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Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionMean-Risk Stohasti Optimizationgiven: �1 2 Rd , �t 2 Lr (
;F ;P;Rd ) for t = 2; :::;T , �t := (�1; :::; �t ),� := �T , w.l.o.g. F = �(�)(SP) min8>>>><>>>>:  � �(zt1 ; :::; ztJ )�(1� ) � E [zT ℄ ���������� xt 2 Lr 0(
; �(�t);P;Rmt );xt 2 Xt a.s.;At;0xt + At;1(�t)xt�1 = ht(�t) a.s.zt := �Pt�=1hb� (�� ); x� i(t = 1; :::;T )
9>>>>=>>>>;multistage stohasti program, = 0: lassial ase,  2 (0; 1℄: new hallengesin power appliations: big problems� nonlinear risk funtionalapplied to seleted timesteps tj suh that 1 � t1 � ::: � tJ = TXt � Rmt may ontain integrality onstraintsAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionMotivation: AVaRAverage Value-at-Risk (Conditional Value-at-Risk) [Rokafellar/Uryasev2002℄:
-CVaR -VaR

0

1

pVaR�(z) = ��q�(z) with �q�(:) denoting upper quantile of distribution,AVaR�(z) := R �0 VaR��(z)d ��= CVaR�(z) := E [~z ℄ = expetation of tail-distributionAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionMotivation: AVaR[Rokafellar/Uryasev2002℄:AVaR�(z) = inffy1 + 1�E [(z + y1)�℄ : y1 2 Rg= inf �y1 + 1�E [y2;2 ℄ ���� y1 2 R; y2 2 L1(
;F ;P;R2); y2 � 0 a.s.;y2;1 � y2;2 = y1 + z a.s. �onsider (SP) with T = 2,  = 1, �(z) = AVaR�(z2)  min8>><>>:y1 + 1�E [y2;2 ℄ �������� x1 2 X1; x2 2 Lr 0(
;F ;P;Rm2 )x2 2 X2 a.s. ;At;1x1 + At;0x2 = ht a.s. ;y1 2 R; y2 2 L1(
;F ;P;R2); y2 � 0 a.s.y2;1 � y2;2 = �hb1; x1i � hb2; x2i+ y1 a.s. 9>>=>>;lassial stohasti program with expetation objetive�nite disrete distribution for �2  linear program (mixed-integer)Andreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionMotivation: SemideviationLinear Lower Semideviation:�(z) = SD(z) = E [(z � E [z ℄)� ℄Consider (SP) with T = 2,  = 1, �(z) = SD(z2)min8>>>><>>>>:E [y2;2 ℄ ���������� x1 2 X1; x2 2 Lr 0(
;F ;P;Rm2 )x2 2 X2 a.s.;At;1x1 + At;0x2 = ht a.s.;y1 2 R; y2 2 Lr 0(
;F ;P;R2); y2 � 0 a.s.y1 = E [�hb1 ; x1i � hb2; x2i℄;y2;1 � y2;2 = �hb1; x1i � hb2; x2i � y1 a.s.
9>>>>=>>>>;�nite disrete distribution for �2  linear program (mixed-integer)"nasty" onstraint: y1 = E [�hb1 ; x1i � hb2(�2); x2i℄Andreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionMultiperiod Risk Measurementmid-term / long-term ativities:risk measure should onsider intermediate wealth values z1; :::; zT(reall: zt := �Pt�=1hb� (�� ); x� i with ost oeÆients b� ) in (SP)in order toavoid liquidity problems at any timeantiipate intermediate monitoring by regulation authoritiesredue the degree of unertainty at all time �(zt1 ; :::; ztJ ; �) instead of just �(zT )Information dynamis �(�1; :::; �t ); t = 1; :::;T may play a roleAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study Conlusion
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Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionDe�nitionLet z = (zt1 ; :::; ztJ ) stohasti wealth proess (e.g., zt = �Pt�=1hb� ; x� i),timesteps t0 = 1 < t1 < ::: < tJ = T , [Eihhorn/R�omish2005℄:�(z ; �) = inf8>><>>:E 24 JXj=0hj ; yji35 �������� yj 2 Lp(
; �(�tj );P;Rkj ) (j = 0; :::; J);yj 2 Yj a.s. (j = 0; :::; J);Pj�=0hwj;� ; yj�� i = ztj a.s. (j = 1; :::; J);Pj�=0 Vj;�yj�� = rj a.s. (j = 0; :::; J) 9>>=>>;with dimensions kj 2 N, dj 2 N, vetors j 2 Rkj , rj 2 Rdj , wj;� 2 Rkj�� ,matries Vj;� 2 Rdj�kj�� (� = 0; :::; j), and polyhedral ones Yj � Rkj .risk = optimal value of a linear multistage stohasti programwealth values appear at the right hand sides of dynami onstraintsexpetation E only in the objetive, simple onstraintsspeial ase J = 1  one-period PRMminimization, not maximizationAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionEquivalene of (SP)why risk as optimal value of a stohasti minimization problem?onsider (SP) with  = 1  obvious equivalene tomin8>>>><>>>>:E " JPj=0hj ; yj i# ���������� xt 2 Lr 0(
; �(�t);P;Rmt ); xt 2 Xt a.s. (t = 1; ::;T );yj 2 Lp(
; �(�tj );P;Rkj ); yj 2 Yj a.s. (j = 0; :::; J);At;0xt + At;1(�t)xt�1ht(�t) a.s. (t = 2; :::;T )Pj�=0hwj;� ; yj�� i = �Ptj�=1hb� (�� ); x� i a.s.;Pj�=0 Vj;�yj�� = rj a.s. (j = 1; :::; J)
9>>>>=>>>>;(SP') with 1=p = 1=r + 1=r 0lassial stohasti program with expetation objetivewell-known solution methods / deomposition approahesnonlinearity of risk measure vanishedadditional variables, onstraintsAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionBasi Propertiesexibility through hoie of Yj , wt;� , j , ... di�erent attitudes towards risk aversion representablea PRM is always onvexif �(zt1 ; zt2 ; :::; ztJ ) is a PRM then�(zt1 ; zt2 � zt1 ; :::; ztJ � ztJ�1) is a PRM�(zt1 ; zt2 + zt1 ; :::;PJ�=1 zt� ) is a PRM no matter whether fous is on inome proessesor on wealth proesses (aumulated),ztj = �Ptjt=tj�1+1hbt(�t); xti repetively ztj = �Ptjt=1hbt(�t); xtiif �(zt1 ; zt2 ; :::; ztJ ) is a PRM then�(zt1 ; zt2 ; :::; ztJ ) +PJj=1 �jE [ztj ℄ is a PRM mean-risk models are fully inludedAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionProperties, Dual RepresentationTheorem: Assumeomplete reourse: � Vj;0w 0j;0 �Yj = Rdj+1 (j = 1; :::; J),dual feasibility: TJj=0D�;j 6= ; withD�;j := � (uv ; uw ) 2 RJ � RP dj :j +PJ�=maxf1;jg uv;�w�;��j +PJ�=j V ��;��juw;� 2 �Y �j �Then � is �nite, onvex, and ontinuous with respet to z .Further, with 1=p + 1=p0 = 1 the funtional � an be represented by�(z ; �) = sup8>><>>:�E " JPj=1�jztj + h�j ; rj i# �������� �j 2 Lp0(
; �(�tj );P);�j 2 Lp0(
; �(�tj );P;Rdj );(E [�j�tj ℄ ; E [�j�tj ℄) 2 D�;j a.s.(j = 0; :::; J) 9>>=>>;This dual representation may serve as riterion for oherene.Andreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study Conlusion
1 Introdution2 Polyhedral Risk Measures (PRM)3 PRM Examples4 Stability5 Case Study6 ConlusionAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionOne-period InstanesAVaR� (J = 1, see above)Expeted utility: [vonNeumann/Morgenstern1953℄given: utility funtion u : R ! R (onave, inreasing),�u(z) := �E [u(z)℄Assume: domain of the revenue z an be bounded a priori.Then: pieewise linear utility funtion makes sense:u(x) = � inf �h ; yi ���� y 2 Rk ; y � 0hw ; yi = x ; hv ; yi = 1 �aording to [Rokafellar/Wets1998℄, hene,�u(z) = inf �E [h ; yi℄ ���� y 2 L1(
;F ;P;Rk ); y � 0 a.s.hw ; yi = z a.s.; hv ; yi = 1 a.s. �i.e., �u is a polyhedral risk measure.Andreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionMultiperiod Instanesmultiperiod extentions of AVaR from [Eihhorn/R�omish2005℄:�1(z) = 1J PJj=1AVaR�j (ztj )= 1J PJj=1 infr2Rnr + 1�j E h�ztj + r��io ;�2(z) = infr2Rnr + 1J PJj=1 1�j E h�ztj + r��io :�3: similar to �2 but with onsideration of information struture�4: multiperiod AVaR extention in the sense of [Riedel2004℄interpretation not obviousAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionMultiperiod InstanesNo. primal representation dual multipliers (�j = 0)�1 inf8>><>>: JPj=1 1J �y0;j + 1�E �yj;2�� �������� y0 2 RJ onstant;yj 2 R+ � R+ Ftj -meas.yj;1 � yj;2 = ztj + y0;j(j = 1; :::; J) 9>>=>>; 0 � �j � 1J�E ��j � = 1J (j = 1; :::; J)�2 inf8>><>>:y0 + JPj=1 1J�E �yj;2� �������� y0 2 R onstant;yj 2 R+ � R+ Ftj -measurableyj;1 � yj;2 = ztj + y0(j = 1; :::; J) 9>>=>>; 0 � �j � 1J�PJj=1 E[�j ℄ = 1�3 inf8>><>>:y0 + JPj=1 1J�E �yj;2� �������� y0 2 R onstant;yj 2 R+ � R+ Ftj -meas.yj;1 � yj;2 = ztj + y0;1 + yj�1;2(j = 1; :::; J) 9>>=>>; �j + E[�j+1 jFtj ℄ � 1J�0 � �j ; (j < J);0 � �J � 1J� ;PJj=1 E[�j ℄ = 1�4 inf8>>>><>>>>: 1J  y0 + JPj=1 1�E �yj;2�! ���������� y0 2 R onst.;yj 2 R� R+ Ftj -meas.yJ 2 R+ � R+yj;1 � yj;2 = ztj + yt�1;1(j = 1; :::; J) 9>>>>=>>>>; 0 � �t � 1J� ;�j = E ��j+1jFtj �(j = 1; :::; J � 1)E ��j � = 1JAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionValue of Perfet Information Based PRM[Pug2004℄, [Pug/Ruszzy�nski2005℄, here: z = (zt1 ; :::; ztJ ) inome proessztj = �Ptjt=tj�1+1hbt(�t ); xti rather than ztj = �Ptjt=1hbt (�t); xti:negative utility funtional (with sJ = 0 � d � sJ�1 � ::: � s1 � s0, sj�1 � qj ):�5(z ; �) = inf8>>><>>>: �s0y0;1 + E hPJj=1 (�sjyj;1 + qjyj;3)� dyJ;2i :yj 2 Lp(
; �(�tj );P;R3 ) (j = 0; :::; J); y0;2 = yJ;1 = 0;yj;2 � 0 a.s.; yj;3 � 0 a.s. (j = 1; :::; J);yj;2 � yj;3 = yj�1;2 + ztj � yj�1;1 a.s. (j = 1; :::; J) 9>>>=>>>;yj;1: investment/onsumption at time tj , to be maximizedyj;2 = (yj�1;2 � yj�1;1 + ztj )+: surplus at time tjyj;3 = (yj�1;2 � yj�1;1 + ztj )�: shortfall at time tj , to be minimizedrisk measure value of z given by di�erene to lairvoyane utilityR(z ; �) = �5(z ; �)� �5(z ;F) = �5(z ; �) +PJj=1 sjE [ztj ℄ � 0Andreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionAVaR Applied to MinimumObvious multiperiod extention of AVaR:�6(zt1 ; :::ztJ ; �) := AVaR�(minfzt1 ; :::ztJ g)an be reformulated as PRM:�6(z ; �) = inf8>>>><>>>>:y0 + 1�E [yJ;2℄ ���������� y0 2 R; y1 2 Lp(
; �(�tj );P;R2);yj 2 Lp(
; �(�tj );P;R3) (j = 2; :::; J);yj � 0 a.s. (j = 1; :::; J);yj;1 � yj;2 � y0 = ztj a.s. (j = 1; :::; J)yj;2 � yj;3 � yj�1;2 = 0 a.s. (j = 2; :::; J)
9>>>>=>>>>;Dual reprentesentation:�6(z; �) = sup8>>>><>>>>:E 24 JXj=1 ��jztj35 ���������� �j 2 Lp0 (
; �(�tj );P); �j � 0 a.s. (j = 1; :::; J);�j 2 Lp0 (
; �(�tj );P); �j � 0 a.s. (j = 2; :::; J);PJj=1 E[�j ℄ = 1;�j � �j � E[�j+1 j�(�tj )℄ a.s. (j = 1; :::; J � 1);�J � �J + 1� a.s. 9>>>>=>>>>;Andreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming
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Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionSP with Expetation ObjetiveConsider (SP) with  = 0 and the following onditions:(A1) � = (�1; :::; �T ) 2 Lr (
;F ;P;Rs )(A2) relatively omplete reourse loally around �:9Æ1 > 08~� 2 Lr (
;F ;P;Rs ) with k� � ~�kr < Æ18x1 2 X1; x� 2 Lr 0(
; �(~�� );P;Rm� ) with x� 2 X� (x��1; ~�� ), � < t :Xt(x t�1; ~�t) 6= ;(A3) level-boundedness loally uniformly at �:9Æ2 > 0; "0 > 0;B � Lr 0(
;F ;P;Rm ) bounded8~� 2 Lr (
;F ;P;Rs ) with k� � ~�kr < Æ2: l"0(F (~�; :)) � Bnotations:v(�) optimal value of (SP) w.r.t. �, F (�; x) =PTt=1 E[hbt (�t ); xti℄ objetive funtiont-th feasible set Xt(x t�1; �t) := fxt 2 Xt : At;0xt + At;1(�t )xt�1 = ht(�t)gfeasible set X (�) := fx 2 �Tt=1Lr0 (
; �(�t );P;Rmt ) : x1 2 X1; xt 2 Xt(x t�1; �t) a.s.glevel set l"(F (�; :)) := fx 2 X (�) : F (�; x) � v(�) + "gAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionSP with Expetation ObjetiveSet r ; r 0 in dependene of the problem lass of (SP):r := 8<: 2 [1;1) ; if only osts or right-hand sides are random2 ; if only osts and right-hand sides are randomT ; if all tehnology matries are randomr 0 := 8>><>>: rr�1 ; if only osts are randomr ; if only right-hand sides are random2 ; if osts and right-hand sides are random1 ; if all tehnology matries are random
Andreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionSP with Expetation ObjetiveTheorem [Heitsh/R�omish/Strugarek06℄:Let (A1)-(A3) be satis�ed for (SP) with  = 0 and let X1 be bounded. )9Æ; L > 0 8~� with k� � ~�kr � Æ it holds for the optimal values that��v(�)� v(~�)�� � L�k� � ~�kr + Df(�; ~�)�with Df(�; ~�) denoting the �ltration distane given byDf (�; ~�) := sup"2(0;"0℄ Df;"(�; ~�)Df;"(�; ~�) := inf �PT�1t=2 maxnkE[xt j�(~�t)℄� xtkr0 ; kE[~xt j�(�t)℄� ~xtkr0o ���� x 2 l"(F (�; �));~x 2 l"(F (~�; �)) �loal almness propertyDf depends on problem data (solution behavior), not a metrilevel sets bounded due to (A3) (e.g., if Xt bounded in Rmt )Andreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionStability of SP with PRM ObjetiveHow to generalize this Theorem from  = 0 to  > 0 ?two possibilities:try to generalize above theorem to (SP') problems:di�erent integrability numbers p and r 0new reourse matries At;0 are stohasti  tehnial problemsonseutive approah:�rst analyze stability of � (minimization problem)then analyze (SP) with risk objetive ( = 1) turns out to be more fruitfulAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionContinuity of PRMTheorem [Eihhorn/R�omish06℄:Let � be a polyhedral risk measure satisfying omplete reourse and dualfeasibility. Then 9K� > 0 8(z ; �); (~z ; ~�) 2 Z� it holds that���(z ; �)� �(~z ; ~�)�� � K��kz � ~zkp + D��(z ; �); (~z ; ~�)��global Lipshitz property !notations:Z� := n(z; �) : � 2 Lr (
;F ;P;Rs); z 2 �Jj=1Lp(
; �(�tj );P)o�ltration distane D�((z; �); (~z; ~�)) := sup">0 D�;"((z; �); (~z; ~�))D�;"((z; �); (~z; ~�)) :=inf(J�1Pj=1 maxnk�yj � E[�yj j�(~�tj )℄kp ; k~yj � E[~yj j�(�tj )℄kpo ���� �y 2 l�;"(z; �);~y 2 l�;"(~z; ~�) )level set l�;"(z; �) = fy 2 Y(z; �) :PJj=0 E[hj ; yj i℄ � �(z; �) + "g possibly unboundedAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionStability SP with PRM ObjetiveConsider (SP) with  = 1 and the onditions (A1)-(A3).Choose p 2 [1;1) arbitrarily.Set r ; r 0 in dependene of the problem lass of (SP):r := 8<: 2 [p;1) ; if only osts or right-hand sides are random2p ; if only osts and right-hand sides are randompT ; if all tehnology matries are randomr 0 := 8>><>>: prr�p ; if only osts are randomr ; if only right-hand sides are random2p ; if osts and right-hand sides are random1 ; if all tehnology matries are random r � p and r 0 � p.Andreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionStability SP with PRM ObjetiveTheorem [Eihhorn/R�omish06℄:Let (A1)-(A3) be satis�ed for (SP) with  = 1 and let X1 be bounded. )9Æ;K > 0 8~� with k� � ~�kr � Æ it holds for the optimal values that��v(�)� v(~�)�� � K�k� � ~�kr + Df;�(�; ~�)�with Df;�(�; ~�) denoting the �ltration distane w.r.t. � given byDf;�(�; ~�) := sup"2(0;"0℄ Df;�;"(�; ~�)Df;�;"(�; ~�) :=inf8>><>>: PT�1t=2 maxnkE[xt j�(~�t)℄� xtkr0 ; kE[~xt j�(�t)℄� ~xtkr0o+PJ�1j=1 maxnkE[yj j�(~�tj )℄� yjkp; kE[~yj j�(�tj )℄� ~yjkpo �������� x 2 l"(F (�; �));~x 2 l"(F (~�; �));y 2 l�;"(z(�; x); �);~y 2 l�;"(z(~�; ~x); ~�) 9>>=>>;loal almness, Df;� depends on solution behavior, not a metrix level sets bounded due to (A3), y level sets may be unboundedAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming



Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionRemarksApparently more degrees of freedom for r , r 0sine p an be hosen arbitrarilyFor pratial use of theorem (Senario Tree Approximation),Df;� must be estimated by problem independent objetsIf (A3) and the PRM level sets are uniformly bounded then9C > 0 suh thatDf;�(�; ~�) � C � supkxkr0�1 T�1Xt=2 E [xt j�(�t)℄� E [xt j�(~�t)℄r 0[Eihhorn/R�omish2007℄:p > 1  PRM level sets are typially unboundedp = 1  level sets of most PRM are uniformly boundedSame senario tree onstrution methods for PRM withp = 1 !  [Heitsh/R�omish2007℄Andreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming
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Introdution Polyhedral Risk Measures (PRM) PRM Examples Stability Case Study ConlusionAppliation

LP model, ustomer eletriity demand exeeds apaity of CHP failityAndreas Eihhorn and Werner R�omish Humboldt University BerlinPolyhedral Risk Measures in Multistage Stohasti Programming
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