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Abstract. We formulate and study an optimal control problem for the sweeping (More-
au) process, where control functions enter the moving sweeping set. To the best of our
knowledge, this is the first study in the literature devoted to optimal control of the sweep-
ing process. We first establish an existence theorem of optimal solutions and then derive
necessary optimality conditions for this optimal control problem of a new type, where
the dynamics is governed by discontinuous differential inclusions with variable right-hand
sides. Our approach to necessary optimality conditions is based on the method of discrete
approximations and advanced tools of variational analysis and generalized differentiation.
The final results obtained are given in terms of the initial data of the controlled sweeping

process and are illustrated by nontrivial examples.
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1 Introduction and Problem Formulation

The sweeping, or Moreau, process was introduced in the 1970s by Jean-
Jacques Moreau as a tool for modeling elastoplastic mechanical systems (see,
e.g., [14] with the references to Moreau’s earlier work) and later has become
an active research topic of its own interest; we refer the reader to [4, 10]
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and the bibliographies therein for more details and analysis. Originally the
sweeping process was formulated as an evolution inclusion in a Hilbert space
H. More precisely, let I be a real interval, and let ¢t = C(¢) be a Lipschitzian
set-valued mapping from [ into H with closed and convex values. Then the
sweeping process is described by the dissipative differential inclusion

{—a's(t) € N(z(t);C(t)) ae. tel,

(0) =o€ C(0), (1)

where N(-; ) stands as usual for the classical normal cone to a convex set
Q; see (2.5) with N(z; Q) = 0 for T ¢ Q. Moreau’s motivation for this termi-
nology came from the fact that x(t) could be interpreted, especially if C(t)
has nonempty interior, as the evolution of xy according to the displacement
of C(-). As written in [15], “the moving point ¢ — x(t) remains at rest as
long as it happens to lie in its interior; when caught up with the boundary
of the moving set, it can only proceed in an inward normal direction, as if
pushed by its boundary, as to go on belonging to C(¢).” The classical theory
of the sweeping process establishes the existence and uniqueness of a Lips-
chitz continuous trajectory; see, e.g., [14, §5] and the references therein. It is
worth mentioning that, from the theoretical viewpoint, the sweeping process
was one of the important motivations for further developing convex analysis
and the theory of differential inclusions.

Note that in mechanical applications (see, e.g., [14, §6.c]) the moving set
may be taken as a translation of a certain convex subset of a fixed subspace
of H. Furthermore, the well-known Skorokhod problem on the reflected
Brownian motion in stochastic analysis can be treated in fact as a version of
the sweeping process with a moving set that is a translation of a fixed convex
set. Other particular versions of the sweeping process over polyhedral moving
sets are studied in [8], where the reader can find more references and practical
applications different from those mentioned above.

The mathematical theory of the sweeping process has been developed in
the following main directions: perturbations of the dynamics allowing state
dependent moving sets, weakening the time regularity, and/or dropping the
convexity of the moving set; see more discussions and references in [4, 10].
To the best of our knowledge, in all the publications on the sweeping process
the moving set C(t) is given. On the other hand, it seems quite natural, from
both viewpoints of the theory and applications, to consider optimal control
problems for the sweeping process, where the moving set C(¢) is controlled by
some constrained functions to be chosen in order to minimize a given cost.
Our paper is devoted to a mathematical formulation and first analysis of this
apparently new topic.

Let us provide a more rigorous formulation of the optimal control problem
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studied in this paper. For simplicity we consider here only the case when the
moving set C(t) is controlled by one functional parameter via an inequality
constraint

Cu(t) :=={z € R"| u(t,x) <0}, te0,T], (1.2)

where the control u(t,x) belongs to a suitable class U of functions from
[0,7] x R™ to R that are convex in z; see below. When u(-) and hence C(+)
are fixed, it is well known from [14] that there is a unique sweeping trajectory
x,, corresponding to u via (1.1) with the moving set Cy(-) in (1.2). Given
a terminal /Mayer cost function ¢: R” — R := (—o0, co] and a running cost
£: R™ x R™ = R, consider the following optimal control problem:

T
minimize J[z]| := cp(:c(T))+/0 0(x(t), () dt, (1.3)

over trajectories x = x,, of (1.1) with the moving set C(t) = C,(t) generated
by controls u belonging to the prescribed class U.

It is important to emphasize that the formulated dynamic optimization
problem is mot an optimization problem over a differential inclusion of the
type & € F(t,z) well-studied in the framework of variational analysis and
control theory under Lipschitzian requirements on F'(t,-). Indeed, in our
case the velocity set F(t,z) = —N(x; C(t)) is mot fized, since the sweeping
set C(t) = C,(t) is different for each control u € &. Thus in (1.3) we optimize
in fact the shape of the set F'(¢,2), which somehow relates this problem to
dynamic shape optimization. Observe to this end that when C(t) is fixed in
(1.1), it does not make sense to formulate any optimization problem for the
differential inclusion

i€ F(t,xz):=—-N(z;C(t)), telo,T],

since the latter inclusion admits a unique solution for every initial point
Z(O) =29 € C(O)

In what follows we study the new dynamic optimization problem (1.1)-
(1.3) and its specifications by using advanced tools of variational analysis
and generalized differentiation. After presenting some background material
in Section 2 we devote Section 3 to establishing verifiable conditions for the
existence of optimal controls in the problem formulated above. The methods
and results developed in this direction are based on one hand on the classical
ideas of lower semicontinuity via convexity and coercivity, while on the other
hand they employ advanced techniques of variational convergence.

The remaining larger part of the paper is mainly devoted to deriving nec-
essary optimality conditions for problem (1.1)—(1.3), which is a much harder
task than the existence of optimal controls due to the reasons mentioned
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above. Although the methods developed in the paper work in more gener-
al settings, for definiteness and simplicity we concentrate here on the case
when the C(t) in (1.3) is a moving hyperplane. Note that this particular case
of the sweeping process occurs in many practical mechanical applications;
see [10, 14]. In this framework the controlled sweeping dynamics in (1.1) is
described by

i(t) € =N (z(t); C(t)) ae. t€[0,T], z(0) ==z € C(0)
with C(t) := {z € R"‘ (u(t), ) < b(t)} and (1.4)
lu®)] =1 ae. tel0,T],

where control actions u: [0,7] — R™ and b: [0, 7] — R are Lipschitz continu-
ous with Lipschitz constants L, > 0 and L; > 0, respectively, and where the
corresponding trajectories x: [0,7] — R™ are absolutely continuous. By us-
ing the normal cone construction in convex analysis (2.5), we can equivalently
rewrite the differential inclusion in (1.4) as

(t) € F(z(t), u(t),b(t)), =(0)= o,
where the velocity mapping F': R™ x R™ x R = R" is fixed being given by

{z] (z,2 —v) <0 Vv st. (u,v) <b} if (u,z) <D,

F(z,u,b) := { 0 (1.5)

otherwise.
Denoting further y := (x,u,b) € R?"*+1 we arrive at the differential inclusion
y(t) € G(y(t)) == F(x(t),u(t),b(t)) x R" x R (1.6)

with F' defined in (1.5). Observe that the mapping G in (1.6) is not Lipschitz
continuous and also does not satisfy similar properties of the Lipschitz type
(sub-Lipschitz, Lipschitz-like, pseudo-Lipschitz, Aubin continuous) that have
been used in optimization problems for differential inclusions; see [3, 7, 9,
13, 19] and the references therein. In fact, the mapping G above is even
discontinuous. On the other hand, G satisfies (due to the dissipativity of F')
the one-sided Lipschitz (OSL) property in the following sense: there is L € R
such that

(y1 — y2,21 — 22) < L||y1 — yQH2 for all z; € G(y;) and y;, i=1,2.
(1.7)
To study the above optimal control problem, we develop the method of
discrete approzimations employed in [11, 13] to derive necessary optimality
conditions for Lipschitzian differential inclusions. Note that the convergence
of discrete approximations (but not optimality conditions) was established
in [5] for OSL differential inclusions under some additional assumptions that
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are not satisfied in the framework of (1.6). In particular, the assumptions of
[5] imply the continuity of G, which does not follow from (1.7).

In this paper we follow the discrete approximating scheme of [11] and, by
taking into account a particular structure of the mapping G in (1.6), justify
the strong convergence (in the W1P-norm as p > 1) of optimal solutions for
discrete approximations of the continuous-time problem under consideration
to its given optimal trajectory. Then we derive necessary optimality condi-
tions for the discrete-time problems by using appropriate constructions and
techniques of generalized differentiation. The results derived for the discrete
problems are expressed in terms of the coderivative of the mapping F in (1.5),
which is fully calculated in the paper via the initial data of the controlled
sweeping process (1.4). It allows us to pass to the limit in the necessary
optimality conditions for discrete approximations and establish in this way
constructive necessary conditions for the original optimal control problem
of the sweeping process. The results obtained are illustrated by nontriv-
ial examples, where the derived optimality conditions allow us to explicitly
determine optimal solutions.

The rest of the paper (after Section 3) is organized as follows. In Section 4
we justify the possibility of reducing the original unbounded differential in-
clusion in (1.4) to a bounded one under uniform Lipschitzian requirements
on control functions; this is widely employed in the sequel. Section 5 deals
with calculating the coderivative for a broad class of normal cone mappings
that appear, in particular, in necessary optimality conditions for discrete ap-
proximations. These coderivative calculations are certainly of independent
interest for general variational analysis as well as for other applications.

In Section 6 we construct well-posed discrete approximations of the con-
trolled sweeping process and establish their strong convergence to optimal
solutions of (1.3)—(1.4). Finally, Section 7 contains the derivation of nec-
essary optimality conditions for discrete approximations and then for the
original continuous-time problem by passing to the limit with the vanishing
step of discretization with employing the coderivative calculations. Illustra-
tive examples conclude the paper.

2 Tools of Generalized Differentiation

In this section we present some basic definitions and preliminaries on gen-
eralized differentiation in variational analysis, which are widely used in the
formulations and proofs of the major results. We mainly follow the book [12]
and also refer the reader to [2, 13, 16, 17] for related and additional materials.
Our notation is standard in variational analysis; see, e.g., [12]. Recall that,
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for a set-valued mapping F': R™ = R™, the collection

Lim sup F'(x) := {y € Rm‘ 3 sequences xp — T, yp — y such that

T—T
yk € Flag) forall ke N:={1,2..}}
(2.1)
is known as the Kuratowski-Painlevé outer/upper limit of F at T. We mention
also that IB stands for the closed unit ball in the space in question, that
B(z,r) denoted the closed ball centered at x with radius » > 0, and that
the symbols “co” and “cone” signify the convex and conic hulls of a set,
respectively.
Given a subset 2 C R" locally closed around z € 2, the Bouligand-Severi
tangent/contingent cone to Q at Z is defined by
Q—-z

T(z; ) := Limsup
£10

(2.2)

Then the Fréchet/regular normal cone to 2 at T can be equivalently defined
by

~ . al 1 (v, — )
. — . — <
Nz Q) :=T"(%;Q) {v eR ’ 111:5;1}2) i a1 0}, (2.3)

where the notation A* stands for the dual/polar operation applied to a set
A C R ie, A" :={v € R"| (v,u) <0 forall u € A}, and where the
symbol “z % 7 means that ©+ — & with 2 € Q. The equivalently defined
limiting construction

N(z;Q) := Limsup N (z; Q) = Limsup {cone[z — I(z; Q)] } (2.4)
acﬁm’c o

is known as the Mordukhovich/limiting normal cone to Q at T, where II(x; Q)

stands for the Euclidean projection of x onto 2. When the set € is convex,

both normal cones (2.3) and (2.4) reduce to the normal cone of convex anal-

ysis
N(#;Q) = N(@;Q) = {v e R"| (v,x — ) <0 for all z e Q} (2.5)

while, in contrast to (2.3), the limiting normal cone (2.4) is generally non-
convex for simple nonconvex sets, e.g., in both cases of Q := {(z1,22) €
R?| 2o = |21]} and Q = {(x1,72) € R?| x5 > —|x1]}. Nevertheless, in
contrast to (2.3), the limiting normal cone (2.4) and the corresponding sub-
differential and coderivative constructions for extended-real-valued functions
and set-valued mappings, respectively, satisfy comprehensive calculus rules
based on the variational/extremal principles of variational analysis. Recall
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that the subdifferential of ¢: R™ — R at Z with ¢(Z) < oo generated by (2.4)
is given by

dp(z) = {z € R"| (v, —1) € N((Z,(7));epip) } (2.6)
and the corresponding coderivative of F': R™ = R™ at (Z,y) € gph F is
D*F(z,g)(w) = {v € R"| (v, ~u) € N((z,7);gph F)}, weR™, (27)

where epi := {(z, 1) € R""| > ¢(z)} and gph F := {(z,y) € R"T™| y €
F(z)}. We refer the reader to [12, 16] for more details and equivalent repre-
sentations of (2.6) and (2.7).

3 Existence of Optimal Controls

In this section we establish the existence of solutions to the optimal control
problem (1.1)—(1.3) for the sweeping process under appropriate assumptions
on the initial data. Let us first describe in more details the set U of feasible
controls to (1.1)—(1.3).

Given a time interval [0,7], a point zy € R"™, constants L > 0 and
n < 0, and a real function ¢, 15 : [0,00) — R satisfying the growth/coercivity
conditions

p—+00

we define the control set U by

U:= {u: [0,T] x R™ — R such that
a) u(-,x) is L-Lipschitz for all z € R",
b

) wu(t,-) is convex for all t € [0,T],
c)

W (Jz) < ult,z) < o(||lz]]) forall t €[0,7] and x € R",
d) there is a constant M > 0 with the property that for all
t € [0,T] there exists z; € R™ such that

(
(
(
(

u(t,z) <n and ||z — zo| < M}.

Let us prove the compactness of the set of feasible controls in a suitable
topology.

Proposition 3.1 (compactness of feasible controls). The control set
U defined above is compact in the topology of the uniform convergence on
compact subsets of [0,T] x R™.
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Proof. Let {K,,| m € N} be a nested sequence of closed balls covering R™.
By conditions (b) and (c¢) in the definition of the control set U for each m € IN
there is constant Ly, > 0 such that for every u € U the function z — u(t, z) is
L,,-Lipschitzian on K, whenever ¢t € [0,T]. By (a) and the above remark we
can use the Arzela-Ascoli theorem, which yields that for each m a subsequence
{uf’| k¥ € N} uniformly converges on [0,7] x K,,. Employing the diagonal
process, we find a subsequence {u,, } uniformly converging on every compact
subset of [0, 7] x R™ to some function u. Our intention is to show that u € U.

It is easy to observe that wu(-,z) is Lipschitz continuous on [0,7] with
constant L for all z € R”, that u(¢,-) is convex on R™ for all ¢ € [0,T], and
that w(t,x) > ¥(||z]|) for all (¢,z) € [0,T] x R™. Thus properties (a), (b),
and (c¢) in the definition of U are satisfied. To justify the remaining property
(d), pick any ¢ € [0,7] and m € N and then select x}* € B(xo, M) with
um (t,2F") < n. By taking a converging subsequence for each t € [0,T], we
find a point z; such that u(t,z;) < 1. Therefore u € U, which justifies (d)
and completes the proof of the proposition. A

The next proposition summarizes the main properties of the set C, in
(1.2) defined for any feasible control u € U.

Proposition 3.2 (properties of moving controlled sets). Let u € U,
and let Cy,(t) be the corresponding moving set defined in (1.2). Then we have
the following:

(C1) Cy(t) is nonempty, compact, and convex for all t € [0,T)].
(C2) There is R > 0 depending only on v and such that
Cu(t) C Bz, R) for all t €0,T].
The latter implies, whenever u € U, that

Cu(t) C B(zo,M + R) for all t €0,T].

(C3) For eacht € [0,T] and each x € Cy(t) with u(t,z) = 0 the normal cone
to C,(t) at x is represented by

N(z;Cy(t) = RYOu(t, ),

where RY := [0,00), and where d,u(t,z) stands for the subdifferential
of convex analysis of u(t,-) taken at the point x € C,(t).

(C4) There is a constant L' > 0 depending only on L, T, R, M,n and such
that for all u € U the set-valued mapping t = C,(t) is Lipschitz con-
tinuous on [0, T] with constant L'.
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Proof. Properties (C1) and (C2) are immediate consequences of conditions
(b), (¢), and (d) in the definition of & and of the growth assumption (3.1).
Property (C3) follows from the convexity of w(t,-) due to, e.g., [16, Theo-
rem 6.14]. It remains to justify property (C4).

To proceed, observe first that the set-valued mapping ¢t = epi(u(t,-)) is
Lipschitz continuous on [0, 7] with constant L by property (a) in the defini-
tion of U. Indeed, letting € R™ and £ > u(t,x), we get

d((z,8),epiu(s,*)) < Ju(t,z) —u(s,z)| < L|t — s| for all ¢, s € [0,T].
Fix now z € C,(t) and ¢, s € [0,T], and let (Z,u(s,Z)) be a unique projection
of (z,u(t,x)) onto the convex set epi(u(s,-)). Observe that

17 = @[l + |u(s, ) — u(t,z)| < V2L[s — 1],
which gives in turn that
|Z — x| < V2L|s —t]. (3.2)
Recalling that u(t,z) < 0, the latter yields
u(s, ) < V2L|s — t. (3.3)

If u(s,z) <0, then T € Cy(s) and we are done. Otherwise, employing (C2)
and property (d) from the definition of U gives us

u(s@} — u(s, xy) > —n > -7 (3.4)
w27 o] 2 VAT RT 20
due to |Z — zs|| < ||z — x¢]| + ||zt — zs||- By the continuity of wu(s,-) there
is a point Zs in the segment joining Z and x5 such that u(s,Zs) = 0, i.e.,
Zs € Cy(s). The convexity of u(s,-) and property (3.4) imply the estimates
u(s, ) —u(s,Ts) _ u(s,T) — u(s,xs) —n
lz—z  —  lz-=l T V2LT+R+2M’

On the other hand, it follows from (3.3) that

u(s, Z) —u(s, Ts) = u(s, z) < V2L|s — t],

which allows us to arrive at the final estimate

(V2LT + R+ 2M)V/2
—-n

Combining the latter with (3.2) concludes the proof of the proposition. A

L
[z -z, < [t — s|.

Proposition 3.2 together with the classical theory of the sweeping process
(see, e.g., [10]) implies that for every u € U the Cauchy problem

{;'c(t) € —N(z(t); Cu(t)), (3.5)
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admits a unique solution z,,: [0,7] — R™, which is Lipschitz continuous with
constant L'.

Now we are ready to establish the existence of optimal controls in problem
(1.1)—(1.3) under consideration, which is the main result of this section.

Theorem 3.3 (existence of optimal controls for the sweeping pro-
cess). In addition to properties (a)—(d) of the feasible control set U, suppose
that both terminal cost p: R™ — R and running cost £: R x R™ — R in (1.3)
are proper and lower semicontinuous extended-real-valued functions, that ¢ is
bounded from below on bounded sets, and that £(x,-) is convex for all x € R™.
Then the optimal control problem (1.1)~(1.3) admits a solution.

Proof. Having in hand the constants M and R from the definition of &/ and
from Proposition 3.2, respectively, denote @ := B(xzo, M + R) and consider
a minimizing sequence {u,,| m € N} C U for problem (1.1)-(1.3). By con-
struction we have that the corresponding trajectories x,, of (3.5) take values
in @ for all m € N and ¢t € [0,T]. The compactness of i from Proposition 3.1
allows us to select a subsequence of {u,,} (without relabeling), which uni-
formly on [0,T] x @ converge to some & € U. Moreover, it follows from the
above and the Newton-Leibniz formula that the corresponding trajectories
Ty, = Ty of of (3.5) converges weakly in WH1(0,T;R") to some . Em-
ploying the standard semicontinuity results (see, e.g., [1, Theorem 13.1.1]
and its proof), we conclude that

J[z] < liminf J[x,,]

m—r o0

for the Bolza functional (1.3) under the assumptions made. To prove that =
is a global minimizer for (1.1)—(1.3), it remains to show that Z is a solution
to the Cauchy problem (3.5) generated by the control u = @.

To proceed, fix t € [0,T] such that the derivatives i, (t) as m € IN and
z(t) exist and a sequence of convex combinations of &, (t) converges to &(t);
the latter is possible due the classical Mazur theorem on weak closure and due
to the fact that the strong convergence of a sequence in L'(0,T;R") implies
the a.e. convergence of a subsequence. It follows from [16, Theorem 7.17]
that the control sequence un,(t,-) converges epigraphically to @(¢,-) on Q.
By Attouch’s theorem (see, e.g., [16, Theorem 12.35]), the subdifferentials
Ozum (t, ) converge graphically to 9,a(t,-) on Q. Finally, [16, Theorem 5.37]
ensures that z(t) € —N(Z(t); Cy(t)), which thus concludes the proof of this
theorem. A
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4 Reduction to Bounded Differential Inclusion

An underlying feature of the sweeping differential inclusion (1.1) and its
specification in (1.4) is the intrinsic unboundedness of the right-hand side.
However, known results in the theory and applications of differential inclu-
sions deal with either bounded ones or with special Lipschitzian kinds of
unboundedness, which is not the case of the set C(t) and the differential
inclusion in (1.4). On the other hand, it is proved by Thibault [18] that
the unbounded differential inclusion of the sweeping process (1.1) can be re-
duced to a bounded one, by replacing the normal cone in (1.1) by the scaled
subdifferential of the distance function, provided that the moving set C(¢) is
Lipschitz continuous (or, more generally, absolutely continuous with respect
to the Hausdorff' distance). Neither of these assumptions holds for the set
C(t) in (1.4).

In this section we show, by exploiting a special structure of the control
sweeping process in (1.4), that the differential inclusion therein can be equiv-
alently reduced to the bounded one of Thibault’s type provided that feasible
controls in (1.4) are uniformly Lipschitzian, i.e., their Lipschitz constants are
are uniformly bounded.

Theorem 4.1 (uniform boundedness). Assume that the Lipschitz con-
stants of all the b-controls in (1.4) are uniformly bounded by some number
Ly € (0,00) and that Lipschitz constants of all the w-controls therein are
uniformly bounded by some L, € (0,00). Then there is a number M > 0
depending only on ||xol|, Ly, and L, such that

|z(t)] < M ae. te0,T] (4.1)
for all feasible trajectories of (1.4), and hence
lz@®)| < ||zol| + MT whenever t € [0,T]. (4.2)
Proof. Using the notation
K(t) == {x e R"| (u(t),z(t)) <0} and v(t) := b(t)u(t),
we can write the moving set C(¢) in the form
Ct) = K(t) + v(t),
Suppose without loss of generality that b(0) = (u(0), zo) and get the estimate

1blloc < o] + LoT.
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Hence the function v is Lipschitz continuous with Lipschitz constant
L:= Ly + (||zol| + LsT) L.

Denoting by m¢(z) a unique projection of x into the closed and convex
set C, consider the following discretization algorithm:

e For m € N and tin =1iT/m as 0 < i < m, we first set

m
Tk = mo@) (o) and x;,(t) := 20 + ?t(xin - xo), teo,tl].

e Then set inductively
i , i—1 o i—1,m i—1 i i—1
Ty, = Towi ) (T, ) and zp(t) = 2,7 + T t—to ) (@, — i),

for t € [ti-1 ¢l ].

m 2'm

Denoting further y!, := T (2 )+v(t3;1)}(mf;1) formeNand1<i<m,

m

observe that

) . . .. L., T - o L, T
Ik — i < it — ol I = i = ()
(since the projection into a subspace decreases the norm)
. . L.T L.T
<l — ot == <. < lwo — v(0)]] ;L

and thus the estimates

L,T
o

i i i i T i i— LT
25 =yl < lo(th,)—v(t Il < L—, 273 =2 | < ——Hllzo—v(0)l]

The latter ensures that each wx,,(-) is Lipschitz continuous with Lipschitz
constant

M = L+ ||zo — v(0)|| L. (4.3)

Since x,, converges uniformly to a unique solution of (1.4) by standard results
on the catching up algorithm (see, e.g., [15]), we conclude that for every
moving half space C(t) the solution of (1.4) is Lipschitz continuous with the
Lipschitz constant given by (4.3). A

The reduction obtained above is crucial in justifying the convergence of
discrete approximations and deriving necessary optimality conditions for the
optimal control problem of the sweeping process given in Section 6 and Sec-
tion 7, respectively. The next proposition important in what follows shows
how such a truncation affects the coderivatives (2.7) of set-valued mappings
that appear in the derivation of necessary optimality conditions.
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Proposition 4.2 (coderivatives under truncation). Let F: R" = R™
be a set-valued mapping of closed graph, and let Fy: R™ = R™ be defined by

Fi(z):=F(x)NnB, x€cR". (4.4)

Take any pairs (Z,y) € gph F1 and v € D*F1(Z, 5)(u) and assume that 0 ¢
D*F(z,9)(g) if |yl = 1. Then there is a number t > 0 such that

v € D*F(Z,9)(u + tg). (4.5)
Proof. By the above definitions we have
(v,—u) € N((:Z‘,gj);gphFl) and gph F; = gph F' x (R" x IB).

It is well known that the normal cone to the closed unit ball IB C R™ at
g € B with ||g|| = 1 is computed by

N(y; B) = {ty* € Rm’ t>0, |lyl=1, (¥, 9) = 1}.
On the other hand, we have for the Euclidean norm under consideration that
ly* =9l = (" y") + 5,9 — 2", 9) = 0,
i.e., y* =y, and we can identify N(g;B) = {ty| t > 0}. Thus

{(0,0)} if gl < 1.
{(0,tg)[ t =0} if [|y]] = 1.

By the assumption of 0 ¢ D*F(z,§)(gy) for ||| = 1 we have
N((z,9);gph F) N [ = N((z,5);R" x B)] = {(0,0)}.

Applying the intersection rule for limiting normals (see, e.g., [12, Corol-

N((z,9);R" x B) = {

lary 3.5]) gives us
N((z,y);gph F1) = N((z,5);gph F) + N((z,5); R" x BB),

and so there is ¢ > 0 such that (v, —u) — (0,ty) € N((Z,9),gph F), which
amounts to (4.5) and completes the proof the proposition.

5 Calculating Coderivatives of Normal Cone
Mappings

This section in entirely devoted to computing the coderivative (2.7) of the
normal cone multifunction F': R” x R™ x R = R" defined by

F(z,u,b) := —N(x;C(u,b)) with C(u,b) := {y € R"’ (u,y) < b}. (5.1)
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Note that coderivatives of normal cone mappings accumulate some second-
order information about the processes under consideration and play a sig-
nificant role in many aspects of variational analysis, optimization, and con-
trol. We refer the reader to [6] and bibliographies therein for calculations
of coderivatives of normal cone mappings generated by convex polyhedra as
well as for more discussions, and applications. To the best of our knowledge,
nothing has been done for calculating coderivatives of more involved map-
pings (5.1), which is provided in this paper. Our motivation for this issue
comes from applications to optimal control of the sweeping process while the
results obtained are certainly of their own interest with potential applications
to other variational topics.

As mentioned in Section 1, by definition of the normal cone in convex
analysis the mapping F in (5.1) can be represented in the explicit form (1.5).
Furthermore, denoting

R{u} := {u| A € R}, Ryfu}:={Iu| A >0}, and R_{u} := {\u| A <0},
we have the following representation of (5.1):

R_{u} if (u,z) =0,
F(z,u,b) =¢ 0 if {(u,z) <b, (5.2)
0 if (u,x)>b

for every b € R and every 0 # u € R™. It follows from (5.2) that gph F =
Ay U Ay around any point (x,u, b, z) € gph F' with u # 0, where
Ay = {(z,u,b,2)| (u,z) <b, z=0} and (5.3)
Ag = {(z,u,b,2)| (u,z) =b, IN<0 with z=Au}. (5.4)
It is obvious that the set A; is closed. To check the closedness for Ag in (5.4),
take sequences (ug, zx) — (u,2) and A\, < 0 with 2z = A\pug as k — oo and
show that z = Au for some A < 0. Indeed, by u # 0 we get that u® £ 0
for at least one fixed component ¢ € {1,...,n}. Thus u,(;) #0forall ke IN
sufficiently large, and so 0 > A\ = z,(j)/u,(j) — z(i)/u(i) < 0. Then it follows
from z, = A\pug as k — oo that z = \u with A := 2 /49,
Now we proceed, step by step based on the definitions in Section 2, with
computing the coderivative of F' in terms of the initial data of the sweeping
process. Let us start with computing the contingent cone (2.2) to the set Ay

and then to As. For convenience in this section we use notation T} (+) instead
of T(-; A), etc.

Proposition 5.1 (calculating the contingent cone to A;). Let

(z,1,b,2) € Ay
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with @ # 0 in (5.3). Then we have the expression

R” x R"® x R x {0} if (u,z) <b,

TA1($=U7va):{ {(h,p,1,0}| (@,h) + (z,p) <1} if (u,z)=".

Proof. The case of (&, :Z’>7< b is obvious. In the other case of (u,7) = b it is
easy to see that Ty, (Z,4,b, Z) = Te(T, @, b) x {0}, where
O = {(z,u,b)| (u,z) <b}.
Since the gradient of the function (u,z) — b is not zero at (%, ,b), we get
To(z,u,b) = {(h,p,1}| (u,h)+ (z,p) <1}

and thus arrive at the claimed formula (5.5). A
Proposition 5.2 (calculating the contingent cone to Ay). Let

(Z,1,b,2) € Ay
with @ # 0 in (5.4). Then we have

Th, (%, 1,b,2) =

{ {(h,p,l,m}| (w,h) + (z,p) =1, \p—m € R{u}} if z+#0,
{(h,p,l,m}| (@,h) + (z,p) =1, m € R_{u}} if z=0,

where the multiplier A < 0 is uniquely defined by Z = Au.

(5.6)

Proof. It follows from definition (2.2) of the contingent cone that
Ta,(Z,1,b,2) = {(h,p,l,m}| Ftx L 0, 3 (hg, pi, Lk, mi) = (h,p,1,m) s.t.
(% + tphy, U+ tipr, b+ trly, 2 + timy) € Ag} for all k € IN,
which by the definition of Ay in (5.4) amounts to
Ta, (%,u,b,2) = {(h,p,l,m}| Itx L0, 3 (hi, iy lis mue) — (B, p,1,m),

I <0 s.t. <ﬂ+tkpk,:f+tkhk> = B+tklk, ZHtgmy = /\k(a+tkpk)}~

(5.7)

Dividing by t; and passing to the limit in (5.7) as k — oo, we get (@, h) +
(Z,p) = 1. Observing further that

U+tepr >0 #0, Z+tgmg — Z,

it follows similarly to the above argument that A\, — A < 0. In particular,
z = Au and thus A < 0 if Z # 0. It also follows from (5.7) that

t (N = M\p)i@ = A\gpr —my, for all k€ IN.
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Since @ # 0 and Agpy — mp — Ap — m, we get that t,:l(A — k) — v for
some v € R. Thus ya = Ap —m. If Z = 0, then A = 0 and therefore
t,;l(—)\k) — 7 >0 by Ax <0). Summarizing all the above, we arrive at the
inclusion “C” in (5.6).

Next let us justify the reverse inclusion in (5.6) considering first the case
of Z # 0. In this case z = Au with some A\ < 0. Take h,p,l,m such that
Ap —m € R{a} and

(w,h) +(z,p) = L. (5.8)
In particular, we get Ap —m = & for some v € R. Putting
ty =k,
A= A=k,
hi := (A Ak)h,
Pk = (A Ak)p;

I i= (N X)L+ B pr, hi),
my :=m for all k€ IV,

observe that ¢ | 0, Ay = A (hence A\ < 0 for sufficiently large k € IN) and
that (hg, pr, lk, mg) — (h,p,1,m) as k — co. It follows furthermore that

Z4tpmy = Mi+k7im = M+ kT Op—va) = M+ kT Ao = Me(G@+tpr),
which implies by using (5.8) the relationships

(@ + tipr, T + tehi) = b+ k™ HT, pr) + k7@, hy) + k7 (b, pr)
= b+ k7 (/M) (@, p) + (@, h) + k2 By, pre)
= b+ k' O+ k2 (e, pr)
=b+tl, forall ke IN.

This shows that (h,p,l,m) € Th,(%,1,b, %) via (5.7) and thus justifies the
claimed reverse inclusion “>” in (5.6) in the case of z # 0.

In the remaining case of z = 0, take h,p,l, m such that m € R_{a} and
that (5.8) holds. Then m = ~a for some v < 0. Putting further

ty = k7L,
A=k,
hi = h,

pr =D,

lk ::l+k71<pk,hk>,
myg :=m+ Agp for all k€ IN,
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observe that tx | 0, \x — 0, \p < 0, and (hg, pk, Ik, mx) — (h,p,l,m) as
k — oco. Moreover

Z+ tymy, = k™ (m 4 Agp) = k71 (v + Mp) = Ak (@ + tipr)
and, exploiting again the additional relation (5.8), we arrive at

(+ tep, @ + tihg) = b+ k™1 (@, pr) + k7 @ he) + k7% (i, )
=b+ k7 + k% (pr, hy)
=0b+tl, forall ke IN.

It shows that (h,p,l,m) € Th,(Z,1,b,2) via (5.7), and thus the inclusion
“C” in (5.6) holds also in the case of Z = 0. This completes the proof of the
proposition. A

Now we are ready to compute the contingent cone to the graph of the
original set-valued mapping (5.1) arising in the sweeping process.

Proposition 5.3 (calculating the contingent cone to the graph of
F). Take any (%, 1,b,2) € gph F from the graph of F in (5.1). The following
assertions hold:

(i) If (u,z) < b, then

TgphF(fc,a,B,Z) = {(h,p,l,m)‘ m= 0}.
(ii) If (4, Z) = b and z # 0, then
Typh ¢(@,@.6,2) = {(h,p,l,m)| (a,h) +(z,p) =1, A\p —m € R{u}},
where A < 0 is uniquely defined by Z = M.
(iii) If (u,7) = b and z = 0, then
TgphF(77a75u 2) = {(hvpalvm}’ [m = 07 <7:Lu h‘> + <(f7p> S l]
or [(@,h) + (z,p) =1, m e R_{a}]}.

Proof. Recall that due to representation (5.1) of the mapping F' we have
gph F' = A U Ay, and this set is closed around the reference point as follows
from the arguments above. In case (i) we easily get Th,un,(Z,%,b,2) =
Ta, (%,1,b, %), and the result follows from Proposition 5.1. In case (ii) we
similarly have Ty, ua, (%,,b, 2) = Ta,(%,1,b, %), where A\ < 0 due to @ # 0
and Z # 0 in this case. Then the result follows from Proposition 5.2. Finally,
in case (iii) we have

TA1UA2(77Q757 2) = TA1(77ﬁ757 2) U TA2 (i,ﬂ, 5» 2)7
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and thus it is a combination of Proposition 5.1 and Proposition 5.2. VAN

Next we compute the reqular normal cone (2.3) to the graph of F' by using
the polarity/duality correspondence with the contingent cone computed in
Proposition 5.3. Taking into account this duality we use the x-notation for

normal vectors.

Proposition 5.4 (calculating the regular normal cone to the graph
of F). Given any (z,1,b, z) € gph F' for the normal cone mapping (5.1), the
following assertions hold:

(i) If (u,z) < b, then

(h*,p*,1*) = (0,0,0)}.

{(n*,p*, 1", m*)| (h*,p* + Am*,I*) € R{(w,z,-1)}, (m*,u) = 0},

where the multiplier A < 0 is uniquely defined by Z = \u.
(iii) If (u,7) = b and z = 0, then

{(h*vp*al*am*)

Proof. The first assertion is obvious. To justify (ii), we use the polar
representation of N via the contingent cone 7. Taking into account that

nghF(ﬁc, U,b,2) = NA2 (Z,1,b, Z) in this case gives the expression
nghF(_,ﬂ,B, 2) :{(h*,p*,l*,m*)| <h*a h> + <p*7p> + <l*al> + <m*7m> <0

Vh,p,l,m st. (u,h)+{(ZT,p)=1, \p—m € R{a}}
Let (h*,p*,1*,m*) € nghF(f,ﬂ7B, %) = Na,(Z,4,b,%). Then
(b, h) +(p*,p) + (I", 1) + (m", Ap —y&) <0
for all h,p,l such that (@, h) + (T,p) =1 Vy € R.
Putting h = p =1 = 0 here gives us (m*, —ya) < 0 for all v € R, which

implies that (m*,4) = 0. Then the above relationship reads as

(h*,h) + (p* + dm™,p) + (I",1) <0 for all h,p,l with (a,h)+ (Z,p) =1.
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Since @ # 0, the set {(h, p,1)|{(a, h) + (Z,p) = I} describes a closed hyperplane
whose negative polar is R{(@,Z, —1)}. Hence we get

(h*,p* + dm*, ") € R{(w,z,—1)} forall (h*,p*,I",m*)¢€ JVAQ(E,TL,Z, zZ).
Conversely, choose any (h*,p*,l*, m*) satisfying
(h*,p* + 2m™*,1*) e R{(a,z,-1)}

and such that (m*,u) = 0 holds. Picking an arbitrary element (h,p,l,m) €
T, (Z,u,b,2), we have (i, h) + (Z,p) = | with \p —m € R{u}. Hence
Ap — m = ~u for some v € R and (h*,p* + Am*,l*) = u(a,x,—1) for some
u € R; therefore

(h*,h) + (p",p) + (I",1) + (m*,m)
= (h*,h) + (p* + Im*,p) + (I", 1) — y(m™, u)
= n((u, h) + (z,p) —1) = 0.

The latter implies that (h*, p*,I*,m*) € ]VAQ(_, @, b, ), which justifies asser-
tion (ii).

To prove (iii), recall that ]\AfgphF(:Z',ﬂ, b,%Z) = Na,un,(Z,1,b,%) in this
case and that the dual of a set union equals to the intersection of the duals.
Thus

={(h*p" 1" ,m*) | (h*, h) + (p*,p) + (I", 1) + (m*, m) <0
Vh,p,l,m st. m =0 and <ﬂ,h)+<i,p>§l}ﬂ
{(h*p", U5, m™) | (B h) + (p*, p) + (1", 1) + (m*,m) <0
Vh,p,l,m with (@,h)+ (z,p) =1, m € R_{u}}.

To calculate the first of the duals above, take (h*,p*,I*, m*) satisfying
(h*,h) + (p*,p) + (I",1) + (m",m) <0

for all h,p,l,m with m = 0, (@,h) + (Z,p) <l and thus arrive at the rela-
tionship

(h*,h) +(p",p) +(I",1) <0 forall h,p,l with (u,h)+(z,p) <I.

The set {(h,p,1)|{a, h)+(Z,p) <1} describes a closed halfspace whose dual is
Ry{(a,z,—1)}. Hence the first dual is contained in the set R {(a,z, —1)} x
R™.
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Conversely, pick (h*,p*,1*,m*) € Ry {(a,z,—1)} x R™ and (h,p,l,m)
such that m = 0 and (@, h) + (Z,p) < I. Then (h*,p*,l1*) = p(a,z, —1) for
some p > 0, and so

(" 1)+ (7, p) + (1) + (m*, m) = (0%, h) + (", p) + (I, 1)
— (@, h) + (@ p) — 1) < 0.

This shows that the first dual above coincides with the set R {(@, &, —1)} x
R™.

It remains to calculate the second dual above. To proceed, take h*, p*, [*
and m™* such that

<h‘*vh> + <p*7p> + <l*vl> + <m*vm> <0

for all h,p,l,m such that (@, h) + (Z,p) =1 and m € R_{a}, which is
equivalent to the relationship

(h*h) + (p*, p) + (", 1) +~v(m",u) <0

for all v € R_ and for all h,p,l s.t. {(a,h)+ (z,p) =1
Putting h = p = | = 0, we derive from here that (m*, @) > 0. Putting
further v = 0, the relationship above implies also that

(h*,h) + (p*,p) + (*,1) <0 Vh,p,l st. {(u,h)+(z,p)=1

Arguing similarly to the previous case gives us (h*,p*,1*) € R{(u,z,—1)},
which means that the second dual under consideration is contained in the set
R{(a,z,-1)} x {m*|(m*,a) > 0}.

Conversely, for (h*, p*,1*, m*) belonging to the latter set and for (h, p, 1, m)
with (@, h) + (Z,p) =1 and m € R_{ua} we get (h*,p*,*) = u(a,z,—1) with
some u € R and v € R_ such that m = ~vu. This gives therefore that

<h*7h> + <p*7p> + <l*7l> + <m*7m> = <h*7h> + <p*,p> + <l*7l> + ~y<m*,ﬁ>
< (A% h) + (p*,p) + (I, 1)
= p((u, h) +(2,p) = 1) =0,

which shows that the second dual coincides with the set R{(u,z,—1)} X
{m*|(m*,a) > 0}. Intersection of this set with the set R;{(@,Z)} x R"
yields the asserted formula in the third case and thus completes the proof of
the proposition. A

Passing to the limit from regular normals, we calculate next the limiting
normal cone (2.4) to the graph of the normal cone mapping (5.1).
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Proposition 5.5 (calculating the limiting normal cone to the graph
of F). Let (z,1,b,2) € gph F belong to the graph of F in (5.1). The following
assertions hold:

(i) If (u,z) < b, then

N,

gphF(ivﬂaag) = {(h*,p*,l*,m*)| (R, p*,1") = (07070)}‘

(ii) If (u,Z) = b and z # 0, then
{(h*7p*,l*,m*) (h*,p" + 2m™, 1) e R{(q,z,-1)}, (m*,a) = 0},

where A < 0 is uniquely defined by zZ = A\u.
(iii) If (u,Z) = b and z = 0, then

Neph r(

z,u,b,2) = {(h*,p*,l*,m*)’ [h* =p'=0"= 0} or

[(h*,p",1") € R{(4,z,—1)} and (m*,u)=0], or

[(h*,p",1") e Ri{(a,z,—1)} and (m*,u)>0]}.
Proof. It follows from the explicit formula (5.2) for the mapping F that in
the first two cases the limiting normal cone to the graph of F' agrees with the
regular one, and so assertions (i) and (ii) of this proposition reduce to those
in Proposition 5.4. In case (iii) we represent the limiting normal cone to the
graph of F' as

nghF(:E,a,B, Z) = Na,un, (Z,1,0,2=AUBUC

with the sets A, B, and C defined by

A = Limsup  Na,up, (z,u,b,2) =  Limsup  Na, (z,u,b,2)
(z,u,b,z)—(Z,a,b,0) (z,u,b,z)—(Z,a,b,0)
(z,u,b,z)EA]\Ag (z,u,b,z)ENA]\Ag

B = Limsup  Na,ua, (z,u,b,2) =  Limsup  Na, (z,u,b, 2)
(z,u,b,z)—(z,a,b,0) (z,u,b,2)—(Z,a,b,0)
(z,u,b,2) EAg\Aq (2,u,b,2)EAg\Aq

Cc = Limsup  Na,un, (z,u,b,2).

(z,u,b,z)—(Z,a,b,0)
(z,u,b,2) EALNAg

Let us calculate subsequently all the three sets A, B, and C. It immediately
follows from assertion (i) of Proposition 5.4 that

A= Ny, (z,u,b,2) = {(0,0,0)} x R™. (5.9)
Next we justify the formula

B ={(h*,p", 1", m")| (h*,p",1") € R{(1, 7, ~1)}, (m*, @) =0}.  (5.10)
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To proceed, pick any (h*,p*,l*,m*) € B and find by definition sequences
(T, uk, br, 2) — (Z,,6,0) and (B}, p}, 15, my) — (h*,p*, I*,m*) as k — oo
satisfying (ag, uk, bg, 2k) € A2\A1 and (hj,p;, 5, m)) € ]/\7,\2 (zk, up, b, 2k)
for all k € IN. By Proposition 5.4(ii) we have the relationships (mj, ux) =0
and

(P> Pk + Memp, 1) = pg(ug, 2k, —1), k€ IN,

with A\ < 0 uniquely defined by zr = A\yup and with some pup € R. As in
the proof of the closedness of Ay above, we get that A\, — A for some A < 0
uniquely defined by Z = Au. Since z; — 0, it follows that A = 0 and moreover
(m*, @) = 0. Next we see that ug(ug, zr, —1) = (h*,p*,1*). Hence pp — —I*
and so

prur — —U'u=h* and ppar — —1*z =p* as k — oo.
Consequently we arrive at
(h*,p*, ") = =" (u,z,-1) e R{(a,z,-1)},

which thus justifies the inclusion “C” of (5.10).
To prove the converse inclusion “2” in (5.10), let (h*,p*,1*, m*) be such
that (h*,p*,1*) € R{(4,Z,—1)} and (m*,u) = 0. Combining this with

(Z,u,b,—k~'a) € Ao\Ay, k€N,

gives us (Z,a,b, —k~'a) — (Z,4,b,0) as k — oo. It follows from Proposi-
tion 5.4(ii) that

(h*,p" +k~'m*, 1", m*) € Ny, (z,0,b,—k~'w), ke N.

Indeed, taking —k~! for A in Proposition 5.4(ii), we derive the claimed rela-
tionship from

(R*,p* + k7 m* + (=k~tm*),1*) = (h*,p*,1*) € R{(q,z,—1)}.
By the obvious convergence
(R, p* + k= m*, 1", m*) — (h*,p*,1*,m*) as k — oo

we arrive at (h*,p*,l*,m*) € B and thus get representation (5.10).
To justify assertion (iii), it remains to show that

¢ = {(h*ap*vl*am*)

(h*,p*,1*) e Re{(u,z,-1)}, (m*,u) > 0}. (5.11)

The proof of the inclusion “C” in (5.11) follows exactly the same lines as
the proof of the corresponding inclusion in (5.10). The converse inclusion in
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(5.11) is evident since the right-hand side of (5.11) equals Ny,ua, (Z, @, b, 0)
according to Proposition 5.4(iii). On the other hand, we have

Na,un, (2,4,b,0) € C

by definition of the set C' and due to (z,,b,0) € A; N Ay. Unifying the
above representations in AU B U C yields the claimed formula in case (iii)
and completes the proof of the proposition. A

Finally, we arrive at the main result of this section, which gives us ex-
act formulas for calculating the coderivative (2.7) of the normal cone map-
ping (5.1) and plays a significant role in the implementation of the method
of discrete approximations to derive necessary optimality conditions for the
controlled sweeping process (1.4) in the subsequent sections.

Theorem 5.6 (calculating the coderivative of the normal cone map-
ping). Let (Z,u,b,2) € gph F for the normal cone mapping (5.1). The
following assertions hold:

(i) If (u,z) < b, then

#
R{(a,z,—1)} — {(0, A\m*,0)} for (m*,u)=0,
0 for (m*,a)#0,

where A < 0 is uniquely defined by Z = .
(iii) If (@,Z) = b and Z = 0, then

) R{(a,z,—1)} for (m*,a) =0,
D*F(z,a,b,z)(m*) =¢ Ry {(@,z,—1)} for (m* @) <0,
{(0,0,0)} for (m*,u)>0.

Proof. It follows directly from definition (2.7) of the coderivative and the
calculation of the limiting normal cone (2.4) in Proposition 5.5. A

Now we consider the truncation of the normal cone mapping (5.1) defined

by
Fi(z,u,b) :== F(z,u,b) N B = —N(z;C(u,b)) N B (5.12)
with the controlled moving set C(u,b) = {y € R"| (u,y) < b}. The next

proposition calculates the coderivative of F} by using Theorem 5.6 and the
calculus result of Proposition 4.2.
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Proposition 5.7 (coderivative of the truncated mapping). Let
(7?17/7[3’ 2) € gphFl

for the truncated mapping (5.12). Then the coderivative of Fy is expressed
via the coderivative of F' in Theorem 5.6 as

e (T ey ) DFF(2,3,6,2) (m*) ifllzll <1,
D F1 (l’auybaz) (m ) - { Uf,ZO D*F (i’7ﬂ,l_), 2) (m* +t§) ’Lf HZH =1.
(5.13)

Proof. The formula in the case of ||Z]| < 1 in (5.13) is obvious, since in this
case the mapping Fj in (5.12) is not different locally from F. In the case of
|lz|l = 1 we apply Proposition 4.2 to our mapping F;, which has the structure
of (4.4). To proceed, let us check that the qualification condition

0¢ D*F(z,u,b,2)(2) if ||z =1 (5.14)

holds for the mapping F from (5.1). Indeed, we employ Theorem 5.6 in case
(ii), since the requirement ||z|| = 1 automatically yields that (u, %) = b. Thus
the negation of the qualification condition (5.14) reads in this case as

(ati,aZ — Az, —a) =0 if (z,a) =0 for some a €R (5.15)

with A < 0 satisfying z = Aa. It follows from (5.15) that Az = 0, which
contradicts the conditions A < 0 and z # 0. Finally, we employ formula
(4.5) from Proposition 4.2 that gives us the second expression in (5.13) and
completes the proof of the proposition. A

Thus the coderivative of Fj is calculated by the explicit formulas of The-
orem 5.6 if ||Z]| < 1. In the case of ||Z] = 1 in Proposition 5.7 we arrive at
the following formulas.

Corollary 5.8 (calculating the coderivative of the truncated map-
ping). Let (z,1,b,2) € gph Fy with ||Z|| = 1 in (5.12). Then we have

D*Fy(z,u,b, 2)(m")

{ ]g{(a,a?, -1} = {(0, A\(m* — A\(m*,w)u)) } z:f (m*,u) >0,

Kl
I

where the number A < 0 is uniquely defined by zZ = \.

Proof. As mentioned above, in the setting of ||Z|| = 1 we automatically have
(1, %) = b and thus case (ii) of Theorem 5.6 is applied. Observe first that

(m* +tz,u) = (m*,a) +¢/X forall ¢>0. (5.16)
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Since A < 0, the assumption (m*, @) < 0 yields that (m* + ¢z, @) < 0 for all
t > 0, and thus the combination of (5.13) with Theorem 5.6(ii) implies that
D*Fy (z,4,b,z) (m*) = 0. Under the other assumption of (m*,u) > 0 we
get from (5.16) that

(m* +1tz,0) =0<=t=—-A(m",a) > 0.

This implies in turn by (5.13) and Theorem 5.6(ii) that
D*Fy (z,u,b,z) (m*) = D*F(z,u,
= D*F(z,4,b,2) (m* — X* (m*,u) u)

= R{(a,z,—1)} — {(0, \(m* — X*(

which completes the proof of the corollary. A

Another useful consequence of Proposition 5.7 via Corollary 5.8 important
in the sequel is a full characterization of the kernel for D* Fy (Z,u, b, ) we get

next.

Corollary 5.9 (characterization of the coderivative kernel for the
truncated mapping). Let (Z,u,b,2) € gph Fy for the truncated mapping
(5.12). The following hold:

(i) If z =10, then

(0,0,0) € D*Fy (z,u,b,2) (m*) for all m* € R™.

(ii) If 0 < ||z|| < 1, then

(iii) If ||z]| = 1, then
(0,0,0) € D*Fy (z,4,b,2) (m*) <= m* € Ry {u}.

Proof. The result for Z =0 in (i) follows immediately from Proposition 5.7
and cases (i) and (ili) in Theorem 5.6. In case (ii) of this corollary we get
from Proposition 5.7 and Theorem 5.6(ii) that

(0,0,0) € D*Fy (z,4,b,%) (m*) = (0,0,0) = u(a,z,—1) — (0, Am*,0)

for some p € R and A < 0 uniquely defined by zZ = A@. This yields that p =0
and hence m* = 0. Conversely, it follows from m* = 0 by Proposition 5.7
and Theorem 5.6(ii) that

D*Fy (z,4,b,2) (0) =R{ (a,z,-1) } 2 (0,0,0).
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Finally, if ||Z|| = 1 in case (iii), then Corollary 5.8 ensures that
(0,0,0) € D*Fy (&,u,b,2) (m*) = (m*,a) >0

and
(0,0,0) = p(a,z,—1) — (0, A (m* — A\*>(m*,u)a),0)

for some p € R and A < 0 uniquely defined by z = Au. As before, we get
from the above that y = 0 and hence

m* = A2 (m*,a) @ € R, {a}.

Assuming conversely that m* € Ry {a} implies that (m*,a) > 0 and m* =
A2 {m*, @) @. Thus applying Corollary 5.8 yields in this case that

D*Fy (z,u,b,z) (m*) = R{ (&,z,-1) } 3 (0,0,0),

which completes the proof of this corollary. A

6 Well-Posed Discrete Approximations

In this section we develop the method of discrete approximations to study the
control sweeping process (1.4) and the dynamic optimization problem for it
formulated in Section 1. Our standing assumptions are those in Theorem 4.1,
and we always suppose with no loss of generality that M = 1 therein. Along
with the original normal cone mapping F(x,u,b) from (5.1), equivalently
represented in (5.2), we consider its truncation Fi defined by (5.12).

Our first result is about a certain strong approximation of an arbitrary
feasible solution to the differential inclusion in (1.4), or equivalently in (1.6),
by feasible solutions to the corresponding finite-difference inclusions piece-
wise linearly extended to the continuous-time interval. This result is of its
own interest while playing a crucial role in the justification well-posedness
(stability, convergence) of discrete approximations and the implementation
of this method to deriving necessary optimality conditions for the controlled
sweeping process.

To the best of our knowledge, the strong approximation type obtained
for general differential inclusions (see [5, 11, 13] and the references therein)
cannot be applied to the sweeping system under consideration since the Lips-
chitz continuity assumption of [11, 13] and the “modified one-sided Lipschitz
condition” (MOSL) of [5] are not satisfied in this framework. The proof of
the following theorem is based on the extension of the approach in [11] to
non-Lipschitzian and discontinuous differential inclusions with taking into
account a specific structure of the sweeping process (1.4).
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Theorem 6.1 (discrete approximations of feasible solutions). Let
Z2(-) = (2(-),a(-),b(-)) be an arbitrary feasible solution to the controlled sweep-
ing system (1.4), and let

I __ 4k k k __ . N k k
Ap:={0=t5 <ty <...<tg =T} with hy ._Ogr;lgg_l{tjﬂ—tj}w

(6.1)
as k — oo be an arbitrary partition of [0, T) for each k € IN. Then there exists
a sequence of piecewise linear function 2*(-) = (z*(t),u*(t),b*(t)) on [0,T)]
with ||uk(té“)|\ =1 forj=0,...,k—1, satisfying the discretized inclusions

ab(t) = a(t;) + (t —t;)0f, x(0)=wmo, th<t<th,, j=0,... k-1,
(6.2)
with v;? € Fl(zk(té“)) on Ay, for all k € IN and such that

2R (t) = Z(t) uniformly on [0,T] and -/||zk(t) —zZ(t)||dt = 0 as k — .

(6.3)
The latter implies the convergence Zk(t) — Z(t) of some subsequence for a.e.
t e [0,T].

Proof. By Theorem 4.1 with M = 1 we have the estimates
IZ#)] <1 ae. te[0,T] and ||Z2(t)|| < ||lzol| +T on [0,T]. (6.4)

Thus z(-) is in fact a feasible solution to the truncated differential inclu-
sion with the replacement of F(-) = —N(z(-);C(-)) in (1.4) (and equiva-
lently in (1.6)) by Fi(:) from (5. 12) Due to the density of step functions in
L(]0,T); R?™) we approximate (Z ( ), (u(t)) strongly in L'([0, T]; R?") by a se-
quence of step functions (w¥ (t), w4 (t)), which are bounded in L!([0, T]; R?")
and constant on the intervals [t],tj+1),j =0,...,k— 1, from the sequence
of partitions (6.1). Then define the sequence of pairs

t

(uh(0), v (1)) = =(0) + / (wh(s), wh(s)) ds, t € [0.T],

0

and easily observe by construction and the Lebesgue dominated convergence
theorem that

(y¥ (@), y5(t)) — (z(t),u(t)) uniformly int € [0,7] as k — oo.

Define next y5(-) to be piecewise linear on [0, 7] and satisfying the following
conditions on Ay: [(i(tf),ﬂ(t;@)) = B(t?)] = [(y’f(tf),yg(tf)) = y:’,f(t;“)} and
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(). 0(65) < bt
convergencey (t) = (y (1), z

n [0,7] and w*(t) := (w(t),wh(t),wk(t)) — (z(t),u(t),b(t)) strongly in
LY([0,T]; R?" 1) as k — oc.

Fix any € > 0. Since w*(t) — 2(t) a.e. on [0,T] along a subsequence

of k — oo and since w”(-) are piecewise constant functions while z(-) is a
feasible solution to (1.4), for any k € IN and j € {0, ...,k — 1} we can select
a numerical sequence {s;, }men C [t] , tﬁ_l) converging to t;? and such that

), ﬂ(t), b(t)) uniformly

%), u5(th)) < y5(t5)]. Then we have the
) t

Hw’f(sm) —j(sm)H < ¢/2 whenever j=0,...,k—1 and k€ IN

and that the differential inclusion in (1.4) holds at t = s,, for every m €
IN. Recall that wf(-) is a constant function on [t ¥, ), ie., wf = a} on
[t%,t% . 1). Then we have dist(a¥; F(2(s;m)) <e/2forj=0,..., k: 1. Letting
now m — oo gives us dist(af; F1(2(th)) < /2. Observe that the above
constructions of y%(-) and y*(-) imply that dgn (Fl(yk(tf);Fl(é(tf)) < e/2
for all k € IN sufficiently large, where dgn(-;-) stands for the Hausdorft

distance between compact subsets in R™. This ensures the estimate
dist(a?;F(yk(t;?)) <e forall j=0,...,k—1 and k € IN. (6.5)

Fix k € IN and define u*(t) := y5(t) for t € [0,7]. By normalization
we can always achieve the constraints ||u*(¢)|| = 1 on Aj. Construct now
required trajectories x*(¢) for inclusions (6.2) and the control functions b*(t)
on Ay denoting for simplicity tj = tf, j=0,...,k—1. We proceed by
induction assuming that z%(¢;) is known and that ||x (t;) =y ()| < hie; it
is always the case for j = 0. Then choose b¥(t;) := (x*(t;), u" (¢, )) if yk(t;) =
<

(yr(t;), y5(t;)) and b8(t;) < (2" (t;), ul(t;)) if 5 (t;) yi“ t),y5(t;))- By

[ (t5), a" () — (i (), w5 (t)] = 2" (85), 95 (85)) — (i (t5), w5 (t5)]
= (2" (t) = yi (t), y5 (t;)]
< l2®(t5) = 9 @Il - ly2 ()] < he

we have |b*(t;) — y5(t;)| < 2hye. Extend now the discrete trajectory z*(-) to
the whole interval (¢;,¢,11] as follows. Select a Euclidean projection

v GH(a Fi(y ()))

and by v} € Fi(y*(t;)) get from (6.5) that [[v} —a%| < e. It follows from
the above choice of b¥(t;), from y5(t;) = u¥(t;), and from the normal cone
structure of the mapping F; (exploited also in the proof of Proposition 6.2)
that

vf € Fu(y®(ty) = Fi(a®(t), u"(t;),0"(t;)),
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and thus inclusion (6.7) is satisfied at ;. Extending next z*(t) := z*(¢;) +
(t— tj)véC to the interval ¢ € [t;,t;41], observe that
195 (8) = &* (@)l = llaj — v} || < e forall te€ (t;,t;41),
which implies in turn that
Iy (£) = 2" (tl] < [t = t5] - [laf — o || < hye for all ¢ € [tj,t;41].
This allows us to define b*(¢;11) in the same way as b*(¢;) and get the

induction estimate [b*(tj11) — y5(tj+1)| < 2hge. Extending further b*(t)
linearly to [t;,t;41] yields that

10 (8) — g (1) = ‘ (tjt1) (tj) Y (tis) — ylg(ta‘)‘
tj+1 — tit1—t;
_ ‘b (tj+1) — ylsc( j41)  DR(ty) *y]:f(tj)‘
a tivi—1; tiv1 —t;
o M) =yl | [BR(E) = ys ()]
a tit1—t; tit1—tj

< 2hk5 T 2hk€ — 4e

. te (tj,tir).
= hs i (] J+1)

Finally, putting 2*(¢) := (2*(¢),u*(t),b%(t)), t € [0,T], we conclude from
the constructions and arguments above that z%(-) — z(-) in the norm of
LY([0,T];R?"*+1) as k — oo, which justifies (6.3) and completes the proof of
the theorem. A

Note that Theorem 6.1 concerns just the controlled sweeping process (1.4)
while not its optimization. It establishes the approximation of any feasible
solution to (1.4). Having this result in hand, we are able to construct a se-
quence of discrete-time optimization problems whose optimal solutions exist
and strongly approximate a given optimal solution to the original dynamic
optimization problem (1.3)—(1.4) labeled as (P) from now on.

Let 2(-) = (z(-),a(-), b(-)) be an optimal solution to problem (P), and let
F be defined in (5.12). We construct the following sequence of discrete-time
optimization problem (Py), k € IN, with hy, | 0 as k — oco:

k—1 k
— "
minimize Ji[2*] := o(ak) + kao J g )

kbk

D LCRCROI
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over elements z¥ := (zf,x%, ... 2k uf uk, .. uf | bE DR L bE ) satisfy-
ing the constraints

xfﬂ € xf + hkFl(x?,u§7bf), §=0,....,k—1, with zf =, (6.7)

|uf|| =1 for j=0,....k—1. (6.8)

Note that the index j = 0,...,k plays a role of the discrete time in (Py) and
that inclusions (6.7) correspond to those in (6.2) at the partition points.

First of all we need to make sure that that problems (Py) admit optimal
solutions. It is not difficult to check under general assumptions imposed on
the cost functions.

Proposition 6.2 (existence of discrete optimal solutions). Suppose
that the cost functions ¢ and £ in (6.6) are lower semicontinuous. Then for
each k € IN problem (Py) admits an optimal solution.

Proof. Fix k € IN and observe that the set of feasible solutions to (Py) is
obviously nonempty and bounded by (5.12), (6.7), and (6.8). Thus it remains
to show that it is closed and then to apply the classical Weierstrass existence
theorem. To proceed, take a sequence of

Zm = (anxlmy <o Tk, Woms - - -5 U(k—1)m>» b07n7 R b(kfl)m)

convergent to z = (xg, 1, ..., Tk, Ugy - - -, Uk—1,b0, ..., bp—1) as m — 0o omit-
ting the upper index “k” for simplicity. We need to check that z is feasible
to (Py) provided that all z,, have this property. This only requires checking
that the components of the limiting vector z satisfy inclusions (6.7) for all j;
it is obvious for constraints (6.8). Consider the two possible cases for every
j=0,... k-1

(a) If (z;,u;) < bj, then for m € IN sufficiently large we also have
(Tjm, Ujm) < bjm. It immediately follows from the normal cone definition
that z(;j41)m = Tjm and thus z;,; = z; for large m € IV, i.e., inclusion (6.7)
is satisfied for the limiting discrete trajectory.

(b) Let (z;,u;) = b;. Taking into account that

Fi(z,u,b) ={ - au’ 0<a <1} whenever (z,u) =50 (6.9)

by the construction of (5.12) and that the triple (;m, wjm,bjm) satisfies
(6.7), we get that

T(j41)ym = Tjm + hi(—m)ujm for all m e IN

along a sequence of 0 < «,;, < 1, which converges without loss of generality to
some number « € [0, 1]. This implies that =11 = z; + hi,(—a)u; by passing
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to the limit at m — co. Employing (6.9) again, we justify that z is a feasible
solution to problem (Py) for each k € IN, which thus completes the proof of
the proposition. A

Our next goal is to establish an appropriate strong convergence of optimal
solutions of discrete approximations (Py) to the given optimal solution Z(-) of
the original sweeping control problem (P). To proceed, we need some amount
of relazation stability of the original problem. Along with (P), consider the
relazed sweeping control problem (R) given by

~

minimize J[z] := ¢(z(T)) +/O lp (z(t), (1)) dt

subject to all the constraints in the controlled sweeping process (1.4), where
lp(z,v) is the convezification of £ in the v variable, i.e., the largest convex
and lower semicontinuous function majorized by ¢ (z, -) for each x, and where

Cp(z,v) == L(z,v) + 6 (v; F1(2))

is defined via the set indicator function §(v; F') equal to 0 if v € F and to
oo otherwise. Denoting by Jp and J, r the optimal value (infimum) of the
cost functionals in (P) and (Pg), respectively, we always have that Jr < Jp.
Furthermore, it follows from Theorem 3.3 and its proof that the minimum is
achieved in (R) under our standing assumptions of Theorem 4.1 provided in
addition that the terminal cost function ¢ is lower semicontinuous.

We say that the original problem (P) is stable with respect to relazation
if the equality Jp = J, r holds. Note that it is always the case when the
running cost ¢(z, -) is lower semicontinuous and convex in the velocity variable
for each z. Also, this property is known to be automatically satisfied (as
yet another manifestation of “hidden convexity” of continuous-time control
systems) for nonconvex differential inclusions with no endpoint constraints
under Lipschitzian or MOSL assumptions; see [5, 11, 13] for precise results,
discussions, and references. As mentioned above, the latter Lipschitz-type
assumptions are not fulfilled for the sweeping process under consideration.
However, we conjecture that the relaxation stability automatically holds for
(P) without any convexity of ¢(x,-) due to specific features of the controlled
sweeping process exploited partly in the proof of Theorem 6.1; so far we keep
relaxation stability as an assumption in the next theorem.

Theorem 6.3 (strong convergence of discrete solutions). Let Z(-) =
(z(-),a(-),b()) be an optimal solution to problem (P), which is stable with re-
spect to relazation. Assume in addition that both terminal and running costs
in (1.3) are continuous at Z(T) and at (Z(t),Z(t)) a.e. t € [0,T], respec-

tively. Then any sequence of optimal solutions 2¥(t) = (T (t), a*(t), b*(t)) to
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discrete problems (Py;) piecewise linearly extended to [0,T) converges to Z(t)
strongly in the space WP ([0, T]; R?" 1) as k — oo whenever p € [1,00).

Proof. Due to the uniform boundedness results of Theorem 4.1 the strong
convergence z¥(-) — Z(-) in WP([0,T]; R?"*!) as k — oo is invariant with
respect to all p € [1,00); so it is in fact sufficient to show that

T
lim 125(t) — 2(t)|| dt = . (6.10)
k—oo Jo
Arguing by contradiction, suppose that (6.10) does not hold and then, using

the classical Dunford theorem on the weak compactness in L!([0, T]; R?"+1),
find a number v > 0 and a function v(-) € L'([0,T]; R?"*1) such that

k—o0

lim ; 127(t) — 2(t)|| dt — v and Z*(-) — (") (6.11)

weakly in L1(]0, T]; R?"*1) along a subsequence of k € IN, which we identify
as usual with the whole natural series. Defining an absolutely continuous
function 2: [0,T] — R*"*! by

T
zZ(t) == (z0,u(0),b(0)) + /v(s) ds for all ¢ € [0,T],
0

we easily get that Z(t) = v(t) a.e. t € [0,T] and that %(-) — Z(-) weakly
in L1([0,T];R?"*1) as k — co. Furthermore, the convexity of the values of
Fi(+) in (5.12) and the classical Mazur theorem on weak closure imply that
Z(+) is a feasible trajectory to problem (P) and hence to its relaxation (R).

Let {2*(-)}xewv be a sequence of feasible solutions to (Py) strongly ap-
proximating Z(-) by Theorem 6.1. Since Z(-) is an optimal solution to (P)
for each k € IV, we have

Jk[ik] < Jk[zk], ke IN. (6.12)

It follows from the strong convergence in Theorem 6.1, the continuity assump-
tions of this theorem, and the Lebesgue dominated convergence theorem that

Jilzx] — J[Z] as k — oc.

On the other hand, the arguments above and the construction of (R) ensure
that

Tuff) = p(3()) + [ 70, 50) de < lmint T2
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for the first component of Z(+). Passing finally to the limit in (6.12) as k — oo
with taking into account (6.11) and the relaxation stability of (P) , we arrive
at

JE +y < Jlz) = Jlz), ie J[Z) < J[Z,
which contradicts the optimality of Z(-) in the relaxed control problem and
thus justifies (6.10). This completes the proof of the theorem. A

7 Necessary Optimality Conditions

The concluding section of the paper is devoted to deriving necessary op-
timality conditions for the controlled sweeping problem (P) by using the
method of discrete approximations [11, 13]. Employing the well-posedness
of discrete approximation problems (Py) and strong convergence of their op-
timal solutions established in the previous section, our further procedure is
first to obtain necessary conditions for optimal solutions to (Py) and then to
derive optimality conditions for (P) by passing to the limit from those for
(Pg). The implementation of the second step in [11, 13] is strongly based
on Lipschitzian properties of differential inclusions, which is not the case for
the sweeping process. Here we develop another approach that utilizes the
constructive coderivative calculations given in Section 5.

Let us begin with deriving necessary conditions for optimal solutions to
problems (Py) defined in (6.6)—(6.8), where F;: R?"+1 = R" is an arbitrary
set-valued mapping of closed graph while its special structure in (5.12) is not
exploited so far. For simplicity we assume in what follows that the cost func-
tions ¢ and ¢ are locally Lipschitzian around the points in question, although
these assumptions can be subsequently relaxed to lower semicontinuity.

Theorem 7.1 (necessary optimality conditions for discrete approx-
imations). Fiz k € IN and let

sk _ (= =k —k =k —k —k 7k Tk 7k
Z8 = (Zo, TV, -, TL, Ug, Uy y - -y Ug_q, 05,07, ., DE_1)

be an optimal solution to problem (Py), where Fy: R>"*1 = R™ is an arbi-
trary closed-graph mapping. Then there exist \*¥ >0, ¥ e R (i =0,...,k —

1), and pF = (pE, ... ,p’,:) e REHD™ not equal to zero simultaneously, such
that
—pF € N0p(zF) and
k k
Pj+1—P; k Lokor 2 ki ki k ok
(T,ij — XN juj,o) € Xk, vF,0,0)+

gk o —zk _
N((ciﬁ%i”zk J,ﬂﬁ,bf);gphﬂ)
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zk gk
with some( )685( #) forj=0,...,k—1, where
fid j’?H —zk
k._ J i _ =
0 =2 / ( B x(t)) dt. (7.1)
tj

Proof. Consider an extended new variable

o 3k+1 k
Z = (x07x17"‘7xk7y07"'aykflyqu"7uk717b07~-‘7bk71)ER( +nt

with the fixed initial vector xp and define for it the following problem of
mathematical programming (M P) with many equality and geometric con-

straints:
k—1
minimize glz] := o(xk) + hi Zﬂ(xj, )
§=0
k—1 tjt1 2

(@41, uj41,b541) — (@5,u5,b5) (:"r(t) :
I

i
—
~
N
I
—~
~
N
N———

dt subject to

+Z/

hi(z) == |lui|>—=1=0 for j=0,...,k—1,
9j(2) =xj41 —x; —hgy; =0 for j=0,...,k—1,
FASHAVEES {z|yj6F1(xj,uj,bj)} for j=0,...,k—1, and (7.2)
z € A = {z| xo is fixed}.

It is clear that problem (M P) is equivalent to (Py) for each fixed number
k € IN. Necessary optimality conditions for problem (M P) in terms of the
limiting normal cone (2.4) are given, e.g., in [11, Proposition 5.1]; see also
[13, 16] for more discussions and references. Applying this result to the given
optimal solution z = z* of P, in the form (M P) and omitting the upper index
“k” for simplicity, we find numbers g > 0 and {; e R (j =0,...,k — 1) as
well as vectors ¢; € R™ (j =0,...,k—1) and z; € REFDEr (=0, k),
not equal to zero simultaneously, such that

z; € N(z;4;) for j=0,...,k and (7.3)
k—1 k—1

—25 — ... — 2 € O(nowo) (2) + Y (Vg;(2) 05 + Y (Vhi(2) "¢ (7:4)
j=0 =0

Letting A¥ := 1o > 0 and denoting

_ * * * * * * * *
zi = (moj7 s Ty Yogo - Y(k—1)j0 Uogs - - 7u(k71)j7b0j7 .. ~vb(k71)j)
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in RGkDn+k for § = 0,...,k, we have from the structures of the sets A;
above that the first component of z; is arbitrary while the others are zero
and that the inclusions in (7.3) are equivalent to

* =k j?‘l’l j? =k 7
( Jj7y]j7 ]j)b )6 N((‘TJ?T? j7b]) gphFl)

* * * *
Ti; =y, =u;; =b; =0, and

j=up; =up; =0 foreveryi,j=1,....k—1 with i # j.

Taking this into account, we get from (7.4) the following relationships:
—Tj; = /\khkwé‘c+¢j—1 —; for j=1,...,k—1,
—yt = Nohyok £ ARGE — hys for j =1,k 1,
1 € \Op(z}), and
—u-—2§]u for j=1,...,k—1,

—k
where (w¥ wy, ]) € (%( k %) for every j = 0,...,k — 1, and where the
numbers 0% are deﬁned in (7.1). Denoting finally

pg =0, p],z = Y1, and p;? = for j=1,..., k-1,

we arrive at all the necessary optimality conditions claimed in the theorem.
A

The next result is a consequence of Theorem 7.1 and the precise coderiva-
tive calculations in Section 5 for set-valued mappings arising in the controlled
sweeping process.

Corollary 7.2 (necessary optimality conditions for the discretized
sweeping process). Let the mapping Fy in the framework of Theorem 7.1
be defined by (5.12). Then for each k € IN we have the relationships

—pi; € 0p(1), (7.5)
ko pk
pj%kpj:wf, gj’?:o for j=0,...,k—1, and (7.6)
k —k
i1 — 25 P _
(w])ew( 5 ) =0, k-1, (7.7)

in the necessary optimality conditions of Theorem 7.1.
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Proof. It follows from the necessary conditions via the normal cone in
Theorem 7.1 and the coderivative definition (2.7) that

k
pj+1_pj k k 2 ik )
Pt 785 gkt Z kgt g
( I T o310 Y) €

ok =k
A n k L \kgk | \k &
D Fl(xj,uj,b],T>(—pj+1 AN A of)
forall j =0,...,k—1. Fix j and apply to the latter inclusion Proposition 5.7
and the explicit coderivative calculations of Theorem 5.6. Then we have the
following three cases:

(i) If (z¥,uk) < b¥, then p7+}17p7 = Mwh and £ =

(ii) If (z* T, J> = bk and M # 0, then there are numbers v € R and
t > 0 such that

1 Tk, |~k
k kpk k Kk J+1 J =k
<pj+1_hk)\ 07 — ANvj —t I ,u.>:0 and

&
ij—p] k k 2 ok )
Pt TH) ek 2 ehgh o) =
( I By

E ~k & L ok k ok :‘c’?ﬂffc’?
y(amj,—l)—(O,A(—pj+1+h—kA 9J+Mj+tah7ka)70)7

Zk
where the number A\ < 0 is uniquely defined by *1 i — )\uk The latter

inclusion implies that ¥ = 0, and hence we get % = )\kw;‘ and the
equalities

2 ok k N k k j?ﬂ_xj

k —k
kK k ok k, k A I A
<uja_pj+]_+ — A0 + N +t>—0,
hi

which ensure in turn that fk = 0. Our final case is:

(iii) (z% T3, J> = bk and ’“k L = 0. Employing Theorem 5.6(iii) leads
us to the same conclusmn as in the previous case (ii).

Thus in all the three cases (i)—(iii) we get the necessary optimality con-
ditions of Theorem 7.1 with p§ = 0 and 55? =0forj=0,...,k—1. Due

to the above nontriviality (\*,ph, ... 7pz) # 0 these conditions ensure that
AF > 0, which allows us to set \*¥ = 1 by normalization. Hence we arrive at
(7.5)—(7.7) and complete the proof of the theorem. A

Now we are ready to derive necessary conditions for optimal solutions of
the original problem (P) by passing to the limit from discrete approximations.
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Theorem 7.3 (coderivative optimality conditions for the controlled
sweeping process). Let z(-) = (Z(-),a(-),b(-)) be an optimal solution
to problem (P), which is assumed to be stable with respect to relazation.
Then there are functions p: [0, T] — R™ absolutely continuous on [0,T] and
(w(-),v(-)) € L>=([0,T]; R*") such that

(0,0,0) € D*F, (gz(t),u(t),za(t),f(t)) (v(t) = p(t)) ae. t€[0,T), (7.8)

p(t) = p(T) —l—/T w(s)ds with —p(T) € dp(Z(T)), and (7.9)
(w(t),v(t)) € codl(z(t),z(t)) ae tel0,T], (7.10)

where the coderivative of Fy from (5.12) is calculated in Proposition 5.7 and
Theorem 5.6.

Proof. Given the optimal solution Z(-) to the original problem (P), we
construct its discrete approximations (Py) whose optimal solutions z*() =
(%), " (-),b%(-)) strongly converge to z(-) as k — oo by Theorem 6.3. Ap-
plying necessary optimality conditions for z¥(-) from Theorem 7.1 and Corol-
lary 7.2 allows us to find dual elements p* = (p§, ..., pk), v* = (v§,...,vF_)),

and w* = (wf, ..., wF_,) satisfying the relationships (7.5), (7.6), and

(ke T T F k Lok k)
(0,0,0) € D Fl(xjyuj,bﬁT) (—pjﬂ—h—keﬁuj), =0, k-1,
(7.11)
where the quantities 9;? are defined in (7.1). For each k € IN we extend
the discrete arcs p*(-) piecewise linearly to the whole interval [0, 7] similar-
ly to z*(-), while for w*(-) and v*(-) we consider their piecewise constant
extensions to [0,7]. It follows from (7.7), the well-known boundedness of
the limiting subdifferential ¢ by the Lipschitz constant of ¢, and standard
functional analysis that the sequence of (w¥(t),v*(t)) is weakly compact in
L?([0,T]; R?"). Hence we suppose with no relabeling that

wh(t) — w(t) and v*(t) = v(t) weakly in L*([0,T];R") as k — oo

for some w(-),v(-) € L>=([0,T]; R™) due to the uniform boundedness of v*(t)
and w¥(t). The classical Mazur theorem ensures that there are convex com-
binations of v*(t) and w*(t), which converge to v(t) and w(t), respectively,
strongly in L2?([0,7];R"™) and thus a.e. on [0, 7] along some subsequences.
Furthermore, it follows from the first relationship in (7.6) that the corre-
sponding convex combinations of the piecewise constantly extended “discrete
derivatives” % of p¥(t) converge to w(t) a.e. on [0, 7). Using the bound-
edness of {p*(T)} by (7.5) and the Lipschitz continuity of ¢ and then the
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Newton-Leibniz formula, we conclude that the sequence {p*(t)} converges
uniformly on [0, 7] to the function

p(t) :—p(T)—|—/Ttw(s)ds for 0<t<T

absolutely continuous on [0,77] with the transversality condition —p(T') €
0U(z(t), (t)), which follows by passing to the limit in (7.5) due to the well-
known robustness (closed graph) property of the limiting subdifferential. Em-
ploying further this robustness property of the subdifferential 9¢ and passing
to the limit in (7.7) along the a.e. convergent sequences of convex combina-
tions of v¥(¢) and w*(t), we arrive at the inclusion (7.10).

To complete the proof of the theorem, it remains passing to the limit in
the coderivative inclusion (7.11) as k — oo. To proceed, define first

ok
O (t) := h—Jk for t € [t;,tjy1), j=0,....k—1,
and observe by (7.1) and Theorem 6.3 the L!-convergence of these extensions:
/ 0% (t)| dt Z\9k|<2zux - J* J
0

:/0 17(6) — 3 ()] dt — 0 as k — oo,

dt

which implies the a.e. on [0,7T] convergence of a subsequence. Now we are
able to pass to the limit in inclusion (7.11) extended to the whole interval
[0, T] by taking into account the established pointwise convergence of all the
sequences therein, the robustness of the coderivative with respect to all of its
variables, and the coderivative structure in Proposition 5.7 and Theorem 5.6
that allows us to replace the weakly convergent sequence of v¥(t) by strongly
convergent sequence of their convex combination. Thus we arrive at (7.7)
and complete the proof of the theorem. A

Next we present several consequences of Theorem 7.3. The first one im-

poses the differentiability assumption on the running cost.

Corollary 7.4 (coderivative optimality conditions for the controlled
sweeping process with smooth running costs). Suppose that in the
framework of Theorem 7.3 the running cost {(-,-) is strictly differentiable at
(Z(t),z(t)) for a.e. t € [0,T]. Then

(0,0,0) €

D*Fy (2(2), u(t). (1), (1)) (/ Vol (2(5), 3(5)) ds + Vo l(7 (1) <t>)—p>
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for a.e. t € [0,T] with some constant p € —dp(Z(T)).

Proof. By the strict differentiability assumption on ¢ we have

00(x(t), #(1)) = {ww (x(t), 3 (1)), Ve, (x(t),aé(t))}.

Then the result readily follows from Theorem 7.3. A

Taking further into account a particular coderivative kernel form of in-
clusion (7.8) in Theorem 7.3 and its specification in Corollary 7.4 and then
applying the coderivative kernel expressions given in Corollary 5.9, we can
derive from these results explicit necessary optimality conditions for (P) for-
mulated entirely via the initial data of controlled sweeping process. Let us
present some consequences of this type .

Corollary 7.5 (explicit optimality conditions for the sweeping pro-
cess with smooth running costs). In the setting of Corollary 7.4 the
following hold for a.e. t € [0,T] with some constant p € —0p(ZT(T)):

(i) If 0 < ||z(t)|| < 1, then we have

Vo l((Z(t), Z(t)) —|—/t Vo l((Z(s),Z(s)) ds = p.

(ii) If |Z(t)|| = 1, then we have

T
Vo l((Z(t),z(t)) +/t V. l((Z(s),2(s)) ds € p+ Ry {a(t)}.

Proof. Follows from Corollary 7.4 and Corollary 5.9. A

The next corollary characterizes optimal solutions to problem (P) with
no running costs.

Corollary 7.6 (characterizations of optimal solutions for problems
with terminal costs). Let £ = 0 in the framework of Theorem 7.3. Then
for a.e. t € [0,T] exactly one of the following three cases holds:

(i) z(t) = 0.

(i) 0 < [|lz(t)|| <1 and 0 € dp(Z(T))).

(iii) [|2()]| = 1 and Ry {a(t)} Nop(2(T)) # 0.

Proof. Follows from Theorem 7.3 and Corollary 5.9. A

To conclude this paper, we present three examples showing how the op-
timality conditions obtained above allow us to find optimal solutions to the
controlled sweeping process.

Our first example concerns the optimal control problem (P) with a smooth
running cost.
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Example 7.7 (calculating optimal solutions for the sweeping pro-
cess with running costs). Consider the controlled sweeping process (1.4)
with the cost functional

T
minimize J[z] := ¢(z(T)) —|—/H§c(t)”2dt,
0

i.e., with ¢(z,v) = |[v||* in (P). Then the coderivative inclusion (7.8) is

written as
(0,0,0) € D*Fy (z(t),u(t),b(t), 2(t)) (2z(t) —p) ae. t€[0,T]

with some p € —9p(Z(T)). Let us examine all the possibilities for optimal
solutions to this problem based on the results of Corollary 7.5.

Consider first the case of p # 0. If 0 < ||Z(t)|] < 1, then by Corollary
7.5(i) we have 2z(t) — p = 0, i.e., Z(t) = §. This implies that

3 Z(t) _ P
()]l Ipll’

and by z(t) # 0 it gives b(t) = (2(t),u(t)).
If ||&(t)]] = 1 in the case of p # 0, then by Corollary 7.5 there is o > 0
such that

2%(t) — p = au(t) for this t € [0,T]. (7.12)

It follows from the structure of the controlled sweeping process in (1.4) that
the vectors #(t) and Z(t) are parallel and have the opposite directions. Then
we conclude from (7.12) that the vectors Z(t) and p have the same direction.
Since ||£(t)]| = 1, it gives that

- p _ p 7 _ _
z(t) = T a(t) = T and b(t) = (z(¢),a(t)).

Consider finally the remaining case of p = 0. Then by Corollary 7.5 we
have that either ||Z(t)|| = 1 or ||z(¢)|| = 0 for a.e. t € [0,T]. If ||[z(¢)|| = 1
in this case, then there is o > 0 such that 2z(t) = au(t). As mentioned
above, the vectors u(t) and Z(t) have the opposite directions. This leads to
Z(t) = 0, a contradiction. Thus Z(¢t) = 0 for all ¢ € [0,7] and we arrive at
the conclusion of Z(t) = xg on [0, T], which completes our consideration.

The next example concerns problem (P) with a specific while rather gen-
eral terminal cost that may not be smooth.
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Example 7.8 (calculating optimal solutions for the sweeping pro-
cess with nonsmooth terminal costs). Consider problem (P) with

Uz, v) = [|v]?
and with terminal cost given by the distance square
o(x) == dist? (x; K), z€eR,

where K is a closed set not containing the origin, and where the dynamics
is given by (1.4) with o = 0. Recall that we always assume that M = 1
in (4.1). It is well known (see, e.g., [16, Example 8.53]) that the limiting
subdifferential of the distance function at points « ¢ K is given by the exact
formula

o —1(z; K)
~ dist(z; K)

via the (generally multivalued) Euclidean projector, and so we get by the

odist(z; K)

elementary subdifferential chain rule that
adist®(z; K) = 2(v — H(z; K)), =z ¢ K.

Invoking the calculations in Example 7.7 gives us that optimal trajectories for
this problem have constant velocities and follow any of the steepest descent
direction of dist(z; K). Thus for every w € II(0; K) there exists an optimal
trajectory in the direction w. Setting p := —2(z(1) — w), we see that the
velocity of the corresponding optimal trajectory in the direction z is given
by p/2 if 0 < ||w| < 2 and by w/||w]|| if ||w| > 2; the case 2(1) = w € K is
impossible. To conclude our consideration, observe that the terminal point
(T = 1) of the optimal trajectory is z(1) = w/2 in the first case and w/||w]|
in the second one.

Note that in both Example 7.7 and Example 7.8 optimal trajectories x(-)
of the sweeping process happen to be of constant velocity. Our final example
shows that it is not always the case even for the two-dimensional sweeping
process with smooth cost functions, where the running cost does not depend
on the velocity variable.

Example 7.9 (optimal sweeping trajectories with variable veloci-
ties). Consider problem (P) with the cost functions

1\2 142
p(x) = (:c1+;> +22 and {(z):= <x§+x§f ﬁ) . x=(x1,12) € R?

the initial condition xzy = (1/7,0), and the terminal time 7' = 1. Since
J[Z] = 0 for the minimizing functional at the trajectory

#(t) = %(cos(mﬁ),sin(ﬂt)), telo,1],
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this trajectory is optimal to (P). Observe that Z(-) satisfies the necessary
optimality condition from Corollary 7.5(ii) with p = 0. The corresponding
optimal controls are

1 _
a(t) = — ( - Sin(wt),cos(mf)> and b(t) =0 for all ¢t € [0,1].
™
Observe further that every optimal trajectory Z(-) must satisfy the condition
|Z(t)|| = 1/7 for a.e. ¢t € [0, 1]; this follows from Corollary 7.5(i). In fact, if
|Z(t)|| # 1/m on a set of positive measure, then p cannot be constant. Hence,
the necessary optimality condition given by Corollary 7.5(ii) becomes

(0,0) € 2((z1(1) + 1/77),332(1)) + R {a(t)},

which yields, since @(t) cannot be constant, that (z1(1),z2(1)) = (=1/7,0).
This implies that ||Z(¢)|| = 1 for a.e. t € [0,1], and so the unique optimal
trajectory to (P) is Z(-).
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