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Abstract. We consider probability functions of parameter-dependent random inequality systems under Gaus-
sian distribution. As a main result, we provide an upper estimate for the Clarke subdifferential
of such probability functions without imposing compactness conditions. A constraint qualification
ensuring continuous differentiability is formulated. Explicit formulae are derived from the general
result in the case of linear random inequality systems. In the case of a constant coefficient matrix,
an upper estimate for even the smaller Mordukhovich subdifferential is proven.
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1. Introduction. A probability function has the form

(1.1) p(z) == P(g(x,§) <0),

where g : R” x R™ — RP is a mapping defining a (random) inequality system, x € R" is a
decision vector, and £ is an m-dimensional random vector defined on some probability space
(Q, A, P). The inequality sign in (1.1) is to be understood componentwise. Throughout the
paper we shall make the following basic assumptions:

g is continuously differentiable,
(1.2) the mappings g;(x,-) are convex for all x € R" and all j =1,...,p,
¢ ~N(0, R) is nondegenerate Gaussian with R;; =1 (i =1,...,m).

Here, we refer to the commonly used notation N (u,X) for a Gaussian distribution with ex-
pectation p and covariance matrix Y. Our assumption implies that £ is standard Gaussian
with components that are centered and have unit variances. In other words, the (nondegen-
erate) covariance matrix is actually a correlation matrix. This assumption is no restriction
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64 W. VAN ACKOOIJ AND R. HENRION

because it can always be achieved under an affine linear transformation of £ whose action on
the mapping g would not affect the properties imposed in (1.2).

Probability functions (1.1) play a fundamental role in stochastic optimization problems,
either as an objective (reliability) to be maximized or when defining a constraint ensuring
the robustness of decisions (probabilistic or chance constraint). Applications can be found
in water management, telecommunications, electricity network expansion, mineral blending,
chemical engineering, etc. (see, e.g., [20, 21, 26]). Treating probability functions in the frame-
work of optimization problems (w.r.t. the decision variable x) requires calculating—or, bet-
ter, approximating—mnot only the probability ¢(z) itself but also its gradient V. This is
why derivatives of probability functions have attracted so much attention in the past (see,
e.g., [8, 12, 14, 16, 19, 22, 24, 25, 28, 29, 31, 32]). Indeed, historically a first formula for the
gradient of a probability function in the form of an involved surface integral was derived in
[22]. This formula was later generalized into a combination of a surface and volume integral
in [28, 29]. Here is it also worthwhile to mention that [16] first suggested transforming the
probability function into a volume integral in order to ensure that the integration domain does
not depend on the decision vector. Many of these papers provide gradient formulae for fairly
general classes of distributions, for instance, in the form of surface and/or volume integrals
associated with the feasible set K := {z € R™ : g(z, z) < 0}, where Z is the point at which
the derivative V¢ is supposed to be computed. This generality comes with two drawbacks:
first, the mentioned surface/volume integrals may be difficult to deal with numerically, at
least for nonlinear g (see, e.g., [20, p. 207], [25, p. 3]). Second, a principal assumption made
in order to derive differentiability of ¢ at all is the compactness of the set K (e.g., [28, p.
200, Assumptions (A2)], [25, Assumption 2.2(i)], [19, p. 902]). Indeed, without compactness,
one cannot expect differentiability of ¢ even with the nicest data. In [30, Proposition 2.2
an example of only a single inequality g(z,£) < 0 (i.e., p = 1) is provided, where the basic
assumptions (1.2) are fulfilled and where the set K satisfies Slater’s constraint qualification,
yet  fails to be differentiable. On the other hand, compactness of K is a quite restrictive
assumption in probabilistic programming, and one would be interested in identifying situa-
tions where differentiability of ¢ holds true even in the unbounded case. There seems to be
a good chance to do so in case of Gaussian or Gaussian-like (e.g., Student or log-normally
distributed) random vectors.

Indeed, the compactness issue disappears in the case of mappings g which are linear in &,
when £ has a multivariate Gaussian distribution. Extending a classical differentiability result
for the Gaussian distribution function (e.g., [20, p. 204]), corresponding gradient formulae
could be found for mappings g(z,§) = A(x){ < b(x) in (1.1) with surjective A(x) [31] or
with possibly nonsurjective A(x) = A under the linear independence constraint qualification
(LICQ) for the set K [12]. The important fact about all these gradient formulae is that they
provide a fully explicit reduction of partial derivatives of ¢ to values of Gaussian distribution
functions again. In this way, efficient tools for computing the latter, such as Genz’s code
[9], can be employed to calculate not only values of ¢ but also gradients Vi at the same
time. Moreover, using induction on the obtained formulae, explicit reductions to Gaussian
distribution functions are easily found for any higher order derivative of ¢ (see also [32]).
Finally, the precision for calculating Vi can be controlled by that for calculating Gaussian
distributions functions, for instance in Genz’s code [11, p. 662].
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This methodology fails, however, when g is nonlinear in &. In such a case, while keeping
the Gaussian character of the random vector, one may resort to the so-called spheric-radial
decomposition of Gaussian distributions [4, 5, 9] (see section 2.1). Now, unlike the linear
situation, differentiability of ¢ can no longer be taken for granted (not even under a constraint
qualification and if g has just one component; see the counterexample mentioned above).
Gradient formulae based on spheric-radial decomposition can be found in [7] (without rigorous
proof) or in [24, 25], albeit under the restrictive compactness assumption on the set K. In
order to overcome this assumption, the work [30] identified an easy-to-check growth condition
on the partial derivatives of g guaranteeing differentiability of ¢ without compactness of K.
A corresponding result was derived for the setting of (1.2) with a single component of g
(i.e., p = 1) upon imposing Slater’s condition on K. When considering systems of random
inequalities rather than a single one (as is typical in most applications), Slater’s condition
is no longer sufficient to guarantee differentiability of ¢ even if K is compact and ¢ a linear
mapping, as shown next.

Ezample 1.1. Let £ have a one-dimensional standard Gaussian distribution, and define

g($1,$2,$3,§) = (6 - ‘T17§ — X9, _é. - ‘T3)’

Then, with ® referring to the one-dimensional standard Gaussian distribution function, one
has that

o(x1, x2) = max{min{®(z1), ®(z2)} — ®(z3),0}.

Clearly ¢ fails to be differentiable at z := (0,0, —1), while K = [—1, 0] is compact and satisfies
Slater’s condition in the description via g.

This inherent nondifferentiability motivates us in the present paper not only to look for
conditions allowing us to generalize the differentiability result in [30] from a single inequality to
inequality systems, but even to take a more general, namely nonsmooth, analysis perspective
for viewing probability functions. We will show that the already mentioned growth condition
(but now imposed on each component of g) implies the local Lipschitz continuity of ¢. This
motivates the computation of subdifferentials dp in the sense of Clarke or Mordukhovich (see
section 2.3). For related work on the use of subdifferentials in settings similar to, but different
from, ours, we refer the reader to, for instance, [6, 33]. As a main result, we will derive in
section 3 an upper estimate for the Clarke subdifferential of ¢ under the assumption that g is
continuously differentiable and componentwise convex in £ (no further assumption w.r.t. x).
This result allows us in section 4 to identify constraint qualifications—similar to those consid-
ered in a more general framework (but with compactness assumed for K) in [25, Assumption
2.2(iv)] and [14, Theorems 2.4 and 3.1]—ensuring the (continuous) differentiability of ¢. The
obtained gradient formula is specialized then in section 5 to linear random inequality systems,
thus providing new representations in different disguise of the gradient formulae from [31, 12]
mentioned above, which were formulated in terms of Gaussian distribution functions. Finally,
in section 6 the paper addresses the issue of refining the nonsmooth formula toward the use of
the Mordukhovich rather than the bigger Clarke subdifferential. This will be possible in the
case of linear mappings ¢ and thus improves the results on Clarke subdifferentials of singular
Gaussian distribution functions in [33].
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We note that the (sub-)differentiability results in this paper are not only of theoretical
but also of practical interest in that they provide easy-to-implement gradient formulae. This
relies on the fact that both values and partial derivatives of ¢ are represented as surface
integrals w.r.t. the uniform distribution on the unit sphere. In contrast, surface integrals in
the general derivative formulae mentioned above are typically taken over the boundary of the
set K, which may be difficult to compute. For the sphere, efficient sampling schemes are
reported, for instance, in [2, 5]. Those schemes can be employed in order to simultaneously
update approximations of ¢ and V¢ with the same sample generated on the sphere. Finally,
we emphasize that the methodology described here for Gaussian distributions can be easily
adapted to Gaussian-like distributions (like Student, log-normal, etc.) by reducing them to
Gaussian ones after an appropriate transformation of the mapping g. We do not discuss this
issue here in detail because it is exactly the same methodology as was presented in the case
of a single inequality in [30].

Notation. Throughout this paper R will be a positive definite m x m correlation matrix
with associated matrix L resulting from the decomposition (e.g., Cholesky) R = LLT. For
a given set A C R® and s > 1, Co(A) will denote the convex hull of A, and the notation
R A is to be interpreted as Ry A := {ra :r > 0,a € A}. For a given finite subset J C N, #J
will denote its cardinal. Finally, for a k& x p matrix B and vector b € R¥, (B|b) denotes the
k x (p+ 1) matrix resulting from B by appending b as the (p + 1)th column.

2. Preliminaries.

2.1. Spheric-radial decomposition of a Gaussian distribution. Let & be an m-dimensional
Gaussian random vector normally distributed according to & ~ N (0, R) for some positive defi-
nite correlation matrix R. Then ¢ = nL(, where R = LLT is some factorization (e.g., Cholesky
decomposition) of R, 1 has a Chi-distribution with m degrees of freedom, and ¢ has a uniform
distribution on the Euclidean unit sphere

sml .= {z cR™

m
Zz?zl}
i=1

of R™. As a consequence, for any Lebesgue measurable set M C R™ its probability may be
represented as

(2.1) PEeM) = [y ({r=05rLon M £0) duc(o),
vesm—1

where p, and p¢ are the laws of 1 and (, respectively. The consideration of distributions

N (0, R) is no loss of generality, because this standardized form is well known to be achieved

under a linear transformation of a given general Gaussian random vector. Then, (2.1) keeps

holding true upon transforming the set M accordingly.

2.2. Probability function in spheric-radial form and preliminary results. Given the con-
straint mapping ¢ in (1.1), we pass to the maximum function ¢ : R" x R™ — R over its
components by defining

(22) 9" (x,2) = max g;(z,z).
.7_17"'7p
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Evidently, the probability function (1.1) can be written as ¢(z) = P(¢"(x,£) < 0). By (2.1)
we have that

@3 e@= [ 20wl <0 duc) = [ elw)dpclo)

Uegmfl

where
(2.4) e(z,v) == py ({r >0: g™(x,rLv) <0}) VzeR? VYoeS™

As a consequence of (1.2), g™ is convex in the second argument. In [30], probability functions
of a single continuously differentiable inequality, convex in the Gaussian random vector &,
have been investigated. Because our inequality ¢ (z,§) < 0 fails to be differentiable as a
maximum function, we cannot directly apply those results. Nonetheless, several of them are
useful for the generalization to our setting.

Throughout the paper we will consider arguments 2 for which ¢ (x,0) < 0, i.e., for which
0 is a Slater point of the inequality system g(x,z) < 0 in z. This is no severe restriction
because in the case that g™ (z,0) > 0, the feasible set {z|g(z,z) < 0} would be a subset of
some half-space containing zero by convexity of ¢"(x,-). As a consequence of £ having a
symmetric and centered distribution (see (1.2)), the probability of this half-space would be
0.5, implying that ¢(x) < 0.5. In many practical applications, however, values of probability
functions close to 1 are considered.

The assumption ¢™(z,0) < 0, along with the convexity of ¢ (z,-), implies that, for each
x € R" and each v € S™!, (2.4) can be simplified as

e(m, U) = /Ln([ov T*])v

where 7* = oo in the case that ¢ (z,7Lv) < 0 for all » > 0 or r* is the unique solution of
g™ (x,rLv) = 0in r > 0. Since this case distinction is essential when dealing with potentially
unbounded sets, we are led to the definition of the following set-valued mappings Fj, I, F', I :
R* = S™ L forj=1,...,p:

F(z) :={veS" Ir>0:¢"(z,rLv) =0},
I(z) :={v e S e > 0: g™ (x,rLv) < 0},
Fj(z) :={ve S™Y3r > 0:g; (z,rLv) = 0},
Ii(z) :={v € S™Nvr > 0: g; (z,rLv) < 0}.

The following lemma collects some elementary properties needed later.

Lemma 2.1. Let x € R™ be such that g™ (x,0) < 0. Then the following hold:

1. Fj(z)Ulj(z) = F(x) Ul(z) =S™"! forallj=1,...,p.

2. For je{l1,...,p} and v € Fj(x) let r > 0 be such that gj (x,rLv) = 0. Then,
9j (‘Tvo)

(V.gj (x,rLv), Lv) > —

3. F(x) =Ul_ Fj(x), I(z) = Ni_, Ij(z).
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4. e(x,v) =1ifv € I(x), and e(z,v) <1 if v € F(x).

Proof. Statements 1 and 3 are obvious, whereas 2 follows easily from the convexity of
g(x,-) (see [30, Lemma 3.1]). As for 4, v € I(x) entails that

{r>0:¢g(z,rLv) <0} =R

and hence, by (2.4), e(z,v) = py, (Ry) = 1 because the support of the Chi-distribution is R.
Otherwise, if v € F(z), then again via point 1 and by the convexity of g(z,-), we see that

{r>0:g(x,rLv) <0} = [0, R]

for some R > 0, whence e(x,v) = py ([0, R]) = 1 — uy([R,00)). With the Chi-density being
strictly positive for all arguments, we conclude that p, ([R,00)) > 0 such that e(z,v) < 1. B

Lemma 2.2 (Lemma 3.2 in [30]). Letj=1,...,p be arbitrary, and let (x,v) be such that
gj(x,0) < 0 and v € Fj(x). Then there exist neighborhoods U; of x and V; of v as well as a
continuously differentiable function p;'?’v :U; x Vj — Ry with the following properties:

L. For all (2',0',r") € Uj x Vj X Ry the equivalence g;(z',r'Lv") = 0 & ' = p7*(2/,0)

holds true.
2. For all (2',v") € Uj x V; one has the gradient formula

1
(V.g;(z’, p?’v(a;’, v')Lv'), L

Vzp;’fﬂ) (x/7 1)/) = — U/> vxgj(x/7 p;ﬁ,v(x/7 ’U/)L’U/).

Definition 2.3. Let h : R® x R™ — R be a differentiable function. We say that h satisfies
the exponential growth condition at x if there exist constants C, oy and a neighborhood U (x)
such that

Hvxh (x’,z) H < 506”2” V' e U(z), Vz: ||z|| > C.

Lemma 2.4 (Lemmas 3.3 and 3.7 in [30]). Letj=1,...,p be arbitrary, and let z € R™ be
such that g;(z,0) < 0. Moreover, let v € I;j(x), and consider any sequence (g, vy) — (x,v)
with vy, € Fj(xy). Then pfk’vk (g, v) —p 00. If, in addition, g; satisfies the exponential
growth condition at x, then also

X <pf'“’v'“ (K, vk)) Vaup;™ (zr, k) =% O.

Here, x is the density of the Chi-distribution with m degrees of freedom, and p?k’vk is the
resolving function defined in a neighborhood of (x,vg) as in Lemma 2.2.

2.3. Clarke and Mordukhovich subdifferential. In this section, we recall the definitions
of some well-known subdifferentials of nonsmooth functions (see [3, 17]).

Definition 2.5. Let f : R™ — R be an arbitrary function, and fix any T € R™. Then,
e the Fréchet subdifferential of f at T is the set

Of(7) = {:17 e R" | liminf L) = 1@) - @he—7) 0};

v [ — 2|
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e the Mordukhovich or limiting subdifferential of f at T is the set
M f(2) = {a* € R™ | 3wy = 3,35 = 2" f(wn) > F(@),25 € Of (wn) } 4

e if f is locally Lipschitz continuous around T, then the Clarke subdifferential of f at T
is the set
0°f(z) = Co {z* € R" | Tz, = &,V f(xp) = x*}.

Note that, thanks to Rademacher’s theorem, a locally Lipschitz continuous function is dif-
ferentiable almost everywhere, and hence its Clarke subdifferential is nonempty. Moreover, for
such functions, the Clarke subdifferential is always the closed convex hull of the Mordukhovich
subdifferential, the latter being a nonconvex set and, thus, strictly smaller than the former,
in general. The partial subdifferential of a function depending on two variables is defined as
the subdifferential of the partial function, similar to the definition of partial derivatives.

3. Clarke subdifferential of . The aim of this section is to provide an upper estimate
for the Clarke subdifferential of the probability function (1.1). The main result of this section
is formulated in Theorem 3.6. It will be based on interchanging subdifferentiation and inte-
gration in (2.3). This requires calculating the Clarke subdifferential of the function e in (2.4)
first. To start, we prove the following auxiliary result.

Lemma 3.1. Let x € R™ be such that ¢"(x,0) < 0, and let v € F(x). Then, introducing
the index set J32" = {j € {1,...,p}v € Fj(z)}, the functions pf’v from Lemma 2.2 are well

defined for j € J;E’U on the neighborhood U x V of (x,v), where, with U;,V; from Lemma 2.2,
ﬁ = ﬂ Uj, ‘7 = ﬂ Vj
Jj€Jr Jj€Jr

Moreover, there exist neighborhoods U C U of x and V C V of v with the following properties:
L. For all (z',v',r") € U x V x Ry the equivalence g™ (z',r'Lv") = 0 & ' = p™¥(a',0")
holds true, where the resolving function p™* : U x V — Ry is defined as

(3.1) p™?(x',0") = min p7"(a’,0") ¥ (2,0) € UxV.
jeJz"”

2. For all («',v") € U x V, the partial Clarke subdifferential of p™" (w.r.t. z) is given by
(3.2) oLp™? (2", v") = Co {prjf’v(m',v’) 1j€ jx’”(azl,vl)} ,

where J%V(2',v") :={j € J}?”p?’v(x’,v’) = p™V(2',v")} is the active index set.

Proof. Our assumptions and Lemma 2.1.3 imply that g;(x,0) < 0 for all j € {1,...,p}
and Jp" # 0. Hence, the set U x V defined in the statement of this lemma is indeed a
neighborhood of (z,v), and Lemma 2.2.1 yields the equivalence

(3.3) gj(@',r' L") = 0 & ' = pi (2!, 0) V(a0 0) € UxV xRy, Vje Tz

In particular, the min-function p™* in (3.1) is well defined and continuous on U x V. We may
clearly shrink U x V' to a neighborhood U x V" of (z,v) which is bounded and—Dby continuity
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of g"—satisfies that ¢"(z/,0) < 0 for all 2/ € U. Boundedness of U x V and continuity of
p%Y imply the existence of some R > 0 with

(3.4) pP (@ W) <R V(a0V)eUxV.

Moreover, since j € (Jf;’v)c entails v € I;(x) (by Lemma 2.1 parts 1 and 3), Lemma 2.4 allows
us to shrink U x V once more such that

(3:5) Py (@ W)= R41 V() €UV ol € F(2f), V5 e (J5)°.

Here, p?l’v,refers to the resolving function in Lemma 2.2 whose existence around (2/,v") is
guaranteed by v' € Fj (z').

Now, in order to prove statement 1 of this lemma, let (z/,v',7’) € U x V x Ry be such
that ¢™ (2,7’ Lv’) = 0. Assuming that r’ > p™¥(2/, '), there would exist some j € J"* with
' > pi"(a’,v"). From (3.3), we then derive the contradiction

0= gj(@’, p7" (2", W) L) < g™(a, p7" (2", 0") L) < g™(a, 0" L") = 0,

where the strict inequality follows from ¢™(z’,0) < 0 and from the convexity of ¢g"(z/,-).
Hence, ' < p™¥(2/,v"). If, in contrast, v’ < p®?(z',v’), then with the same arguments as
before, we arrive at

(3.6) gj (@', p7 " (@ W) L") = 0 = g™ (2!, L") < g™ (2!, p" (2] W) L") Vg€ TR
Hence, for any j € Jz", we have the relations
gj($/7 0) < gm(x/’ 0) <0, gj($/7 p?v($/v U/)LU/) =0, px,v($/’ U/) < p§7v($/v U/)'

Now, convexity of g;(x',-) provides that g;(2', p™"(2',v")Lv") < g;(2', pj"(2',v") Lv"). This
allows us to conclude from (3.6) that

g; (@, p"P (' W) L') < g™ (2, pP0 (2 W) L") Vg e TR
Consider now an arbitrary j € (Jr). In the case of v’ € I; (') one has that
(3.7) g (@', pPP (2 V) L") < 0 < g™(a!, p"" (2, 0") L),

with the first inequality following from the definition of I; (z’) and the second one following
from (3.6). In the opposite case, one has that ' € Fj (z’) by Lemma 2.1.1. Then, exploiting

(3.4) and (3.5), we end up with p;?/’v/ (@', v") > p™¥(2’,v"). Hence, with the same convexity
argument as before,

(3.8) 0= gj(a’,p5 ' (2,0 L") > g(a', p™" (2! 0! ) L),
Combining this with (3.7), we have shown that

C

gj(x/,pm’”(a:’,vl)LU’) < g™, p™t (2!, V) LY') V)€ (JI?’U) .
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Together with (3.6), this brings us to the contradiction

gj(a, p=t (2! W) L") < g™ (2, p™0 (0 L") Vi e TRt U (JEY) = {1, p}

with the definition of ¢"™. Summarizing, we have proven that ' = p™(z/,v’), which shows
the part “=" in the equivalence claimed in statement 1 of this lemma.

Conversely, assume that 7 = p®?(z/,v’) for some (2/,v',1") € U x V x R;. Select any
J* € Jg* with p™¥(2/,0') = p?;v(:n’,v’). Then, by (3.3),

(3.9) g+ (@', 7' Lv') = gj*(a;’,p?;”(a:’,v’)Lu’) = 0.
On the other hand, if j € Ji" is arbitrary, then r’ = p™¥(2/,v") < p;ﬁ,v(x/,v/) and
0= gj(x,ap?v(x,avl)l;vl) > gj(l‘,,’f'/L’U,)

by gj(2/,0) < 0 and the convexity of g;(z,-). Finally, for j € (J&")° one has that v € I;(z).
In the case where also v' € I;(z’), we have that g;(2/,7'Lv") < 0. In the opposite case of
v/ € Fj(a'), (3.4) and (3.5) yield that p;cl’vl(x’,v’) > p®v(2’,v"). Then, by Lemma 2.2.1 and
applying the same convexity argument as before, we get

0= gj(a;’,p?,’vl (@', 0" ) LV") > g;(2, p™¥ (2! ') L") = g;(2', v Lo').

Summarizing, we have shown that g;(z’,7'Lv") < 0 for all j = 1,...,p, which, together with
(3.9), leads to the desired relation ¢ (a’,r'Lv") = 0. This proves statement 1 of our lemma.

As for statement 2, we may apply [3, Proposition 2.3.12] to —p™" = max;e sz —p" in
order to derive the equality

P~ (') = Col=Tups (!, v') | j € T (')}

On the other hand, 95(—p™?(2',v")) = —05p™"(2',v") by [3, Proposition 2.3.1], which allows
us to prove (3.2) since Co(—A) = —Co A for any set A. [ |

If one dealt with a single component of g only (i.e., p = 1), then trivially the functions ¢" in
(2.2) and p™" in (3.1) would be continuously differentiable, and hence Lemma 3.1.1 would allow
us to invoke two results [30, Lemma 3.3 and Corollary 3.4] derived in this restricted setting.
Of course, for p > 1, g™ and p™" are just locally Lipschitz continuous and, in particular,
continuous. Continuity is indeed immediate from the given max- and min-operations in (2.2)
and (3.1) applied to the (differentiable) components g; and p?’v, respectively. Since neither of
the two above-mentioned results exploits differentiability arguments and since only continuity
is needed there, we do not provide a proof of the following lemma, which is literally a copy of
the proofs of those results.

Lemma 3.2. Let x € R™ be such that g™ (x,0) < 0. The following hold:

1. If v € F(x), then there exist neighborhoods U of x and V' of v such that e(z',v") =
Fy(p™" (2',0")) for all (2',v") € UV, where e and p*™" are defined in (2.4) and (3.1),
respectively, and F, is the distribution function of the Chi-distribution with m degrees
of freedom.
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2. If v € I(x), then p™ " (zg,vp) — oo for any sequence (zj,vi) — (x,v) with vy €
3. The function e is continuous at (x,v) for any v € S™1,

Corollary 3.3. Let « € R™ be such that ¢g"(x,0) < 0 and v € F(x). Then there ezists a
neighborhood U x V' of (z,v) such that e is Lipschitz on U x V and

e(z',v") = Co {X (p™" (2, 0)) Vmpf’v(:nl,v/) 1j € jx’”(:nl,v/)} V(z' V') e U x V.

Here x is the density of the Chi-distribution with m degrees of freedom, and J*° is as intro-
duced in Lemma 3.1.

Proof. From Lemma 3.2.1, we know that e = F;, o p™" in a neighborhood U x V" of (z,v).
We may assume this neighborhood small enough so that p™" is Lipschitz there as a minimum
of smooth functions, by (3.1). Since the mapping £}, is continuously differentiable with F,’] =,
Clarke’s chain rule [3, Theorem 2.3.9(ii)] yields that

de(a’,v') = x (p™ (', 0)) 85p™" (/W) V(' W) e U x V.

The assertion now follows from (3.2). [ ]

In the following we want to generalize Corollary 3.3 and to establish the local Lipschitz
continuity of the partial mapping e (-,v) around any x € R" with ¢"(z,0) < 0 and any
v € S™ ! and to provide a formula for its Clarke subdifferential. To this aim, we need the
following auxiliary results.

Lemma 3.4. Let x € R™ be such that ¢"(x,0) < 0, and assume that all components g; of
g satisfy the exponential growth condition at x. Consider any sequence (xy,vg) — (x,v) for
some v € I(x) such that vy, € F (zy). Then,

lim dSe(xk,vr) = {0},
k—oo

where the latter is to be understood as the Painlevé—Kuratowski limit.
Proof. By Corollary 3.3 it follows that any si € dSe(xy,vy) can be written as

k
s= X0 (@poR) - Y APV g, ),
jejzk’vk (Z‘k,vk)

k .
where )\g ) > 0 for all j € J%Y(zy,v;) and Zjejxk,vk(kak
Lemma 3.1.2, p"* Y (xp,vx) = p;c’“’v’“(a:k,vk) for j € J*» (xp,vt), one may characterize sy
alternatively by

)Agk) = 1. Since, according to

p

k Uk k

se= 0 A (ke v)) Vet g o) = Yl
JET TRk (2h,0k) j=1
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where we have put

= A X (0, 0) )V (a1, o) (J € T (zg, vk)),
J 0 (Je{1,...,p\T** % (xk, v)).

The assertion of our lemma will follow if we can show that ,u§-k) — 0 for all j € {1,...,p}.

In order to do so, fix any j € {1,...,p}. If there is only a finite number of indices k& with
j € J*% (zk, i), then u§-k> = 0 for all k large enough, whence the claimed convergence holds
true. Otherwise, consider the subsequence k; consisting of all indices k with j € J%* % (xy, vg).
Then, (xy,, vk,) = (x,v) and vy, € F (zy,) for all [. Moreover, our assumption v € I(z) implies
that v € I;(x) by Lemma 2.1.3. Therefore, Lemma 2.4 allows us to conclude that

Tl Uk TkysVk
X(pjkl & (xkzvvkz))vmpjkl K (‘/Ekl?,ukl) 1 0’

whence ugk’) —1 0 due to Agkl) € [0,1]. Consequently, if € > 0 is arbitrarily given, then there

exists some !’ such that
(3.10) [ <e wzv.

Set k' := kp. Then, for any k > k' one either has that j € J%%Vk(xy, vt), in which case k = k;

for some [ > 1" and hence (3.10) holds true, or j ¢ J%&Vk(xy, v), in which case ,u§-k> =0. The

g-k) — 0, ie., Hugk)H <eforal k>Fk. [ |
Corollary 3.5. Let x be such that g™ (x,0) < 0 and that g; satisfies the exponential growth
condition at x for all j = 1,...,p. Then, for any v € S™ 1, the function e(-,v) is Lipschitz

continuous in a neighborhood of x, and its Clarke subdifferential is given by

claimed convergence again follows, u

age(gj, U) = {CO {_ <Vzgj(ifgz::((;::})))}m),Lv) vxg] (‘T7 px’v (‘T7 U) LU) ] S jx’v(x7 U)} va € F(.Z'),
{0} ifv e I(z).

(%

Here x is the density of the Chi-distribution with m degrees of freedom, p™" refers to the
resolving function, and J*"(x,v) is the active index set (the latter two were introduced in
Lemma 3.1).

Proof. Fix arbitrary « and v as indicated above. If v € F(z), then e(-,v) = F,(p™" (-,v))
in a neighborhood of x by Lemma 3.2.1; hence e(-,v) is Lipschitz continuous on this neigh-
borhood, and the asserted formula for dSe(z,v) follows from Corollary 3.3 and Lemma 2.2.2.
Therefore, we may assume v € I(z) now. We start by verifying local Lipschitz continuity of
e(-,v) around x. If this were not true, then there would exist sequences xy — x and yx —p «
with

(3.11) le(zr, v) — e(yr, 0)| > k|lzr — vkl VE € N.

By Lemma 3.2.3, we may assume that all xy, y; are contained in a ball around z such that
e(+,v) is continuous in this ball. Moreover, we may assume that this ball is small enough to
guarantee that

(3.12) g™ (2',0) <0 Vi’ € [zg,yx], Vk € N.
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We will show that for all & € N there exist z; € [xy,yx] and z} € 0%e (2x,v) such that
(3.13) v € F(z) and  le(zg,v) = e(yr, )| < (gl + 570 [lan — vl

To show this claim, let us fix an arbitrary k& now. If v € I(x;) N I(yg), then Lemma 2.1.4
leads to a contradiction with (3.11). Hence, without loss of generality, v € F(zy). Define
xt = (1 —t) xy, + ty, for all t € [0, 1] and

= sup {t € [0,1] Je(z! ,v) < 1V € [O,t]} .
Since e(2°,v) = e(x,v) < 1 by Lemma 2.1.4, the continuity of e(-,v) on the line segment
[k, yk] provides that 7 € (0,1]. Moreover, we may find an « € (0, 7) with

le(z,v) —e(a™,v)| < k7 |l — yll-
Since a € (0,7), this implies that e(z*,v) < 1 for all ¢’ € [0, ], and Lemma 2.1.5 yields that
(3.14) veF(') vt elo,a].

Taking into account (3.14) and that, by (3.12), g™ (z*,0) < 0 for all ¢’ € [0, ], Corollary 3.3
yields that e(-,v) is locally Lipschitz continuous on an open neighborhood of the line segment
[z9 2%]. This allows us to invoke Lebourg’s mean value theorem [15, Theorem 1.7] in order
to derive the existence of some t* € [0, o] and some z* € dSe(z! ,v) such that

‘e (a:o,v) —e (xa,fu)‘ < |l=*] on — xO‘H .
Therefore, recalling that x;, = 20 and that z® € [x, y], we arrive at
(3.15) e (k) — e (@7, 0)] < [|a*|| log — 2| + k" ok — yill < ([l +57") Nk — yill -

Clearly, v € F(z'") by (3.14). If 7 = 1, then 2™ = yy,, and (3.13) follows upon putting zj := x*°
and zj := z*. Otherwise, 7 < 1, and then e (z7,v) = 1 by continuity of e(-,v) on the line
segment [xg,yr]. We have to distinguish two cases. First, if v € I(yg), then e (yg,v) = 1 by
Lemma 2.1.4, and so (3.13) follows from (3.15) and e (yx,v) = e (27, v) with the same zj, z},
as before. In the second case, v € F(yg), so the roles of x; and y; can be interchanged in
deriving (3.15). Therefore, we may assume without loss of generality that e(yx,v) > e(xg,v).
Then, with e being bounded from above by 1,

le (zg,v) —e(aT,v)| =1—e(xg,v) > e(yr,v) — e (zg,v) = |e(zk,v) — e(yk,v)]| .

Now, (3.13) follows once more from (3.15) with the same z, z} as before. Since k € N was
chosen arbitrarily, we have altogether verified (3.13). Clearly, 2z € [z, yx] implies zx —p x.
Since also v € F(z;) and v € I(z), Lemma 3.4 yields that ||z}|| + k~! is a bounded sequence
contradicting (3.11). Summarizing, we have proven Lipschitz continuity of e(-,v) around x.

It remains to calculate the Clarke subdifferential of e(-,v). By [3, Theorem 2.5.1] we have
that

0Se(x,v) = Co{z"|Fz; — z : e(-,v) differentiable at x; and Vg e(x;,v) —; 2" }.
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Therefore, in order to prove the remaining assertion dSe(x,v) = 0 of our corollary, we have
to show that Vze(z;,v) —; 0 holds true for any sequence z; — z with e(-,v) differentiable at
all z;. Let us fix any such sequence and assume that the asserted convergence would not hold
true. Then,

(3.16) |Vze(z,,v)|| > Vk

for some subsequence and some ¢ > 0. If v € I(x;, ) for some k, then e(-,v) reaches its
maximum possible value at z;, (see Lemma 2.1.4). Since e(:,v) is differentiable at x;,, the
contradiction Vge(x;, ,v) = 0 follows with (3.16). Hence, v € F(xy,) for all k, and so by
Lemma 3.4 we have that

{0} = kli)ngo ose(xy,,v).

On the other hand, Vze(x;, ,v) € d0%e(z;,) by [3, Proposition 2.2.2], whence Vze(x;, ,v) — 0,
which is a contradiction with (3.16) again. Summarizing, we have shown that V e(x;,v) — 0
along any sequence x; at which e(-,v) is differentiable. This finishes the proof. |

Now, we are in a position to prove the main result of this paper. The set-valued integral
appearing in (3.17) has to be interpreted as explained in Remark 3.1 below.

Theorem 3.6. In addition to our basic assumptions (1.2), let the following conditions be
satisfied at some fized T € R™:

1. ¢"(z,0) < 0.

2. g; satisfies the exponential growth condition at T (Definition 2.3) for all j =1,...,p.
Then, ¢ in (1.1) is locally Lipschitz continuous on a neighborhood U of &, and it holds that

(3.17) &0 () C
ol _ X (P (z,v)) e
/UEF(m)C { (V295 (z,p(z,v) Lv),L@ngJ( ,p (2, v) Lv)

forallz € U. Here, p(x,v) refers to the unique solution inr > 0 of the equation g™ (x,rLv) =
0 and

€ 3 fdiclo)

N

J(@,v) = {j €{L,....pHgj(z,p(z,v) Lv) = 0} (v € F(x)).

Proof. Assumptions 1 and 2 continue to hold on an appropriate neighborhood of Z. Hence,
there exists an open neighborhood U of Z such that

(3.18) g™ (z,0) <0, g; satisfy the exponential growth condition Vj=1,...,p, Vx € U.

According to Lemma 3.2.3, e is continuous on U x S™~1. Consequently, for each z € U the
mapping v € S™~! s e(x,v) is measurable. Next, we show that the function

a(z,v) :=max{|s|]| : s € de(x,v)}
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is upper semicontinuous on U x S™ 1. In order to do so, ﬁxNan arbitrary (x,v) € U x §m1
and an arbitrary sequence (z3,v;) —k (2,v) with (z,vr) € U x S™! for all k. Assume first
that v € F(x). By a continuity argument, there exists kg such that

T (x, o) € T (x,v) V> ko
holds true for the index set mapping J%" introduced in Lemma 3.1. Then, by Corollary 3.3,
o (o) = max { ] |s € Co {x (0" (xx, 00)) V] (wesvi) :5 € T (anve) | |
< max{HsH |s € Co {X (P (wk, 1)) Vap; “(xr,0p) 1 J € jx’”(a:,fu)}}
— max {|s]||s € Co {x (6""(2,0)) Vop] " (z,0) :j € T"(z,0)} } = a(a,0).
Since the sequence (xg,vx) —k (x,v) was arbitrarily chosen, it follows that

lim sup o) (:17', v') < a(zx,v),
(z/ W)= (x0), (z/ v )elUxSm—1

which is the upper semicontinuity of v at (z,v). Now assume that v € I(z), whence o (z,v) =
0. We claim that o (x,v;) — 0. If this was not the case, then « (xy,,vy,) > € for some
subsequence (zy,,vy,) — (z,v) and some € > 0. Assume that vy, € I(xy,) for some [.
Since the assumptions of the theorem hold on a neighborhood of z, they may be assumed to
continue to hold at xy,. Then, dSe(xy,,vy,) = {0} by Corollary 3.5, whence the contradiction
a (g, vi,) = 0. Therefore, vy, € F(xy,) for all I and hence, by Lemma 3.4,

lim Oge(xy,,vy,) = {0}.
l—o0

This yields once more a contradiction o (xy,,vy,) —; 0 with o (xy,,v,) > €. Consequently,
a (zk,vr) =k 0 as claimed, so that « is continuous at (z,v). Summarizing, we have shown
that « is upper semicontinuous on U x S™ 1.

Let B (Z;7) be a closed ball centered at Z and with radius 7 > 0 such that B (z;7) C U. By
the Weierstrass theorem, the upper semicontinuous function « realizes its maximum on the
compact set B (Z;7) x S™~1; hence « is bounded on this set by some constant M > 0. Define
the open neighborhood U := int B (Z;r), and choose arbitrary ,y € U and v € S~ 1. Observe
that e(-,v) is locally Lipschitz continuous on U C U by Corollary 3.5 and as a consequence of
(3.18). Lebourg’s mean value theorem [15, Theorem 1.7] then implies the existence of some Z
in the line segment [x,y] and of some s* € dSe(Z,v) such that

e(z,v) —e(y,v) = (s*,z — y).
Since & € B (z;r), we conclude that ||s*|| < a(Z,v) < M. Summarizing, we have shown that
le(z,0) —e(y,v)| < Mllz —y|| Va,yeU YoeS™

This property allows us to invoke Clarke’s theorem on the interchange of integral and sub-
differential [3, Theorem 2.7.2] in order first to conclude that ¢ is locally Lipschitz continuous

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.



Downloaded 01/15/17 to 62.141.177.118. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

(SUB-)GRADIENT FORMULAE FOR PROBABILITY FUNCTIONS 77

on U and second to derive from (2.3) and from Corollary 3.5 the formula

o =0 [ elaoduco) € [ oelao)ducle) = [ dte(w o)duclo)

Uegmfl veS"“l UGF(LE)
X(px7v ($7v)) X,V . X, v }
= Co < — Vaegi (2, p7" (z,v) Lv)|j € T"%(x,v) ¢ due(v).
/UEF(m) { (V.gj (x, p=¥ (z,v) L) , Lv) (@ p"" (3,0) L) (7. 0) f dpe(v)

By Lemma 3.1.1, p™" (z,v) is the unique solution in r of the equation ¢"(x,rLv) = 0, and
hence p(z,v) = p»¥ (x,v) with p as introduced in the statement of this theorem. It remains
to show that

T (x,v) = J(x,v) VzeU Yve F(x)
for j as introduced in the statement of this theorem. To this aim, fix arbitrary x € U and
v € F(x). Let also j € J%"(x,v) be arbitrarily given. By definition, p?’v(x,v) = p"Y(z,v) =
p(x,v), whence

9j(z, p(x,v)Lv) = gj(m,pj’v(a;,fu)Lv) =0,

and so j € j(x,v). Conversely, let 7 € j(x,v) be arbitrary. Then, g;(x,p(z,v)Lv) = 0,
which entails that v € Fj(x) and that j € Ji* with the latter set as introduced in Lemma
3.1. By Lemma 2.2.1, pf’v(a;, v) is the unique solution in r > 0 of the equation g;(z,rLv) = 0.
Consequently, by (3.1),

T,V oA o , o . T,V
pj ($,’U) - p($,’U) - p:c v(x,v) - _,mlgv pj’ ($,’U).
J EJF
This shows that j € J%"(z,v) and finishes the proof of the theorem. [ |

Remark 3.1. The integral in (3.17) is to be understood as the set of integrals over all
measurable selections (see, e.g., [23, Chapter 14]) of the set-valued integrand. More precisely,
(3.17) means that for any z* € 0%(z) there exists a measurable function 8 such that for
pe-almost every v € F(x)

x (p (x,v))

,p (z,v) Lv) , Lv) Vag; (,p(z,v) Lv)

B(v) € Co {— o j € j(m)}

and z* = fveF(x) B(v)dpe (v).

Remark 3.2. Let us end this section with a remark concerning the interest of disposing of
outer characterizations of the subdifferential. Frequently, in optimization problems, wherein
a constraint or objective function involving the mapping ¢ of the type (1.1) appears, first
order optimality conditions involve a condition of the type 0 € 0°p(x). Disposing of an outer-
estimate of the subdifferential, as in (3.17), then allows us to formulate a relaxed condition
which always admits a feasible solution whenever the original equation admitted one. This
is not true for an inner-characterization, which would lead to a more restrictive condition,
potentially not admitting any solution. Outer-approximations are also frequently used in
mathematical programs with equilibrium constraints (see, e.g., [27, Theorem 4.1] and the
subsequent discussion).
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4. Differentiability of ¢ and a gradient formula. Theorem 3.6 provides an immediate
characterization for the differentiability of the probability function ¢, given next.

Theorem 4.1. In addition to the assumptions of Theorem 3.6 suppose that

(4.1) pe({v € F(2)|#J (z,v) > 2}) = 0.
Then, ¢ is Fréchet differentiable at T and
(4.2)
V() = - (n, ) Vago) (@5 (2,0) Lv) duc (),

veF (@) 4@ =1 (V29w (&,p (Z,v) Lv), Lv)

where p(Z,v) is the unique solution in r > 0 of the equation g"(Z,rLv) = 0 and j(v) is the
unique index j € {1,...,k} satisfying g;(Z,p(Z,v) Lv) = 0. If (4.1) holds locally around Z,
i.e., if there is a neighborhood U of T such that

(4.3) pc({v € F(a)|#J (z,v) >2}) =0 VzeU,

then ¢ is continuously differentiable in U.

Proof. Under (4.1), the integrand in (3.17) (for x := Z) is single-valued pc-almost every-
where on F'(Z); hence the integral is single-valued. Since 0°p(Z) is nonempty by local Lipschitz
continuity of ¢, on the one hand [3, Proposition 2.1.2], and is contained in the single-valued
integral by (3.17), on the other hand, it follows that 0°p(Z) coincides with the integral. In
particular, 9°p(Z) is single-valued, and hence ¢ is Fréchet differentiable [3, Proposition 2.2.4].
Moreover, 0°p(z) = {Vp(Z)} and (4.2) follows from (3.17) upon observing that the integra-
tion domain can be reduced to those v € F(Z) for which J(Z,v) is a singleton (by (4.1))
and recalling the definition of J (Z,v). The second assertion of the theorem follows from [3,
corollary to Proposition 2.2.4]. |

Condition (4.3) may be difficult to verify in a concrete context, as it refers to the uniform
measure on the sphere of the radial projection of some set. In the following, we want to
identify an explicit constraint qualification for the inequality system g(x,z) < 0 under which
¢ is (continuously) differentiable. In order to do so, we need the following characterization of
the uniform measure over S™~! as a so-called cone measure (see also [18]).

Lemma 4.2. Let A C S™ ! be a Borel measurable subset. Then, the uniform measure fh¢
on S™~ ! can be represented as

(4.4) pe(A) = ﬁ)\(cone(/l) NB),

where B is the closed unit ball, \ is the Lebesgue measure in R™, and cone(A) is the cone
generated by the set A.

For any = € R™ and z € R™ we denote by

(4.5) T(w,2) = {j € {L,....p} g (x.2) = 0}

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.



Downloaded 01/15/17 to 62.141.177.118. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

(SUB-)GRADIENT FORMULAE FOR PROBABILITY FUNCTIONS 79

the active index set of g at (x,z). We say that the inequality system g (z, z) < 0 satisfies the
rank-2-constraint qualification (R2CQ) at x € R™ if

(R2CQ)  rank {V.g; (x,2),V2gi(2,2)} =2 Vi,j € L(2,2),i#j, VzeR™ 1 g(x,2) <0

Note that (R2CQ) is substantially weaker than the usual linear independence constraint qual-
ification (LICQ) common in nonlinear optimization and requiring the linear independence of
all gradients to active constraints.

Lemma 4.3. Let g be as in Theorem 3.6. Moreover, let T € R™ be given such that
1. ¢™(z,0) <0,
2. g satisfies (R2CQ) at .

Then pe (M') =0 for M' := {v € S™ 1 3Fr > 0: g(z,rLv) <0, #ZI(z,rLv) > 2}.

Proof. For i,5 € {1,...,k}, let

M;j:={veS™ Y 3Ir>0:g(z,rLv) <0, g;(z,rLv) = g; (Z,rLv) = 0}.

Since the union

M= J My
Z?]e{lvvk}vl<]
is finite, it is evidently sufficient to show that p¢ (M; ;) = 0 for any 4,5 € {1,...,k} with i < j.
Without loss of generality, it is enough to verify that us (M;2) = 0. Define

Mik,2 = {Z € Rm|g (3_37'2) <0, g1 (j7 Z) = 92 (jvz) = 0}

and observe that R My = Lt (R+Mf’2). We note first that M2 is a Borel measurable
subset of S™~L. Indeed, for any I € N the set [0, ] - (M75,NB(0,1)) is closed by the closedness
of M7 5. Consequently

RyMi, = J[0,0]- (Mf,nB(0,1))
leN

is Borel measurable in R™ and so is Ry M o = L1 (R+M1*72). Since trivially My 2 = Ry M 2N

Sm=1 it follows that M is a Borel measurable subset of Sm=1. This allows us to apply
Lemma 4.3, in order to derive that

ALY RLM ) NB
e <M1,2>=”R*fég§“m= ( (;(B)l,y )

Hence, in order to prove the lemma, it will be sufficient to show that
(4.6) AL (ReM,) NB) = 0.

In order to do this, notice that rank {V.g; (z,2)},_, , = 2 for all z € Mj, as a consequence
of assumption 2. One may define for each 2 € M{, an open neighborhood W(z) such that
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the rank condition above extends to the whole neighborhood. Then, W := | ¢+ W (2) is an
open set containing M7 5 such that

(4.7) rank {V.g; (z,2)},_,,=2 VzeW.

Defining M := {z € Wlgj (,2) =0 (j =1,2)}, the respective definitions yield that M, C
M.

We show next that the set ™! (R M )\{0} is a differentiable manifold of dimension m — 1.
Observe first that, by assumption 1, we have the following equivalence:

48) welL™ (R+J\Z/> \{0} & 3t >0:g; (7 thw) =0 (j=1,2) and tLwe W.

particular, w € F; (z) for j = 1,2. Define a mapping 3 by ; (w,t) := g; (Z,tLw) for j =1,2.
Then,

(4.9) Vi (w,t) = V.9 (z,tLw) (tL|Lw) =: (A]b).

Thanks to (4.7), the matrix A is surjective; hence it contains a quadratic submatrix A of order
(2,2) which is regular. Without loss of generality, we may assume that A consists of the first
two columns of A. On the other hand, we know from Lemma 2.1.2 that (V.g; (z,tLw) , Lw) >
0 for j = 1,2. As a consequence, V,( (w,t) = b # 0 in (4.9). Therefore, we can exchange a
suitable column in the regular matrix A with the vector b without destroying its regularity.
Assume, without loss of generality, that the last column of A can be replaced by b such that
the resulting matrix A’ remains regular. Then, by the implicit function theorem, the equations
Bj (w,t) =0 (j =1,2) can be resolved in a neighborhood Uy x Us of (w,t) as

(410) w1 = (151 (w27 cee 7wm)7
(411) t:§b2 (w27-"7wm)7

with certain continuously differentiable functions ¢; (j = 1,2). Since ¢ > 0 and tLw € W, we
may further assume Uz X Uf to be small enough such that

(4.12) tLweW, t>0, V(w,t)eUzxUs

Now, g1 (z,tLw) = 0 and (4.8) imply that @ # 0 and ||@| " @ € F(z). Hence, Lemma
2.2 guarantees the existence of a neighborhood V' of Hw”‘l w and a continuously differentiable
function o : V' — R such that for all (v,7) € V x R, the equivalence

(4.13) g1 (Z,rLv) =0 1r=a(v)

holds true. In particular, £ = ||| ™" o([lw|~'w). This allows us to define a neighborhood

U C Uy of w such that for all w € U one has that |Jw|| " w € V and ||w]| ™" o [l w) € Uy
We claim that

(4.14) weUnL™t ([RJFM} \{O}) swel and w; = @j(wa,..., wn).
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Indeed, if w € UNL™'([RM]\{0}), then by (4.8) there is some ¢ > 0 such that g; (z,tLw) = 0
forall j =1,...,1. Since |w]| ™" w € V, we infer from (4.13) that ¢ = [|w|| ™" a( |w| " w) € Uy
Hence, (w,t) € Ug x Uz, and the direction “=” of our asserted equivalence follows from
(4.10). Conversely, let w € U satisfy (4.10). Then, with ¢ defined by (4.11), one has that
gj (Z,tLw) = 0 for all j =1,2. Taking into account (4.12), the direction “<” of our asserted
equivalence then follows from (4.8).

In conclusion, as w € L‘l([R+M]\{0}) was arbitrary, the equivalence (4.14) shows
that L‘l([R+M J\{0}) is a differentiable manifold of dimension m —1 < m. As a conse-
quence, )\(L_l([R+M]\{O})) = 0 (e.g., [10, Lemma 1.5]). Since My, C M, we infer that
AL ([RyMi o] \{0})) = A (LY [ReMf,] \{0}) = 0, whence A(L™! [RyMf,]) = 0, im-
plying (4.6) as desired. This completes the proof. ]

By combination of Lemma 4.3 and Theorem 4.1, we arrive at the main result of this
section.

Corollary 4.4. In addition to the assumptions of Theorem 3.6, suppose that (R2CQ) is
satisfied at . Then ¢ is Fréchet differentiable at T, and the gradient formula (4.2) holds true.
If (R2CQ) is satisfied locally around Z, then ¢ is continuously differentiable on an appropriate
neighborhood of T.

Remark 4.1. We note that neither (4.3) nor (R2CQ) is a new condition for ensuring dif-
ferentiability of probability functions. They can be found in [25, Assumption 2.2(iv)] in the
context of spheric-radial decomposition, and in [14, Theorem 3.1, Assumption(vi)] in a general
setting. However, in both references, compactness of the set {z|g(Z, z) < 0} is needed, which
we do not impose here.

5. Probability functions for linear random inequality systems. In this section, we are
going to apply the previously obtained results to probability functions for linear random
inequality systems:

(5.1) p(x) =P (A(z)§ < b(x));

ie., in (1.1) we have g (z,§) = A(x)¢ — b(z) for matrix and vector functions A : R" —
RP*™ p: R™ — RP. In this special case not only does the resulting gradient formula becomes
more explicit but, more importantly, several assumptions made before (exponential growth
condition, local validity of (R2CQ)) can be omitted. The subsequently derived gradient for-
mulae are fully explicit and “ready to use,” similar to those obtained in [31, 12, 20] for the
same probability function but in a different form. The different representations of the same
gradient may turn out to be advantageous depending on the concrete problem considered. In
the following, for a matrix P we denote by F; its jth row and by P;; its entry in row j and
column 1.

Theorem 5.1. In (5.1) let A, b be continuously differentiable, and let & ~ N (0, R) for some
positive definite correlation matriz R admitting a decomposition R = LLT. Fiz any & € R"
such that bj(Z) > 0 for all j € {1,...,p}. Finally, assume that any two rows of the matric
A(Z) are linearly independent. Then, ¢ in (1.1) is continuously differentiable at Z, and it
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holds that
(5.2)

_ XPW) (.~ _ _
V() = - | XD (5 () S T A (8 i — by (®) ) duc(v),
{oeSm—117% (0) 0, .7+ (v) =1} Aj(v) () Lv ; = =

where
J*w):={je{l,...,p}|A;(@)Lv > 0},
p(v):= min {b;(z)/(4;(z)Lv)},
JEJ*(v)
J7 () = {j € J'(v)|p (v) = b;(z)/(A;(Z) Lo},

and j(v) is the unique element of the index set J*™*(v), i.e., j(v) is the unique inder j €
{1,...,p} satisfying A;(Z)Lv > 0 and b;(z) = p (v) A;(Z)Lv.

Proof. In order to prove the result, we want to apply Corollary 4.4. To do so, we have first
to check the assumptions of Theorem 3.6. The general assumptions of this theorem as well as
assumption 1 are clearly satisfied by the hypotheses we made. Concerning assumption 2 of
Theorem 3.6, we claim that the exponential growth condition (Definition 2.3) is satisfied for
all j = 1,...,p. Indeed, by A being continuously differentiable, there exists a neighborhood
U of z and a constant K such that ||VA;;(z)|| < K for all z € U and all 4,5 € {1,...,p}.
Then, Definition 2.3 holds true because of

|Vzg; (z,2)|| = ZziVAj,i(x) < K|z, < KelFli vz e ™,
i=1

In order to verify the asserted continuous differentiability of ¢ via Corollary 4.4, it remains to
check that the constraint qualification (R2CQ) is satisfied on a neighborhood of z. Clearly,
our assumption on pairwise linear independence of the rows of A(Z) implies that (R2CQ)
holds at z itself. If it didn’t hold locally around Z, then there would be sequences x; € R",
z € R™, A\ € R, and g, ji, € {1,...,p} such that

wp = T, Aig(2r) 2k = biy (21), Ajy (Tr)2k = b5 (r), A (21) = Aedjy (Tr), ik 7 -
By passing to a subsequence which we do not relabel, we may assume the existence of i, j €
{1,...,p} such that
Ai(ze)ze = bi(ze),  Aj(er)zr = bj(zk),  Ai(zr) = Mdj(zk), 1747

We infer that A\pbj(zg) = b;(z) for all k. From b;(x) — bi(Z) > 0 and bj(zg) — b;(z) > 0
we conclude that

i(7)
b;(Z)

whence the contradiction A;(Z) = AA;(Z) with our assumption on pairwise linear indepen-
dence of the rows of A(Z). Consequently, we have shown that ¢ is continuously differentiable

)\k—>)\::

b
70,
J
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at Z. It remains to prove that the general gradient formula (4.2) ensured by Corollary 4.4
reduces in the special case of (5.1) to the asserted formula (5.2). This follows easily upon
specifying the partial derivatives of g and the concrete shape of p (v), and upon observing the
relations

F@)={veS™ T W) #0},  J(&@v)=J"(). |

Next, we specialize the previous result to linear inequality systems Az < b(x) with constant
coefficient matrix. Without loss of generality, we may assume that b(x) = x because the
difference in the resulting gradient formulae consists just in a postmultiplication by the explicit
derivative Db according to the chain rule. Hence, consider now the probability function

(5:3) p(x) =P (AL < x).

This specialization of (5.1) leads not only to a substantially simpler gradient formula but also
to a weakened constraint qualification, where only active rows of the matrix A come into play
now in order to guarantee continuous differentiability of .

Corollary 5.2. In (5.3) let & ~ N (0,R) for some positive definite correlation matriz R
admitting a decomposition R = LLT. Fiz any & € R™ such that Z; > 0 for all j € {1,...,p}.
Finally, assume that any two active rows of the matrix A are linearly independent:

(5.4) Az <%, Ajz=1x, Ajz =, 1 # j = rank {Ai,Aj} = 2.
Then, ¢ in (1.1) is continuously differentiable at T, and it holds that

dp X (P (v))
65 Ge@- dpc(v)
8$j {veSm—1|A; Lv>0,z,;=p(v)A; Lv} AjLU ¢

Proof. Clearly, the gradient formula (5.5) follows from (5.2) in the special setting of (5.3).
Evidently, (5.4) corresponds to the general constraint qualification (R2CQ). In order to derive
continuous differentiability of ¢ via Corollary (4.4), it is sufficient to verify that it automat-
ically holds locally around Z. If this were not the case, we could repeat the argument from
the proof of Theorem 5.1 in order to derive the existence of sequences xjp, zr, Ax and of
indices ¢ # j such that z;, — z, A; = M\yA;, and 4,5 € T (2, 2). As in that proof, it follows
that Ay = X\ := z;/Z; > 0 and A; = AA;. As a consequence of the Hausdorff continuity of
the set-valued mapping x — {z|Az < x} (see [1, Theorem 3.4.1], [13, p. 121]), the relation
i € T (xg,z;) implies the existence of some Z such that Az < z and A;zZ = Z;. Then, also
Ajz = \"'z; = z; but rank {4;, A;} = 1, a contradiction with (5.4). [ |

Finally, we consider a gradient formula for the distribution function
(5.6) Fe() =P (¢ < o)

associated with a Gaussian random vector.
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Corollary 5.3. Let £ ~ N (0, R) for some positive definite correlation matriz R admitting
a decomposition R = LL". Fiz any € R™ such that Z; > 0 for all j € {1,...,p}. Then, ¢
in (1.1) is continuously differentiable at &, and it holds that
dp X (p (v
2 50D 40

(wz/ G=1,...,p).
O {(vES™1|Lu>0,3;=p(v) Ljv}  LjV

Proof. Equation (5.6) follows from (5.3) by setting A := I. Clearly, any two rows of I are
linearly independent. The gradient formula follows from A;Lv = Lj;v in this special case. W

6. Mordukhovich subdifferential of probability functions for linear random inequality
systems. We reconsider the probability function ¢ in (5.3) under the assumptions of Corollary
5.2 except the constraint qualification (5.4). Without this constraint qualification, we cannot
hope for differentiability of ¢ (see Example 1.1). Nevertheless, it is still locally Lipschitzian
and admits an upper estimate for its Mordukhovich subdifferential which is more precise
than its Clarke subdifferential. This allows us to sharpen the upper estimate in the general
result (3.17) for this special class of problems. In order to prepare a corresponding result, we
introduce the following equivalence class within the index set {1,...,p} of rows of the matrix
Ain (5.3):

’iNj<:>E|)\ER:Ai:)\Aj, :ﬁi:)\i‘j.

By the assumption z; > 0 for all j € {1,...,p} made in Corollary 5.2, i ~ j implies that
A > 0 in the defining relation. Similarly, ¢ ~ j implies that (5.4) is satisfied. Denote by p < p
the number of different equivalence classes [i]. Without loss of generality, we may assume that
the first p rows of A belong to different equivalence classes. Then, it obviously holds for any
i=1,...,p that

(6.1) Ajz <z Vjeli| <= Aiz < hi(z) = mi{y}lA}lazj.
JEI

We denote by A the submatrix of the first p rows of A.

Theorem 6.1. In (5.3) let & ~ N (0,R) for some positive definite correlation matriz R
admitting a decomposition R = LLT. Fiz any T € R™ such that z; >0 forallje{l,...,p}.
Then, o is locally Lipschitz continuous, and its Mordukhovich subdifferential can be estimated
from above by

p N
ncy X (p(v)) IR TSR _
oMelw) ; [{veSmllﬁ-Lwo g:ﬁ(o)ALv}m dpic(v)J {)‘j tejli € il A 1E = hi($>}’

i=1

where
5 (v) := min {gjj/(Aij)Lj e{l,....p}: AjLv > 0} .

Proof. We introduce the modified probability function G(y) := P(A¢ < y) (for y € RP)
and observe that, thanks to (6.1), the original probability function ¢ in (5.3) can be written
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as the composition ¢ = ¢ o h with a Lipschitz continuous mapping h = (hy,...,hs). Since
the rows of A refer to rows belonging to different equivalence classes in A, they satisfy (5.4)
(see the remarks preceding the statement of this theorem). Furthermore, y := h(Z) satisfies
y; > 0for i = 1,...,p. This allows us to derive from Corollary 5.2 that ¢ is continuously
differentiable in a neighborhood of 4 and that

0P X (p(v))

= = dpe(v 1=1,...,p),
ayz( v) = /{veSm1|A¢Lv>0,yi:p”(v)AiLv} A;Lv C( ) )

where p (v) is defined in the statement of this theorem. The chain rule for the Mordukhovich
subdifferential [17, Theorem 1.110(ii)] now yields that

M p(z) = 0" (V3(h(2)), h) () = O <Z % (h(a)) - hi) (7)

P
€30 (G i)
where the last inclusion follows from the sum rule in [17, Theorem 2.33(c)]. Next, we observe

that g—i(h(i)) >0 for all i =1,...,p because ¢ is evidently nondecreasing w.r.t. the partial
order of RP. This allows us by [17, p. 112] to continue the previous relation as

(6.2) Z

Given the definition of components h; in (6.1), we conclude from [17, Theorem 1.113] that

) - 0Mhy(z).

M@ | J {0l € A = hi(@) ) (=108,

where e; refers to the jth canonical unit vector in R™. (Actually, as the components h; are
minima over linear functions, it is easy to show that even equality holds in the previous
relation; we cannot benefit from this improvement, however, because (6.2) already involves
an inclusion anyway.) [

7. Conclusions and perspectives. In this paper we have investigated differentiability of
probability functions acting on nonlinear systems of inequalities. The underlying random
vectors have been assumed to be multivariate Gaussian or Gaussian-like. The underlying
system of inequalities need not define a compact set, and under mild conditions an outer-
approximation of the Clarke subdifferential of the probability function is obtained. In the
case that this system of inequalities is linear with constant coefficient matrix, we also obtain
an upper estimate of the smaller Mordukhovich subdifferential. The presented formulae for
the subdifferentials and /or gradients are explicit in the nominal entry data and can therefore
be readily implemented by a practitioner familiar with Monte Carlo sampling. We are keen
to investigate extensions of these results by relaxing the convexity assumption of the system
in the argument represented by the random vector.
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