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Introduction

Mean-Risk Stochastic Optimization
given: & €RY, & € L(QF,P;RY) for t =2,..., T, &L= (&1,..., &),
E:=¢T, wlog F=o0()

x¢ € Lp(Q,0(E7), Py R™),

(SP) min Z(io(_zfl )]Ez[tjz) ] Ztt ij(fi-aAst 1(&) X¢ 1 = ht(ft) a.s
T 727 b, (6). %)
(t 1,..,T)

m multistage stochastic program,
v = 0: classical case, v € (0, 1]: new challenges
m in power applications: big problems
m p nonlinear risk functional
applied to selected timesteps t; such that 1 <t; < .. <t; =T
m X; C R™ may contain integrality constraints
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Introduction

[ ]

Motivation: AVaR
Average Value-at-Risk (Conditional Value-at-Risk) [Rockafellar/Uryasev2002]:

p //
O _—
—CVvarR —-VaR

VaR,(z) = —Ga(z) with go(.) denoting upper quantile of distribution,
AVaR,(z) := [, VaRs(z)d@
= CVaR,(z) := [E[z] = expectation of tail-distribution
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Introduction

(o] J

Motivation: AVaR

[Rockafellar/Uryasev2002]:

AVaR,(z) = inf{y; + %E[(z +y1)7 ]y €R}
e R7 Y € Ll(Qafap; Rz)t Y2 > 0 a.s., }

= inf 1R

consider (SP) with T =2, v =1, p(z) = AVaR,(z2) ~

x1 € X1, xp € La(Q, F,IP; R™)
min  y1 + lE[yzz] x2 € Xo as. ,Apixt + At70;<2 = h; a.s.
@ ’ y1 ER, yr € L1(Q2, F,IP;R?), y» >0 as.
y2,1 — Y22 = —(b1,x1) — (b2, x2) + y1 a.s.

m classical stochastic program with expectation objective
m finite discrete distribution for &, ~~ linear program (mixed-integer)
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Introduction

Motivation: Semideviation

Linear Lower Semideviation:
p(z) = SD(z) = E[(z — E[z]) "]
Consider (SP) with T =2, v =1, p(z) = SD(2)

x1 € X1, xp € Lu(Q, F,P;R™)

Xy € Xp a.s.,At71x1 + At’OXQ = h; as.,
min{ Ely22]| y1 €R,y2 € L(Q, F,P;R?), yo >0 ass.

y1 = E[—(b1,x1) — (b2, x2)],

yo1 — Y22 = —(b1,x1) — (b2, x2) — y1 a.s.

m finite discrete distribution for & ~- linear program (mixed-integer)
m "nasty” constraint: y; = E[— (b1, x1) — (b2(&2), x2)]
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Introduction

Multiperiod Risk Measurement

mid-term / long-term activities:
risk measure should consider intermediate wealth values z, ..., zT

(recall: z := — 3L _ (br(&), x-) with cost coefficients b-) in (SP)

in order to
m avoid liquidity problems at any time
B anticipate intermediate monitoring by regulation authorities

m reduce the degree of uncertainty at all time

~ p(zy, -y 2e,,€)  instead of just  p(zT)

Information dynamics o(&1,...,&:), t =1,..., T may play a role

Andreas Eichhorn and Werner Romisch Humboldt University Berlin

Polyhedral Risk Measures in Multistage Stochastic Programming



ntroductior Polyhedral Risk Measures (PRM)

B Polyhedral Risk Measures (PRM)
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ntroduction Polyhedral Risk Measures (PRM)
°

Definition

Let z = (z4,, ..., zt,) stochastic wealth process (e.g., zz = — >_F_, (b, x;)),
timesteps tp = 1< t1 < ... < t; =T, [Eichhorn/Rémisch2005]:

|- , -| yj € %/p(Q,U((f_tf),P: Rk"J)) (U=0,..J),
. yjeYjas (y=0,...J),
z,&)=inf{E G, Yj i .
p(z:9) L?; J f>J S Wi yjr) = 2 3. (= 1,..., ),
S Vitjr = 15 as. (/=0,....)

with dimensions k; € N, d; € N, vectors ¢; € Rk, rj € RY wj - € RK-~ |
matrices V;, € R%*ki-= (7 =0,...,j), and polyhedral cones Y; C RY.
m risk = optimal value of a linear multistage stochastic program
m wealth values appear at the right hand sides of dynamic constraints
m expectation E only in the objective, simple constraints
m special case J =1 ~~ one-period PRM

® minimization, not maximization
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Polyhedral Risk Measures (PRM)

why risk as optimal value of a stochastic minimization problem?

consider (SP) with y = 1 ~~ obvious equivalence to

x¢ € L (Q,0(£),P,R™), x; € Xy as.(t=1,..,T),
J yj € Lp(Q,0(¢9),P;RN), yj € Yjas.(j =0,..,J),
] Aroxe + Ar1(Ee)xe—1he (5)35 (t=2,.. T)
ZJT:O<WJ,”H)/J = _Z < 7(&r). x-) a
Yo Vicyir=rjas (j=1,..J)

(SP’) with 1/p=1/r+1/r
m classical stochastic program with expectation objective

m well-known solution methods / decomposition approaches
m nonlinearity of risk measure vanished

m additional variables, constraints
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ntroductior Polyhedral Risk Measures (PRM)

Basic Properties

m flexibility through choice of Y}, w; -, cj, ...
~~ different attitudes towards risk aversion representable
m a PRM is always convex
m if p(z¢,, 24y, ..., 2¢,) is a PRM then
ozt 2e, — 2ty s 2t, — 2¢,_,) is a PRM
o(zt,, ze, + 24y, ..o, Zizl z,) is a PRM
~» no matter whether focus is on income processes
or on wealth processes (accumulated),
Zy = — ij;tj,1+1<bt(ft)axt> repectively z; = — Soe1(be(€e). xe)
m if p(z,. 24, ..., z¢,) is a PRM then
oz, 2ty ooy 2t)) + ijzl 1jE[z;] is a PRM
~> mean-risk models are fully included
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Polyhedral Risk Measures (PRM)

Properties, Dual Representation

Theorem: Assume

V; .
m complete recourse: ( 0 ) v, =Rr4t (j=1,....J),
0

m dual feasibility: (\/_, D, # ) with

D (uv,uW)ERJXRZd :
j = J *
P Cj+2u max{1,j} Uy,p Wy v I+Z v=j uu qu” € - Y/

Then p is finite, convex, and continuous with respect to z.
Further, with 1/p +1/p’ = 1 the functional p can be represented by
J >‘J € LP'(QaU(ftj)aP)a J
Hj € Lp'(Qa U(gtj)a P; R j)a
)\'Z 4+ e ] g
2Nz i) (B8] [u]b]) € Dy as
(=0,..,J)

This dual representation may serve as criterion for coherence.

p(z.§) =supq —E
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PRM Examples
[ ]

One-period Instances

m AVaR, (J =1, see above)
m Expected utility: [vonNeumann/Morgenstern1953]
given: utility function u: R — R (concave, increasing),

pu(z) == —Flu(z)]
Assume: domain of the revenue z can be bounded a priori.
Then: piecewise linear utility function makes sense:

u(x) = — inf {(c,y) {WE,)I,R;I(’:):E(SJ) =1 }

according to [Rockafellar/Wets1998], hence,
€ L1(Q,F,P;RK),
pulz) = mf{]E[ ]‘ Y 1(

=z as, (
i.e., py is a polyhedral risk measure.

“< v
S <
v
= O
n
n u0
——
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PRM Examples

[ ]

Multiperiod Instances

multiperiod extentions of AVaR from [Eichhorn/R6misch2005]:

P1 (Z) = % Zf:l AvaRaj(ztj)
- %Zlerig%{r—l-aljﬂi[(ztj—i—r)j},
) = ot {re 5 B (e £ ) ]}

m p3: similar to pp but with consideration of information structure
m p4: multiperiod AVaR extention in the sense of [Riedel2004]

m interpretation not obvious
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PRM Examples

ntroduction

(o] J

Multiperiod Instances

[ No. [ primal representation | dual multipliers (p; = 0)

G=1)

¥o € R? constant,
J 1
. i € Ry x Ry Fr-meas. 0< A <
inf 1 4 1| [y Yj j =74 = Ja,
P1 F= J (YO,j o [J’j,ZD Yi1—Yj2 =2+ Yo, I [)\j} — %J j=1,..,J)
(G=1,..,J)
yo € R constant, )
J ) < L
. yj € Ry x Ry Fp-measurable 0< A <5
inf + LEy / «
& R s LB =

yo € R constant,

A+ B | Fy ] < 55

G=1,)

Vi1 —VYj2=2y + Yi-1,1

J . e
. yj € Ry x Ry Fr-meas. 0< N, (< J),
inf + 3 LE[y; j
P3 Yo ng Ja vz Yji1—Yi2=2;+Y1+Yy-12 0< Ay < %’
(=1,..J) LR =1

¥o € R const., 1

pa | infgl <y0+E%E [}gﬂ) y; € Ry x Ry j j+1|Ft;
Jj=1 .
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PRM Examples

Value of Perfect Information Based PRM

[Pflug2004], [Pflug/Ruszczyiiski2005], here: z = (zg,, ..., z¢,) income process

&

2y = =0 4a(be(€e),x)  rather than  z, = — S (be(&), xe)
negative utility functional (with s, =0<d<s;, ; <..<s < s, 5.1<q):
J
—soyo,1 + E [Zj:l (=sjyj1 + qjyj3) — dyup
p5(Z,§) = inf Yij € LP(Q’U(ftj)aP; IR:%) (..I : Oa B J)a o2 =Yi1 = Oa
yjo>0as., yj3>0as (j=1,...,J),
)/j,2 — )/j’3 = )/j—1,2 —+ th — yj,1,1 a.s. (J = 1, ceey J)
Y1 investment/consumption at time tj, to be maximized
yj,2 — (yj*1,2 — _yj,]_’] + th)+: SUrplUS at t|me tj
viz=(yj-12—Yyj-11+ ztj)’: shortfall at time t;, to be minimized

risk measure value of z given by difference to clairvoyance utility
,R‘(Zag) = PS(Zaf) o pS(ZaF) = ;05(215) + Z}I:I SjE[th] Z 0
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PRM Examples

AVaR Applied to Minimum

Obvious multiperiod extention of AVaR:

p6(ze,s -z, &) = AVaRqy(min{z,,...z¢, })
can be reformulated as PRM:
v €ER y1 € LP(Q,U(ft/),IP’; ]R2),
Yi € Lp(Q,0(69), P R?) (j = 2,..., J),
pﬁ(zvé) =inf ¢ yo + %]E[)/JQ] Yj >0as. (J =1, '“aJ)a
Yix— Y2~ Yo = Zy a.s. (J = 1a aJ)
Yi2 = VYi3 —Yj-12 = 0as. (J = 2, ,J)

Dual reprentesentation:
>0as (j=
(

A € Ly (Q,0(84), \j
uj<0as. (j=

J uj € Lp’ (Qaﬁ(ﬁtj)v
J
ps(z,€) =sup A E > =Nz | | i BN =1,
j=1 A< pj = EBlujilo(€)] as. (j=1,...J—1),
Ay <py+ é as.

) A

P k)
P)’
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Stability
[ JeJe}

SP with Expectation Objective

Consider (SP) with v = 0 and the following conditions:

(A1) &= (&1, €T) € L(Q, F, P R?)
(A2) relatively complete recourse locally around ¢:
361 > 0VE € L,(Q, F,IP;R®) with ||€ — éllr < &1 ;
Vxi € X1, % € L (Q, 0(57) P; R™ ) with x, € X, (x""1, &), 7 < t:
Xe(x"1 &) #0
(A3) level-boundedness locally uniformly at &:
39y > 0,69 > 0,B C L.(Q,F,P;R™) bounded
VE € L(Q,F,P;RS) with ||¢ — €|, < da: L, (F(£,.)) C B
Cc()g)!t:)opnt?ﬁal value of (SP) w.r.t. & F(&,x) = 31, F[(b: (&), xc)] objective function

t-th feasible set X:(xt71,&) := {x € X¢ : Aroxe + Ar1(&)xe—1 = he(€e)}
feasible set X (€) := {x € x_;L,/(Q, (&), P;R™) : x1 € X1, x¢ € Xp(x' 71, €%) as.}

level set I-(F(&,.)) = {x € X(&): F(&x) < v(€) +¢}
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Stability
[e] Je}

SP with Expectation Objective

Set r,r' in dependence of the problem class of (SP):

€ [1,00) , if only costs or right-hand sides are random
ro= 2 , if only costs and right-hand sides are random
T , if all technology matrices are random
—5 , if only costs are random
. r , if only right-hand sides are random
2 , if costs and right-hand sides are random
oo, if all technology matrices are random

Andreas Eichhorn and Werner Romisch Humboldt University Berlin
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Stability
[e]e] ]

SP with Expectation Objective
Theorem [Heitsch/Rémisch/Strugarek06]:

Let (A1)-(A3) be satisfied for (SP) with v = 0 and let X; be bounded. =
34, L > 0 V& with ||€ — &||, < § it holds for the optimal values that

(&) = v(@)] < (e = &l + Di(e. )

with Dp(¢,€) denoting the filtration distance given by

Dg(€,€) = sup.¢(g.co) Dt (€:)

D« (&.€) := inf {ZZ;; masc {18 [0 (€] — sl Bl o(e)] — 5l } | % € LFE

57'))7
x € (F(E,-)) }

m local calmness property
m D; depends on problem data (solution behavior), not a metric
m level sets bounded due to (A3) (e.g., if X; bounded in R™)
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Stability

Stability of SP with PRM Objective

How to generalize this Theorem from vy =0toy >07?

two possibilities:
m try to generalize above theorem to (SP’)
~~ problems:

m different integrability numbers p and r’
m new recourse matrices A; o are stochastic ~» technical problems

m consecutive approach:

m first analyze stability of p (minimization problem)
m then analyze (SP) with risk objective (y = 1)

~ turns out to be more fruitful
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Stability

Continuity of PRM

Theorem [Eichhorn/Rémisch06]:

Let p be a polyhedral risk measure satisfying complete recourse and dual
feasibility. Then 3K, > 0 V(z,¢),(2,£) € Z= it holds that

[0(2.€) = p(2.8)] < K, Iz = 2l + D, ((2:€). (2. )

global Lipschitz property !
notations:
Z- = {(z,f) EE€ L(Q,F,PiR®), z € xI_Lp(Q,0(¢k),P) }
filtration distance D, ((z,€), (2,€)) := sup.>q Dp.=((z,£), (2,€
Dp,E((Z,g),(E’g)) =
= o = £t o o tj ¥ € lpe(2,€),
nf {,21 maX{Ily/ — Bl [o(€9)]llp, 17 — Ely; [0 (€511l 7 e ,2,5(275) }

level set I,.-(2,€) = {y € Y(2,€) : 7_o Fl(¢j,¥))] < p(2,€) + £} possibly unbounded
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ntroduction PRM Examples Stability

[ ]

Stability SP with PRM Objective

Consider (SP) with v =1 and the conditions (A1)-(A3).
Choose p € [1,00) arbitrarily.
Set r, r' in dependence of the problem class of (SP):

€ [p,o0) , if only costs or right-hand sides are random

ro= 2p , if only costs and right-hand sides are random
pT , if all technology matrices are random
% , if only costs are random

- r , if only right-hand sides are random

2p , if costs and right-hand sides are random
oo, if all technology matrices are random

~r>pandr >p.
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Stability

(o] J

Stability SP with PRM Objective
Theorem [Eichhorn/Rémisch06]:

Let (A1)-(A3) be satisfied for (SP) with v = 1 and let X; be bounded. =
39, K > 0 V€ with ||€ — £]||, < ¢ it holds for the optimal values that

(&) = v(@)] < K(J1€ = &l + D, 8))

with Df,p(g,é) denoting the filtration distance w.r.t. p given by

Df,p(gvf) = Supse(o,so] Df,ﬂ,s(gvé)

Df,p,E(gvé) = ! (F(f ))

X € e s ))s

inf 2;1';21 maX{H]E[Xt‘ )] = xt|l,r ||E[%e |o(€1)] — Xellr X € IE(F(é, s
+ Sy {50 o €0 =yl [EIG €] = o} | ¥ € e (16108

m local calmness, Dy, depends on solution behavior, not a metric
m x level sets bounded due to (A3), y level sets may be unbounded
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Stability

Remarks

m Apparently more degrees of freedom for r, r’
since p can be chosen arbitrarily

m For practical use of theorem (Scenario Tree Approximation),
Dr , must be estimated by problem independent objects

m If (A3) and the PRM level sets are uniformly bounded then
3C > 0 such that

Df,p(g,f) < C- sup Z HE[xt|0 ) — E[x:|o( t)]Hr,

[[x]],» <1
B [Eichhorn/R6misch2007]:

p > 1~ PRM level sets are typically unbounded
p =1 ~~ level sets of most PRM are uniformly bounded

m Same scenario tree construction methods for PRM with
p=1"!  ~5 [Heitsch/Rémisch2007]
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Introduction Polyhedral Risk Measures (PRM) ’RM Examples Stability Case Study Conclusion
5 5 000 o0 o

Application

Municipal P Utilit
Power unicipal Power Utility
Exchange 4 Mid-term
(e.g, EEX) < Supply
Spot Market \S::}I:tll;;
§ Power
Future Market 1 CHP Producer
facility

STV
i e s s e e MR \/ \J

Customers Demand
LP model, customer electricity demand exceeds capacity of CHP facility
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ntroduction Polyhedral 3 asure PR ample Case Study
o] ]

Application

oE t ;

.

m multivariate scenario tree: electr./heat demand, spot/future prices

m time horizon: one year, hourly discretization, T = 8760

m risk measures applied to end of each week, i.e., J =52, t; =;-7-24
m objective: min0.9- p(z,,...,z;,) — 0.1 E[z,]
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ntroductior Polyhedral Ris asures (PR o S Stabilit Case Study

Cash

2e+06 |
0 |
-2e+06 4
4040 |
-6e+06 4
-8e+06 |- N N N N N N N N 4 -8e+06 |- N N N N N N N N |
o 1000 2000 3000 4000 5000 6000 7000 8000 9000 0 1000 2000 3000 4000 5000 6000 7000 8000 9000
Optimizing E[z7] only min0.9 - po(z1,...,z7) — 0.1 - E[z7]
2e+06 - ' ' ' ' ' ' ' ' + 2e+06 ' ' ' ' ' ' ' ' 1
0 —H 0 ~
-2e+06 - -2e+06 1
4040 | aev0s 1
-6e+06 - - -6e+06 |- 1
-8e+06 |- N N N N N N N N 4 -8e+06 |- N N N N N N N N |
o 1000 2000 3000 4000 5000 6000 7000 8000 9000 0 1000 2000 3000 4000 5000 6000 7000 8000 9000
min0.9 - AVaR(z7) — 0.1 - E[z7] min0.9 - pa(z1,...,z7) — 0.1 - E[z7]

~> Fewer spreading with multiperiod risk measures
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ntroductior Polyhedral Ris asures (PR o S Stabilit Case Study

Cash

-1e+07

o 10‘00 2(;00 30‘00 AO‘OO 50‘00 50‘00 70‘00 80‘00 9000’16*07 0 10‘00 20‘00 30‘00 40‘00 50‘00 60‘00 70‘00 BO‘OO 9000
Optimizing E[z7] only min0.9 - po(z1,...,z7) — 0.1 - E[z7]

0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ —H 0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ~
-2e+06 q -2e+06 b
40108 | aev0s 1
-6e+06 - -6e+06 b
-8e+06 ’ ) 1 8e+06 [ B
petor o 10‘00 2(;00 30‘00 AO‘OO 50‘00 50‘00 70‘00 80‘00 9000’16*07 0 10‘00 20‘00 30‘00 40‘00 5(;00 60‘00 70‘00 BO‘OO 9000

min0.9 - AVaR(z7) — 0.1 - E[z7] min0.9 - pa(z1,...,z7) — 0.1 - E[z7]

p2: optimal level, p4: spreading equally distributed
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Future

600000 [ - 600000 B
400000 - - 400000 B
200000 + 200000 —
0 —H 0 ~
-200000 - - -200000 B
-400000 - - -400000 B
-600000 X X X X | -600000 X X X X A
0 50 100 150 200 250 0 50 100 150 200 250
max E[z7] only min0.9 - po(z1,...,z7) — 0.1 - E[z7]
600000 ] 600000 - ) ) ) ) ]
400000 - 400000 - B
200000 4 200000 |- \ R T ’\rl 4
0 — | 0 I wod HHA apn . o 1
-200000 - -200000 - B
-400000 - -400000 -~ B
-600000 X X X X | -600000 X X X X A
0 50 100 150 200 250 0 50 100 150 200 250
min0.9 - AVaR(z7) — 0.1 - E[z7] min0.9 - pa(z1,...,z7) — 0.1 - E[z7]

~> different future trading strategies
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ntroductior Polyhedral Ris asures (PR o S Stabilit Case Study

Cash

0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ q 0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ B
20406 - -2e+06 1
-4e+06 o -4e+06 1
-6e+06 - -6e+06 1
-8e+06 - o 8e+06 - 1
e 000 2w w0 w00 sw0 oo 0w w0 000 o 000 00 00 40w 50 000 7000 00 9000

min0.9 - p5(Z], ceey ZT) —0.1: E[ZT] min0.9 - pQ(Zl, ceey ZT) —0.1: E[ZT]

0 ‘ ‘ ‘ ‘ ‘ ‘ : ‘ 0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ g
-2e+06 2406 1
-4e+06 -4e+06 1
-6e+06 -6e+06 1
-8e+06 -8e+06 - 1
e 100 200 a0 400 500 600 7000 000 000 0 1000 2000 000 40 5000 G000 7000 8000 9000

min0.9 - p5(217 aeey ZT) —-0.1- E[ZT] min0.9 - p4(21, ceey ZT) —0.1: E[ZT]
pe(z1, ..., z1) = AVaR(min; z;;) similar to py. ps similar to E[z1]?
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Cash
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ps measures spread at t; seen from t;_; respectively.
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Conclusion

m Polyhedral Risk Measures (PRM) as optimal values of certain simple
stochastic minimization problems

m Allow different preferences / strategies for risk aversion
m Problems remain tractable

m Stability Theorem for PRM objective in (SP) similar to the case of
expectation objective (with slightly different filtration distance)

m PRM instances from [Eichhorn/Rémisch2005], [Pflug/Ruszczyriski2005]:
uniformly bounded level sets, ~~
scenario tree construction methods from [Heitsch/Rémisch2007] can be used

Andreas Eichhorn and Werner Romisch Humboldt University Berlin
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