optimal cost OT(u, v, c) is finite, then there exists a
nm-measurable c-cyclically monotone setI' C X XY (closed if ¢ is continuous) such
that for any m € Il(u, v) the following statements are equivalent:

7 is optimal;

7 is c-cyclically monotone;

7 is concentrated on I';

there exists a c-concave function ¢ such that the equation ¢(x)+@°(y) = c(x, y)
holds m-almost surely.

a0 &R

For a proof we refer to Theorem 5.10 in [33].
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19.3.1 3D Modeling of Gas Network

In the three-dimensional case, we assume that each pipe has diameter D = 2 > 0
and thus it will be represented by a cylinder with length £# and radius &, instead of a
segment.

Remark 19.3 (3D metric graph) While the sets V and E remain the same in the 3D
setting, the set L changes to
L=| |B.x[0,¢°],
ecE
where B, = {x e R? ‘ [lx||, < 8} is the two-dimensional &-disk around the origin.
Depending on the angle between pipes, for two connected three-dimensional edges
e1,ey € E the spaces B, x (0,¢¢") and B, X (0,¢¢?) are in general not disjoint.
Therefore, alternatively the edges e can also only be assigned the respective disjoint

space
ng[o,ﬁ]\( U ng[O,fé]),
¢eE\fe}

while the remaining “shared” space is assigned to the corresponding vertex, so for each
v € V we would assign

U Bex[0,67] N (B x [0,62]).

e,e2€E:ej#er,
VEe|,VEe,
For our following results this distinction is of no importance, as we will always consider
the union of all three-dimensional edges embedded in R.

19.3.2 Main Results

Let N := G C R be the one-dimensional metric graph, which encodes the general
structure of thi gas network. Furthermore, we encode the three-dimensional gas network
with N, := N + B, c R?, where the sum means Minkowski addition of sets and
B, = {x eR3 \ [lx]], < s} is the closed ball of radius & in R?. Then, N corresponds
to the 1D metric graph embedded in R?, thus its intrinsic dimension is 1.

For a well-defined limit ¢ — 0 of the densities, describing the distribution of gas
in the network, we need probability measures (iz) ., (ve), € P(R?) with support N,
which weakly converge to probability measures wo, vo € £ (No). These limits o and
vo correspond to lifted versions of probability measures 11,7V € P(N), where the mass
is allocated only along the lines of NV. This means that o and vo can be written as

HO=H® 5xz,X3=0 € P(Ns) and vo=V® 6)’2,)’3=0 € P(Na)’

for the Dirac measure 6 on R, so for any Z C R? it is defined as
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)1 if3zeZ: n=2z3=0,
020,25=0(2) = {O otherwise.

In the following, for the support of the probability measures we will use the short-hand
notation spt (), spt (ve) = Ne.

19.3.3 Convergence on the Entire Network

We first define a penalty function ¢, on R3, that incorporates the geometry of the 3D
gas network N, penalizing any transport outside of the network. For a compact set

U c R3, let
- {o, ifx e U,
tyx) ==

+00, else.

It is a standard result from convex analysis that (y;(x) is lower-semicontinuous when U
is closed.

By C(x,y) we denote the set of all piecewise continuously differentiable curves
v : [0,1] = R3, t — v, with endpoints x, y, i.e., ¥ € C(x,y) implies that yo = x,
v1 =y and y; := dy,/dt is well-defined for a.e. t € [0, 1].

Define the cost function c,(x, y) : R3 x R} — R U {+c0} as

1
cs(x,y) ;= inf {J ||)'/,||2+LNE()/,)dt}. (19.22)
veCx,y) (Jo

Importantly, remark that for two points x, y in the same pipe of the three-dimensional
network, the infimum in (19.22) is attained and the optimal path v, is a straight line
between x and y. The defined cost function is particularly attractive as it combines the
aforementioned property, while ensuring that the cost function is well defined between
any two points of the network and thus gives rise to a geodesic-type of distance.

The optimal transport problem on the 3D network is then given by

OT (g, ve,cs) = inf {J ce(x, y)dmg(x, y)}7 (OT)
R3XxR3

e €ll(pe,ve)

asin (19.21).

19.3.3.1 Properties of the Cost

First, notice that defining cost functions based on action minimizing curves is a classical
theme in optimal transport, see for instance [33, Chap. 7]. The problem of interest can
be thought of as plain optimal transport, where the trajectories y need to avoid exiting
the pipes, a problem conceptually not far from optimal transport in the presence of
obstacles. In this last setting for instance, [5] relies on a similar construction.
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In a more computational context, [31] proposed to study a similar problem where
ty(x) is replaced by a smooth function acting as a barrier. A smooth penalty function
has indeed additional computational benefits, however it does not strictly enforce the
condition of staying within the network, which could lead to y “cutting the corner” at
pipe intersections.

The introduced cost function relies on curves minimizing the action

1
Ay) = fony',n%wg(mdt,

where the integrand is often called a Lagrangian. This framework is covered in detail
in [33, Chap. 7]. It can be easily verified that ||v]|?+t, (x) is convex and superlinear in
v.

Lemma 19.2 For any x € int(Ny), the interior of N¢, assume that there is a unique
geodesic vy}, i.e., a unique minimizer in the definition of cz(x,y), joining x to a given
y € N. Then the cost co(x, ) is C' in x and

Vng(X, y) = _2’}-/1*|t=0'

Proof. Under the assumption of a unique optimizer y;* in (19.22), we get

1
o5, ) =J IyFIP dr.
0

To obtain the derivative, first pick x” € N, sufficiently close to x, such that there exists
a unique geodesic connecting x and x’ in N.. We will establish the limit as x’ — x.
Then, due to the continuous dependence of y; on x, we can “slightly modify” y; to
become y;, which now connects x” and y, instead of x and y, and thus

1
(') < j Iy 2 dr,
0

as the path y; might not be optimal. The formula of first variation then gives

1
et < [ (19712075 =) ar-vo s 7 =)

0<t<

which quantifies the difference between the action of the optimal curve connecting x’
and y, and the action of the slightly perturbed curve ;.

A suitable choice of y; ensures that supy, < |ly; — ¥/ll= l|x" — x||. Therefore, we
II?

obtain by subtracting the equality c.(x, y) = J(l)ll)'/t* dr from the above inequality

cs(',y) = cs(x,y) < =2¢35, %" = x) +o (|lx —x]),

which establishes that —2y; is an upper gradient of c.(x, y).
By exchanging the roles of x and x’, coupled with the continuity of the geodesics, a
similar argument then yields a matching lower bound, and the claim follows. O
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19.3.4 Existence of an Optimal Map

To prove the existence of a unique coupling 7% in (OT), one possibility is to prove
the existence of a unique map 7 such that each point x € N is sent to a unique
y =T(x) € N. Given our previous discussion on the cost function, the standard proofs
for uniqueness of a coupling do not apply in this setting. Indeed, the latter proofs would
usually try to extract such a map 7 from the dual formulation (19.21), i.e., from the
relationship

dx) + ¢ (y) = co(x,y)  for (x,y) € spt(n}).

The idea of deriving y = T'(x) is to argue along the lines of the implicit function theorem.
Assuming differentiability of ¢, the above equality gives

Vé(x) = Vice(x, y),

from which the transport plan could be obtained if the map y — Vc.(x, y) was injective
for every fixed x € N.. However, contrary to the case covered in [33, Remark 10.32],
the minimizing curves y} are not uniquely determined by their starting point x and their

initial velocity yf| ,—o- hence the set of y corresponding to a pair (x, yf| t=0) is generally
not a singleton.

The issue of absence of injectivity also appears in the case of branching geodesics,
which has attracted some attention, see for instance [8] and [11]. This means that for two
geodesics v and B with the same starting point x and initial velocities y}* | 0= ﬂ;‘|

there exists a point in time ¢y € (0, 1), such that

=0’

vt € [0,10] : v =B and Vi€ (t0,1]: v} #B;.

In the network setting this phenomenon arises as soon as there exists at least one junction
(of at least three pipes), such as in the example graph below in Fig. 19.1.

yﬁ

Fig. 19.1: Example for branching geodesics at junctions
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19.3.4.1 Main Results

We start by establishing that the optimal transport cost (OT) converges for ¢ — 0. To
this end, let us first recall that a measure y is called atomeless if for all u-measurable sets
A c R? with u(A) > 0, there exists a u-measurable set B € A with 0 < u(B) < u(A).

Proposition 19.1 Assume that the sequences (U ¢) and (v ¢) are sequences of absolutely
continuous probability measures with respect to the Lebesgue measure, that further
converge weakly to atomeless probability measures [, vy supported on Ny. Then,

OT(ug,ve,ce) = OT(uo, vo,co), ase — 0.

Proof. Denote by P the projection of a point from N to the closest point in Ny, with
respect to the Euclidean distance, and in the case of the closest point in Ay not being
unique (which can happen at the junction of pipes), pick an arbitrary point from the
contenders in N.

For Lebesgue-almost every pair (x, y) € Nz X N, it holds

ce(x,y) < co(P(x), P(y)) +2&7,

as this construction amounts to picking a non-optimal path between x and y. Recall that
for any p-nullset E, integrating a function f with f(x) = +co for all x € E evaluates
at 0, so I E f(x)du(x) = 0. Therefore, we do not need the previous inequality for x or
y € R* \ N,. This then yields

J ce(x,y) dme(x,y) < I co(P(x), P(y)) dr s (x, y) + 2¢&*
R3xR3 R3xR3
= I cod(P, P47 + 2&7,
R3xR3

where for any probability measure u € P(X), the notation Fyu for a measurable
function F : X — Y corresponds to the pushforward measure defined as Fuu € P(Y)
with Fyu(B) = u(F~1(B)) for measurable B C Y.

Now, for any coupling 7. of the marginals u., v, the term (P, P)ym . corresponds
to a coupling between Py, € P(Np) and Pyv. € P(Np). Optimizing over . is thus
equivalent to optimizing over couplings of Pyu . and Pyv. and so, we obtain

inf ” cod(P,P)#ng}= inf {J codnf;}.
ne€ll(ps,ve) | J RIXRS nl eN(Pyps, Pyve) (I RIXRS

Further, Pyu ., P4v . converge weakly to Pyuo = o and Pyvy = v, by the continuous
mapping theorem. Note that the assumption on the absence of atoms of the limits g, vy
is required here, because of the absence of continuity of the projection P at junctions,
which are not charged as P is continuous po- and vp-almost everywhere.

One can then invoke Theorem 1.51 in [32] (where we once again use the argument
that Pyu -(R*\ Np) = 0 and Pyv . (R3\Np) = Oforall & > 0, as well as Pyo(R3\ Np) = 0
and Pyvo(R3 \ Av) = 0 to circumvent the non-compactness of R3 and ¢ being non-
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continuous) to conclude that

inf J codnf} —  inf J codmot = OT (uo, vo, co)s
7P ell(Pyus, Pyvs) |J R3IXR3 o€l (mo,v0) | J R3IXR3

as € — 0, which yields
OT (ue, Ve, ce) < OT (uo, vo, co)-
In the other direction, for Lebesgue-almost every pair (x, y) € Ng X N, we have
cs(x.y) = co(P(x), P(y)) - K&*,

where K > 0 is some constant depending on the network. This constant K is necessary
as the network N, allows for shorter paths around a corner (at junctions) compared
to the graph A. Since the number of pipes and junctions is finite, the amount of path
length that can be “saved” in Nz, compared to Ny, can be bounded from above.

The length of the path obtained by projecting first two points x,y € Nz on Ny, and
then joining them by the shortest path on Ay must thus stay within a term Ke2. The
claim then follows from a similar argument as above. We have

J ce(x, y) dmg(x, y) > I co(P(x), P(y)) drro(x, y) — K&?
R3xR3 R3xR3
= I cod(P, P)ams — K&?
R3xR3

with the equality from before

inf ” cod(P,P)#ng}= inf ” codnf;},
me€ll(us,ve) | J RIXR3 7l el(Pyps, Peve) | J RIXRS

where the convergence of the right-hand-side term for & — 0 gives us the desired
inequality
OT (e, ve, ce) = OT (1o, vo, co)-

Therefore, for ¢ — 0, based on the sandwich theorem, we can conclude
OT(ue, Ve, ce) = OT(uo, vo, o)- mi

The question of establishing the convergence of 7. as € — 0 is thus a stability issue
with respect to both measures y ., v and cost c.. This question is addressed in Chap. 5
of [33], for instance. This being said, the results therein do not apply directly to our
context because our cost function does not converge uniformly on Ng.

Our main theorem is the following.

Theorem 19.3 Let (u.),, (ve). be sequences of probability measures with support
Ng, and consider the sequence of cost functions (cg) . defined in (19.22). Moreover, by
7% we denote any optimizer of problem (OT), which might not be uniquely determined.
If i}y, the solution of (OT) for & = 0, is unique, then (all)
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* *
ﬂg—)ﬂo

weakly as € — 0. Otherwise, each convergent subsequence of s converges to one of
the optimizers ng* of (OT).

Proof. As u. and v, are weakly convergent sequences, by Prokhorov’s theorem they
constitute tight sets, so for all & > 0 there exist compact sets K, K, C R3 such that

sup {uS(R3\Kﬂ)}, sup {vs(ﬂ@\m)} <.
O<e<l O<e<l
Then, by Lemma 4.4 in [33], the couplings 7. € Il (ug,v.) all lie in a tight set
of R3 x R3.

First, let us recall that optimizers 7% of (OT) exist, i.e., the infimum is attained as
the set of couplings is compact and 7 +— fc dr is a lower-bounded, linear functional.
Due to the tightness of the couplings, applying Prokhorov’s theorem to a sequence of

optimizers 7% , we can extract a subsequence, still denoted 7% for simplicity, which

converges weakly to some 7 € I(xo, vo). We aim at proving that this limiting coupling
7, is an optimizer of (OT) for & = 0, by showing that it is co-cyclically monotone.
Note that in Ng X Ng, cg is continuous and upper bounded, implying that
OT (ue, Ve, ce) is bounded as well. We can thus apply Theorem 19.2 and as 7} is
optimal, each 7% is concentrated on a c.-cyclically monotone set. Moreover, for any
N > 1 pick arbitrary points (x, y1), ..., (xn,yn) from the support of 7% and denote
this set of points by n‘fN . Additionally, define the set Co(NN) as the set of all sets of N

points {(X1, ¥1), ..., (&N, ¥n)} from Ny X N such that

N N

22 ce(Ei3i) < 2 el Fin), (19.23)

i=1 i=1

with the convention ¥ .1 = V1.

By the c4-cyclical monotonicity of 7%, the set 72V is thus concentrated on C(N).
Further, as the cost function ¢, is continuous on Nz X N, the set of sets C.(N) is
closed. As a next step, we show that ﬂ?N is also concentrated on another set. Let 6 > 0
and N be given, define Cs(N) as the set of all sets of N points {(xX1,y1),..., Xn,YN)}
from N X N such that

N N
> o ¥i) < D cor Fir1) + 6, (19.24)
i=1 i=1

which corresponds to a d-approximate cg-cyclical monotonicity. We now want to prove
that, for £ small enough, the set ﬂf"’ is concentrated on Cs(N). We do so by distin-
guishing two cases: First, either at least one of the x;’s or the y;’s from 7&% is not in
No, in which case both sides of the inequality (19.24) are +co and the inequality holds
trivially. Second, if ﬂfN C No X Np observe that for all x,y € Ny we get

ce(x,y) < colx,y),
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which together with the c.-cyclical monotonicity of 7%, so (19.23), results in

N N N
D eelxinyi) £ D calxi, yiet) £ D colxi, Yivt)-
i=1 i=1 i=1

Finally, cc(x,y) converges uniformly to co(x, y) for x,y € Np, so there exists € > 0
small enough such that for all x, y € Ay we obtain

0
|C8(-x7 )’) - CO(X7 .Y)lS N

Therefore, (19.24) indeed also holds for all x;, y;’s in Ny, which consequently yields
spt (78N) € Cs(N) for & small enough. Since Cs(N) is a closed set, the weak
convergence of n% to m; also implies spt (ﬂff’N ) € Cs(N). To show that Cs(N)

is closed, a sublevel set argument for the function f : (R3 X R3)N — R U {+co}
with ((x1,y1),...,(xn,YN)) — Zf.\zll co(xi, yi) — Zf\il co(xi, yi+1) can be used for
Cs(N) ={z| f(z) < 6}.

As the inequality (19.24) holds for all ((xy,y1),...,(xn,YN)) € spt (ﬂ(?N) for all
6 > 0, in the limit § — 0, we get

N N
> co(xiyi) < D co(xiyier)

i=1 i=1

*

for all ((x1,y1),...,(xn,YN)) € spt (7r§’N). Therefore, nj; is co-cyclically monotone,
which guarantees the optimality of 7y in (OT) for & = 0 by Theorem 19.2.

Finally, in the case of a unique 7r0*, we conclude the convergence of each subse-
quence 7% to ﬂg , so that the whole sequence converges to 7y by a classical subsequence
argument. O

Remark 19.4 In the somewhat trivial case of a network consisting of a single pipe, all
the presented results still apply. The unique difference is that then the initial velocity
is sufficient to characterize a geodesic, and uniqueness of the transport plan holds for
each & > 0 under the assumption of the measures u ., v having a density with respect
to the Lebesgue measure.

19.3.5 Towards a Dynamical Understanding

The issue underlying the absence of uniqueness of optimizers 75 was pointed out above
and relates to the fact that minimizing curves in the network change directions. Still,
one intuits that minimal additional knowledge could suffice to still get a transport plan
in “well-behaved” examples. To make a step in that direction and explain the open
questions, let us consider the space-time lifting of the problem, i.e., we extend the
measures (g and v to ps ® d,-0 and v, ® J,-1 and utilize the cost function
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¢((x,9),(y,1) =inf {J Vel P +enr, () du = y(s) = x, y(2) = y} ,

for a piecewise absolutely continuous curve y, and s, € [0, 1].
From the characterization of the dual problem, if the following quantities were
well-defined and the function

G50, 1) =y, 1) > (fo((x, ), (v, t)))

655(()6, s)’ (y’ t))

was invertible, then the optimal transport map in the space-time domain is given by

Vi (x, S))

T(x,1)=G(. (6Slﬁ(x, 5)

where /(x, s) is an optimal dual potential.

19.3.6 Stability with Respect to the Gas Network Topology

An important question is to know how the optimal gas transport depends on the topology
of the network, and in particular how the cost of transport would be affected in case of
modifications of the network structure.

To better understand this, let us introduce the following setting. We consider two
probability measures y, v that are supported on Ny := Ny \ M, where M is a set of
edges in the central portion of the graph, which are removed to get a new graph structure.
Usually, one thinks of u as a source and v as a target, such that g is flowing to v through
M (at least partially). As a next step we can add new edges as a substitute for M, which
we denote by M to get the new graph N :=No\ MU M. Note that we require N to
be still connected to allow for a feasible transport. Then, we define the modified cost
function

é(x,y) = mf III%II +g(ye) dr,

as well as the modified optimal transport problem

OT(u,v,¢) := inf J- ¢dr.
rell(u,v) Nox No

Recall that ¢ and v are supported on Ay and thus 7 is supported on N x No, however the
transport through the new section of the graph M is accounted for in the cost function
¢ as the feasible shortest-path curves y live on the space domain N.

We denote by O* and O™ the set of optimal couplings in both problems, i.e.,

o0* = {ﬂeH(p,v):I cdr = inf J Cdﬂ},
/\v/()X/(/o REH(/"V) /\vfox/((o
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0* = {ﬁEH(ﬂ,v):I ¢di = inf I Edﬁ}.
N()X)\Vo "EH(”’V) /\70)(/\70

The following theorem relates the values of the optimal costs between the two situations,
i.e., before and after modification of the gas network.

Theorem 19.4 In the above setting, it holds true that

|OT(u, v, é) — OT(u, v, )| < max{ inf J |¢ —c|dn, inf J |¢ - c|dﬁ}
€0 J Nox Ny #e0* J NoxNo

< 1E = clleo-

Remark 19.5 The middle bound expresses the natural intuition that one might have:
The difference in cost between the two network topologies depends on the difference
between the costs weighted by the mass transported between these points.

Remark 19.6 (Deleting one connection) If the change consists in removing a single pipe
within the network, then for all x, y € A it holds true that

c(x,y) < éx,y),

as each path that was going through this pipe now should be at least as long. Thus,

OT(u,v,¢) — OT(u,v,c) < inf I (6 = c)dn*.
neO* NOXNO

Proof of Theorem 19.4. Plugging in the definitions of OT, we get the equality

OT(u,v,¢) — OT(u,v,c)= inf J ¢dmr — inf J cdm,
mell(u,v) /\v/()X/\v/() mell(u,v) /\V/(]X/\V/()

and then taking any 7* that is an optimal coupling for the problem involving the cost ¢,
we obtain

.
OT(u,v,¢) — OT(u,v,c) < édn* — inf I cdr
J N()XN() 7r€l_[(;4,v) /\70)(/\70
=J/\70></\70 cdrx
.
= @-codr*
J N()X/V()
r
< |¢ —c| dn™.
J /\V/()X/\v/o

So that, because of the arbitrariness of 7* € O*,

OT(u,v,é) — OT(u,v,c) < inf J |¢ —c| dnm.
neO* Nox No

For the other direction, apply the same idea, picking a coupling 7* € O*, to get
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OT(u,v,c) —OT(u,v,¢) < inf J |¢ - c| d7.
7EOQ* )\70></\70

The first part of the claim follows. For the second part, note that ||¢ — ¢]|co> I|c —¢|dn,
as I drn=1. O

19.4 Numerical Illustrations

In this final section, we exhibit (estimated) trajectories of a shortest path metric con-
strained to stay within the network. Based on a uniform grid in the network, we construct
a graph linking each grid point (or pixel for the later representation) to its 8 surrounding
nearest neighbors and itself with the following squared distance matrix

212
101
212

Then, given random points on the structure, we compute the cost matrix based on the
shortest path between each pair of points (obtained using Dijkstra’s algorithm) and
solve a linear assignment problem.

Fig. 19.2: Example of estimated trajectories based on a space-discretized version of
the problem. The source measure is the set of points in the lower left corner, while the
target measure are the two accumulations of points at the right hand side.
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We finally represent the trajectories between the matched points in Fig. 19.2. We
clearly see the fact that in this example geodesics branch and also collapse. This
explains why the standard proofs of uniqueness of transport plans do not apply—
recall Sect. 19.3.3.1—and why the construction in Sect. 19.3.5 would be required to
derive a potential existence of a unique transport plan.
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Chapter 20

Introduction to Practical Challenges and a
Benchmark Instance for Gas—Hydrogen Networks

Frauke Liers[OOOO’OOOZ* 1671-0344] and
Alexander Martin[OOOO—OOOl —7602-3653]

Abstract This chapter belongs to the book Mathematical Modelling, Simulation and
Optimization using the Example of Gas Networks. It summarizes key practical questions
in gas networks as discussed subsequently. In addition, a new realistic instance is
presented for the transition from natural gas to hydrogen networks.

Gas networks are prime examples of systems where many mathematically and prac-
tically relevant questions arise, requiring novel approaches in modeling, simulation,
and optimization. These include computing solutions that enable efficient transitions
between states, ensuring robustness against uncertainties, addressing market-related
issues, and managing the transition from natural gas to hydrogen networks. In addi-
tion, hydrogen transport introduces specific challenges that must be addressed. Practical
instances and scenarios are essential to evaluate and test new methodologies, as they
require a realistic hydrogen network topology and accurate forecasts of demands and
production. Such data also provide a common basis for benchmarking different ap-
proaches. The next chapters cover:

* Chap. 21, “Gas2Hydro — A Combined Natural Gas—Hydrogen Instance”, introduces
a new, realistic hydrogen network instance, providing a practical basis for testing
and evaluating methods applicable to the transition from natural gas to hydrogen
networks.

e Chap. 22, “Mathematical Questions Arising from Practical Challenges in Gas
Networks”, summarizes practical questions in gas network operations and shows
how different mathematical approaches contribute to their solution.

All of the questions and problems addressed in this chapter have been selected and de-
signed in such a way that no single mathematical discipline is sufficient to answer them.
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It always takes a combination of different mathematical disciplines, be it mixed-integer
optimization, control theory, or the analysis of certain partial differential equations, up
to models and concepts from market design or the inclusion of uncertainties, to solve
these challenging questions.

At the same time, the instances and results demonstrate that cooperation between
disciplines is essential and that the disciplines themselves had to gain additional new
insights in their fields in order to achieve realistic results.
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Gas2Hydro — A Combined Natural Gas—Hydrogen
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Abstract We introduce Gas2Hydro, a publicly available instance designed to model,
optimize, and test the transition from natural gas to hydrogen networks. While natural
gas and hydrogen share similar transport principles, their physical properties differ,
and until now, no open dataset exists to study their combined operation. Based on the
development plans of the German gas transmission operators (FNB Gas), we construct
a realistic network that reflects both the current natural gas infrastructure and the
planned hydrogen core network. The instance is implemented in a format compatible
with the established GasLib library to ensure seamless integration with existing gas
network optimization tools. In addition, we provide demand and supply scenarios
derived from official planning frameworks and survey data. Although simplified in
some aspects, Gas2Hydro represents the first openly accessible benchmark instance
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to support methodological research and planning studies for the transition towards a
hydrogen economy.

Database: github.com/TRR154/Gas2Hydro

21.1 Introduction

In this chapter, we introduce a new gas network instance' that integrates the hydrogen
core network designed by FNB Gas into the existing German natural gas infrastructure.
This marks, to the best of our knowledge, the first reality-based and open-source instance
that enables the evaluation and comparison of different approaches for the transition
from natural gas to hydrogen with respect to network design and operation.

21.1.1 Motivation

The German climate target for 2030 is to reduce greenhouse gas emissions by at least
55 % compared to the year 1990 [3, p. 7]. As of now, the energy sector has the largest
share of Germany’s emissions [17, p. 69]. While natural gas releases CO;, during
combustion, hydrogen produced from renewable energies such as solar or wind energy
does not. Consequently, one of the main strategies to reach the climate target is therefore
to gradually reduce the usage of natural gas over the next decades and transition to energy
supplied by hydrogen [5, p. 18]. Establishing an appropriate transport infrastructure is
essential for ensuring a reliable energy supply throughout this transformation. Several
projects are currently being funded by the EU and the German government that focus
on how such a hydrogen network can be established [18]. In addition to new pipeline
constructions, existing natural gas pipes can be repurposed [7, p. 7], and the extent to
which natural gas can be mixed with hydrogen is also being investigated, see Chap. 3,
“Gas Mixtures on Networks: Modeling, Simulation and Optimization”.

The transition from natural gas to hydrogen should be executed cost-efficiently with
respect to both the construction and repurposing costs for the pipelines, while at the same
time guaranteeing a basic energy supply. During this transition period, two partially
interacting but technically separate energy sectors will coexist. However, there might be
an interaction between different agents involved in natural gas and hydrogen trading. The
organization of gas networks is handled by transmission system operators (TSO). This
management leads to equilibrium problems if two different TSOs act independently.
This gives rise to several theoretical and practical questions:

(i) How can existing gas networks be downsized and/or rededicated to efficiently
integrate hydrogen transport?

I Strictly speaking, we introduce three instances. However, since two of them are subinstances of the
third, we found it more convenient to refer to them in the singular. In sections where we discuss the
instances in detail, we occasionally use the plural form.
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(ii)) How can interactions between agents acting in both sectors be organized?

Addressing these two questions, various mathematical approaches are of interest as
described in Chap. 22, “Mathematical Questions Arising from Practical Challenges in
Gas Networks”. To ensure that the resulting methods can be compared and validated in
a consistent setting, we chose to develop a common network instance representing both
hydrogen and natural gas systems.

We therefore propose a new network instance complementary to GasLib [14] — an
open library of natural gas instances. Since, to the best of our knowledge, no combined
instances are currently available, and to properly address the central research ques-
tions, we developed the model for our purposes. The resulting instance represents an
excerpt of the long-distance transmission network in Germany and serves as a basis for
investigating various questions related to the planning and organization of the energy
transition.

21.1.2 Prior Work

The newly created instance realizes a future hydrogen network and has been developed
in alignment with the GasLib framework. We specifically aimed to make the instance
seamlessly usable, similar to existing GasLib instances.

21.1.2.1 GasLib

GasLib [14] is a library of natural gas instances. Its goal is to provide a set of publicly
available gas network instances that can be used by researchers in the field of gas
transport. The library instances are encoded in an XML (Extensible Markup Language)
format. For our purpose to continue this work and augment it by adding the interesting
aspect of hydrogen networks that work in parallel, we stick close to its encoding and
structure.

21.1.2.2 FNB Gas Hydrogen Report

A hydrogen report submitted by a consortium of TSOs (FNB Gas) [8] shows how the
transport infrastructure can be developed efficiently, quickly, and in a targeted manner
by integrating hydrogen network planning into the proven gas network planning. Since
this report has a statutory basis [2], is prepared jointly by all TSOs, and is published
at regular intervals, it provides a reliable and enduring reference. This makes this
report particularly interesting for our purpose to create an instance that combines the
different gas types. At the same time, the topic remains highly dynamic: the estimated
future demand and political framework conditions may change quickly. Future tasks
will therefore include updating the instance and incorporating new information.
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21.1.3 Challenges

In creating an instance that involves hydrogen as an energy source we face various
challenges. These lie both in the novelty of the energy source and in the challenge of
creating a combined instance, thus making it compatible and connectable with natural
gas. The three main challenges we faced are:

(1) Disjoint but interdependent networks: Both energy sources behave similarly but
we assume they cannot be mixed. Consequently, two separate yet interdependent
network instances must be modeled. This constitutes a significant challenge: while
the network topologies must remain disjoint due to the non-mixability, the cor-
responding demand developments are closely correlated, as both gases partially
substitute each other.

(i1) Limited market data: The distribution of hydrogen is a new market economy, e.g.,
only few experience and information can be found about

* demand scenarios and future predictions, as well as
» compressor stations and other technical components.

(iii) Computational complexity: Depending on the modeling approach, the resulting
instance can become large, which may significantly increase computational effort.
For efficient computation, reduced or simplified instances are therefore preferable.

21.2 Description of GasLib Instances

We aim to build our combined instance in accordance with the existing library, main-
taining the same structure, description, and encoding. This ensures that anyone familiar
with GasLib can use the combined instance without significant effort. For a comprehen-
sive and complete understanding of GasLib, we refer to [14] but provide an overview
of the main structure of the library here. In this overview, we deliberately omit the
description of files and features that were not used for our instance.

A GasLib network is described using different files. The full set for specifying a
single stationary demand scenario (nomination) for a gas transport network requires at
least two files: The network topology is specified in a .net file, and a nomination or
demand scenario is specified by an . scn file. It is possible to have several .scn files
per .net file.

21.2.1 The .net File

The network topology is a directed graph in which the nodes represent junctions of
the arcs and is described in the .net file together with the technical parameters of the
network elements. Each node is specified by its type and location coordinates. There
are three node types: source, sink and innode. Source and sink nodes represent entry
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Table 21.1: Parameter list of the different nodes and connection types used by
Gas2Hydro

Types Parameters

Node types each with location coordinates

source height, pressureMin, pressureMax, flowMin, flowMax, gasTemperature,
calorificValue, normDensity, molarMass, pseudocriticalPressure,
pseudocriticalTemperature

sink height, pressurelMin, pressureMax, flowMin, flowMax

innode height, pressurelMin, pressureMax

Connection types each with start and end node

pipe flowMin, flowMax, length, diameter, roughness,
heatTransferCoefficient, speedlLimit
shortPipe flowMin, flowMax

and exit points of the network, respectively, whereas innodes represent junctions of two
or more pipelines where no gas flow is injected or discharged. A pipe and a short
pipe are connections between a start and an end node. Short pipes are connections with
zero length. Table 21.1 lists the different elements and corresponding parameters.

21.2.2 The .scn File

The .scn files define demand and supply scenarios for the nodes specified in the
corresponding .net file. Each scenario is identified by a unique id, allowing multiple
scenarios to be distinguished within a single instance. Within a scenario, a £low value
must be specified for every node defined in the associated .net file. A positive flow
value denotes an injection into the network, whereas a negative value represents a
withdrawal. Since a stationary gas flow model is considered, the total supplied flow
must balance the total discharged flow. That is, the sum of all supplies at source nodes
equals the sum of all withdrawals at sink nodes.

21.3 The Gas2Hydro Instance

The Gas2Hydro-62 is a simplified model of the northeastern region of Germany and is
based on both the hydrogen report [8] and the network development plan [9] of FNB
Gas. Both documents schematically depict the transmission network for natural gas
transportation [9, p. 43] and plans for a hydrogen core network [8, p. 18]. The instance
models a passive network containing no active elements, like compressor stations or
switches.

Besides the Gas2Hydro-62 instance, we also provided two smaller subinstances
called Gas2Hydro-12 and Gas2Hydro-62-tree. The instance Gas2Hydro-12 models
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the supra-regional pipeline system around Berlin, whereas Gas2Hydro-62-tree forms a
spanning tree of Gas2Hydro-62.

As a basis for the natural gas demand, we relied on the NEP database [10], which
compiles the data reported by the TSOs. This ensures consistency with the official
network development planning and provides a transparent foundation for our demand
assumptions. For hydrogen, we consulted a case study by Egerer et al. [6] assessing
the future hydrogen demand in various industry sectors in Germany. For the physical
quantities of the nodes and pipes, we refer in part to the FNB Gas network development
planning database [9]. As this does not list all the quantities required by the corre-
sponding namespaces in the GasLib instances, we also draw on other publicly available
sources which are further specified in Sect. 21.3.2.

In the following, we first describe in detail how the topology and scenario files were
built with the data at hand, and later on give in Tables 21.5 and 21.6 an overview of
the physical quantities that we used for modeling natural gas and hydrogen pipeline
networks.

21.3.1 Realizing a Combined Natural Gas—Hydrogen Instance

The main issue with the compatibility with GasLib is that its framework supports
the transportation of one type of gas only, emphasizing the necessity of addressing
Challenge i. We tackled this problem by dividing each Gas2Hydro instance into two
parts so that they basically consist of two parallel instances, one for hydrogen and one
for natural gas, as further described in the following.

21.3.1.1 Topology

The Gas2Hydro instances consist of two .net files with the suffix _natural_gas.net
and _hydrogen.net, since some physical specifications, such as density and calorific
value, depend on the gas type.

Each of the two topology files contains an identical set of nodes. However, the type
declaration might differ in general. This means that a given node may act as a source
in one network file while serving as a sink in the other. Even within a single network,
the role of a node can change over time (e.g., in the case of gas storage facilities).
To address this, we chose to model both a source node and a sink node at every such
potential location and connect them via a short pipe. This approach elegantly resolves
all these inconsistencies by introducing only one additional short pipe per source node.

The natural gas file contains all pipes that can be used for the transportation of
natural gas and potentially rededicated in the transition process over time. Whereas the
hydrogen file contains old natural gas pipelines that are being converted, as well as new
hydrogen pipelines that are to be newly built.

An illustration of the Gas2Hydro-62 instance can be found in Fig. 21.1. Table 21.2
shows the number of elements in each .net file.
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Natural gas entry
Hydrogen entry
Exit

Innode

~—— Natural gas pipe
— Hydrogen pipe

Fig. 21.1: Topology of the Gas2Hydro-62 instance

Table 21.2: Number of nodes and pipes in each topology file of the Gas2Hydro-62
instance

Natural gas Hydrogen
Sources 7 1
Sinks 41 30
Innodes 21 32
Pipes 75 20
Short pipes 7 1

A Tree-Shaped Subinstance

For applications necessitating that the underlying graph of the instance contains no cycle,
we provide a subinstance of Gas2Hydro-62 called Gas2Hydro-62-Tree. Note that the
underlying graph of G2H_62_hydrogen.net is already a tree. It is therefore identical
to the file G2H_62_tree_hydrogen.net. Whereas the underlying graph of the file
G2H_62_tree_natural_gas.net is an actual spanning tree of the graph induced by
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G2H_62_natural_gas.net. For an illustration, see Fig. 21.2, and Table 21.3 for the
number of elements in the .net files of the tree-shaped subinstance.

A Natural gas entry
A Hydrogen entry
v Exit

O Innode
—— Natural gas pipe
—— Hydrogen pipe

Fig. 21.2: Topology of the tree-shaped Gas2Hydro-62-Tree subinstance

Table 21.3: Number of nodes and pipes in each topology file of the tree-shaped
Gas2Hydro-62-Tree subinstance. Here, we deliberately omitted the number of short

pipes.

Natural gas Hydrogen
Sources 5 1
Sinks 34 30
Innodes 28 32
Pipes 43 19

Short pipes 5 1
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A small-scale subinstance

As we point out in Challenge iii a smaller instance could be very useful. The subinstance
Gas2Hydro-12 includes only twelve nodes and can be used for more complex compu-
tations that might be too heavy on the whole network. It induces a subgraph right out of
the center of the complete instance Gas2Hydro-62. See Fig. 21.3 for an illustration, and
Table 21.4 for the number of elements in each .net file of the small-scale subinstance.

Natural gas entry
Hydrogen entry
Exit

Innode

- Natural gas pipe
- Hydrogen pipe

o4p> >

Fig. 21.3: Topology of the small-scale Gas2Hydro-12 subinstance

Table 21.4: Number of nodes and pipes in each topology file of the small-scale
Gas2Hydro-12 subinstance. Here, we deliberately omitted the number of short pipes.

Natural gas Hydrogen
Sources 2 1
Sinks 6 4
Innodes 6 8
Pipes 10 4
Short pipes 2 1

21.3.1.2 Scenarios

In order to model the transition from natural gas to hydrogen, we show the demand
trend for both gases over the next decades within the scenario files. For this purpose,
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we created for each instance three natural gas scenarios for the years 2018, 2025, and
2030, as well as four hydrogen scenarios, two for the year 2030 and two for the year
2050. The two hydrogen scenarios for each year model a minimum and a maximum
demand for the respective year.

For the Gas2Hydro-62 instance, we have three natural gas scenario files called

e 2018_NG_G2H_62.scn,
e 2025_NG_G2H_62.scn,
e 2030_NG_G2H_62.scn,

as well as four hydrogen scenario files called

e 2030_Hmin_G2H_62.scn,
e 2030_Hmax_G2H_62.scn,
e 2050_Hmin_G2H_62.scn,
e 2050_Hmax_G2H_62.scn.

Figures 21.4 and 21.5 show the three natural gas scenarios and the two hydrogen
scenarios for the year 2050, respectively. The size of the nodes is scaled according to
the absolute demand (red) or supply (green) at that node.

It is important to note that the all three natural gas scenarios are feasible on the topol-
ogy givenby G2H_62_natural_gas.net. The two scenarios 2030_Hmin_G2H_62.scn
and 2030_Hmax_G2H_62.scn are furthermore feasible on the topology given by
G2H_62_hydrogen.net. The two hydrogen scenarios for the year 2050, however, are
not feasible on the G2H_62_hydrogen.net topology. The reason for including these
infeasible hydrogen scenarios is that we want the user of the Gas2Hydro instance to
tackle the three questions stated in Sect. 21.1.1, see Sect. 21.4 for a concrete application.

In the following, we describe the data on which we based the scenario files, first for
natural gas and then for hydrogen, and further explain the integration of the data into
the Gas2Hydro instances.

We extracted the data for the natural gas scenarios from the so-called NEP-Gas data
base [10] provided and managed by the German association of the supraregional gas
transmission companies, FNB Gas. The NEP-Gas database includes, besides network
development plans that we used for the topology files, also scenario frameworks, which
are both published every two years. A scenario framework forecasts the natural gas
and hydrogen capacities for the next 10 to 15 years and is the basis for the associated
network development plan. Capacity in connection with gas transmission defines the
maximal possible amount of gas that can be inserted into or extracted from the network.
According to the Energy Industry Act (EnWG) § 15b [2], the scenarios shall be based on
reasonable assumptions about the development of the extraction or production of gas.
FNB Gas is furthermore obliged to involve all affected network operators in Germany
appropriately in the creation process of the scenario framework.

While natural gas as an energy source is primarily used in the energy sectors, in-
dustry, as well as residential and commercial heating, the German national hydrogen
strategy states that the primary use of hydrogen shall be within the industry and trans-
portation sectors [4][pp. 19-25]. Therefore, we make use of data reflecting the expected
hydrogen consumption of several industry sectors, like steel, cement, paper, etc., for



21 Gas2Hydro — A Combined Natural Gas—Hydrogen Instance 493

(c) 2030_NG_G2H_62.scn

Fig. 21.4: Natural gas scenarios

the year 2050 [6]. The data provides information about the geographical coordinates
of each surveyed company as well as its expected maximum and minimum hydrogen
consumption.

In order to transfer the available demand data into the scenario files for our topol-
ogy, several preprocessing steps were required. The main challenges resulted from the
different data sources and from the fact that, unlike the reported natural gas data from
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e

(a) 2050_Hmin_G2H_62.scn (b) 2050_Hmax_G2H_62.scn

Fig. 21.5: 2050 hydrogen scenarios

past years, the future natural gas and hydrogen demands are non-empirical and often
only rough estimates.

For the natural gas part, the database covers the entire German transmission system,
while our instance is restricted to the northeastern region. The dataset was therefore fil-
tered according to the relevant operators active in this region. Regarding the assignment
of entry and exit points, certain points in the dataset were matched to the closest node in
the instance with respect to their geographical location. Since the database itself does
not provide coordinates but only names of points, an additional manual mapping was
necessary to ensure a consistent alignment between data and topology. Besides these
main challenges, several smaller inconsistencies within the database were also resolved,
which required individual adjustments. As the instance’s topology describes a passive
network without any active elements, like compressor stations, it cannot be expected
that the demand extracted from the NEP database can be transported without violating
physical safety constraints like pressure bounds. Therefore, the extracted demand was
scaled by a factor of 0.3 to ensure feasibility with respect to the pressure constraints.

The hydrogen data for the year 2050 posed a somewhat different set of challenges.
First, the consumption data was split by sector, which was not required in our case. The
demand was therefore aggregated at each node across all sectors. Moreover, the data
was provided at specific coordinate pairs, which were integrated into our topology by
means of a nearest-neighbor mapping. Another challenge was that the dataset contained
only consumption values and no injection data. To obtain a balanced system, a single
injection point was therefore introduced at the port of Rostock, where hydrogen is
assumed to enter the network. Since the data distinguishes between minimum and
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maximum demand, two separate scenario files were created to represent both cases
explicitly.

Lastly, while the hydrogen data was estimated for the year 2050, the network in-
frastructure of the Gas2Hydro instances reflects the network development plans for the
year 2030 only. In order to provide the Gas2Hydro instances with a feasible hydrogen
scenario, we extracted from the 2050 scenario only those exit nodes that are connected
to the hydrogen network induced by the respective hydrogen.net file. This resulted
in the two hydrogen scenarios for the year 2030.

21.3.2 Physical Quantities

Some of the physical quantities required by GasLib depend on the type of gas. Table 21.5
lists the required quantities for the namespace source, the corresponding values for
each type of gas, and the references from which the values are obtained. An analogue
for the namespace pipe can be found in Table 21.6.

Table 21.5: Physical quantities of the source nodes in each .net file

Natural gas Hydrogen Reference
calorificValue 36.454 MJm™3 12.745 MIm™3 GasLib-11, [12, p. 16]
flowMin —107 m*h! —107 m*h! GasLib-11
flowMax 10" m*h™! 10" m*h™! GasLib-11
gasTemperature 10 °C 10 °C GasLib-11
height 0 m 0 m GasLib-11
molarMass 19 kgkmol™!  2.016 kgkmol™' [16]
normDensity 0.785 kgm™  0.08375 kgm™3 GasLib-11, [11]
pressureMin 70 bar 40 bar GasLib-11
pressureMax 70 bar 40 bar GasLib-11
pseudocriticalPressure 45.929 bar 13 bar GasLib-11, [15]
pseudocriticalTemperature 188.54 K 33.15 K GasLib-11, [15]

Table 21.6: Physical quantities of a pipe in each .net file

Natural gas Hydrogen Reference
flowMin -107 m3h~! -107 m3h~! GasLib-11
flowMax 107" m*h~! 107 m*h~! GasLib-11
length in km in km [10] or estimate
diameter in mm in mm [10] or estimate
roughness 0.1 mm 0.1 mm GasLib-11

pressureMax 80 bar 80 bar [10] or estimate
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21.3.3 Validation

The instance was validated by confirming that all flows satisfy the quadratic pres-
sure—flow relationship. Specifically, the Weymouth equation (ISO4-ALG) in Chap. 2, “A
Catalog of Gas Network Models: PDEs, Coupling Conditions, and Numerical Schemes”
hold throughout, and all computed pressures remain within their technical bounds.
While the absence of active components naturally restricts the network’s operational
flexibility, the validation confirms that at least 30 % of realistic loads can be transported
without violating physical constraints.

Figures 21.6 and 21.7 visualize these valid flows for the three natural gas scenarios
and the two hydrogen scenarios for the year 2030, respectively. The magnitude of each
flow is represented by the edge’s thickness, and its direction is indicated by an arrow
along the edge.

21.4 Application

In the final section, we model the transition from natural gas to hydrogen using the
combined instance Gas2Hydro. More specifically, we identify which of the existing
natural gas pipelines should be incorporated into the hydrogen network in response
to a future hydrogen demand scenario (Question i). We formalize this question as
a topology optimization problem, also known as the network design problem. This
problem is defined on a graph representing the existing natural gas infrastructure. Each
edge represents a pipeline and has a given hydrogen repurposing cost. Furthermore, we
are given a hydrogen demand and a pressure constraint at every node. The objective
is to determine a cost-minimal subset of edges so that the hydrogen network that is
induced by this subset is feasible, where feasibility means that there exists a hydrogen
flow in the induced network satisfying the given demand scenario while respecting the
pressure constraints. For a formal definition of the problem, we refer to Sect. 7.5 in
Chap. 7, “Potential-Based Flows — An Overview”.

We apply this optimization framework to the Gas2Hydro-62 instance shown in
Fig. 21.1 for each of the two 2050 hydrogen scenarios illustrated in Fig. 21.5.
The graph is induced by the two topology files G2H_62_natural gas.net and
G2H_62_hydrogen.net. We extend the topology optimization problem so that the
pipes in the G2H_62_hydrogen.net must be contained in the solution. The costs of
repurposing a pipeline with diameter D are modeled according to [13] and given by

1.05-278.24 - ¢'P  EUR/m.

For the pressure constraints, we use the specification of the two parameters pressureMin
and pressureMax as stated in Table 21.5. For the computations, we used the code
from [1].

The solution for each of the two hydrogen scenarios is depicted in Fig. 21.8. In
the lower right corner of both subfigures, we observe that the solutions choose a
detour via an innode rather than repurposing a shorter but larger-diameter pipeline.
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—»~ Natural gas flow

A Natural gas entry

O Innode
=~ Natural gas flow

(a) 2018_NG_G2H_62.scn (b) 2025_NG_G2H_62.scn

A Natural gas entry
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=~ Natural gas flow

(c) 2030_NG_G2H_62.scn

Fig. 21.6: Valid flows for the natural gas scenarios

Furthermore, parallel connections need to be constructed as shown on the left side in
both subfigures. The practical acceptability of such artifacts depends on the intended
application. Connecting additional innodes via such detours or parallel pipelines could
be advantageous for accommodating future demand growth. A limitation of this model
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Fig. 21.7: Valid flows for the hydrogen scenarios

is that it only considers the repurposing of existing pipelines, neglecting the possibility
of building new hydrogen pipelines with different diameter options.

While we acknowledge the limitations and simplifications of the current Gas2Hydro
instance, we emphasize that it represents one of the first openly available instances for
simulating the transition of natural gas networks to hydrogen. Its open-source nature
allows users to adapt, extend, and refine it for specific use cases, such as including new
pipeline options or more detailed physical constraints. We expect this instance to serve
as a foundation for further methodological and practical developments in this field.
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Abstract Motivated by concrete real-world challenges in gas network operation, this
chapter highlights how applied mathematics contributes to the analysis, optimization,
and control of large-scale energy infrastructures. Through selected case studies, we show
that applicable solutions require the integration of diverse mathematical disciplines
and that close interaction with practice drives both methodological innovation and
interdisciplinary collaboration.

22.1 Introduction

Gas transmission networks pose a wide range of practical challenges that arise from
the interaction of physical gas dynamics, operational constraints, and market-driven
decision-making across multiple time scales. Addressing these challenges requires
mathematical models and algorithms that are not only theoretically sound, but also
capable of supporting real-world operational planning and control.

Julia Griibel
Analytics & Optimization, University of Technology Nuremberg (UTN), Germany,
e-mail: julia.gruebel @utn.de

Frauke Liers
Department of Data Science and Department of Mathematics, FAU Erlangen-Niirnberg, Germany,
e-mail: frauke.liers @fau.de

Alexander Martin
Analytics & Optimization, University of Technology Nuremberg (UTN), Germany,
e-mail: alexander.martin @utn.de

Lars Schewe
School of Mathematics, The University of Edinburgh, UK, e-mail: lars.schewe @ed.ac.uk

Michael Schuster
Department of Data Science, FAU Erlangen-Niirnberg, Germany, e-mail: michi.schuster @fau.de

© The Author(s) 2027 501
A. Martin et al. (eds.), Mathematical Modelling, Simulation and Optimization

using the Example of Gas Networks, International Series of Numerical Mathematics 174,
https://doi.org/10.1007/978-3-032-34969-9_22


julia.gruebel@utn.de
frauke.liers@fau.de
alexander.martin@utn.de
lars.schewe@ed.ac.uk
michi.schuster@fau.de
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-032-34969-9_22&domain=pdf
https://doi.org/10.1007/978-3-032-34969-9_22

502 Griibel, Liers, Martin, Schewe, and Schuster

ey Outflow

Pou )
e /_\ CcS CS
(OD——()— ] (8)——— .

£ R
Inflow Inflow ~

e3 Outflow
Inflow —P

Fig. 22.1: The GasLib-11, a network instance with 11 nodes {1,...,11}, 8 edges
{e1,...,es}, two compressor stations {csy, cs»}, and one valve {v} (Network data can
be found on gaslib.zib.de.)

w

This chapter focuses on mathematical questions motivated directly by practical prob-
lems in the operation and control of gas networks. Using selected, representative scenar-
ios, we illustrate how different mathematical approaches—ranging from nonlinear and
mixed-integer optimization to control theory, analysis of partial differential equations,
as well as stochastic and game-theoretic modeling—can be combined to analyze and
solve complex operational tasks. The emphasis is not on a single unified approach, but
on demonstrating how tailored methods interact within an integrated workflow.

The examples in this chapter cover short-term operational control, transient behavior,
robustness with respect to uncertainty, and market-related decisions across different
time horizons. Together, they show how stationary and dynamic models, optimization-
based methods, fast heuristics, and high-fidelity simulations complement each other for
practical applications. By grounding these developments in concrete network instances
such as GasLib-11 (see Figures 22.1 and 22.6) and realistic operational questions, this
chapter highlights both the necessity of interdisciplinary collaboration within applied
mathematics and the new mathematical insights that emerge when novel theoretical
developments are driven by practical requirements.

The remainder of this chapter is structured as follows. Section 22.2 focuses on prac-
tical challenges in the modeling and control of gas network operation. It demonstrates
how an integrated workflow combining modeling, simulation, and optimization enables
the analysis and validation of gas flows and supports short-term operational decision-
making. Section 22.3 shifts the perspective to gas markets and real-time operation,
illustrating how mathematical methods provide decision support for market design,
strategic interaction among agents, and robust operational control under uncertainty.
Finally, Sect. 22.4 addresses the long-term transformation of gas infrastructures to-
ward hydrogen and hybrid networks, highlighting the mathematical challenges arising
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in network restructuring, hybrid operation, and market organization during the energy
transition.

22.2 Practical Challenges in Modeling and Control of Gas Networks

The operation of gas transmission networks poses a range of practical challenges arising
from the interplay between physical dynamics, operational constraints, and decision-
making over time. While stationary flow models form the basis of many planning and
operational tools, real-world operation is rarely steady. Frequent short-term changes in
supply and demand—triggered, for instance, by updated nominations, unplanned fluctu-
ations in gas production, or injections originating from power-to-gas facilities—require
the network to transition between different operating states. Such transitions typically
unfold over time horizons of several hours and must respect strict pressure bounds as
well as the operational constraints of active elements such as compressors and valves.
Capturing and controlling these transient effects in a computationally tractable way is
therefore a central challenge for reliable network operation. Mathematical models for
such settings are compiled in Chap. 2, “A Catalog of Gas Network Models: PDEs,
Coupling Conditions, and Numerical Schemes”.

A particularly important aspect in this context is the inherent storage capability
of gas networks, commonly referred to as line pack. By temporarily increasing or
decreasing the amount of gas stored in the pipelines, operators can buffer short-term
imbalances and shift energy across time without relying on external storage facilities.
This flexibility is especially valuable in future energy systems with a high share of
renewable generation and power-to-gas technologies [41,45,46]. At the same time, its
effective exploitation poses substantial mathematical challenges: (i) control actions are
governed by nonlinear transient gas dynamics, (ii) discrete operational decisions interact
with continuous control variables, and (iii) feasible strategies must be computed within
tight time constraints. These challenges have motivated the development of transient
control and optimization approaches for gas networks including instantaneous control
concepts, and form the starting point for the developments presented in this section.

22.2.1 From Stationary Models as a Reference Point to
Physically-Detailed Transient Models

Although transient models are indispensable for capturing dynamic behavior, stationary
gas flow models play a central role in both planning and operational practice. They
provide a mathematically well-understood description of admissible operating states
for fixed supplies and demands and serve as reference points for feasibility assessment,
initialization, and evaluation of transient scenarios. The existence and uniqueness of
such stationary operating points has been established for broad classes of gas network
models and topologies, providing a rigorous foundation for their use in practice (see,
e.g., Chap. 7, “Potential-Based Flows — An Overview” and [23,25,50,51]). Building on
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this theoretical basis, it has also been shown that globally optimal stationary solutions
can be computed reliably for realistic network instances using nonlinear optimization
techniques (see, e.g., Chap. 6, “Mixed-Integer Nonlinear Optimization in the Context of
Gas Networks” and [27,49]). As a result, stationary models form a reference layer that
anchors transient simulations and optimization problems and enables the systematic
study of transitions between different operating regimes.

From this perspective, stationary models provide a baseline description of admissible
operating states and serve as reference points for operational planning. Capturing the
temporal evolution of gas flows during transitions between such states, however, requires
transient models governed by gas dynamics in pipelines and typically described by sys-
tems of partial differential equations. Depending on the required level of physical detail,
this leads to a hierarchy of transient models that balance accuracy and computational
efficiency (see Sect. 2.3 in Chap. 2, “A Catalog of Gas Network Models: PDEs, Cou-
pling Conditions, and Numerical Schemes”). High-fidelity formulations based on the
full Euler equations capture transient effects in detail but are computationally demand-
ing, whereas simplified models enable faster simulation and optimization at the cost of
physical realism. Since, in practical operational settings, it is often necessary to compute
feasible control strategies for gas networks quickly, fast heuristic approaches based on
instantaneous or receding-horizon control concepts have been proposed [24]. Although
the resulting admissible control actions are not guaranteed to be globally optimal with
respect to the underlying transient optimization problem, they provide valuable initial
solutions and serve as fallbacks when computational resources or time are limited. The
physical consistency of the computed control strategies can be ensured by validation
using high-resolution simulation models. Transient simulations based on the full Euler
equations, combined with adaptive discretization and model hierarchies, have been em-
ployed to assess feasibility and to quantify model errors for refined control strategies
on realistic network instances [11, 12, 36]. Together, fast heuristic methods and high-
resolution simulations for validation form a crucial complement to optimization-based
approaches, enabling both timely decision-making and reliable validation of transient
operating strategies.

22.2.2 From Coarse-Scale to Refined Operations: A Line Pack Example

Next, we present an example of a global optimization-based framework addressing the
particularly important aspect of line pack. Afterward, we use this example to demon-
strate the mutual benefits of coarse-scale and more detailed optimization approaches
for such a practical application.

A systematic formulation and solution approach for short-term storage operation
in gas networks was presented in [7]. The authors introduce a transient optimization
problem that explicitly exploits line pack by controlling injections, withdrawals, and
active network elements over a finite time horizon. Starting from a stationary operating
state, the network is operated in an injection phase followed by a withdrawal phase, with
the objective of maximizing the amount of usable energy stored in the network subject to
pressure bounds, flow constraints, and operational limitations of compressors and valves.



22 Mathematical Questions Arising from Practical Challenges in Gas Networks 505

To obtain globally optimal solutions, the transient gas dynamics are described by a
simplified model derived from the isothermal Euler equations and discretized in time and
space. This discretization leads to a mixed-integer nonlinear optimization problem that
captures both nonlinear flow relations and discrete operational decisions. Using tailored
solution techniques, globally optimal solutions can be computed for representative
network instances, including the widely used GasLib-11 benchmark network [48] (see
Fig. 22.1), providing a computationally tractable yet physically meaningful description
of line pack usage. In particular, the mixed-integer nonlinear optimization problems
arising from the discretized transient models are solved using adaptive MILP-based
refinement strategies as described in [8], which enable the reliable computation of
global solutions and form a foundation for subsequent refinement and validation steps.
Building on this coarse-scale solution concept [7], the globally optimal controls
obtained from the simplified discretized transient model provide natural reference tra-
jectories for optimal control frameworks based on more accurate gas flow descriptions.
In these frameworks, the gas dynamics are described by more detailed transient models,
and the objective is typically formulated as a tracking-type functional that penalizes
deviations from the previously computed reference solution. Mathematical foundations
for such a refinement step are developed in [43,44], where adjoint-based gradient rep-
resentations for transient gas flow models are derived, enabling the efficient use of
gradient-based optimization methods. To ensure strict adherence to operational con-
straints such as pressure bounds, barrier and interior-point techniques can be employed,
as investigated in [12]. Together, these approaches allow the systematic refinement of
coarse-scale solutions toward physically consistent transient control strategies.

22.2.3 The Impact of Perturbations and Uncertainties on Operations

Beyond feasibility and optimality under nominal conditions, the practical applicability
of transient operating strategies crucially depends on their robustness with respect to
perturbations and modeling uncertainties. In particular, transient gas flows are sensitive
to variations in supplies and demands, boundary conditions, and physical parameters
such as friction coefficients. To quantify these effects, sensitivity analyses for discretized
transient gas flow models have been developed, providing measures for the impact
of parameter changes on the resulting network states and control trajectories [56].
Complementary to this, the influence of uncertainty on operating strategies has been
investigated using optimization-based approaches that explicitly account for uncertain
data, allowing the assessment of solution stability and performance degradation under
perturbations (see, e.g., [1,2] for stationary models and [54, 55] for transient models).
These analyses contribute to a more comprehensive understanding of transient control
strategies and help identify operating regimes in which line pack can be exploited
reliably in practice.
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22.2.4 Integration of Different Areas of Applied Mathematics to Obtain
Validated Operations

We conclude this section by demonstrating on a realistic network instance how the in-
teraction between the different mathematical disciplines leads to a thoroughly analyzed
and validated transient gas flow. The considered instance combines a larger transmission
network [13,24] with a smaller distribution network [60]; see Fig. 22.2. The transmis-
sion network consists of 16 nodes, including two sources, three terminal nodes, and
one flexible node that can act as either a source or a terminal node over time. It further
includes 12 pipes, three compressors, one valve, and one control valve. The distribution
network contains 10 nodes, including six terminal nodes, and 10 pipes. It is connected
to the transmission network through a terminal node of the transmission network. The
workflow across modeling, simulation, and optimization required to obtain a thoroughly
analyzed and validated transient gas flow on this network over a three-hour time horizon
is illustrated in Fig. 22.3.

First, using the software package [28], friction coefficients in the gas pipes are
identified together with information about their distributions. Second, the results of [25]
on the existence and uniqueness of stationary states of the isothermal Euler equations
ensure the existence of stationary operating states for given boundary data. Third,
using spherical radial decomposition, tighter pressure bounds at the terminal node
connecting the transmission and distribution network are computed [18,57,60]. These
tighter bounds guarantee that the lower pressure bounds at all nodes of the distribution
network are satisfied with high probability, allowing the subsequent analysis to focus
exclusively on the transmission network.

u4 us ue

U1 u2 us

oS>0l

@— 13

S2

S1

Fig. 22.2: An instance combined of a transmission (blue) and a distribution (orange)
network with 26 nodes, 22 pipes, three compressor stations, one control valve, and one
valve
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Fig. 22.3: The workflow to obtain a thoroughly analyzed and validated transient gas
flow for the instance depicted in Fig. 22.2

Building on the identified friction coefficients, the existence of stationary operating
states, and the tightened pressure bounds at the connection node of the transmission
and distribution networks, initial and terminal stationary states are computed using the
spatial branch-and-bound approach developed in [27]. The MIP-based instantaneous
control algorithm from [24] then determines transient control strategies to steer the
system from the initial to the terminal state over the given three-hour time horizon.
These controls can subsequently be refined through simulation of a DAE system that
preserves key properties of the underlying PDAE system [30, 31]. Moreover, the simu-
lation approach [39,40] allows for the consideration of temperature dependencies.

For resulting trajectories and a comparison of the three different simulations see
Fig. 22.4. The upper three plots in Fig. 22.4 depict the boundary data as well as
the compressor control over the considered time horizon. The upper-middle plot in
particular highlights the pronounced demand at the terminal node T2, arising from the
fact that the connected distribution network is supplied through this node. The lower
three plots in Fig. 22.4 provide insights into the simulation results. The lower-left plot
shows the pressure evolution for the three different simulation approaches at the terminal
node T2, which is a key node due to linking the transmission and distribution networks.
The lower-middle plot illustrates in more detail the corresponding pressure differences
at this node between the coarser simulation [24] and one of the refined approaches.
Lastly, the lower-right plot presents an exemplary temperature trajectory, here for the
compressor station C1. In addition to the simulations, sensitivity analyses are carried
out to estimate the effects of data uncertainty as well as modeling, discretization, and
rounding errors in the numerical simulations [37,38,56]. Finally, the methods proposed
in [20,22] enable an assessment of whether the initial and terminal stationary states
correspond to market equilibria under given demand and supply conditions.

Overall, the approaches discussed in this section illustrate how short-term opera-
tional challenges in gas networks can be addressed through an integrated workflow
that combines modeling, optimization, and simulation. Stationary operating points pro-
vide a reliable reference layer, while transient models capture the dynamic behavior
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Fig. 22.4: Boundary data (above) and simulation results (below) for the instance depicted
in Fig. 22.2 over a three-hour time horizon

required to exploit line pack as a flexible storage mechanism. Coarse-scale optimization
enables the computation of globally meaningful control strategies, which can be sys-
tematically refined using optimal control techniques based on more accurate physical
models. Fast heuristic methods support timely decision-making in operational settings,
and high-fidelity simulations together with sensitivity and robustness analyses ensure
physical feasibility and reliability under perturbations (see, e.g., [7,24,27,36,56]). This
integrated multi-stage framework demonstrates how different areas of applied mathe-
matics can be effectively combined to support operational planning in gas networks
and provides a foundation for addressing similar challenges in future gas and hydrogen
infrastructures.

22.3 Practical Challenges in Gas Markets and Real-Time Operation
of Gas Networks

Practical challenges in gas markets and gas transport arise across all relevant time scales.
In particular, real-time operational control is exceptionally demanding. Network oper-
ators must respond to renomination requests at very short notice and ideally determine
control strategies that remain robust under such perturbations. At the same time, rare
but critical events—such as the unexpected failure of compressors, valves, or even en-
tire sub-networks—require effective countermeasures to preserve operational stability.
Beyond the physical real-time control of gas flows, the preceding decisions made by the
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Fig. 22.5: Time scales in gas markets and gas transport

various agents participating in the market are equally important. Explicitly accounting
for these decisions, as well as the interactions among market participants, significantly
increases problem complexity and introduces additional practical challenges.

Figure 22.5 provides an overview of the various time scales relevant to gas markets
and gas transport. In the following, we proceed along these time scales—from the
coarsest to the finest level of detail—and use selected examples to illustrate how we
addressed practical challenges of the types introduced above through the interplay of key
applied mathematics disciplines, namely modeling, simulation, and optimization. All
results are demonstrated using a common test instance, either GasLib-11 (see Fig. 22.1
and [48]) or a passive variant of GasLib-11 (see Fig. 22.6).
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Fig. 22.6: The passive, tree (without e;) or cyclic (with e;;) network variant of the
GasLib-11, a network instance with 11 nodes and 10 or 11 edges, respectively (based
on the instance considered in [29])
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22.3.1 Long-Term Perspective: Network Topology and Technical
Capacities

The long-term perspective focuses on decisions concerning network topology and tech-
nical capacities. By combining the strengths of multilevel optimization and economic
theory, the cost of decoupling trade and transport in the European entry-exit system
was quantified for the first time in [9]. The analysis relies on the deterministic four-level
model introduced in Chap. 8, “Models for Gas Markets”, assuming perfect competition
and linear flows in general (possibly cyclic) networks. On the one hand, robustness
requirements on technical capacities—namely, that a physically feasible transport must
exist for all allocations within the specified capacity ranges—are very relevant and
should be taken into account. On the other hand, a computational study on the passive
tree variant of the GasLib-11 from Fig. 22.6 indicates that this requirement can lead
to welfare losses exceeding 11.5 %, suggesting that the requirement of strict robustness
may be restrictive in practice. However, even modest adjustments to market design or
network configuration can substantially mitigate these losses. The second-best approach
of [9], which determines technical capacities such that the resulting market allocation
outcomes are feasible though not all gas allocations compatible with the nodal capac-
ity bounds, already leads to a significant improvement. Similarly, the robust network
topology concept of [32]—a graph-theoretic characterization of network structures that
ensure monotonicity of maximal potentials under decreasing demands by excluding
certain forbidden labeled minors—yields comparable benefits. When applied to the
same test instance, both approaches reduce welfare losses to approximately 1 %.

A further source of complexity arises when uncertainty in nominations is taken
into account. In real-world settings, there are exit players—such as large municipal
utilities—who at the time of nomination do not yet know the exact demand they will
have to serve. Nevertheless, these players must ensure that they can meet this uncertain
load with a specified safety level in order to avoid penalties. By integrating multilevel
and stochastic optimization techniques, the authors of [29] develop a cutting-plane
algorithm for solving the four-level gas market model with chance constraints at the
nominations level. Computational results on the passive cyclic variant of the GasLib-
11 with relaxed pressure bounds (see Sect. 3.5 in [29]) indicate that moderate safety
levels of up to 90 % lead to only modest welfare losses [29, Fig. 4]. Such safety levels
therefore appear advisable—particularly since the proposed approach safeguards against
substantially more load scenarios than simpler strategies based on nominating the mean
or the 0.9-quantile.

22.3.2 Mid-Term Perspective: Capacity Booking and Subsequent
Nominations

In the mid-term perspective, decisions concerning capacity booking and subsequent
nominations become central. Strategic interaction among market participants plays
an important role, as past experience in gas markets has repeatedly shown. Game-
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theoretic frameworks that explicitly account for such strategic behavior, such as the
model presented in [21], are therefore of considerable practical relevance. The algo-
rithm developed in [21] makes it possible to quantify the welfare effects of strategic
booking and nomination decisions. For instance, considering the economic data as in
the computational studies previously addressed in this section and building on the tech-
nical capacities computed via the approach in [9], when firms act strategically rather
than as price-takers under perfect competition, a welfare loss of 8.4 % arises during pe-
riods in which the network operates at its capacity limit, i.e., in the winter months from
November to March. For an overview of further game-theoretic approaches addressing
strategic aspects in the entry-exit market model see Sect. 8.5 in Chap. 8, “Models for
Gas Markets”.

The benefits of dynamic formulations over stationary ones are examined in [26] and
Chap. 18, “A PDE-Constrained Generalized Nash Equilibrium Approach for Modeling
Gas Transport with Strategic Suppliers”, the latter with a particular emphasis on cap-
turing line pack effects. One key finding of this chapter is that line pack can notably
increase welfare when the gas purchase cost are lower during the first half of the time
horizon.

22.3.3 Short-Term Perspective: Robust Operations Under Uncertainty

Finally, short-term operation concerns the physical transport of gas under fixed nomina-
tions. In practice, network operators often lack precise knowledge of important physical
parameters, such as friction coefficients in the pipes. To avoid violating operational
limits, they must therefore ensure robustness with respect to these uncertainties. This
means that a feasible transport must exist for every admissible realization of the physical
parameters. In the stationary setting, this leads to a nonlinear robust optimization prob-
lem. This can be tackled using the adaptive bundle method of [34], which iteratively
refines approximate worst-case evaluations and subgradients and uses them within a
nonconvex bundle framework to achieve convergence. Computational experiments on
the passive tree variant of the GasLib-11 (cf. Fig. 22.6) reveal a pronounced sensitivity
to uncertain physics with welfare losses of up to 26.3 %. Notably, these losses drop
substantially when the network satisfies the robustness conditions of [32], highlighting
the strong influence of network structure on operational resilience.

In operational practice, network operators aim to design control strategies that remain
robust under perturbations such as short-notice renominations. To this end, in [55], a
methodology has been developed to quantify the probabilistic robustness of given
control decisions, that is, the probability that the pressure constraints remain satisfied
under uncertain renominations over the time horizon. Based on a stochastic collocation
approach, [35] characterize the impact of uncertain gas outflows, representing short-
notice changes, on the resulting pressures in the network. Building on this, the kernel
density estimator approach proposed in [52,54] is used to compute the probability that
the pressure bounds are satisfied. This probability serves as a quantitative robustness
metric for the deterministic optimal control, measuring its stability with respect to
uncertainty. The approach is illustrated for the GasLib-11 instance (see Fig. 22.1).
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Optimal control decisions are computed using the Penalty Alternating Direction Method
from [17] for different buffer zones Ap > 0. A buffer zone of Ap > 0 implies that the
pressures p are constrained to the tightened interval p € [p™™ + Ap; p™* — Ap] in the
open-loop control problem. Figure 22.7 shows the resulting probabilistic robustness as
a function of the buffer size, together with the associated compressor cost. A buffer zone
of 0.75 bar already yields a robustness level of 50 %, while full probabilistic robustness
is achieved at Ap = 3.5 bar, at the expense of increased control cost.

The approach proposed in [54] further allows the computation of the tightest physical
pressure bounds, namely the lowest feasible upper bound and the highest feasible
lower bound, that achieve a prescribed probabilistic robustness level for given inlet
pressures and controls. If these probabilistically required bounds violate the physical
pressure limits, this indicates an increased risk of pipe or compressor failures under
short-notice changes and thus points to the need for appropriate countermeasures.
For the GasLib-11 instance with pressures of (60, 58, 60) bar at the inflow nodes, the
numerical results show that a probabilistic robustness level of 75 % can be achieved
without exceeding the system’s physical pressure bounds. This demonstrates that, for
this operating point, the desired robustness level is attainable within the given technical
limits. An extended convergence analysis for probabilistic constrained optimization
problems, with particular emphasis on the kernel density estimator-based approximation
discussed above, is provided in [53].
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22.3.4 Real-Time Perspective: Adapting to System Changes

Finally, the challenge of adapting to system changes in real time is addressed by com-
bining simulation and optimization techniques. The Sequential Action Control (SAC)
framework developed in [5] updates the control at every time step while explicitly in-
corporating newly available data, such as measurements. This enables rapid reactions to
critical events, for instance compressor failures, and allows the perturbed system to be
stabilized efficiently toward the desired operating state. For the common test instance,
simulations, discretizations, and adjoint equations from [12] serve as input for the SAC
on the fixed prediction interval. The resulting stabilizing control successfully drives the
GasLib-11 instance back to the desired state in real time, within 10 seconds after the
failure of a compressor station, thereby demonstrating the practical relevance of SAC
for maintaining operational stability.

In summary, our computational results on the considered test instances highlight
the potential of the underlying methods to support decision-making in the design and
modification of market rules and network topologies. Furthermore, the numerical ex-
periments on the dynamic GasLib-11 instance demonstrate that the novel approaches
have the potential to evolve into powerful tools for the reliable real-time operation of gas
networks, enabling robust responses to uncertainty and critical events. Taken together,
these findings illustrate how the integration of optimization, simulation, stochastic mod-
eling, and game-theoretic analysis contributes to addressing practical challenges in gas
markets and network transport across all relevant time scales.

22.4 Practical Challenges in the Transition of Natural Gas and
Hydrogen Networks

The European Green Deal outlines a strategic pathway toward carbon neutrality and a
resource-efficient economy. Within this transition, hydrogen is widely regarded as a key
energy carrier [58], with its share in the European gas mix predicted to increase from
approximately 2 % in 2018 to 13—14 % by 2050 [14]. At present, hydrogen production
remains largely centralized and mostly carbon-intensive (so-called gray hydrogen), and
is mainly used in refining, petrochemical, and fertilizer industries. As a consequence of
its limited and sector-specific utilization, large-scale hydrogen trading markets have not
yet emerged [15]. As Europe advances toward decarbonization, hydrogen production
is expected to increasingly shift toward green, carbon-neutral sources. At the same
time, hydrogen use in industry, transport, and heating is anticipated to expand signifi-
cantly [58]. Meeting this growing demand will require the development of a dedicated
hydrogen transmission infrastructure [14, 58], giving rise to complex design, planning,
and operational challenges.

From a modeling perspective, the transport of pure natural gas or pure hydrogen in
pipeline networks is commonly described by the isothermal Euler equations, a system
of hyperbolic partial differential equations. In contrast, the transport of gas mixtures
requires an extended modeling framework that accounts for additional physical effects,
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in particular interactions and collisions between different particle species. Such effects
influence both the macroscopic flow behavior and the thermodynamical properties of the
mixture. A detailed analysis of these modeling challenges, with a particular emphasis
on the pressure-density relation for gas mixtures, is provided in Sect. 3.2 in Chap. 3,
“Gas Mixtures on Networks: Modeling, Simulation and Optimization”. While these
modeling aspects are essential for accurately describing mixed-gas transport, the focus
of the present section lies on network restructuring, hybrid operation without mixing,
and market-related questions arising from the coexistence of natural gas and hydrogen
infrastructures.

We next summarize key mathematical questions that arise in the development and
organization of hydrogen transmission networks, including their restructuring and hy-
brid operation alongside existing gas systems. In particular, the following questions are
of central relevance:

(1) How can existing gas networks be downsized and/or repurposed to enable the
efficient integration of hydrogen transport?
(ii)) How can interactions among agents operating across both sectors be coordinated?

Addressing these questions requires the consideration of multiple interacting aspects,
including network topology planning, operation and control of hybrid infrastructures,
the treatment of uncertainties in supply and demand, and market-related mechanisms,
all of which give rise to challenging mathematical problems. Further aspects consist of
taking gas mixtures into account. Mathematical questions on gas mixtures in networks
are addressed in Chap. 3, “Gas Mixtures on Networks: Modeling, Simulation and
Optimization”. For an instance that is explicitly designed to model, optimize, and test
the transition from natural gas to hydrogen networks see Chap. 21, “Gas2Hydro — A
Combined Natural Gas—Hydrogen Instance”.

22.4.1 Reducing Gas Networks and Integration of Hydrogen

In the transition toward carbon neutrality and increasing hydrogen use, overall demand
for natural gas is expected to decline. As a result, a significant share of the European
gas transmission network is predicted to become redundant by the end of the decade, in
particular due to the phase-out of low-calorific gas [14,58]. This development raises the
critical question of how to efficiently plan and manage the decommissioning of natural
gas pipelines. Beyond identifying which pipelines should be retired, the reduction
process must be scheduled over time while ensuring safe and efficient operation of the
remaining network, for example with respect to pressure constraints.

The transition toward hydrogen further increases both design and operational com-
plexity. As demand for natural gas declines, network flows must be reconfigured to
accommodate the growing integration of hydrogen and other alternative energy carri-
ers. Managing this transition requires a systematic and uncertainty-aware approach to
ensure reliable operation and sufficient network capacity throughout the transformation
process. In the following, we summarize selected results obtained to date.
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We begin by focusing on stationary models. Since future hydrogen and natural gas
demand is inherently uncertain, it is essential to appropriately safeguard gas network
operation against demand fluctuations. One modeling approach consists in guaranteeing
feasibility of nomination validation in the network only with a prescribed high probabil-
ity with respect to the probability distribution generating the demands. This requirement
can be formulated using robust chance constraints. The resulting optimization problem
naturally includes binary decisions, such as whether pipelines should be constructed or
repurposed. Consequently, the model takes the form of a mixed-integer nonlinear opti-
mization problem with robust chance constraints. This problem class can be addressed
using a tailored branch-and-cut algorithm [4]. The main idea of this algorithm is based
on relaxing the robust chance constraint and strengthening the lower bound problem
with cover inequalities inspired from those from the knapsack problem in combinatorial
optimization. Furthermore, upper bounds for the branch-and-cut procedure can be built
with a scenario-based bundle method [3].

With respect to network extension and adaptation, incremental-decremental opti-
mization addresses the gradual transformation or renewal of infrastructure systems.
In Chap. 12, “Incremental-Decremental Optimization for the Transition to Hydrogen”,
this framework is used to study the order in which an existing natural gas network can
be reconstructed to operate with hydrogen instead. The goal is to minimize operational
cost at each stage of the reconstruction process. The chapter introduces a double-greedy
approach to determine an ordering in which individual sinks are switched from natural
gas to hydrogen operation. The performance of the proposed algorithm is demonstrated
using a subnetwork of the eastern German gas transmission system. In addition, es-
tablished theoretical results on incremental-decremental maximization, as presented
in [10], are summarized.

Subsequently, we shift focus to dynamic models. In Chap. 19, “p-Wasserstein Dis-
tances on Networks and 3D to 1D Convergence”, methods are developed that link
optimal transport on realistic three-dimensional gas networks, characterized by small
diameter-to-length ratios, to their asymptotic limits on one-dimensional graph represen-
tations. This connection enables the analysis of realistic operational scenarios within a
reduced modeling framework. A central question in this context is whether existing and
newly planned compressor stations allow a feasible dynamic control for given demand
scenarios. This issue is investigated in [47], where least-squares collocation methods
are employed to assess controllability. Moreover, the residuals of the collocation solu-
tions provide valuable insight into the temporal and spatial locations at which pressure
constraints are violated when no feasible dynamic control exists.

Comparisons of optimal transport solutions across different network topologies fur-
ther form a basis for informed decommissioning decisions. To this end, transport metrics
on gas networks are introduced that allow Kantorovich-type optimal transport problems
to be formulated and solved as linear programs. Transport efficiency can be further
enhanced by incorporating density constraints into the optimal transport model; corre-
sponding dynamic formulations are developed in [6, 16].
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22.4.2 Organizing the Interaction between Agents Participating in Both
Sectors

A key open question concerns the regulatory organization of hydrogen transmission
networks. In the natural gas sector, a transmission system operator (TSO) is responsible
for managing network capacities according to the entry-exit system. For hydrogen
networks, a similar organizational structure, potentially also governed by a TSO, is
widely anticipated (cf. EU Directive 2024/1788). If the gas and hydrogen TSOs operate
independently, however, their interaction gives rise to equilibrium problems across the
coupled networks.

In [42], coupled dynamical systems are studied using co-simulation techniques. A
particular application is the joint operation of coupled networks across different sectors.
The studied framework, for instance, enables the coupling of simulations based on
coarser models for natural gas networks over long distances with simulations employing
refined models for hydrogen networks over shorter distances, provided that suitable
interface conditions between the simulation tools are satisfied. Moreover, topological
convergence criteria [42, Theorem 4.2.3] for the co-simulation are derived, accounting
for the chosen modeling and space discretizations, the underlying network topology,
and the design of the interfaces.

Typically, end consumers do not purchase gas directly on wholesale markets but are
supplied via intermediaries, commonly referred to as retail companies, which charge
retail tariffs. While fixed tariffs may be preferable when consumers exhibit high risk
aversion, dynamic tariffs combined with congestion-based network pricing can en-
able more efficient consumption and switching decisions between the coupled energy
carriers.

In [59], a comprehensive framework for modeling retail competition is developed. In
this setting, multiple strategic retailers purchase gas or hydrogen on wholesale markets
at fluctuating prices and offer retail contracts over a longer time horizon. End consumers
choose among these contracts and subsequently decide on consumption quantities. The
framework captures customer preferences that depend not only on price-related contract
attributes such as fixed fees and volumetric prices, but also on retailer-specific non-
price characteristics such as the retailer’s regional origin or the product’s environmental
footprint.

After contract selection, customers determine consumption quantities over time,
contingent on contracted prices. The resulting model constitutes a multi-leader-multi-
follower game, with retailers acting as leaders and customers as followers. The methods
developed in [59] enable the characterization of market equilibria and their derivation
for both fixed-price tariffs and real-time pricing in the general case of asymmetric
retailers. For the case of symmetric retailers [59, Assumption 6.1], i.e., all retailers
face identical optimization problems, an analytical comparison of tariff schemes is
provided in terms of retailer profits, consumer benefits, and total welfare. In the general
asymmetric case, the model is calibrated using real-world data and evaluated on a test
instance motivated by a market scenario in Germany.

From a mathematical perspective, the modeling yields nonsmooth optimization prob-
lems, due to the complementarity conditions employed to reformulate the lower-level
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problem. To address this structure, specialized algorithms were developed that explicitly
exploit nonsmoothness while accommodating moderate nonlinearities; see, for exam-
ple, [19] and [33] for related applications. These new algorithms were successfully
applied to solve the optimization problem arising in the general asymmetric case for
the market setting motivated by the German energy sector described above [59]. Incor-
porating risk aversion introduces additional sources of nonsmoothness, which naturally
integrate into the overall algorithmic framework. Initial numerical experiments for this
extended setting have likewise yielded promising results.

The analysis demonstrates that real-time pricing increases customer benefits and
overall welfare, with these effects strengthened under higher wholesale price volatility.
Additionally, a surrogate reduced-order model was constructed to quantify the welfare
gains from shifting from fixed-price tariffs to real-time pricing [59, Sect. 6].

22.5 Outlook

This chapter has used three examples to show how important and scientifically benefi-
cial it is to address interesting and challenging questions from practice, in this specific
case from the field of gas network planning and control, through mathematical research.
First, in Sect. 22.2, we demonstrate how an integrated workflow combining modeling,
simulation, and optimization can resolve short-term operational challenges in gas net-
works and lead to thoroughly analyzed and validated transient gas flows. Second, we
highlight in Sect. 22.3 that the integration of these mathematical methods also pro-
vides valuable decision support for regulatory authorities and policy-makers in shaping
market rules and network topologies, as well as for gas network operators in real-time
operation to enable reliable responses to uncertainties and critical events. Finally, we
emphasize in Sect. 22.4 how these disciplines can jointly contribute to addressing the
societal challenge of climate change by supporting the transformation of gas infrastruc-
tures toward low-carbon energy carriers, in particular the transition from natural gas to
future hydrogen networks.

The research approach described in this chapter allowed us to address several aspects
that we consider essential. First of all, applied mathematics does not consist solely of
looking at which mathematics is needed in practice and trying to implement it, but is in-
spired in particular by facing the challenges of reality, taking up the questions addressed
and arising there, transferring them to mathematics, and developing mathematics within
the field. This is precisely what has been achieved here in an exemplary manner. And
not only has it been successful, but it has also become clear that this requires new
mathematics. New mathematics not only in the individual disciplines that comprise
this fascinating field of applied mathematics in gas network operation, but also at their
interfaces and in their interaction with economic modeling and market design. All these
practical challenges could and can only be addressed and solved through collaboration
between different disciplines within mathematics.

Against this background, these examples can serve as models for further initiatives
in applied mathematics, encouraging researchers to confront the demands of reality,
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identify the resulting mathematical questions, and thereby develop and promote new
mathematics both within and across disciplines.

However, a critical remark is warranted at this point. What has not yet happened
is the transfer back into the application in the real world. We have seen and continue
to see from these examples that mathematics can make significant contributions to
addressing the challenges posed by gas networks, for example, and can also provide
valuable solutions. However, putting these into practice in the real world requires even
more. And this “more” is not to be found purely in mathematics. This means that we,
as mathematicians, must take the step of engaging in direct exchange with users, even
if we leave the field of mathematics, in order to not only develop our algorithms as
prototypes, but also to implement them in professional software and integrate them into
existing systems in industry. The final steps are very laborious, very time-consuming,
and, as a rule, do not result in mathematical publications. That is why, in our view, this
step is often missing. But we would like to take this opportunity to draw attention to
whether mathematics might want to go down this path in the future. It would be for the
good of our society.
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