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Optimal Control under Uncertainty with Joint Chance State Constraints:
Almost-Everywhere Bounds, Variance Reduction,

and Application to (Bi)linear Elliptic PDEs\ast 

Ren\'e Henrion\dagger , Georg Stadler\ddagger , and Florian Wechsung\ddagger 

Abstract. We study optimal control of partial differential equations (PDEs) under uncertainty with the state
variable subject to joint chance constraints. The controls are deterministic, but the states are
probabilistic due to random variables in the governing equation. Joint chance constraints ensure
that the random state variable meets pointwise bounds with high probability. For linear governing
PDEs and elliptically distributed random parameters, we prove existence and uniqueness results for
almost-everywhere state bounds. Using the spherical-radial decomposition (SRD) of the uncertain
variable, we prove that when the probability is very large or small, the resulting Monte Carlo
estimator for the chance constraint probability exhibits substantially reduced variance compared
to the standard Monte Carlo estimator. We further illustrate how the SRD can be leveraged to
efficiently compute derivatives of the probability function, and we discuss different expansions of
the uncertain variable in the governing equation. Numerical examples for linear and bilinear PDEs
compare the performance of Monte Carlo and quasi-Monte Carlo sampling methods, examining
probability estimation convergence as the number of samples increases. We also study how the
accuracy of the probabilities depends on the truncation of the random variable expansion, and we
numerically illustrate the variance reduction of the SRD.
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1. Introduction. While deterministic optimization and control problems governed by par-
tial differential equations (PDEs) make up a well-established research area [6, 23, 39], it has
only been over the last one or two decades that researchers have started to systematically study
these problems in the presence of uncertainty; see, e.g., [2, 10, 16, 25, 26, 29]. Optimization
under uncertainty introduces new theoretical and algorithmic difficulties because uncertainty
can substantially increase the dimensionality of the problem. This adds complexity to opti-
mization problems governed by PDEs, as it necessitates random space approximation, and
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OPTIMAL CONTROL WITH JOINT CHANCE CONSTRAINTS 1029

one requires adapted objectives and constraints. Here we focus on probabilistic constraints
on the state in optimal control problems governed by elliptic equations. In particular, we
consider joint chance state constraints, which require that realizations of the distribution of
states satisfy pointwise bound constraints with a certain probability. A precise formulation is
given next.

1.1. Problem statement. For a bounded, sufficiently regular domain \scrD \subset \BbbR d, typically
d\in \{ 1,2,3\} , we consider an optimal control problem under uncertainty, i.e.,

min
u\in U\mathrm{a}\mathrm{d}, y\in X

\scrJ (u, y),(1.1)

where U\mathrm{a}\mathrm{d} is a convex closed set of admissible controls, and X is the function space of the
random states. The uncertainty enters through the equation that relates the control u and
the state y. We use a probability space (\Omega ,\scrA ,\BbbP ), i.e., \omega \in \Omega are events, \scrA is a \sigma -algebra on
\Omega , and \BbbP is a probability measure. The governing equation is an elliptic PDE with random
variable \xi defined in (\Omega ,\scrA ,\BbbP ) and taking values in a Hilbert space H . The state y(\omega ) and
the control u satisfy the equation

A(u)y(\omega ) +B\xi (\omega ) +Cu= f,(1.2)

where for u\in U\mathrm{a}\mathrm{d}, A(u) : Y \mapsto \rightarrow H - 1(\scrD ) with Y a subspace of H1(\scrD ) is a linear invertible elliptic
operator that is differentiable with respect to u, B : H \mapsto \rightarrow H - 1(\scrD ) and C : U\mathrm{a}\mathrm{d} \rightarrow L2(\scrD ) are
bounded linear operators, and f \in L2(\scrD ).

The equation form (1.2) includes linear and bilinear PDEs, and we will give concrete
examples later in this introduction. In addition to (1.1) and (1.2), for p \in [0,1] we consider
the following joint chance constraints for the state variable:

\BbbP (\omega \in \Omega | y(\bfitx )\leq y(\bfitx , \omega )\leq \=y(\bfitx ) for a. a. \bfitx \in \scrD )\geq p,(1.3)

where y, \=y \in L2(\scrD ) are given lower and upper bounds, respectively. The constraint (1.3)
states that realizations of the state, which is a random variable, must be between y and \=y in
a pointwise sense with probability of at least p. In this paper, we develop efficient methods
to approximate and solve (1.1), (1.2), and (1.3) numerically.

1.2. Related literature. Chance constraints were introduced in the 1950s [9], and fun-
damental contributions to their theoretical and numerical foundations were later made by
Pr\'ekopa [35]; see [37] for a more modern presentation. Recently, these probabilistic con-
straints have been considered in the context of infinite-dimensional optimization, in particu-
lar PDE-constrained optimization [10, 13, 14, 17, 20, 21, 22, 27, 34, 36, 38, 42]. These works
focus on applications (for example, optimization of gas transport [22, 36], aeronautics [8], and
population growth [34]), numerical approaches (see, for example, [10, 20, 27]), andtheoretical
aspects (for example, existence and stability of solutions [14], convergence of algorithms [38],
optimality conditions [17, 42], and explicit estimates for subdifferentials [21]).

Numerical approaches for chance constraints can roughly be classified in (1) methods
that relax the constraints, resulting in formulations with nicer properties (e.g., convexity,
differentiability); and (2) methods that approximate the original chance constraints. One
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1030 REN\'E HENRION, GEORG STADLER, AND FLORIAN WECHSUNG

method in the first class is using the conditional value-at-risk, but other relaxations are possible
(see, e.g., [27, 30]). Facilitating solution methods through relaxation of the chance constraint
comes at the cost of potentially significant conservatism of the resulting solutions. The second
class of approaches approximate the original chance constraints. This approximation could
be discrete (as in sample average approximation [32]) or smooth (see, e.g., [8, 19, 33, 40]).
Consequently, solution algorithms from discrete or nonlinear optimization are used. In this
paper, we follow an approach based on the spherical-radial decomposition (SRD) of elliptically
distributed (e.g., Gaussian) random vectors, which has been shown to be successful inboth
theoretical analysis of probability functions [17, 21, 40, 41, 42] and numerical solutions of
chance-constrained optimization problems [3, 13, 22, 34].

We emphasize that (1.3) is a joint chance constraint, that is, it considers the probability
over a whole system of random inequalities. Alternatively, one could formulate individual
chance constraints, where the probability is taken over all inequalities individually as follows:

\BbbP 
\bigl( 
\omega \in \Omega | y(\bfitx )\leq y(\bfitx , \omega )\leq \=y(\bfitx )

\bigr) 
\geq p for a. a. \bfitx \in \scrD .

The difference lies in enforcing uniform versus pointwise constraints, which must be satisfied
with high probability. Individual constraints are less restrictive, allowing for lower optimal
objective function values. Furthermore, in specific models (e.g., when control and random
parameters are separated as in (1.2)), individual constraints can be reformulated into explicit
deterministic equivalents. In contrast, joint constraints address the need for uniform constraint
satisfaction, often reflecting practical requirements. In particular, random states that meet
individual bounds with high probability at each point may still fail to meet these bounds
uniformly over the entire domain with high probability (see, e.g., [3, sect. 4.2]).

Note that in the limit p\rightarrow 1, the chance constraint (1.3) turns into an ``almost-sure"" con-
straint. Nevertheless, in general, it is not recommended to formulate an almost-sure constraint
as a chance constraint because the latter degenerates in the limit to a constraint violating
standard constraint qualifications [17]. We refer the reader to [15, 17, 18] for theoretical and
numerical approaches to treating almost-sure constraints.

1.3. Contributions, limitations, and overview. In this paper, we make the following con-
tributions. (1) We extend existence, uniqueness, and convexity results to problems with joint
chance almost-everywhere state constraints. (2) We prove theoretically and illustrate numer-
ically that, compared to standard Monte Carlo (MC) sampling, using the spherical-radial
decomposition (SRD) substantially reduces the variance for estimation of low, high, or radi-
ally close-to-symmetric probabilities. (3) Using smoothing properties characteristic of PDE
operators, we illustrate the innate dimension reduction for the random state variable and
discuss its use in approximating chance constraints. (4) We present a systematic numerical
study of control problems governed by linear and bilinear elliptic problems, comparing stan-
dard, SRD-based MC, and quasi-MC samplings. We find that an SRD quasi-MC method
requires 1--2 orders of magnitude fewer samples than a standard MC method for the same
accuracy, which directly translates to a corresponding speedup.

Our approach also has some limitations. (1) For the problems we consider here, the
map from the uncertainty to the PDE solution (and thus the constraint) is linear. The
methods can be generalized to problems where the constraint function depends nonlinearly
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OPTIMAL CONTROL WITH JOINT CHANCE CONSTRAINTS 1031

on the random variables. However, some advantages of the proposed methods are lost with
increasing nonlinearity. (2) We also assume that for fixed control u, the governing equation is
linear. Note, however, that we do not require that the control enter linearly, as we illustrate
using a bilinear control example. (3) For the problems considered here, the variance reduction
achieved by using SRD MC sampling over standard MC sampling directly translates into
computational speedup. Although variance reduction also applies to problems where the
constraint depends nonlinearly on the random variable, the increased computational cost of
SRD MC in nonlinear settings may negate the advantages gained from reduced variance.

Finally, we give an overview. Section 2 presents basic existence, uniqueness, and con-
vexity results for the case where the governing equation (1.2) is linear in the control u.
In particular, existing results are generalized to almost-everywhere state constraints. In
section 3, the spherical-radial decomposition (SRD) is introduced for general elliptically dis-
tributed random variables, and reduced variance results are shown for the case of very small,
large, or close-to-symmetric sets. Furthermore, we provide derivatives of the probability func-
tion. In section 4, we apply the general framework specifically to the control problem (1.1),
discuss truncation of the random variable expansion, and compute explicit gradient formulas
of the probability. Finally, in sections 5 and 6, we perform comprehensive numerical exper-
iments for linear and bilinear control problems and discuss the results in the context of our
theoretical findings.

1.4. Examples. Next, we present two examples that fit the setting described in subsection
1.1. These examples are studied numerically in sections 5 and 6.

Example 1.1 (tracking-type objective governed by linear PDE with uncertain Neumann data).
We split the boundary of the physical domain \scrD \subset \BbbR d into disjoint open sets \partial \scrD 1, \partial \scrD 2 and
assume we are given a Gaussian law d\mu with realizations \xi (\omega ) \in L2(\partial \scrD 2). We consider the
risk-neutral tracking-type optimal control problem

minimize
u\in L2(\scrD ), y\in X

1

2

\int 
\Omega 

\int 
\scrD 
(y(\omega ) - yd)

2 d\bfitx d\mu +
\alpha 

2

\int 
\scrD 
u2 d\bfitx (1.4)

subject to a governing equation with uncertain Neumann data on \partial \scrD 2,

 - \Delta y(\omega ) = f + u in \scrD ,(1.5a)

y(\omega ) = 0 in \partial \scrD 1,(1.5b)

\nabla y(\omega ) \cdot \bfitn = \xi (\omega ) in \partial \scrD 2,(1.5c)

and joint state chance constraints (1.3). Here, yd, f \in L2(\scrD ), \alpha > 0, and \bfitn is the unit boundary
normal and X is the (Bochner) space of solutions of (1.5). In section 5, we show that the
integration over \Omega in (1.4) can be done analytically, and we study methods for approximating
the joint chance constraint and the effect of the bound p on the controls u that minimize (1.4).

Example 1.2 (bilinear control with uncertain right-hand side). In bilinear control, the gov-
erning equation contains a term in which the control u multiplies the state y. This structure
appears, for example, in the optimal control of quantum systems [4, 5, 24]. We assume an
uncertain right-hand side with realizations \xi (\omega )\in L2(\scrD ) resulting in the governing equation
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1032 REN\'E HENRION, GEORG STADLER, AND FLORIAN WECHSUNG

 - \Delta y(\omega ) + uy(\omega ) = f + \xi (\omega ) in \scrD ,(1.6a)

y(\omega ) = 0 in \partial \scrD ,(1.6b)

where f \in H - 1(\scrD ). We consider an objective that only involves the control cost; i.e., the
optimization-under-uncertainty problem with joint chance state constraints is

minimize
u\in U\mathrm{a}\mathrm{d}, y\in X

1

2

\int 
\scrD 
(u - u0)

2 d\bfitx ,(1.7)

subject to y satisfying (1.6) and the joint chance constraint (1.3). Here, u0 \in L2(\scrD ) is a given
desired control, and if U\mathrm{a}\mathrm{d} includes, for instance, the pointwise bound u \geq 0, invertibility of
the PDE operator in (1.6) is guaranteed. Due to the bilinear equation, this is not a linear-
quadratic problem. However, for fixed u, the map from the uncertain parameter \xi to the state
variable y is linear.

1.5. Notation. We denote the spatial domain by \scrD and use \Omega for the random space. To
distinguish vectors from scalars or scalar functions, we use a bold font. We use the common
abbreviations SRD for spherical-radial decomposition and MC for Monte Carl. The number
of unknowns to discretize \scrD is denoted by n. When we use Karhunen--Loeve expansions to
describe random variables, we use K for the number of expansion terms and the index k.
To approximate the random space \Omega , we denote by N the number of MC samples and use
the index i for these samples. By M we denote the number of points in \scrD , where the state
constraints are evaluated, and we will use the index j for this point set.

2. Solution existence, uniqueness, and convexity for linear governing equation. In this
section, we consider the case where the PDE operator A in (1.2) does not depend on the
control; i.e., the governing equation is

Ay(\omega ) +B\xi (\omega ) +Cu= f.(2.1)

Since A is assumed to be invertible, we can consider the (random) state variable y as a function
of the (deterministic) control u and the (random) variable \xi as follows:

yu(\omega ) =A - 1(f  - Cu - B\xi (\omega )).(2.2)

We assume that the random variable \xi is defined as a linear combination of finitely many
functions \xi 0, ek \in L2(\scrD ) (k= 0, . . . ,K),

\xi (\omega ) := \xi 0 +

K\sum 
k=1

\zeta k(\omega )ek,(2.3)

where \bfitzeta = (\zeta 1, . . . , \zeta K) is a K-dimensional random vector on the probability space (\Omega ,\scrA ,\BbbP ).
Assume further that U\mathrm{a}\mathrm{d} \subset L2(\scrD ), and consider the probability function

\varphi (u) := \BbbP 
\bigl( 
\omega \in \Omega : y(\bfitx )\leq yu(\bfitx , \omega )\leq y(\bfitx ) for a. a. \bfitx \in \scrD 

\bigr) 
(2.4)

and the associated set of controls that satisfy the chance constraint (1.3), i.e.,

U\mathrm{p}\mathrm{r} :=
\bigl\{ 
u\in L2(\scrD ) :\varphi (u)\geq p

\bigr\} 
.(2.5)

The next proposition summarizes the properties of \varphi (\cdot ) and U\mathrm{p}\mathrm{r}.

Copyright © by SIAM and ASA. Unauthorized reproduction of this article is prohibited.
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OPTIMAL CONTROL WITH JOINT CHANCE CONSTRAINTS 1033

Theorem 2.1. The probability function (2.4) is well defined and weakly sequentially upper
semicontinuous. As a consequence, the feasible set U\mathrm{p}\mathrm{r} defined in (2.5) is weakly sequentially
closed for arbitrary p\in [0,1]. If the random vector \bfitzeta has a log-concave density (e.g., Gaussian
and many others; see [35, sect. 4.4]), then U\mathrm{p}\mathrm{r} is also convex for arbitrary p\in [0,1].

Proof. To show that \varphi is well defined, we verify that for any fixed control u and corre-
sponding state yu, the event set\bigl\{ 

\omega \in \Omega : y(\bfitx )\leq yu(\bfitx , \omega )\leq y(\bfitx ) for a. a. \bfitx \in \scrD 
\bigr\} 

(2.6)

belongs to the \sigma -algebra \scrA of the probability space (\Omega ,\scrA ,\BbbP ). To this aim, we introduce the
continuous linear solution operator S :L2(\scrD )\times \BbbR K \rightarrow Y as

S(u,\bfitz ) :=A - 1

\Biggl( 
Cu+

K\sum 
k=1

zkBek

\Biggr) \bigl( 
u\in L2(\scrD ), \bfitz := (z1, . . . , zK)\in \BbbR K

\bigr) 
and define the convex and closed set

\^K := \{ \~y \in H1(\scrD ) :A - 1(f  - B\xi 0) - y(\bfitx )\leq \~y(\bfitx )\leq A - 1(f  - B\xi 0) - y(\bfitx ) for a. a. \bfitx \in \scrD \} .

The closedness of \^K follows from the facts that converging sequences in \^K also converge in
L2(\scrD ) and that the set of L2-functions with almost-everywhere bounds is closed [39, sect.
2.5]. Then, the event set in (2.6) coincides with the set

\{ \omega \in \Omega : S(u,\bfitzeta (\omega ))\in \^K\} = \bfitzeta  - 1([S(u, \cdot )] - 1( \^K)),(2.7)

which belongs to the \sigma -algebra \scrA because the set [S(u, \cdot )] - 1( \^K) is closed as the preimage of
the closed set \^K under the continuous mapping S(u, \cdot ). Therefore, \varphi is well defined.

To show the remaining statements, we apply Lemmas A.1 and A.2 from the appendix. In
order to do so, we specify the abstract spaces and functions from these lemmas as follows:

U :=L2(\scrD ), \~Y := Y, K := \^K, g := S.

We verify first that the assumptions of Lemma A.2 are satisfied, namely that K is weakly
closed and g is weakly sequentially continuous. This is indeed the case because, first, \^K is
weakly closed as a closed, convex subset of the Banach space Y and, second, because S is
weakly sequentially continuous as a continuous linear operator. Then, by Lemma A.2, the
probability function \~\varphi defined there is weakly sequentially upper semicontinuous. On the
other hand, by the coincidence of (2.6) and (2.7), the probability function \~\varphi of Lemma A.2 is
identical to the probability function \varphi in (2.4) in the concrete setting of the current theorem.
Thus, \varphi is weakly sequentially upper semicontinuous.

Likewise, the assumptions of Lemma A.1 are satisfied when we additionally assume in our
theorem that \bfitzeta has a log-concave density. Hence, with the definitions made before, the set

M := \{ u\in U : \BbbP (g(u,\bfitzeta )\in K)\geq p\} = \{ u\in U : \BbbP (S(u,\bfitzeta )\in \^K)\geq p\} 

Copyright © by SIAM and ASA. Unauthorized reproduction of this article is prohibited.
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1034 REN\'E HENRION, GEORG STADLER, AND FLORIAN WECHSUNG

defined in that lemma is convex for arbitrary p \in [0,1]. Taking into account the equivalence
of (2.7) and (2.6) mentioned above as well as the definition of (2.5) via (2.4), we end up at
the identity M =U\mathrm{p}\mathrm{r}, so that U\mathrm{p}\mathrm{r} is convex for any p\in [0,1], as was to be shown.

Note that in the original formulation (1.1), we consider the control u and the state y as
independent variables that are connected by the equality constraint (1.2). The previous result
allows us to argue existence and uniqueness for the reduced form of (1.1), (1.2), (1.3), in which
we consider the state y= yu as a function of the control u using (2.1) as follows:

min
u\in U\mathrm{a}\mathrm{d}\cap U\mathrm{p}\mathrm{r}

\^\scrJ (u), where \^\scrJ (u) :=\scrJ (u, yu).(2.8)

Theorem 2.2. Assume that \^\scrJ is coercive, convex, and lower semicontinuous and that U\mathrm{a}\mathrm{d}\cap 
U\mathrm{p}\mathrm{r} \not = \emptyset . Then, (2.8) admits a solution. The same holds if we replace the coercivity of \^\scrJ by
the additional boundedness of U\mathrm{a}\mathrm{d}. If, in either of the two settings, \^\scrJ is strictly convex and \bfitzeta 
has a log-concave density, then (2.8) has a unique solution.

Proof. By convexity and lower semicontinuity, \^\scrJ is weakly sequentially lower semicontin-
uous. Since U\mathrm{a}\mathrm{d} is closed and convex, it is also weakly sequentially closed. With U\mathrm{p}\mathrm{r} being
weakly sequentially closed by Theorem 2.1, U\mathrm{a}\mathrm{d}\cap U\mathrm{p}\mathrm{r} is weakly sequentially closed. Since a co-
ercive, weakly sequentially lower semicontinuous function attains its infimum over a nonempty
and weakly sequentially closed set, there exists a solution to (2.8).

Assume now that \^\scrJ is not necessarily coercive and that U\mathrm{a}\mathrm{d} is additionally bounded. Then,
as a closed, convex, and bounded subset of a reflexive Banach space, U\mathrm{a}\mathrm{d} is weakly sequentially
compact. As a consequence, the nonempty intersection with the weakly sequentially closed
set U\mathrm{p}\mathrm{r} is weakly sequentially compact, too. Now the existence of a solution to problem (2.8)
follows in a classical way from the weak sequential lower semicontinuity of \^\scrJ . If \bfitzeta has a
log-concave density, then U\mathrm{p}\mathrm{r} is convex by Theorem 2.1. Therefore, U\mathrm{a}\mathrm{d} \cap U\mathrm{p}\mathrm{r} is convex, and
the result follows from the strict convexity of \^\scrJ .

3. Spherical-radial decomposition. In this section, we revisit the spherical-radial decom-
position (SRD) as a methodology for addressing chance constraints in a slightly more general
context than required for our target optimal control problem (1.1)--(1.3). In particular, in
subsections 3.1 and 3.2, we assume an elliptically distributed random variable (generalizing
the Gaussian distribution in our target problem) and that the constraint function is convex
(generalizing the linear constraint function needed in (1.3)).

The SRD has a somewhat greater level of complexity compared to smoothing methods
[8, 33, 36] and sample average approximation [32], which are applicable to any distribution
accessible through sampling. Although the SRD is confined to a specific class of multivariate
distributions, including Gaussian distributions, it capitalizes on their intrinsic properties to
provide three significant benefits. First, it facilitates the analysis of the original problem
(e.g., Lipschitz continuity or differentiability of the chance constraint) without necessitating
approximations at the outset [21, 40, 41]. This approach has been utilized in [17, 42] to
derive optimality conditions for a continuous PDE optimal control problem. Second, the SRD
has reduced variance in probability estimation compared to both direct MC and quasi-MC
samplings, which is advantageous for numerically solving chance-constrained optimization
problems. Third, the SRD provides explicit gradient expressions for the probability function
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OPTIMAL CONTROL WITH JOINT CHANCE CONSTRAINTS 1035

in both the original and numerically approximated formulations. This is crucial for addressing
chance constraints through nonlinear optimization methods. While gradients for numerical
approximations are also obtainable with smoothing methods, they cannot be derived from
single samples, unlike when using the SRD. The first aspect is less significant in this context
as our focus is on numerical solutions rather than theoretical analysis. The second aspect,
concerning variance reduction, has not been systematically explored so far, and we shall
examine it more thoroughly in subsection 3.2. As for the third aspect, we will derive and
employ explicit gradient formulas for the probability functions to solve the optimal control
problems outlined in Examples 1.1 and 1.2.

3.1. General setting. It is well known [12, eq. (2.12)] that elliptically distributed n-
dimensional random vectors \bfitzeta admit a decomposition

\bfitzeta =\bfitm + \tau L\bfittheta ,(3.1)

where \bfitm \in \BbbR n, L \in \BbbR n\times k, k \leq n, \tau is a one-dimensional nonnegative random variable,
and \bfittheta is a random vector uniformly distributed on the unit sphere \BbbS k - 1 of \BbbR k. Moreover,
\tau and \bfittheta are independently distributed. With \tau and \bfittheta playing the roles of a radial variable
and a spherical variable (in the sense of polar coordinates), respectively, (3.1) is referred to as
the spherical-radial decomposition of \bfitzeta . A prominent example is a (nondegenerate) Gaussian
random vector \bfitzeta \sim \scrN (\bfitm ,\Sigma ), which yields the decomposition (3.1) with k= n, \tau having a chi
distribution with n degrees of freedom, and L satisfying LLT =\Sigma . Accordingly, the Gaussian
probability of some measurable subset M \subseteq \BbbR n can be represented as

\BbbP (\bfitzeta \in M) =

\int 
\bfitv \in \BbbS n - 1

\mu \chi (\{ r\geq 0 :\bfitm + rL\bfitv \in M\} )d\mu U (\bfitv ),(3.2)

where \mu \chi is the one-dimensional chi distribution with n degrees of freedom, and \mu U is the
uniform distribution over \BbbS n - 1.

In this paper, we use the SRD in combination with the inequality g(u,\bfitzeta ) \leq 0, where
g : U \times \BbbR n \rightarrow \BbbR , U is a Banach space of controls, and \bfitzeta \sim \scrN (\bfitm ,\Sigma ) is an n-dimensional
Gaussian random vector. We assume that g(u, \cdot ) is convex for all u \in U . Defining the
probability function \varphi :U \rightarrow [0,1] as

\varphi (u) := \BbbP (g(u,\bfitzeta )\leq 0) (u\in U),(3.3)

(3.2) yields that

\varphi (u) =

\int 
\bfitv \in \BbbS n - 1

\mu \chi (\{ r\geq 0 : g(u,\bfitm + rL\bfitv \leq 0\} )d\mu U (\bfitv ) (u\in U).

A considerably more convenient representation can be provided if the mean \bfitm is strictly
feasible for u\in U as follows:

g(u,\bfitm )< 0.(3.4)

In [40, Prop. 3.11] it was shown that (3.4) holds if \varphi (u) \geq 0.5 and there exists any Slater
point \bfitz \in \BbbR n (not necessarily \bfitm ), i.e., g(u,\bfitz )< 0. Both conditions are mild; the latter holds
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1036 REN\'E HENRION, GEORG STADLER, AND FLORIAN WECHSUNG

because the target probability level p in a chance constraint is usually close to one. Under
(3.4), the one-dimensional set \{ r \geq 0 : g(u,\bfitm + rL\bfitv ) \leq 0\} reduces to the interval [0, \rho (u,\bfitv )],
where

\rho (u,\bfitv ) := sup\{ r\geq 0 : g (u,\bfitm + rL\bfitv )\leq 0\} .(3.5)

Note that \rho (u,\bfitv ) =\infty is possible. Hence,

\mu \chi (\{ r\geq 0 : g(u,\bfitm + rL\bfitv )\leq 0\} ) = \mu \chi ([0, \rho (u,\bfitv )]) = F\chi (\rho (u,\bfitv )) - F\chi (0) = F\chi (\rho (u,\bfitv )),

where F\chi denotes the distribution function of the one-dimensional chi distribution with n
degrees of freedom. Here, to include the case \rho (u,\bfitv ) = \infty , we adopt the convention that
F\chi (\infty ) = 1. Consequently, the probability function simplifies to

\varphi (u) =

\int 
\bfitv \in \BbbS n - 1

F\chi (\rho (u,\bfitv ))d\mu U (\bfitv ) (u\in U).(3.6)

For numerical purposes, the spherical integral (3.6) is usually approximated by a finite sum

\varphi (u)\approx \~\varphi (u) :=N - 1
N\sum 
i=1

F\chi (\rho (u,\bfitv i)) (u\in U),(3.7)

where \{ \bfitv i\} Ni=1 \subseteq \BbbS n - 1 are samples uniformly distributed on the sphere. Such samples can be
obtained, for example, by normalizing to unit length a set of MC or quasi-MC samples of the
standard Gaussian distribution \scrN (0, I) in \BbbR n. For more efficient methods of creating such
samples, see, e.g., [1].

Although the following analysis focuses on Gaussian distributions, the methods also apply
to other elliptical distributions, including multivariate t-distributions, symmetric Laplace, or
hyperbolic distributions. The main difference lies in the precise form of the one-dimensional
radial distribution (i.e., the chi distribution for the Gaussian case), whereas the spherical
component remains consistent. Additionally, techniques from the Gaussian framework can
be adapted to Gaussian-like distributions, including log-normal, truncated Gaussian, and
Gaussian mixture distributions.

3.2. Variance reduction by spherical-radial decomposition. Here, we assume (3.4) to
ensure the validity of the form (3.6). We will show that for large sets (and thus high prob-
ability), small sets (and thus low probability), and radially near-symmetric sets about the
mean, the variance ratio of the probability estimators obtained with the SRD and standard
MC approaches zero (as both tend to zero individually). We fix a control u (which does not
play any role in this analysis) and recall the standard MC estimator

\varphi (u)\approx N - 1\#\{ i\in \{ 1, . . . ,N\} : g(u,\bfitz i)\leq 0\} =N - 1
N\sum 
i=1

\scrI \{ \bfitz \in \BbbR n:g(u,\bfitz )\leq 0\} (\bfitz i),(3.8)

where \{ \bfitz i\} Ni=1 \subseteq \BbbR n are samples of the Gaussian random vector \bfitzeta , and \scrI C refers to the
characteristic function of the set C. In contrast, the estimator based on the SRD with the
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OPTIMAL CONTROL WITH JOINT CHANCE CONSTRAINTS 1037

MC samples \{ \bfitv i\} Ni=1 \subseteq \BbbS n - 1 on the sphere is (3.7). Since the effect of the sample size N on the
variance is the same for both estimators, we may restrict ourselves to comparing the variances
of the elementary estimators

V\mathrm{M}\mathrm{C} := Var\scrI \{ \bfitz \in \BbbR n:g(u,\bfitz )\leq 0\} (\bfitzeta ), V\mathrm{S}\mathrm{R}\mathrm{D} := VarF\chi (\rho (u,\bfittheta )),(3.9)

where \bfitzeta \sim \scrN (\bfitm ,\Sigma ), and \bfittheta \sim \scrU (\BbbS n - 1) is uniformly distributed on the sphere. It is well known
that V\mathrm{M}\mathrm{C} = p(1 - p), where

p=\varphi (u) = \BbbP (\{ g(u,\bfitzeta )\leq 0\} ) =\BbbE \scrI \{ \bfitz \in \BbbR n:g(u,\bfitz )\leq 0\} (\bfitzeta ) =\BbbE F\chi (\rho (u,\bfittheta )).(3.10)

As shown in [40, eq. (1.5)], the estimate V\mathrm{S}\mathrm{R}\mathrm{D} \leq V\mathrm{M}\mathrm{C} holds. The following example shows
that the variances can be equal.

Example 3.1. Consider the function g(u,\bfitz ) := z1, so that the inequality z1 \leq 0 defines a
closed half-space with the origin on its boundary. Suppose further that \bfitzeta \sim \scrN (0, I). Then
clearly, p = 1/2, from which follows V\mathrm{M}\mathrm{C} = 1/4. On the other hand, definition (3.5) of \rho 
implies that

\rho (u,\bfitv ) := sup\{ r\geq 0 : rv1 \leq 0\} =
\biggl\{ 

0 if v1 \geq 0,
\infty if v1 < 0.

Since \bfittheta is uniformly distributed on the sphere, one concludes that, by symmetry, the events
\theta 1 \geq 0 and \theta 1 < 0 occur with the same probability 1/2. Thus, \BbbP (\rho (u,\bfittheta ) = 0) = \BbbP (\rho (u,\bfittheta ) =
\infty ) = 1/2, and therefore both events F\chi (\rho (u,\bfittheta )) = 0 and F\chi (\rho (u,\bfittheta )) = 1 happen with proba-
bility 1/2. This means that \BbbE F\chi (\rho (u,\bfittheta )) =\BbbE [F\chi (\rho (u,\bfittheta ))]

2 = 1/2. Therefore,

V\mathrm{S}\mathrm{R}\mathrm{D} =\BbbE [F\chi (\rho (u,\bfittheta ))]
2  - [\BbbE F\chi (\rho (u,\bfittheta ))]

2 = 1/4 = p(1 - p) =V\mathrm{M}\mathrm{C} .

This example shows that V\mathrm{S}\mathrm{R}\mathrm{D} \leq V\mathrm{M}\mathrm{C} cannot be improved in general. However, in some
situations, V\mathrm{S}\mathrm{R}\mathrm{D} is substantially smaller than V\mathrm{M}\mathrm{C}, as shown in the following two lemmas.

Lemma 3.2. With p from (3.10) and \rho \mathrm{i}\mathrm{n}\mathrm{f} / \mathrm{s}\mathrm{u}\mathrm{p} := inf / sup\{ \rho (u,\bfitv ) | \bfitv \in \BbbS K - 1\} , we have

V\mathrm{S}\mathrm{R}\mathrm{D} \leq min\{ (1 - p)(p - F\chi (\rho 
\mathrm{i}\mathrm{n}\mathrm{f})), p(F\chi (\rho 

\mathrm{s}\mathrm{u}\mathrm{p}) - p)\} .

Proof. From (3.10), it follows that

V\mathrm{S}\mathrm{R}\mathrm{D} =\BbbE [F\chi (\rho (u,\bfittheta ))]
2  - [\BbbE F\chi (\rho (u,\bfittheta ))]

2 \leq \BbbE [F\chi (\rho 
\mathrm{s}\mathrm{u}\mathrm{p})F\chi (\rho (u,\bfittheta ))] - p2 = p(F\chi (\rho 

\mathrm{s}\mathrm{u}\mathrm{p}) - p).

For the second estimate, we use the identity VarX =Var(1 - X), which holds for any random
variable X, and obtain that

V\mathrm{S}\mathrm{R}\mathrm{D} =\BbbE [1 - F\chi (\rho (u,\bfittheta ))]
2  - [\BbbE (1 - F\chi (\rho (u,\bfittheta )))]

2

\leq \BbbE [(1 - F\chi (\rho 
\mathrm{i}\mathrm{n}\mathrm{f}))(1 - F\chi (\rho (u,\bfittheta )))] - (1 - p)2

= (1 - F\chi (\rho 
\mathrm{i}\mathrm{n}\mathrm{f}))(1 - p) - (1 - p)2 = (1 - p)(p - F\chi (\rho 

\mathrm{i}\mathrm{n}\mathrm{f})).

Copyright © by SIAM and ASA. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

08
/0

7/
25

 to
 6

2.
14

1.
17

6.
1 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



1038 REN\'E HENRION, GEORG STADLER, AND FLORIAN WECHSUNG

This lemma implies that for \rho \mathrm{i}\mathrm{n}\mathrm{f} \rightarrow \infty (growing sets with growing probability), one has
that

V\mathrm{S}\mathrm{R}\mathrm{D}

V\mathrm{M}\mathrm{C}
\leq (1 - p)(p - F\chi (\rho 

\mathrm{i}\mathrm{n}\mathrm{f}))

p(1 - p)
= 1 - F\chi (\rho 

\mathrm{i}\mathrm{n}\mathrm{f})

p
\rightarrow 0.(3.11)

Here, we used that \rho \mathrm{i}\mathrm{n}\mathrm{f} \rightarrow \infty implies F\chi (\rho 
\mathrm{i}\mathrm{n}\mathrm{f}) \rightarrow 1 and that F\chi (\rho 

\mathrm{i}\mathrm{n}\mathrm{f}) \leq \BbbE F\chi (\rho (u,\bfittheta )) = p
necessarily implies p\rightarrow 1. Thus, the ratio between the variances of the SRD and the standard
MC estimators becomes arbitrarily small for high probabilities p.

Similarly, for \rho \mathrm{s}\mathrm{u}\mathrm{p} \rightarrow 0 (shrinking sets with decreasing probability, yet always containing
the mean \bfitm of the given Gaussian distribution), one has that

V\mathrm{S}\mathrm{R}\mathrm{D}

V\mathrm{M}\mathrm{C}
\leq p(F\chi (\rho 

\mathrm{s}\mathrm{u}\mathrm{p}) - p)

p(1 - p)
=

F\chi (\rho 
\mathrm{s}\mathrm{u}\mathrm{p}) - p

1 - p
\rightarrow 0.

Similarly, we used that F\chi (\rho 
\mathrm{s}\mathrm{u}\mathrm{p}) \rightarrow 0 for \rho \mathrm{s}\mathrm{u}\mathrm{p} \rightarrow 0 and that F\chi (\rho 

\mathrm{s}\mathrm{u}\mathrm{p}) \geq p also implies p \rightarrow 0.
This means that the ratio between the variances of the SRD and the standard MC estimators
goes to zero as p\rightarrow 0 (under the additional assumption that the mean of the Gaussian distri-
bution is contained in the set, which---following the remarks below (3.4)---was automatically
satisfied in the first case because p\geq 0.5 may be assumed due to p\rightarrow 1).

We may interpret \rho \delta := \rho \mathrm{s}\mathrm{u}\mathrm{p}  - \rho \mathrm{i}\mathrm{n}\mathrm{f} \geq 0 as a measure of radial asymmetry of the set
\{ \bfitz \in \BbbR n : g(u,\bfitz )\leq 0\} . Clearly, for \rho \delta = 0, one has that \rho (u,\bfitv ) is constant for all \bfitv \in \BbbS n - 1 so
that the set becomes perfectly symmetric (i.e., a ball) around zero.

Lemma 3.3. Under the assumptions of Lemma 3.2 and also by assuming that p \in (0,1),
one has that V\mathrm{S}\mathrm{R}\mathrm{D} \leq L2\rho 2\delta , where L is the maximum of the density \mu \chi = F \prime 

\chi of the given
\chi -distribution (which is bounded for any dimension).

Proof. Thanks to p \in (0,1), there exists a unique p-quantile \rho \ast of the one-dimensional
chi distribution such that F\chi (\rho 

\ast ) = p. One easily derives \rho \ast \in [\rho \mathrm{i}\mathrm{n}\mathrm{f} , \rho \mathrm{s}\mathrm{u}\mathrm{p}], because otherwise a
contradiction with \BbbE F\chi (\rho (u,\bfittheta )) = p would arise from the fact that the distribution function
F\chi is strictly increasing. Now, exploiting this last property once more, we arrive at

V\mathrm{S}\mathrm{R}\mathrm{D} =Var(F\chi (\rho (u,\bfittheta )) =

\int 
\bfitv \in \BbbS K - 1

[F\chi (\rho (u,\bfitv )) - \BbbE F\chi (\rho (u,\bfitv ))]
2d\mu U (\bfitv )

=

\int 
\bfitv \in \BbbS K - 1

[F\chi (\rho (u,\bfitv )) - F\chi (\rho 
\ast )]2d\mu U (\bfitv )\leq (F\chi (\rho 

\mathrm{s}\mathrm{u}\mathrm{p}) - F\chi (\rho 
\mathrm{i}\mathrm{n}\mathrm{f}))2

= (F \prime 
\chi (\~\rho )(\rho 

\mathrm{s}\mathrm{u}\mathrm{p}  - \rho \mathrm{i}\mathrm{n}\mathrm{f}))2 \leq L2\rho 2\delta (\~\rho \in [\rho \mathrm{i}\mathrm{n}\mathrm{f} , \rho \mathrm{s}\mathrm{u}\mathrm{p}]).

Note that Lemma 3.3 implies that the SRD estimator has zero variance for balls centered
at zero. Therefore, a single ray is sufficient to compute the exact probability of a ball. This is
of course well known. Now, consider a sequence of sets with the same probability p converging
to a centered ball. In this sequence, V\mathrm{M}\mathrm{C} = p(1 - p) is the fixed variance of the MC estimator,
while V\mathrm{S}\mathrm{R}\mathrm{D} converges to zero. Thus, the variance ratio between the estimators reduces in
favor of the SRD as shown in Lemma 3.2.

Finally, we revisit Example 3.1. For the half-space considered there, \rho \mathrm{i}\mathrm{n}\mathrm{f} = 0 and \rho \mathrm{s}\mathrm{u}\mathrm{p} =\infty .
Hence, the estimate from Lemma 3.2 only yields the already known relation V\mathrm{S}\mathrm{R}\mathrm{D} \leq p(1 - p) =

Copyright © by SIAM and ASA. Unauthorized reproduction of this article is prohibited.
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OPTIMAL CONTROL WITH JOINT CHANCE CONSTRAINTS 1039

V\mathrm{M}\mathrm{C}. Moreover, \rho \delta =\infty , for which Lemma 3.3 does not provide additional information either.
The reason is that this half-space is neither a large nor a small space (its probability is equal
to 1/2, which is far from 1 and 0) nor a symmetric set. This explains why in this situation the
variance of the SRD MC estimator is not reduced compared to the classical MC estimator.

3.3. Differentiability and computation of gradients of the probability function. When
numerically addressing a chance constraint such as (1.3), compactly written as \varphi (u) \geq p
with \varphi defined as in (2.4), it is essential to compute not only the value of \varphi (u) but also its
derivatives. Analytical properties of \varphi , such as Lipschitz continuity or differentiability, have
been studied before [21, 40, 41, 42]. Given our focus on numerical methods, we concentrate on
the discretized probability function \~\varphi defined in (3.7), which uses the samples \{ \bfitv i\} Ni=1 \subseteq \BbbS n - 1.
Specifically, we aim at identifying conditions guaranteeing its differentiability and derive an
explicit form of the derivative suitable for implementation. Since the chi distribution function
F\chi is continuously differentiable, with its derivative being the density \mu \chi , the problem reduces
to verifying the partial differentiability of the function \rho (u, \cdot ) with respect to u. We now fix
some \=u \in X and assume that the random constraint function g from subsection 3.1 has the
typical form relevant for joint chance constraints, namely

g := max
j=1,...,p

gj ,(3.12)

where the gj : U \times \BbbR n \rightarrow \BbbR are affine. In particular, g(u, \cdot ) is convex for all u \in U as required
in subsection 3.1. Analogously to (3.5), we define

\rho j (u,\bfitv ) := sup\{ r\geq 0 : gj (u,\bfitm + rL\bfitv )\leq 0\} (j = 1, . . . , p).(3.13)

Under the additional assumption

gj(\=u,\bfitm )< 0 (j = 1, . . . , p),(3.14)

it follows that (3.4) holds. Moreover,

\rho (\=u,\bfitv ) = min
j=1,...,p

\rho j (\=u,\bfitv ) .(3.15)

In the following we denote by f\chi the density of the one-dimensional chi distribution \mu \chi with
n degrees of freedom and adopt the convention that f\chi (\infty ) = limt\rightarrow \infty f\chi (t) = 0.

Proposition 3.4. Let U be a Banach space. In the setting above and under assumption
(3.14), if for all i\in \{ 1, . . . ,N\} satisfying \rho (\=u,\bfitv i)<\infty it holds that

\#\{ j \in \{ 1, . . . , p\} : \rho (\=u,\bfitv i) = \rho j (\=u,\bfitv i)\} = 1,(3.16)

then \~\varphi is continuously differentiable at \=u with derivative

\nabla \~\varphi (\=u) = - N - 1
N\sum 
i=1

f\chi (\rho ji(\=u,\bfitv i))

\langle \nabla zgji(\=u,\bfitm + \rho ji(\=u,\bfitv i)L\bfitv i),L\bfitv i\rangle 
\nabla ugji(\=u,\bfitm + \rho ji(\=u,\bfitv i)L\bfitv i).(3.17)

Here, for i\in \{ 1, . . . ,N\} , the index ji satisfies (3.16), which is unique if \rho (\=u,\bfitv i)<\infty .
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1040 REN\'E HENRION, GEORG STADLER, AND FLORIAN WECHSUNG

Proof. Our setting allows us to invoke [42, Cor. 3.2] for each j \in \{ 1, . . . , p\} to argue that
the functions F\chi (\rho j(u,\bfitv )) are continuously differentiable at all (u,\bfitv ) \in \scrV j(\=u)\times \BbbS n - 1, where
\scrV j(\=u) is some neighborhood of \=u. Moreover, for all \bfitv \in \BbbS n - 1, one has that

\nabla [F\chi (\rho j(\cdot ,\bfitv ))](\=u) =
 - f\chi (\rho j(\=u,\bfitv ))

\langle \nabla zgj(\=u,\bfitm + \rho j(\=u,\bfitv )L\bfitv ),L\bfitv \rangle 
\nabla ugj(\=u,\bfitm + \rho j(\=u,\bfitv )L\bfitv ).(3.18)

Actually, the application of [42, Cor. 3.2] requires the verification of a certain growth condi-
tion. However, since gj is affine, this condition is easily verified along the lines of [17, Lem.
6]. To prove (3.16), consider first an index i \in \{ 1, . . . ,N\} with \rho (\=u,\bfitv i) <\infty . It follows from
[21, Lem. 1] and (3.16) that \rho (\cdot ,\bfitv i) = \rho ji(\cdot ,\bfitv i) locally around \=u. Therefore by (3.18),

\nabla [F\chi (\rho (\cdot ,\bfitv i))](\=u) =
 - f\chi (\rho ji(\=u,\bfitv i))

\langle \nabla zgji(\=u,\bfitm + \rho ji(\=u,\bfitv i)L\bfitv i),L\bfitv i\rangle 
\nabla ugji(\=u,\bfitm + \rho ji(\=u,\bfitv i)L\bfitv i),(3.19)

which yields (3.17). Now, consider an index i where \rho (\=u,\bfitv i) = \infty , whence \rho j(\=u,\bfitv i) = \infty for
all j = 1, . . . , p. Consequently, F\chi (\rho (\=u,\bfitv i)) = F\chi (\rho j(\=u,\bfitv i)) for all j \in \{ 1, . . . , p\} . As argued
above, all F\chi (\rho j(\cdot ,\bfitv i)) are continuously differentiable at \=u with vanishing derivative [42, Lem.
3.3]. This shows that F\chi (\rho (\cdot ,\bfitv i)) itself is continuously differentiable with zero derivative at
\=u, and hence (3.19) also holds in this second case thanks to f\chi (\infty ) = 0. Finally, (3.17) follows
from (3.19) and the definition of \~\varphi in (3.7).

The next proposition shows that the difficult-to-verify condition (3.16), required for differ-
entiability of \~\varphi , is generically satisfied under a common constraint qualification that is weaker
than the prominent linear independence constraint qualification (LICQ).

Proposition 3.5. If the so-called rank-2-constraint qualification

\forall \bfitz \in \BbbR n, i, j \in \{ 1, . . . , p\} , i \not = j :

0 = g(\=u,\bfitz ) = gi(\=u,\bfitz ) = gj(\=u,\bfitz ) =\Rightarrow rank \{ \nabla \bfitz gi(\=u,\bfitz ),\nabla \bfitz gj(\=u,\bfitz )\} = 2(3.20)

holds at \=u\in U , then a random sample \{ \bfitv i\} Ni=1 \subseteq \BbbS n - 1 satisfies (3.16) with probability one.

Proof. Following [41, Lem. 4.3], (3.20) implies that

\mu U (\{ \bfitv i \in \BbbS n - 1 : \rho (\=u,\bfitv )<\infty , \#\{ j \in \{ 1, . . . , p\} : \rho (\=u,\bfitv i) = \rho j (\=u,\bfitv i)\} = 1\} ) = 1.

This shows that (3.16) is satisfied with probability one for each i = 1, . . . ,N separately, and
hence it is satisfied with probability one simultaneously for all i= 1, . . . ,N .

4. Application of spherical-radial decomposition to the control problem.

4.1. Discretization of joint state constraints. To replace the continuous state constraint
with a finite number of inequalities, we use a continuous linear map E : Y \rightarrow \BbbR M . If Y
continuously embeds into the space of continuous function, then the map E can be chosen
as the evaluation of the state y(\omega ) at the points \{ \bfitx 1, . . . ,\bfitx M\} \subseteq \scrD . If the dimension of \scrD is
d= 1, Y \subset H1(\scrD ) \lhook \rightarrow \scrC 0(\scrD ) and thus point evaluation is continuous. If d= 2,3 and the data
is smooth, then additional regularity arguments for elliptic operators can be used to show
that Y \subset H2(\scrD ), which again continuously embeds into the space of continuous functions,
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OPTIMAL CONTROL WITH JOINT CHANCE CONSTRAINTS 1041

and thus choosing E as point evaluation is feasible. If d > 3 or no additional regularity can
be used, E can be chosen as local averages of the state variable y(\omega ) centered at the points
\{ \bfitx 1, . . . ,\bfitx M\} . For ease of notation, in the following we write E as point evaluation, i.e.,
E(y) := (y(\bfitx 1), . . . , y(\bfitx M )). The following derivations also apply to E being a local averaging
operator. Note that here we consider the points \bfitx j as given, e.g., as a uniform grid of points
covering the domain \scrD . It is also possible to choose the set of points \{ \bfitx 1, . . . ,\bfitx M\} adaptively
using probabilistic information, thus keeping the number of points M moderate, [3]. Now,
regardless of the choice of a discrete subset \{ \bfitx 1, . . . ,\bfitx M\} of the domain, we end up at the
accordingly modified chance constraint (1.3):

\BbbP (\omega \in \Omega | y(\bfitx j)\leq y(\bfitx j , \omega )\leq \=y(\bfitx j) \forall j = 1, . . . ,M)\geq p.(4.1)

To write the probability in this chance constraint for the concrete governing equation (1.2) in
the form \BbbP (max1\leq j\leq M gj(u,\bfitz )), we define the functions gj as

gj(u,\bfitz ) :=

\Biggl[ 
A(u) - 1

\Biggl( 
f  - Cu - B\xi 0  - 

K\sum 
k=1

zkBek

\Biggr) 
 - \=y

\Biggr] 
(\bfitx j),

gM+j(u,\bfitz ) :=

\Biggl[ 
y - A(u) - 1

\Biggl( 
f  - Cu - B\xi 0  - 

K\sum 
k=1

zkBek

\Biggr) \Biggr] 
(\bfitx j),

(4.2)

where we assume the form (2.3) for the random process \xi , with the concrete distribution
\bfitzeta \sim \scrN (0,\Sigma ). In particular, \bfitz \in \BbbR K represents the realizations \bfitzeta (\omega ) of \bfitzeta . This fits our
abstract setting from section 3 with the choices p := 2M,n :=K. Clearly, the gj are affine in
\bfitz for j = 1, . . . ,2M as required in subsection 3.3.

4.2. Implicit dimension reduction in probability space. We now turn to the approxima-
tion in random space. A standard method to efficiently describe a Gaussian random variable
or field is its Karhunen--Loeve (KL) expansion. For instance, for a random field \xi \sim \scrN (\xi 0,\scrC 0)
over the physical domain \scrD , such a (possibly infinite) expansion is

\xi (\omega ) = \xi 0 +
\sum 
k

\zeta \xi k(\omega )e
\xi 
k,(4.3)

where e\xi k \in L2(\scrD ) are eigenvectors (or functions) of \scrC 0, and \zeta \xi k(\omega ) are independent Gaussian

random variables with variances \lambda \xi 
k, where \lambda 

\xi 
1 \geq \lambda \xi 

2 \geq \cdot \cdot \cdot \geq 0 are the eigenvalues corresponding

to e\xi k. The rate at which the sequence \{ \lambda \xi 
k\} k decays controls the approximation error when

the KL expansion (4.3) is truncated.
Although a truncated version of (4.3) is an efficient (in terms of the number of terms and

thus the dimension) representation for the random variable \xi (\omega ), it may not be efficient for
the state random variable y(\omega ), which is subject to the joint chance constraints. To find a
representation tailored to the state, note that (2.2) implies

y(\omega ) = yu0  - A(u) - 1B\xi (\omega ) =: yu0  - 
\sum 
k

\zeta yk (\omega )e
y
k,(4.4)
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1042 REN\'E HENRION, GEORG STADLER, AND FLORIAN WECHSUNG

where yu0 := A(u) - 1(f  - B\xi 0  - Cu) is the mean of the state variable. For fixed u, eyk are the
eigenfunctions of A(u) - 1B\scrC 0B \star A(u) -  \star , with the `` -  \star "" denoting the inverse adjoint operator.
Moreover, in this KL-type expansion, \zeta yk (\omega ) are independent Gaussian random variables with
variance \lambda y

k, where \lambda y
1 \geq \lambda y

2 \geq \cdot \cdot \cdot \geq 0 are the eigenvalues corresponding to eyk.
Due to smoothing properties of the inverse elliptic operator A(u) - 1, the variances \lambda y

k of the

random variables in (4.4) typically decay faster than the variances \lambda \xi 
k for (4.3). Thus, using

(4.4) instead of (4.3) allows a more efficient finite-dimensional approximation of the random
variable. To illustrate this, we show in the numerical example in section 5 that K = 20
coefficients allow a highly accurate representation of y(\omega ), while an accurate representation
of \xi (\omega ) would require a substantially larger number of expansion coefficients; see Figure 1.

Note that in (4.3), \lambda \xi 
k and e\xi k depend only on the distribution of the random variable and

not on the control u. When the PDE operator A is independent of u, only the mean yu0 in
(4.4) depends on the control, whereas \lambda y

k and eyk are independent of u. For both scenarios,
eigenfunctions and eigenvalues can be computed upfront and used throughout a numerical
optimization algorithm to find the optimal control. However, if A(u) is a function of u, then
\lambda y
k and eyk are also functions of u and need to be recomputed whenever the control changes

(such as in a numerical optimization algorithm). Thus, while (4.4) provides an efficient way
to represent the random state variable, in situations where the PDE operator depends on u,
utilizing (4.4) may not be computationally efficient for evaluating the probability \varphi (u) (or its
approximation (3.7)) and its derivative with respect to u.

4.3. Probability function and its gradient for the concrete control problem. We start
by observing that condition (3.14) at some u\in U is translated in our concrete control problem
via (4.2) and by virtue of \bfitm = 0 as

y(\bfitx j)< yu0 (\bfitx j)< \=y(\bfitx j) (j = 1, . . . ,M),(4.5)

where yu0 := A(u) - 1(f  - Cu - B\xi 0) refers to the state associated with the control u and the
mean field \xi 0 of the random source term \xi according to (2.3). This being satisfied, we may
represent the sample-based approximation of the probability function associated with our
concrete control problem as (3.7) with \rho (\cdot , \cdot ) defined as in (3.5). In order to make formula
(3.7) explicit, we have to represent \rho in terms of the original data of our control problem.
Using (4.2), the functions \rho j from (3.13) are calculated, for j = 1, . . . ,M and \bfitv \in \BbbS K - 1, as

\rho j (u,\bfitv ) =

\left\{   
yu0 (\bfitx j) - \=y(\bfitx j)

\delta (u,\bfitv )(\bfitx j)
if \delta (u,\bfitv )(\bfitx j)< 0,

\infty if \delta (u,\bfitv )(\bfitx j)\geq 0,
(4.6)

\rho M+j (u,\bfitv ) =

\left\{   
yu0 (\bfitx j) - y(\bfitx j)

\delta (u,\bfitv )(\bfitx j)
if \delta (u,\bfitv )(\bfitx j)> 0,

\infty if \delta (u,\bfitv )(\bfitx j)\leq 0.

(4.7)

Here, \delta (u,\bfitv ) := A(u) - 1B
\sum K

k=1(L\bfitv )kek. Now, the approximating probability function \~\varphi (u)
in (3.7) is immediately calculated from the above formulas using the representation (3.15).
Regarding the derivative of \~\varphi , we can calculate the partial derivatives of gj with respect to u
and \bfitz as in (4.2). Doing so, we obtain, for all h\in U , j = 1, . . . , p, and k= 1, . . . ,K as follows:
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OPTIMAL CONTROL WITH JOINT CHANCE CONSTRAINTS 1043

\langle \nabla ugj(u,\bfitz ), h\rangle = - \langle \nabla ugM+j(u,\bfitz ), h\rangle 

=

\Biggl[ \Bigl( \bigl( 
A(u) - 1

\bigr) \prime 
h
\Bigr) \Biggl( 

f  - Cu - B\xi 0  - 
K\sum 
k=1

zkBek

\Biggr) 
 - A(u) - 1Ch

\Biggr] 
(\bfitx j),(4.8)

\partial gj
\partial zk

(u,\bfitz ) = - 
\partial gM+j

\partial zk
(u,\bfitz ) = - 

\bigl[ 
A(u) - 1Bek

\bigr] 
(\bfitx j).(4.9)

Now, under assumption (3.16), we obtain that \~\varphi is continuously differentiable at \=u with the
derivative in (3.17), which can be made explicit using (4.8), (4.9).

Finally, we make assumption (3.16) more explicit in light of the rank-2 constraint qual-
ification in Proposition 3.5. For that purpose, for a fixed control \=u, we denote by y(k) the
solutions of

A(\=u)y+Bek = 0 (k= 1, . . . ,K).

Proposition 4.1. If for any i, j \in \{ 1, . . . ,M\} with i \not = j, the two vectors\left(   y(1)(\bfitx i)
...

y(K)(\bfitx i)

\right)   ,

\left(   y(1)(\bfitx j)
...

y(K)(\bfitx j)

\right)   
are linearly independent, then the rank-2-constraint qualification from Proposition 3.5 is sat-
isfied at \=u, and, consequently, for a random sample \{ \bfitv i\} Ni=1 \subseteq \BbbS n - 1, the probability function \~\varphi 
from (3.7) is continuously differentiable at \=u with probability one.

Proof. First, note that due to (4.5), the constraint functions (4.2) cannot satisfy the
condition 0 = gi(\=u,\bfitz ) = gM+i(\=u,\bfitz ) for some \bfitz \in \BbbR n and some i \in \{ 1, . . . ,M\} . Therefore, the
set \{ i, j\} \subseteq \{ 1, . . . , p= 2M\} with i \not = j in (3.20) can always be written in one of the following
forms:

\{ i, j\} = \{ i\prime , j\prime \} or \{ i, j\} = \{ i\prime ,M + j\prime \} or \{ i, j\} = \{ M + i\prime ,M + j\prime \} 

for some i\prime , j\prime \in \{ 1, . . . ,M\} with i\prime \not = j\prime . In any case, due to (4.9) and the definition of y(k), the
gradient \nabla \bfitz gi(\=u,\bfitz ) coincides, up to the sign, with the first vector above. Likewise, \nabla \bfitz gj(\=u,\bfitz )
coincides (up to the sign) with the second vector above. Therefore, our assumption on the
linear independence of these two vectors implies the conclusion of (3.20).

5. Numerical results for linear governing equation. We now use the linear-quadratic
problem from Example 1.1 to study the approximation of the joint chance constraint and the
behavior of optimal controls. First, we show that the integration over \Omega in the objective (1.4)
can be done analytically for a Gaussian random field. For that purpose, assume that the law
of the Gaussian measure is \scrN (\xi 0,\scrC 0). Using the linearity of the governing equation implies
that, for fixed control u, the state y is also Gaussian. Thus, integration over \Omega of the quadratic
in (1.4) can be performed analytically [11, Remark 1.2.9] and results in the reduced problem

minimize
u\in L2(\scrD )

\~\scrJ (u) :=
1

2

\int 
\scrD 
(yu0  - yd)

2 d\bfitx +
\alpha 

2

\int 
\scrD 
u2 d\bfitx +Tr(A - 1B\scrC 0B \star A -  \star )

subject to the joint chance constraint (1.3),

(5.1)
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1044 REN\'E HENRION, GEORG STADLER, AND FLORIAN WECHSUNG

0 0.2 0.4 0.6 0.8 1

 - 2

 - 1

0

1

2
samples \xi (\omega )

20 40
10 - 7

10 - 6

10 - 5

10 - 4

10 - 3

10 - 2

10 - 1

100 \lambda \xi 
k in (4.3)

\lambda y
k in (4.4)

Figure 1. The left figure shows samples from the distribution of the random boundary data \xi (\omega ). The
middle figure shows samples from the distribution of y(\omega ) - yu

0 , the state with zero mean. The right figure shows
the normalized (i.e., \lambda 1 is scaled to 1) eigenvalue factors in the KL expansion (4.3) of \xi (green solid line), and
in the KL expansion (4.3) of y (pink dashed line).

where A =  - \Delta and B : L2(\partial \scrD 2) \mapsto \rightarrow H - 1(\scrD ), and yu0 = A - 1(f + u+B\xi 0) is the mean of the
distribution of states. Moreover, ``Tr"" denotes the trace of an operator. Note that the last
term in (5.1) is independent of u and thus can be neglected in optimization. Next, we describe
the concrete domain and parameters for the problem (1.3)--(1.5).

We choose the domain \scrD = (0,1)2 \subset \BbbR 2 and divide the boundary into \partial D2 = \{ 0\} \times [0,1]
and \partial D1 = \partial D \setminus \partial D2. The Laplace operator uses zero Dirichlet boundary conditions on \partial D1

and Neumann boundary conditions on \partial D2. In addition, yd =
1
10 cos(2\pi x1) sin(2\pi x2), f \equiv 0,

\alpha = 10 - 5. The uncertain parameter field enters as Neumann data on the one-dimensional
domain \partial D2. This data follows an infinite-dimensional Gaussian distribution with mean
\xi 0 \equiv 0, and a covariance operator given by the inverse elliptic PDE operator \scrC 0 = \gamma ( - \partial x2x2

) - 1,
with homogeneous Dirichlet conditions at the boundary of \partial D2, i.e., at the two points (0,0)
and (0,1), and with \gamma = 4. This covariance operator has the eigenfunctions sin(k\bfitx 2), k =
1,2, . . ., with corresponding eigenvalues 4(k\pi ) - 2. Samples from this distribution, and from
the distribution of the two-dimensional state variable y(\omega ), are shown in Figure 1. This
figure also shows a comparison of the KL expansion eigenvalues of \xi and y; see (4.3) and
(4.4), respectively. As can be seen, the KL factors \lambda y

i of y(\omega ) decay much faster despite
corresponding to a Gaussian random field defined over a two-dimensional domain (note that \xi 
is defined over a one-dimensional domain). This faster decay shows that the random variable
y(\omega ) can be well approximated in a lower dimension K.

5.1. Computational aspects. A finite difference approximation (i.e., the five-point sten-
cil) is used on a mesh of n\times n points to discretize the Laplacian \Delta in the governing equation
on the spatial domain \scrD . Finite differences are also used to discretize the one-dimensional
second derivative operator in the definition of the covariance \scrC 0. Solving (5.1) requires re-
peated solution of the governing equation and thus inversion of the discretization of A. Thus,
we compute the Choleski factorization of the system matrix upfront and reuse these factors
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OPTIMAL CONTROL WITH JOINT CHANCE CONSTRAINTS 1045

throughout the solution process. Unless otherwise specified, we use n = 128; i.e., the dis-
cretized state has a dimension of n2 = 16,384. We discretize the state constraint on the same
grid as the governing equation, i.e., M = n2. Due to the rapid decay of the Karhunen--Loeve
factors for the expansion of y(\omega ) shown in Figure 1, we use K = 20 in the expansion unless
otherwise specified. To obtain samples of the uniform distribution on the sphere, we first
generate MC or QMC (quasi-Monte Carlo) samples from the standard Gaussian distribution
in \BbbR K , where we use the Halton sequence for QMC. These samples are then normalized to
unit length, a well-known technique for obtaining samples from the uniform distribution on
the sphere. In the context of QMC, this approach can be further improved by using more
efficient low-discrepancy sequences specifically designed for the sphere; see e.g., [1].

5.2. Approximation of chance constraint probability function. First, we compare dif-
ferent approximations of the probability (1.3), where all tests are performed at the nominal
control u = 1

5 sin(2\pi x1) cos(\pi x2). We compare different sampling methods for an increasing
number of samples, namely standard MC sampling in \BbbR K , as well as spherical-radial MC and
QMCsampling on \BbbS K - 1.

The results for the root mean square error for two different sets of upper and lower bounds
for the state are shown in Figure 2. Here, we used 108 samples from the standard MC method
to compute a highly accurate estimate of the exact probability. We observe the expected
1/

\surd 
N convergence of the standard and the SRD-based MC methods. Moreover, we find that

SRD-MC requires as little as one-quarter of the samples that the standard MC method needs
for the same accuracy. This difference is more pronounced in the right figure, which is for
probability (1.3) close to 1. This is a first numerical confirmation of Lemma 3.2, that is, the

101 102 103 104 105

10 - 4

10 - 3

10 - 2

10 - 1

\# samples N

R
M
S
E

p\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{e} \approx 0.6496

102 103 104 105

10 - 4

10 - 3

10 - 2

10 - 1

\# samples N

p\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{e} \approx 0.9848

MC

sph-rad MC

sph-rad QMC

1/
\surd 
N

1/N

Figure 2. Root mean squared error (RMSE) of probability estimation is shown on the y-axis for different
sampling methods and different numbers N of MC samples (x-axis). The left plot is for y \equiv  - 0.3, \=y \equiv 0.3,
corresponding to the probability p\approx 0.6496. The right plot uses the wider bounds y\equiv  - 0.7, \=y\equiv 0.7, resulting in
p\approx 0.9848.
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101 102 103 104 105

10 - 4

10 - 3

10 - 2

10 - 1

\# samples N

R
M
S
E

K = 20
K = 15
K = 10

0.9 0.92 0.94 0.96 0.98 1

0.2

0.4

0.6

0.8

1

probability p

\mathrm{V}\mathrm{M}\mathrm{C}
(1 - p)

\mathrm{V}\mathrm{S}\mathrm{R}\mathrm{D}
(1 - p)

Figure 3. Left: QMC sampling with SRD for different numbers K of KL modes. Shown is the RMSE of
the probability estimate for the same setup used on the left of Figure 2, i.e., with y \equiv  - 0.3, \=y \equiv 0.3. Right:
Variance normalized by (1 - p) using standard and SRD MC samples for the problem described in section 5.
The difference in p is due to using different bounds \=y= - y\equiv 0.5,0.6,0.7,0.8,0.9 (from left to right, going from
more to less restrictive). The variance is estimated using 100 MC simulations, each using N = 500 samples.

result that SRD-MC outperforms standard MC as p \rightarrow 1. In both figures, spherical-radial
QMC significantly outperforms MC methods, yielding a convergence rate in between 1/

\surd 
N

and 1/N . For example, the QMC-based estimate with 2000 samples achieves an error similar
to the other methods with 105 samples (left figure). The right figure (i.e., case p close to 1)
shows that the spherical-radial QMC sampling obtains an error similar to that of SRD MC
with 40,000 samples and of standard MC with 100,000 samples.

Furthermore, on the left in Figure 3, we study the influence of the number of KL modes
(and therefore the dimension) used for the state variable y defined in (4.4). To compute a
reference solution, we use K = 30 KL modes and 107 QMC samples. As can be seen, down
to an RMSE of about 2 \cdot 10 - 3 (obtained with 1000 samples), there is little difference between
K = 10,15,20. The KL truncation error starts to dominate the overall error at an RMSE of
2 \cdot 10 - 3 for 10 KL modes and an RMSE of 5 \cdot 10 - 4 for 20 KL modes.

Finally, to verify Lemma 3.2 numerically, we compute the variance of the standard MC
estimator (3.8) and the SRD MC estimator (3.7). The results are shown on the right in
Figure 3, where we divide the numerical approximation for the variances V\mathrm{S}\mathrm{R}\mathrm{D} and V\mathrm{M}\mathrm{C}

defined in (3.9) by (1 - p) for visualization purposes. The figure shows the reduced variance
of the SRD estimator; i.e., the MC estimator based on the SRD substantially improves over
the standard estimator for large p. In particular, the ratio (3.11) decreases as p\rightarrow 1.

5.3. Optimal controls under chance constraints. To solve the optimal control problem,
we employ a sequential quadratic programming (SQP) method, in which we approximate
the second derivative of the chance constraint using the BFGS method [31]. For ease of
visualization, we use the previously discussed problem but only with an upper-state constraint
of \=y \equiv 0.3. In Figure 4 we show the optimal control for p = 0.9 and samples from the state
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OPTIMAL CONTROL WITH JOINT CHANCE CONSTRAINTS 1047
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2
))

\=y
mean

samples

Figure 4. Optimal control solution for p = 0.9 and unilateral chance constraints with \=y = 0.3. Shown on
the top left are samples from the state variable y. The graph on the top right visualizes maxx1(y(x1,2 )) as a
function of x2 for different samples of the state. The mean of the optimal state is shown in black; samples are
in gray and blue. The upper bound \=y is shown in green (dotted line). The two blue samples exceed the bound
and thus do not satisfy the bound constraint. Shown at the bottom left is the corresponding optimal control u.
For comparison, the optimal control u for p= 0.98 is shown on the bottom right.

variable. Furthermore, we show the optimal control for p= 0.98. We observe that the optimal
control is quite sensitive to p; for p closer to 1, it takes much smaller values to ensure that the
states are sufficiently likely to satisfy the bound constraint at all points.

6. Numerical results for the bilinear control problem. We now extend the results from
the previous section to Example 1.2. Due to the bilinear structure of the equation, for a fixed
control u, the map from the uncertain parameter \xi to the state variable y is linear. Although
many methods from the previous section generalize to this case, the dependence of the PDE
operator on the control makes the computation of derivatives of the probability function more
involved and does not allow for the straightforward dimension reduction for the uncertain
variable from subsection 4.2.

6.1. Setup and discretization. In Example 1.2, we let \xi \sim \scrN (\xi 0,\scrC 0), where the covariance
operator \scrC 0 : L2(D) \rightarrow L2(D) is given by the inverse elliptic operator ( - \alpha \Delta + I) - 2; see [7].
We only consider an upper bound for the state variable, i.e., formally set y =  - \infty in (1.3).
We use finite elements to approximate the governing equation as well as the prior covariance
operator. In particular, we use an n-dimensional finite element subspace Vh \subset H1

0 (\scrD ) and

Copyright © by SIAM and ASA. Unauthorized reproduction of this article is prohibited.
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1048 REN\'E HENRION, GEORG STADLER, AND FLORIAN WECHSUNG

write the governing equation (1.6) in the form [A + M(u)]y(\omega ) = M(f + \xi (\omega )), where, for
v, g \in Vh, we define the operators A,M(u) and M through the weak forms

\langle Ay,v\rangle :=
\int 
\scrD 
\nabla y \cdot \nabla v dx, \langle M(u)y, v\rangle :=

\int 
\scrD 
uyv dx, \langle Mg,v\rangle :=

\int 
\scrD 
gv dx.

In the following, we associate each operator with its corresponding matrix, i.e., Aij = \langle A\phi i, \phi j\rangle ,
where \{ \phi 1, . . . , \phi n\} is a basis for the space Vh. As is usual in the finite element method, we
denote by \bfitu \in \BbbR n the coefficient vector corresponding to the finite element function uh (which
we simply denote by u again) and use similar notation for all the other variables. Expressed
in terms of the above operators, the discretized prior covariance is \scrC 0 = ([\alpha A+M ] - 1M)2, and
samples of \bfitxi \sim \scrN (\bfitxi 0,\scrC 0) can then be generated (see [7, sect. 3.6]) via \bfitxi = \bfitxi 0+[\alpha A+M ] - 1L\bfitz ,
where \bfitz \in \BbbR n is a draw from an independent and indentically distributed (i.i.d.) standard
normal distribution, and L satisfies LLT =M . For brevity and to emphasize that the following
analysis does not depend on the choice of the covariance operator, we denote \~L := [\alpha A+M ] - 1L.
Next, we sketch the computation of the probability function and its gradient for this bilinear
control problem.

6.2. Chance constraint probability function and its gradient. As before, for fixed control
u we use the SRD to generate samples of the (finite element coefficient) of the state variable
as follows:

\bfity i = [A+M(u)] - 1M\bfitxi 0 + ri[A+M(u)] - 1M(\bfitf + \~L\bfitv i) (i= 1, . . . ,N),(6.1)

where ri are random draws from the chi distribution, \bfitv i draws from the uniform distribution
of the unit sphere \BbbS n - 1 \subset \BbbR n, and \bfitf are the coefficients of the discretization of f . We denote
\bfity u
0 := [A+M(u)] - 1M(\bfitf + \bfitxi 0) and obtain the approximating probability function

\~\varphi (u) :=N - 1
N\sum 
i=1

F\chi (\rho (u,\bfitv i)) with \rho (u,\bfitv i) defined as in (4.6).(6.2)

Note that the partial derivatives (4.8) and (4.9), which are needed in the expressions for\nabla \~\varphi (u)
given by (3.17), involve the term (A(u) - 1)\prime h. To obtain an explicit form of this derivative, we
use the adjoint method to compute the gradient of \~\varphi (u), i.e., on the right-hand side in the
definition of \~\varphi (u), we consider the variables u,\bfity i, and \bfity u

0 to be independent of one another, but
constrain we the objective by the equation for the mean state and for the state samples (6.1).
Following the (formal) Lagrange method, we compute \nabla \~\varphi (u) by taking partial variations of
the corresponding Lagrangian function [39]. We find that in addition to solving the equation
for the state mean and the N equations in (6.1), the gradient computation requires another
(N + 1) solutions of adjoint equations (which coincide with the state equation as the PDE
operator is self-adjoint). Using this gradient, one can now solve optimal control problems with
chance constraints, as illustrated next for concrete data.

6.3. Optimal controls under chance constraints. We consider a problem of the form of
Example 1.2, without the control bound u \geq 0. Using the domain \scrD = [0,1]2, we define the
auxiliary variable yd := sin(2\pi x1) sin(2\pi x2) and choose f :=  - \Delta yd + yd, u0 :\equiv 1, \xi 0 :\equiv 0.

Copyright © by SIAM and ASA. Unauthorized reproduction of this article is prohibited.
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OPTIMAL CONTROL WITH JOINT CHANCE CONSTRAINTS 1049

This data is constructed in such a way that the optimal control is known in the absence of
uncertainty. Namely, when the random variable \xi (\omega ) reduces to its mean \xi 0 = 0, the optimal
control is u\equiv 1, and the optimal state is y= yd. For the (inverse) PDE operator that defines
the covariance \scrC 0, we use \alpha = 0.1 and homogeneous boundary conditions.

We choose the upper bound \=y= 1.10 for the states and first solve the optimization problem
without the joint chance constraint. For the resulting optimal control, the probability of
exceeding \=y is 19.6\%. We then add the chance constraint and solve the optimization problem
for p = 0.82,0.84,0.86, i.e., enforce an exceedance probability of less than (1  - p). The
resulting optimal controls u are shown in Figure 5, and the objective values corresponding to
these controls are displayed on the left in Figure 6. As can be seen, the objective increases
rapidly as p increases. Also shown on the right in Figure 6 is the mean of the optimal state
corresponding to p = 0.84. Note that the optimal controls u are increased, compared to the
solution u \equiv 1 without chance constraints, at the two points (1/4,1/4) and (3/4,3/4). This
is due to the damping effect that the control has on the states, which is necessary when the
mean of the state variable is close to the upper bound \=y. The increasingly singular behavior
of controls for increasing p is a consequence of the unboundedness of Gaussian distributions,
and the analysis of its behavior and its accurate approximation are interesting future research
questions.

Figure 5. Optimal controls u for p= 0.82,0.84,0.86 (from left to right) for the bilinear example. Note that
the optimal controls develop spikes near the points where the state distribution is close to the upper bound.

0.8 0.82 0.84 0.86 0.88 0.9

0

0.05

0.1

0.15

p

\scrJ 

Figure 6. Left: Value of objective \scrJ at the optimal control u as p in the chance constraint is increased.
Right: Mean of state corresponding to optimal control for p= 0.84 shown in the middle image of Figure 5.
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Appendix. The subsequent two lemmas are slight extensions of the results from [35,
Thm. 10.2.1] and [14, Lem. 2], adapted for infinite-dimensional image spaces. Since a direct
derivation from these results is not possible, we provide independent proofs for the reader's
convenience.

Lemma A.1. Let U, \~Y be normed spaces, K \subseteq \~Y be a convex subset, and g : U \times \BbbR n \rightarrow \~Y
be a linear mapping. Suppose further that \bfitzeta is an n-dimensional random vector on some
probability space (\Omega ,\scrA ,\BbbP ) whose distribution has a log-concave density. Then, the set

M := \{ u\in U : \BbbP (g(u,\bfitzeta )\in K)\geq p\} 

is convex for arbitrary p\in [0,1].

Proof. Let p\in [0,1] be arbitrary. Define the set-valued mapping H :U \rightrightarrows \BbbR n by

H(u) := \{ \bfitz \in \BbbR n : g(u,\bfitz )\in K\} (u\in U).

Note that the images H(u) are convex subsets of \BbbR n for all u \in U thanks to K being convex
and g being linear. Although convex sets in \BbbR n need not be Borel measurable, they are
Lebesgue measurable (see [28]), and hence, with the random vector \bfitzeta having a density by
assumption, the probability \BbbP (\bfitzeta \in H(u)) is well defined for all u\in U . Now, let u1, u2 \in M and
\lambda \in [0,1] be arbitrarily given. This means that \BbbP (\bfitzeta \in H(u1)) \geq p and \BbbP (\bfitzeta \in H(u2)) \geq p. We
have to show that \lambda u1 + (1 - \lambda )u2 \in M . We claim that

H(\lambda u1 + (1 - \lambda )u2)\supseteq \lambda H(u1) + (1 - \lambda )H(u2),(A.1)

where the right-hand side is the set of elementwise sums. In fact, assuming \bfitz \in \lambda H(u1) +
(1  - \lambda )H(u2), there must exist \bfitz 1 \in H(u1) and \bfitz 2 \in H(u2) such that \bfitz = \lambda \bfitz 1 + (1  - \lambda )\bfitz 2.
Accordingly, g(u1,\bfitz 1), g(u2,\bfitz 2)\in K and, hence, by linearity of g and convexity of K,

g(\lambda u1 + (1 - \lambda )(u2,\bfitz )) = g(\lambda (u1,\bfitz 1) + (1 - \lambda )(u2,\bfitz 2)) = \lambda g(u1,\bfitz 1) + (1 - \lambda )g(u2,\bfitz 2)\in K.

This proves that \bfitz \in H(\lambda u1 + (1 - \lambda )u2). By (A.1), we continue as

\BbbP (\bfitzeta \in H(\lambda u1 + (1 - \lambda )u2))\geq \BbbP (\bfitzeta \in \lambda H(u1) + (1 - \lambda )H(u2))

\geq [\BbbP (\bfitzeta \in H(u1))]\lambda \cdot [\BbbP (\bfitzeta \in H(u2))]1 - \lambda 

\geq p\lambda p1 - \lambda = p.

Here, the second inequality follows from Pr\'ekopas' theorem stating that a log-concave density
(assumed here) induces a log-concave probability measure [35, Thm. 4.2.1]. Thus, we have
shown the desired relation \lambda u1 + (1 - \lambda )u2 \in M .

Lemma A.2. Let U, \~Y be Banach spaces, K \subseteq \~Y a weakly closed subset, and g :U\times \BbbR n \rightarrow \~Y
a weakly sequentially continuous mapping. Suppose further that \bfitzeta is an n-dimensional random
vector on a probability space (\Omega ,\scrA ,\BbbP ). Then, the probability function \~\varphi :U \rightarrow [0,1] defined by

\~\varphi (u) := \BbbP (g(u,\bfitzeta )\in K) (u\in U)

is weakly sequentially upper semicontinuous.
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OPTIMAL CONTROL WITH JOINT CHANCE CONSTRAINTS 1051

Proof. Observe first that \{ \omega \in \Omega | g(u,\bfitzeta (\omega )) \in K\} \in \scrA for arbitrary u \in U because the
sets \{ \bfitz \in \BbbR n | g(u,\bfitz ) \in K\} are closed by weak sequential continuity of g and weak closedness
of K. Fix an arbitrary \=u, and let un \rightharpoonup \=u be a weakly convergent sequence. Denote by unl

a
subsequence such that

lim sup
n\rightarrow \infty 

\~\varphi (un) = lim
l\rightarrow \infty 

\~\varphi (unl
).(A.2)

Define the sets A,An \in \scrA by

A := \{ \omega \in \Omega : g (\=u,\bfitzeta (\omega ))\in K\} ; An := \{ \omega \in \Omega : g (un,\bfitzeta (\omega ))\in K\} (n\in \BbbN ) .

Now, consider an arbitrary \omega \in \Omega \setminus A. Then, g (\=u,\bfitzeta (\omega )) /\in K. Since g is weakly sequentially
continuous, we have g (un,\bfitzeta (\omega ))\rightharpoonup g (\=u,\bfitzeta (\omega )). Since \~Y \setminus K is weakly open, it follows that

\forall \omega \in \Omega \setminus A \exists n0(\omega ) : g(un,\bfitzeta (\omega )) /\in K \forall n\geq n0(\omega ).

Denoting by \chi C the characteristic function of a set C, it follows that \chi An
(\omega )\rightarrow 0 as n\rightarrow \infty 

for all \omega \in \Omega \setminus A. By the dominated convergence theorem,\int 
\Omega \setminus A

\chi An
(\omega )\BbbP (d\omega )\rightarrow 0 \forall \omega \in \Omega \setminus A as n\rightarrow \infty .

On the other hand, \chi An
(\omega )\leq \chi A (\omega ) = 1 for \omega \in A, whence

lim
l\rightarrow \infty 

\~\varphi (unl
) = lim

l\rightarrow \infty 
\BbbP (g (unl

,\bfitzeta )\in K) = lim
l\rightarrow \infty 

\int 
\Omega 
\chi Anl

(\omega )\BbbP (d\omega )

\leq lim
l\rightarrow \infty 

sup

\int 
\Omega \setminus A

\chi Anl
(\omega )\BbbP (d\omega ) + lim

l\rightarrow \infty 
sup

\int 
A
\chi Anl

(\omega )\BbbP (d\omega )

= lim
l\rightarrow \infty 

sup

\int 
A
\chi Anl

(\omega )\BbbP (d\omega )

\leq lim
l\rightarrow \infty 

sup

\int 
A
\BbbP (d\omega ) = \BbbP (A) = \BbbP (g (\=u,\bfitzeta )\in K) = \~\varphi (\=u).

Combining this with (6.2) results in \varphi being weakly sequentially upper semicontinuous
in \=u.
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