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STABILITY AND SENSITIVITY OF OPTIMIZATION PROBLEMS
WITH FIRST ORDER STOCHASTIC DOMINANCE CONSTRAINTS*
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Abstract. We analyze the stability and sensitivity of stochastic optimization problems with
stochastic dominance constraints of first order. We consider general perturbations of the underlying
probability measures in the space of regular measures equipped with a suitable discrepancy distance.
We show that the graph of the feasible set mapping is closed under rather general assumptions. We
obtain conditions for the continuity of the optimal value and upper-semicontinuity of the optimal
solutions, as well as quantitative stability estimates of Lipschitz type. Furthermore, we analyze the
sensitivity of the optimal value and obtain upper and lower bounds for the directional derivatives
of the optimal value. The estimates are formulated in terms of the dual utility functions associated
with the dominance constraints.
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1. Introduction. The notion of stochastic ordering (or stochastic dominance of
first order) was introduced in statistics in [14, 13] and further applied and developed
in economics [17, 7, 6]. It is defined as follows. For a random variable X we consider
its distribution function, F(X;n) = P[X < n], n € R. We say that a random variable
X dominates in the first order a random variable Y if

(1.1) F(X;n) < F(Y;n) VneR

We denote this relation X =(;) Y. For a modern perspective on stochastic orders, see
[15, 25].

Let g : R x R® — R be continuous with respect to both arguments, and let V'
be an s-dimensional random vector, defined on a certain probability space (£2,.%, P).
For every z € R

Xe(w) =9(z,V(w), we,

is a random variable. Given a benchmark random variable Y (defined on the same
probability space), an optimization model with first order stochastic dominance con-
straint is formulated as follows:

min f(z)
(1.2) s.t. Xz t(l) Y,
z € Z,
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where f: R™ — R and Z C R™. Using definition (1.1), we can express the dominance
constraint as a continuum of probabilistic constraints:

Plg(z,V)>n] > P[Y > 0], neR

In [5] optimality conditions for a relaxation of problem (1.2) were investigated, in
which the dominance constraint was enforced on an interval [a, b] rather than on the
entire real line:

min f(z)
(1.3) st. Plg(2,V)>n| > P[Y >n], n€lab],
z € Z.

The restriction of the range of 1 to a compact interval is motivated by the need to
satisfy a constraint qualification condition for the problem (see Definition 2.4). Both
probability functions in problem (1.3) converge to 0 when n — oo and to 1 when
1 — 00, which precludes Robinson-type conditions on the whole real line.

From now on, we shall assume that f is continuous and Z is a nonempty closed
convex set. Our objective is to investigate the stability and sensitivity of the optimal
value, the feasible set, and solution set, respectively, of problem (1.3) when the random
variables V and Y are subject to perturbations.

For the purpose of our analysis it is convenient to formulate the dominance con-
straint with the use of “>” inequalities, as in (1.3). When the distributions are
continuous, this formulation is equivalent to the formulation used in [5].

Problems with stochastic dominance constraints are new optimization models in-
volving risk aversion (see [3, 4, 5]). As problems with a continuum of constraints on
probability, they pose specific analytical and computational challenges. The proba-
bilistic nature of the problem prevents the direct application of the theory of semi-
infinite optimization. On the other hand, the specific structure of dominance con-
straints is significantly different from the structure of finitely many probabilistic con-
straints. Our stability analysis follows similar patterns to those in [8, 22, 23], where
the focus was on probabilistic constraints. However, a straightforward application of
those results (a recent overview of which can be found in [21]) is not possible due to
the specific structure of problem (1.3). First, in (1.3) we deal with two separate prob-
ability terms due to the consideration of a benchmark variable. Second, and more
importantly, problem (1.3) has a continuum of constraints which requires a more
sophisticated analysis than the case of a finite family of constraints.

In section 2, we establish the closedness of the feasible set mapping, and we obtain
stability results for the optimal value, for the feasible set, and for the solution set.
In section 3, we analyze the sensitivity of the optimal value function, and we obtain
bounds for its directional derivatives.

2. Stability. It is obvious from the formulation of the dominance constraint
that only the distribution laws of V' and Y matter there. Therefore, we introduce the
measures g on R® and vy on R induced by V' and Y. For all Borel sets A C R® and
BCR,

po(A) = PV € 4],
w(B) = P[Y € B].

We denote the set of probability measures on R™ by Z2(R™).
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Furthermore, we introduce the multifunction H : R™ x R = R® defined by

H(z,n) :={v e R : g(z,v) = n}.
We consider the following parametric optimization problem:

min f(z)
(2.1) s.t. w(H(z,m)) = v([n,00)) 20 Vn € [a,b],
z €7,

with parameters p € Z(R®) and v € Z(R). The original problem (1.3) is obtained
when (u,v) = (po,v0). Our aim is to study the stability of solutions and of the
optimal value to (2.1) under small perturbations of the underlying distributions pg
and vq.

For this purpose we equip the space Z(R) with the Kolmogorov distance function:

a1 (vy,v) = sup [v1([n, 00)) — va([n, o0))| .

To introduce a distance function on &?(R?), which is appropriate for our problem, we
define the family of sets:

B.={H(zmn):z€ Znelab}U{v+R :veR}
The distance function on Z(R?) is defined as the discrepancy
ap (1, p2) == sup |p1(B) — p2(B)].
Bes
On the product space Z(R®) x Z(R) we introduce the natural distance:

(2.2) a((p1, 1), (2, v2)) = max{as (11, p2), a1(v1,ve)}.

Note that « is a metric, because the measures are compared, in particular, on all the
cells of form z + R% and (—o0,7n), respectively.

We consider the constraint set mapping @ : Z(R®) x Z(R) = R"™, which assigns
to every parameter (u,v) the feasible set of problem (2.1), i.e.,

D(p,v):={z€ Z:pu(H(z,n)) —v(n,00)) >0 Vnela,b}.

Given any open subset U C R", we define the U-localized optimal value function,
oy P(R*) x Z(R) — R, of problem (2.1) as follows:

ou(p,v) :=inf {f(z): 2z € D(p,v)NclU}.

The U-localized solution set mapping ¥y : Z(R®) x Z(R) = R™ of problem (2.1) is
defined by

Py (p,v) = {z € ®(p,v)NclU : f(z) = pu(p,v)}.

When U = R™ we simply write ¢(u, v) and ¥(u, v).

The reason to consider localized mappings is that we allow general perturbations
of the probability distributions. Then, without additional compactness conditions, no
reasonable constraint qualification formulated at the solution points of the original
problem (1.3) could guarantee stability of the global solution set mapping ¥ := Wgn.

We recall a general stability result from [10, Proposition 1 and Theorem 1] in a
version adapted to our setting. In the theorem below, the symbol B(z,7) denotes the
ball about z of radius r.
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THEOREM 2.1. Let the following assumptions be satisfied in (2.1):
1. The original solution set ¥(uo,vo) is nonempty and bounded.
2. The graph of the constraint set mapping ® is closed.
3. At every solution z° € W(ug,v0) of the original problem, there exist ¢ > 0
and L > 0 such that for all (u,v) € B((po,v0);€) the constraint set mapping
satisfies the following two Lipschitz-like estimates:

(23)  d(z,B(uo,v0)) < Lal(m,v), (no, o)) V2 € B(y,v) N B(V5e),
(24)  d(z,B(,v)) < Lal(m,v), (no,v0)) V2 € B(jo,v0) N B(52).

4. f is locally Lipschitz.
Then, for any bounded and open set @ containing the original solution set, the fol-
lowing stability properties hold true:
e 36 >0: Yg(u,v)#0 for all (u,v) € B((uo,v0);").
o Uy is upper semicontinuous at (fo, Vo) in the sense of Berge; i.e., for all open
V 2 ¥ (po,v0) = Po(po,vo) there exists some 8y > 0 such that

Wo(u,v) €V V(p,v) € B((to, 10); 6v).-

o g is continuous at (fo, o) and satisfies the following Lipschitz-like estimate
for some constants 6*, L* > 0:

lpq (1, v) — @q(po, vo)| < L*a((p, v), (1o, v0))  V(p,v) € B((po,10); 6%).

We note that the first two assertions of the theorem already follow from [19,
Theorem 4.3]. In the following we want to provide verifiable conditions for the
assumptions of Theorem 2.1. As far as assumption 1 is concerned, it is of a purely
technical nature and may be difficult to verify in the general setting. If, however, the
abstract part Z of the constraint set in (2.1) happens to be compact, as is the case in
many applied problems, then, of course, the boundedness assumption 1 in Theorem
2.1 is trivially satisfied. In this situation, one can even drop the localizations ¢g and
Yo in the statement of Theorem 2.1 and formulate the corresponding conclusions for
the global optimal value function ¢ and the global solution set mapping ¥. Indeed, as
one may choose @ in Theorem 2.1 by compactness of Z such that Q 2 Z D ¥(ug,vp),
it follows that

To(p,v) =¥ (u,v) (CZCQ) and wo(u,v)=@(pu,v) Y(uv).

Passing to assumption 2 in Theorem 2.1, this is generally satisfied under the data
assumptions made for problem (1.3). To show this, we first adapt a result of [22].

LEMMA 2.2. Assume that a multifunction S : R™ = R® has a closed graph. Let
T € R™ be such that S(x) # (0. Then for every nonnegative reqular measure ji on R*
and for every € > 0 there exists 6 > 0 such that

(2.5) w(S(x)) < u(S(z)) + e, whenever ||z — | < 6.

Proof. By the closedness of the graph,

S(g:«)zﬂcl( U S(x)).

6>0 |z—z|| <&
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Therefore, for every regular measure p,
n(S(@)) = ;r;%,u(cl( U S(x)))
lz—z||<é
Consequently, for every € > 0 there exists 6 > 0 such that
w(S(@) +e> u(cl( U S(;v)))
lz—z|<é

This implies the result. 1]

THEOREM 2.3. The graph of the feasible set mapping @ is closed.

Proof. Consider a sequence (u™,v",2") of the elements of the graph, which is
convergent to some (fi, 7, Z) in the space Z(R*) x #(R) x R™. Since 2" € &(u™, "),
then 2" € Z and

(2.6) p(H (2" n)) —v"([n,00)) 20 Vn € [a,b].
As Z is closed, z € Z. By the definition of aq(-,-), it follows that

(2.7) v"([n,00)) = #([n,00)) Vn € [a,b].

Let us consider the first term in (2.6). For a fixed n € [a, b] we have the inequality

(2.8) p"(H(z",m)) — p(H(z,n))
[ ( 1)) — a(H (z ))} + [a(H (2", n)) — p(H(z,1))]
<as + [a(H (2", n)) — p(H(z,1))]

By assumption, ag (4", ) — 0, and we can focus on the term in brackets. By the
continuity of g, the multifunction H(-,7n) has a closed graph. We now apply Lemma
2.2 to conclude that for every € > 0 there exists 6 > 0 such that

i(H(z,m)) < (H(2z,n)) + e, whenever |z — z|| < 6.
For all sufficiently large n one has ||z — z|| < é§ and therefore

E(H(z"m) < a(H(z,n)) +e

Passing to the limit with n — oo and noting that € > 0 was arbitrary, we obtain

(2.9) limsup @ (H(2",n)) < p(H(z,1)).

n—oo

Combining relations (2.8) and (2.9), we conclude that

limsup w” (H (=", m)) < A(H(%,1)).

n—oo

Using this in (2.6), with a view to (2.7), we obtain

R(H(2,1)) = 2(0,00)) > limsup ™ (H (")) — lim o[y, 00))

n—00 100

= limsup [p" (H (2", 1)) — v"([n,00))] > 0.

n—oo
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Since n was arbitrary, we obtain the relation
i(H(z,m)) = v(n,00)) 20 V7 € [a,b].

This amounts to zZ € $(f1,7), as desired. d

Remark 1. Let us observe that we did not use the compactness of the set [a, b] in
the proof, and therefore Theorem 2.3 holds true for the dominance relation enforced
on the whole real line.

The verification of assumption 3 in Theorem 2.1 is less direct and will be based
on an appropriate constraint qualification for problem (2.1) at the original parameter
(40, v0). To formulate this constraint qualification, we assume the following differen-
tial uniform dominance condition introduced in [5].

DEFINITION 2.4. Problem (2.1) for o = po and v = vy satisfies the differential
uniform dominance condition at the point 2° € Z if

(i) po(H(z,m)) is continuous with respect to n in [a,b], differentiable with respect

to z in a neighborhood of 2° for all n € la,b], and its derivative is jointly
continuous with respect to both arguments;

(i1) vo([-,00)) is continuous;

(iii) there exists 2! € Z such that

ar<ngr<1b {MO (H(zo7 n) + Vo (H(zo, n) (2! = 20) — vo([n, oo))} > 0.

The differentiability assumptions on po(H(+,n)) can be guaranteed by assuming
continuous differentiability of the function g with respect to both arguments, the
existence of the probability density of the random vector V', and by mild regularity
conditions (see [9]). Then

_ ) g oz 0) Adv
Va(HEn) = [ BT gt ) M),

where JH (z, n) is the surface of the set H(z,7n) and A is the surface Lebesgue measure.
The regularity conditions mentioned require that the gradient V,g(z,v) be nonzero
and that the integrand above be uniformly bounded (in a neighborhood of z) by an
integrable function.

For example, if g(z,V) = (2, V) and V has a nondegenerate multivariate normal
distribution .4(v, X'), then

poltem) =1~ #(2 2,

where ®(+) is the distribution function of the standard normal variable. In this case
condition (i) of Definition 2.4 is satisfied at every z # 0.

The differential uniform dominance condition has substantial consequences. Let
% be the Banach space of continuous functions on [a,b]. Consider the mapping
I': R™ — ¥ defined as

[(2)(n) = po(H(2,1)) — vo([n,0)), 1 € [a,b],

where vy([-,00)) € €. Denote by K the nonnegative cone in %
LEMMA 2.5. Assume that po(H(z,m)) is continuously differentiable with respect
to z in a neighborhood of 2° € Z and for all m € [a,b], po(H(z,-)) is continuous in
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[a,b], and T'(z°) € K. The differential uniform dominance condition is satisfied at 2°
if and only if the multifunction
I'(z) - K 1 Z
(2.10) 2 TG ifze2,
0] otherwise

is metrically regular at (2°,0).
Proof. We observe that the differential uniform dominance condition is equivalent
to Robinson’s constraint qualification condition (see [18])

(2.11) 0e int{F(zO) F V()2 - 2°) — K}.

Indeed, it is easy to see that the uniform dominance condition implies Robinson’s
condition. On the other hand, if Robinson’s condition holds true, then there exists
€ > 0 such that the function identically equal to ¢ is an element of the set on the
right-hand side of (2.11). Then we can find 2! such that

L)) + [VoDED) M) (21 = 2°%) > e Vi€ [a,b].

Consequently, the uniform dominance condition is satisfied. On the other hand,
Robinson’s constraint qualification at 2° is equivalent to the metric regularity of (2.10)
at (22,0) (see [2]). |

The next proposition shows that the verification of assumption 3 in Theorem 2.1
can be reduced to the differential uniform dominance condition.

PROPOSITION 2.6. Let the differential uniform dominance condition be satisfied
at some 2° € ®(ug,vp). Then relations (2.3) and (2.4) of Theorem 2.1 hold true at
20,

Proof. We introduce the multifunction M : ¥ = R™ as the following parameter
dependent constraint set mapping:

M(w):={z€ Z: p(H(z,n)) —w(n) >0Vne [a,b]}.

(The relation between M and @ is given by @(uo,v) = M (v([-,0))) for all continuous
distributions v € Z(R).) Define wq(-) = vo([:,00)). By assumption, wy € €.

By Lemma 2.5, the differential uniform dominance condition is equivalent to
metric regularity of (2.10) at (2°,0), which, upon passing to the inverse multifunction,
is equivalent to the pseudo-Lipschitz property of M at (w?, 2°) (see, e.g., [12, Lemma
1.12] and [20, Theorem 9.43]). Accordingly, there exist £ > 0 and L > 0 such that

(2.12)  d(z, M(ws)) < Ld(wy,ws) Yz € M(w)NB(2%&) Yw, wy € Blwo; ),

where the last ball is taken in the metric of %. First, we verify the following chain of
inclusions for all (u,v) € Z(R®) x Z(R):

(213) M(U)O + 20‘((#) V)v (:U'Oa VO)) ’ II-) - @(:uv V) - M(’LUO - 20‘((#; V)a (/U'Oa VO)) ’ ]]-)a

where 1 is the function on [a, b] taking the constant value 1. Note that M is applied
to continuous functions as required. Now, if

z € M(wo + 2az ((,v), (to, v0)) - 1),
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then z € Z and, by definition of «,

0 < po(H(z,n)) — (wo(n) + 2a((p, ), (110, 10)))
= po(H(2,m)) — vo([n, 00)) = 2a((1,v), (po, v0)))
< u(H(z,m)) = v([n,00)) Vn € la,b].

This establishes the first inclusion of (2.13), and the second one is completely analo-
gous.

In order to check (2.3), let (u,v) € B((po,10);€/2) and 2z € ®(u,v) N B(2%;£/2)
be arbitrary. Define w; € € by wy := wo — 2a((u, v), (o, o)) - 1. Then the second
inclusion of (2.13) entails that z € M (w;). Furthermore,

d(w1,wo) = 2a((, v), (o, v0)) < €.

Consequently, we may apply (2.12) to wy and to we := wy € €
d(z7¢(/u'0a VO)) = d(z7 M(wo)) < i’d(wla wO) = QZ/Q((N, V)a (/U'Oa VO))'

Therefore, (2.3) holds true with L := 2L and e := £/2. As for (2.4), take arbitrary
(u,v) € B((po,0);€/2) and z € ®(ug,vo) N B(2°;€/2). Define wy € € by wy :=
wo + 2a((p, v), (1o, Vo)) - L. Then

d(w27 wO) = 20‘((M7 V)’ (MOy VO)) <g,

and we may apply (2.12) to wy := wp and to wy. Further taking into account the first
inclusion of (2.13), one arrives at

d(Zvé(th)) < d(z7M(w2) < id(wo,wg) = 2I~’0‘((:uﬂy)u (N07V0))7

which is (2.4) with the same values L := 2L and ¢ := £/2 as for (2.3). a
3. Sensitivity of the optimal value.

3.1. Optimality conditions. In order to analyze the sensitivity of the optimal
value function, we need to briefly recall optimality conditions for problem (1.3). From
now on we assume that f is continuously differentiable.

We define the set % ([a, b]) of functions u(-) satisfying the following conditions:

u(+) is nondecreasing and right continuous;
u(t) =0Vt < a;
u(t) = u(b) Vit > b.

It is evident that % ([a,b]) is a convex cone. The slight difference from the definition
of the set % introduced in [5] is due to the fact that we formulate the stochastic
dominance constraint in (1.3) via the > inequality.

We introduce the functional L : R™ x % ([a,b]) x P(R®) x Z(R) — R associated
with problem (1.3):

(3.1) L(zus ) = f(2) / u(g(z ) p(dv) + / u(y) v(dy).

As shown in [5], the functional L plays a similar role to that of a Lagrangian of the
problem.



330 D. DENTCHEVA, R. HENRION, AND A. RUSZCZYNSKI

THEOREM 3.1. Assume that the differential uniform dominance condition is

satisfied at a local minimum %2 of problem (1.3). Then there exists a function 4 €
 (la, b)) such that

(32) _VZL(évﬁ;N@vVO) € NZ(é)v
(3.3) / a(g(2,0)) o) = / a(y) vo(dy).

The proof follows the same line of argument as the proof in [5] and is omitted
here. It uses the correspondence between a nonnegative measure A on [a,b] and a
function u € % ([a, b]):

(3.4) u(n) = AM[a,n]), n € [a,b].

Remark 2. The set U(2) of functions in % ([a,b]) satisfying (3.2)-(3.3) for the
local minimum £ is convex, bounded, and weakly* closed in the following sense: if a
sequence of functions u* € U(2) and u € % ([a, b]) are such that

b b
lim c(n) du®(n) :/ c(n)du(n) Yece ¥,

k—oo J, a

then u € U(%). This follows from [1, Theorem 3.6] and the application of (3.4).

If the function ¢(-,-) is quasi-concave and p has an r-concave probability density
function, with » > —1/s, then the feasible set of problem (1.3) is convex (see [16]).
Therefore we can formulate the following sufficient conditions of optimality, as in [5].

THEOREM 3.2. Assume that a point % is feasible for problem (1.3). Suppose that
there exists a function 4 € %([a,b]) such that conditions (3.2)—(3.3) are satisfied. If
the function f is convez, the function g(-,-) is quasi-concave, and V has an r-concave
probability density function, with r > —1/s, then 2 is an optimal solution of problem
(1.3).

Let us observe that under the assumptions of Theorem 3.2 the functional (3.1) is,
in general, not a quasi-convex function of z.

3.2. Upper bound. Consider the measures

Mt = o + t,
vy = 19 + to,

where v and o are regular signed measures on R® and R, respectively, and ¢ > 0. We
shall bound the optimal value ¢(us, ;) of the perturbed problem

min f(z)
(3'5) s.t. Mt(H(Z‘»ﬂ)) - Vt([777oo)) >0 V’? € [av b]7
z € Z.

Our objective is to develop bounds for the limit of the quotients [ (g, ) —¢ (1o, 10)] /t,
when ¢ | 0.

THEOREM 3.3. Let Z be the set of optimal solutions of problem (1.3). Assume
the following conditions:

(i) The differential uniform dominance condition is satisfied at each point 2 € Z.
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(ii) v(H(z,m)) is continuous with respect to both arguments at (3,m) for all n €
[a,b], is differentiable with respect to z in a neighborhood of each % € Z for
every value of 1) € [a,b], and its derivative is jointly continuous with respect
to both arguments.

(iil) o([n,00)) is a continuous function of 7.

Then

) 1
timsup (s, 1) = (10, o)

t10
<t sup { [alg(z0)5(do) + [ aty)atdn)},

2€Z qel(2)

(3.6)

where U(2) is the set of functions in % (|a,b]) satisfying (3.2)~(3.3) at the minimum
.

Proof. Our result is close in spirit to that of [1, Proposition 4.22], but we work
with weaker assumptions by exploiting the structure of the problem.

Fix 2 € Z. We shall construct feasible points of the perturbed problem of the
form

(3.7) Zy = 2+ th + o(t).
Define the set

o = {n € [a,0] : po(H(2,m)) = vo([n.0)) },

and let Tz (%) denote the tangent cone to Z at 2.
We assume that the direction h in (3.7) is an element of the tangent cone Tz(Z)
and satisfies the infinite system of linear inequalities:

(3-8) (Vapo(H(2,n)), h) +v(H(Z,m)) —o([n,00)) 20 Vne .
It follows from the uniform dominance condition that there exists € > 0 such that
<sz0(H(2777)),Zl - '2> > €

for all n € o/. Therefore inequalities (3.8) can be satisfied by choosing h = 7(2! — 2)
with a sufficiently large 7.
Let z; = 2 4+ th. The uniform dominance condition implies that

pi(H (z0,m)) = po(H (20,m)) + ty(H (24, m))
= po(H(2,m) + H{V=po(H (2, m)), h) + ty(H (21, 1)) + o(t, n),

where o(t,n)/t — 0 as t — 0, uniformly over n € [a, b].

We shall estimate the term ~v(H (z¢,7n)) from below. Choose any 7 € [a,b]. By the
continuity of v(H(z,n)) around the point (2, 7), for every € > 0 there exists 6(g,7) > 0
such that

(3.10) V(H(z,m)) 2 v(H(2,9)) — €

for all (z,n) such that ||z — 2|| < 6(e, ) and |n — 7| < (e, n). For each e the intervals
|n—1n| < 6(e,7), where 7j runs through [a, b], cover [a, b]. Choosing a finite subcovering,
we conclude that there exists §(¢) > 0 such that (3.10) holds true for all z satisfying
Iz — 2|l < é(e) and for all n € [a, b].

(3.9)
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Define r(t) = inf {&¢ > 0: §(¢) > t||h||}. Observe that r(t) — 0 as t | 0. It follows
from (3.10) that

Y(H (z,m)) = y(H(Z, ) —r(t).
Substituting this estimate into (3.9), we obtain
pe(H(z0,m)) = po(H(2,m)) +#(Vpo(H(2,m)), b) + ty(H(2,m)) + o(t,n) — tr(t).
Using condition (3.8) and the feasibility of Z, we conclude that
pe(H (21,m)) = ve([n, 00)) = [no(H (2,1)) — vo([n, 00))]
+t[(Vapo(H(2,m), h) +v(H(2,m) — o([n,00))]

+o(t,n) — tr(t)
Z O(tan) - tT(t) V77 € [a’ b]

(3.11)

Consequently, the point z; may violate the constraints of the perturbed problem only
by quantities which are infinitely smaller than ¢. Define the mapping I' : R* xR — %
as follows:

L(z,t)(n) = m(H(z,m)) = ve([n,00)), 1 € [a,b].
The system

(z,t) € K,
z € Z,

is stable about (2,0) (see, e.g., [1, Theorem 2.87]). Therefore, for all sufficiently small
t > 0, we can slightly modify z; to get a point Z; such that

T(5,t) € K,
Zi € Z,
|2t — 2¢]| < C[dist(r(zt,t), K) + dist(z, Z)],

where C is some constant. Using (3.11) and the fact that h is tangent to Z, we obtain
that

N S
ltllrgg(zt —z) = h.

As z; is feasible,

o(pe, ve) < f(Z)-
Subtracting (o, Vo), dividing by ¢, and passing to the limit, we obtain
i 1 . 1. . .
(3.12) hﬂtlls(’)up g[@(/itv ) — (o, v0)] < hﬂtllsoup ;[f(zt) =[] =(Vf(%),h).
It follows that the limit on the left-hand side of (3.12) is bounded from above by the
optimal value of the problem
min (Vf(2), h)
(3.13) s.t. (Vepo(H(2,m)),h) > —y(H(2,n)) + o([n,00)) Vn e,
heTy(2).
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The optimal value of the linear-conic problem (3.13) is equal to the optimal value of
the following dual problem (see, e.g., [1, Theorem 5.106]):

b
mee [ [= () + o((n,00))] M)

b
(3.14) i _Vf(é)_/ V.po(H(2,m)) Mdn) € N (%),

A>0.
Here ) is a regular measure on /. Moreover, it is sufficient to consider atomic
measures A with at most n 4+ 1 atoms.

Extending A to [a, ], associating with it a function u(-) = A([a,]), and changing
the order of integration, we obtain the identity

/ (2. m) ) = / b / e]{(ﬁ,lfd”) ) = [ b /{ ) X
-/ " ) () = [ utatz. )2t

In a similar way we transform other integrals in (3.14) to obtain the following form
of the dual problem:

(3.15)

max — [ ulg(z,0)2(do) + [ ulw) oty

(3.16) st = VF(2) = V. [ ulglz,0) pldo) € Nz (o),
u(-) € %([a,b]),
u(-) satisfies (3.3).

We observe that the feasible set of this problem is the set U given by (3.2)-(3.3). Now
we continue the estimate (3.12) as follows:

. 1 o .
e § (40~ ol 0)] < st {~ [ateGonr@ + [aw o).

As 2 € 7 was arbitrary, we conclude that

. 1 . RO .
hntli%up e, ve) = lpo, mo)] < Znelg aigl()s) { - /U(g(z,v))v(dv) + /U(y)ff(dy)},

which was what we set out to prove. 0

As discussed in the proof, it is sufficient to consider the supremum over piecewise
constant functions @ € U having at most n + 1 jumps.

COROLLARY 3.4. Suppose that p1 = po + v is a nonnegative measure and let
vy =vg+o. Then

. 1 . N
lim sup = (e, v2) — (o, v0)] < inf  sup / a(y) v (dy).
t]0 t 2€Z q4el(z)
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Proof. We can rewrite the estimate (3.6) as follows:

. 1 . N A
limsup (. 1) — plio, )] < inf sup | / (g(2,v)) po(dv)
10 2€Z qael(2)

—/ﬁ(g(éw))ul(dv) +/ﬂ(y) v1(dy) —/ﬂ(y) VO(dy)}'

As the function 4(-) is nonnegative, we can skip the second term on the right-hand
side. Using the complementarity condition (3.3), we get the required inequality. ]

3.3. Lower bound. Let us start from the following observation.
LEMMA 3.5. Consider any measures € Z(R®) andv € Z(R) and a point z € Z
such that

(3.17) p(H(z,n)) > v([n,00)), n € [a,b].

Then for every u € % (|a,b]) we have

[utoteon i) = [ uty)vidy).

Proof. For a function u € % ([a,b]) we define a nonnegative measure A on [a, ]
by the relation u(-) = A([a,]). Integrating the inequalities (3.17), changing the order
of integration as in (3.15), we obtain the postulated inequality. |

Suppose that u € %([a, b]). Employing Lemma 3.5, we obtain

o) = nt {£6)~ [ulglz )@} + [ uty)vidy).

z€EZ

We get the general dual lower bound

o)z sw ot (1)~ [ulgCeo)utde) + [ utw) i)},

u€eu ([a,b]) #€Z

In order to obtain tighter bounds we consider the perturbations in directions

He = po + 1,
vy = 1+ to.

We shall develop lower bounds for the differential quotients [¢ (i, 1) — @(po, vo)] /t
when ¢ | 0. Our result is similar to the standard approach employed in [1, Theorem
4.24]. However, it is unrealistic to assume that the Lagrangian is convex (even under
the assumptions of Theorem 3.2), and that is why we need Lipschitz stability of
optimal solutions.

THEOREM 3.6. Assume that Z is the unique optimal solution of problem (1.3)
and that the differential uniform dominance condition is satisfied at zZ. Furthermore,
assume that the perturbed problems (3.5) have solutions z; such that ||zz — 2| < Lt
with some constant L. Let U be the set of functions a(-) satisfying the optimality
conditions (3.2)—(3.3). Then

L1
h?i,%lf n [Sﬁ(ﬂta Vt) - 90(:“0’ VO)]

> sup { = [[alg(z.0)) v(ao) + [ aw)atan) .

ael

(3.18)
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Proof. Consider problem (2.1) and its Lagrangian

b
Az, A p,v) = f(2) —/ [W(H (z,m)) = v([n, 00))] A(dn),

where A is a nonnegative regular measure on [a,b]. Fix p = po and v = vy. As in
[5], owing to the differential uniform dominance condition at 2, there exists a measure
A > 0 such that

(VZA(Q,S\;MO,VO),z —-2)>0 VzeZ

and
b
[ ot o) = wolim o] At =

Using the nonnegativity of A and the complementarity condition, we can write the
chain of inequalities

b
Pl ) = (0, 0) = 1) = [ [ o) = vl )] M) — 7 (2)
b
> fla) - / (e (H (z0,m) — ([, 50))] M(d)

b ~
—Fe)+ / (o (E(2,m)) — volln, 50))] A(dn)
b
= Az, A; o, o) — A3, A o, vo) — t/ (V(H (z¢,m)) — o([n, 00))] A(dn)

a

b
= (VA2 1o, v0), 2 — 2) + 024, 2) — t/ [Y(H (z,m)) = o([n,00))] A(dn),

a

where o(z, 2)/||ze — 2| — 0 as t — 0. By the optimality condition and by the
assumption that ||z — 2|| < Lt, we conclude that

b
319) gt 7 [Gue )~ olpon)] = = [ CHC ) — ol 00))] A,

Now we use the correspondence between a nonnegative measure A on [a,b] and a
function & € % ([a, b]) defined as follows:

a(n) = Ma,n)), 7€ a,b].

Changing the order of integration, as in (3.15), we obtain
b
[ ) Man = [ atg(z.o) (o)
-
| ettnoc)) ) = [ atw)otw).

Using the last two equations, we can rewrite (3.19) as follows:

liggiglf%[s@(uwt) — @(po, vo)] > —/ﬁ(g(iv))w(dv) +/ﬁ(y))0(y)~
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As \ was an arbitrary optimal multiplier, we can take the supremum of the right-hand
side over 4 € U to obtain (3.18). O

We point out that the assumption of Lipschitz stability of optimal solutions,
|lz+ — 2|| < Lt, has an implicit character. In general stability studies, its fulfillment
involves appropriate second order sufficient optimality conditions. In our case, due to
the nature of the probability distribution functions, such an analysis is very difficult.

Finally, we obtain the directional differentiability result.

COROLLARY 3.7. Under the assumptions of Theorems 3.3 and 3.6 the optimal
value function is directionally differentiable in the direction (v, o) with the derivative

& (o )i (1.0)) =sup { = [[a(g(z.0) 1) + [l otan)}.

aclU

The assumptions simplify considerably if we allow perturbations of the benchmark
distribution only.

Acknowledgment. The authors are very grateful to Diethard Klatte and Alexan-
der Shapiro for their insightful remarks and suggestions.

REFERENCES

[1] J. F. BONNANS AND A. SHAPIRO, Perturbation Analysis of Optimization Problems, Springer-
Verlag, New York, 2000.

[2] R. COMINETTI, Metric regularity, tangent sets, and second-order optimality conditions, Appl.
Math. Optim., 21 (1990), pp. 265-287.

[3] D. DENTCHEVA AND A. RUSZCzYNSKI, Optimization with stochastic dominance constraints,
SIAM J. Optim., 14 (2003), pp. 548-566.

[4] D. DENTCHEVA AND A. RUSzCzYNSKI, Optimality and duality theory for stochastic optimization
problems with nonlinear dominance constraints, Math. Program., 99 (2004), pp. 329-350.

[5] D. DENTCHEVA AND A. RUSzCzYNSKI, Semi-infinite probabilistic optimization: First order
stochastic dominance constraints, Optimization, 53 (2004), pp. 583-601.

[6] P. C. FI1sHBURN, Utility Theory for Decision Making, Wiley, New York, 1970.

[7] J. HADAR AND W. RUSSELL, Rules for ordering uncertain prospects, Amer. Econom. Rev., 59
(1969), pp. 25-34.

[8] R. HENRION AND W. ROMISCH, Metric regularity and quantitative stability in stochastic pro-
grams with probabilistic constraints, Math. Program., 84 (1999), pp. 55-88.

[9] A. KiBZUN AND S. URYASEV, Differentiability of probability function, Stochastic Anal. Appl.,
16 (1998), pp. 1101-1128.

[10] D. KLATTE, A note on quantitative stability results in nonlinear optimization, in Proc. 19.
Jahrestagung Mathematische Optimierung, K. Lommatzsch, ed., Seminarbericht 90,
Humboldt-Universitat, Berlin, 1987, pp. 77-86.

[11] D. KLATTE AND R. HENRION, Regularity and stability in nonlinear semi-infinite optimization,
Nonconvex Optim. Appl., 25 (1998), pp. 69-102.

[12] D. KLATTE AND B. KUMMER, Nonsmooth Equations in Optimization, Kluwer Academic, Dor-
drecht, The Netherlands, 2002.

[13] E. LEHMANN, Ordered families of distributions, Ann. Math. Statist., 26 (1955), pp. 399—419.

[14] H. B. MaNN AND D. R. WHITNEY, On a test of whether one of two random variables is
stochastically larger than the other, Ann. Math. Statist., 18 (1947), pp. 50-60.

[15] K. MOSLER AND M. SCARSINI, EDS., Stochastic Orders and Decision under Risk, Institute of
Mathematical Statistics, Hayward, CA, 1991.

[16] A. PREKOPA, Stochastic Programming, Kluwer Academic, Dordrecht, Boston, 1995.

[17] J. P. QUIRK AND R. SAPOSNIK, Admissibility and measurable utility functions, Rev. Econom.

Stud., 29 (1962), pp. 140-146.

[18] S. M. ROBINSON, Stability theory for systems of inequalities, Part 11: Differentiable nonlinear
systems, STAM J. Numer. Anal., 13 (1976), pp. 497-513.

[19] S. M. ROBINSON, Local epi-continuity and local optimization, Math. Program., 37 (1987), pp.
208-222.

[20] R. T. ROCKAFELLAR AND R. J.-B. WETs, Variational Analysis, Springer-Verlag, Berlin, 1998.



STABILITY OF DOMINANCE-CONSTRAINED PROBLEMS 337

[21] W. RoOwMmiIscH, Stability of stochastic programming problems, in Stochastic Programming,
A. Ruszczynski and A. Shapiro, eds., Elsevier, Amsterdam, 2003, pp. 483—-554.

[22] W. ROMISCH AND R. SCHULTZ, Stability analysis for stochastic programs, Ann. Oper. Res., 30
(1991), pp. 241-266.

[23] W. ROMISCH AND R. ScHULTZ, Distribution sensitivity for certain classes of chance-constrained
models with application to power dispatch, J. Optim. Theory Appl., 71 (1991), pp. 569-588.

[24] A. RuszczyNsKI AND A. SHAPIRO, EDS., Stochastic Programming, Elsevier, Amsterdam, 2003.

(25] M. SHAKED AND J. G. SHANTHIKUMAR, Stochastic Orders and Their Applications, Academic
Press, Boston, MA, 1994.



