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Hydro-Storage&subproblemsn Paver Generation:
An Approachwith a RelaxationMethodfor
Network Flow Problems

HolgerHeitschandWernerRomisch

Abstract— Mathematical models for the electricity portfolio
managementof a utility that ownsahydro-thermal generationsys-
temand tradesonthe power market oftenleadto complexstochas-
tic optimization problems. We presenta new approachto solving
stochastichydro-storagesubproblemsthat occur when stochastic
Lagrangian relaxationis applied to solving suchmodels. The spe-
cial structur e of suchhydro-storagesubproblemsallowsthe design
of a stochasticnetwork flow algorithm. The algorithm represents
a stochasticextensionof a relaxation method, that algorithmically
solvesthe linear minimum costflow problem. It is basedon the
iterati ve impr ovement of dual costs. Numerical experienceof the
new algorithm is reported and its performanceis compared with
that of standard LP software.

Index Terms—Stochasticprogramming, Lagrangian relaxation,
hydro-storagesubproblems,network optimization, minimum cost
flow problem.

I. INTRODUCTION

In the last few yearslarge scalemulti-stagestochastiqoro-
grammingmodelsfor the cost-optimalgeneratiorandtrading
of electricpower underuncertaintyhave beendeveloped.Such
optimization problems combine several mathematicalchal-
lenges,namely mixed-integer decisions,stochasticdataand
huge dimensions. The uncertaintyconsistsin electricalload
forecastsgeneratoffailures,streamflows to hydro reserwirs,
andfuel andelectricity prices.

One approachfor solving such mixed-integer multi-stage
modelsis thestochastid agrangiarrelaxationof couplingcon-
straints([11], [15], [18]). Its ideaconsistdn assigningstochas-
tic multipliers to coupling constraintsand in solving the La-
grangiandual by subgradienimethods. This leadsto a suc-
cessive decompositiorinto finitely mary stochastiqcontract,
thermaland hydraulic) subproblemsfor which efficient solu-
tion techniqueshattake advantageof their specialstructureare
needed.In this paper we discussthe hydro-storagesubprob-
lemsandtheir algorithmicsolution. They arestill multi-stage
stochastigorogramsbut exhibit a specificnetwork flow struc-
ture. Variousoptimizationmodelsand solutionalgorithmsfor
hydro-electricschedulinghave beendiscussedn the literature
sofar, e.qg.[6], [7], [8], [10], [14], [16], [20].

Motivatedby the structureof stochastidhydrosubproblems,
we developanextendedversionof arelaxationmethodfor solv-
ing stochastianinimum costflow problemsbasedon theiter-
ative improvementof dual costs. We shav how this method
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appliesto hydro-storagesubproblems&nddiscussdts computa-
tional performance.

The paperis organizedasfollows. Sectionll reviews classi-
cal linear minimum costflow problemsand their algorithmic
solution. In Sectionlll a detaileddescriptionof a stochas-
tic extensionis given. In SectionlV we discussthe stochas-
tic Lagrangian-basedecompositiorapproacho portfolio op-
timizationmodelsfor apower utility thatownsahydro-thermal
power generatiorsystemandthe applicationof the new algo-
rithm to the hydro-storagesubproblems Finally, in SectionV
numericalexperienceof the algorithmis provided. Its perfor
manceis comparedwith that of CPLEX 8.0 on a set of test
examples.

I1. MINIMUM CoOST FLOW PROBLEMS

Network flow problemsare one of the mostimportantand
mostfrequentlyencounteredlasse®f optimizationproblems.
They naturallyarisein the optimizationof large systemssuch
ascommunicatiometworksandtransportatiometworks. Many
importantproblems,suchas shortestpath, assignmentmaxi-
mum flow, transportationminimum cost flow, andtravelling
salesmenpelongto the wide spectrumof network optimiza-
tion. The exhaustve mathematicatreatmentof network flow
problemsstartedwith Ford and Fulkersonin 1962[9]. Since
thennumerougpapersaandbookson network optimizationhave
appearedRecentextbookson network flows aredueto Rocka-
fellar [17] in 1984, Bazaraa,Jarvisand Sherali[2] in 1990,
Ahuja, Magnantiand Orlin [1] in 1993 and Bertsekaq3] in
1998. For a history of network flow problemswe referto the
recentpaperby Schrijver[21].

Network optimization problemstypically cannotbe solved
analytically Usually they have to be solved computationally
with one of the available algorithms. Clearly, generallinear
or nonlinearprogrammingalgorithmcould be used. However,
specializednetwork optimization algorithmsthat exploit the
network structureturn out to be muchmoreefficient. In prac-
tice, network problemscan often be solved much fasterthan
generallinear or corvex programsof comparabledimension.
The mainideasthat arefundamentafor generalmathematical
programsaremaintainedn network optimization.

Oftennetwork flow problemsaremodelledin termsof graph-
relatednotions. In general,network flow problemsconsistof
supplyanddemandointstogethemwith severalroutesconnect-
ing thesepoints. The network is given by a directedgraph,
G = (V, &), which consistsof a setV of nodesanda set& of
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pairsof distinctnodesrom V calledarcs Thelinearminimum
costflow problemconsistdn finding a setof arcflowsthatmin-
imizesalinearcostfunctionsubjectto the constraintghatthey
produceagivendivergencevectorandthatthey lie within some
givenbounds.Formally, it is givenby

min Z Qij Tij S.t. (1)
(i,)€E
Z Tij — Z Tji = Si WEV, (2)
(i,5)€€ (4,1)€€
bij <xij <ciy, V(i,j)€E. )

The costcoeficientsa;;, the flow boundsb;; andc;; for arcs
(i,j) € &, andthe valuesof supply s; for nodesi € V are
given scalars. The constrainty2) and(3) are calledflow and
capacityconstraintsrespectiely. Figure 1l showvs a small ex-
amplenetwork graph.

e

Fig. 1. Examplenetwork flow

The available netflov algorithmsfor solving minimum cost
flow problemscanbe groupednto two main cateyories:

(1) Primal costimprovement:Thesemethodsstartwith afea-
sible flow vectorz andgeneratea sequencef otherfea-
sibleflow vectors,eachhaving a smallerprimal costthan
its predecessoiThe mainideais to pushtheflow alonga
simplecycle to obtainanimprovedflow vectoraslong as
theflow vectoris not optimal.

Dual costimprovement:Suchmethodssolve a dual prob-
lem iteratively. A sequencef dual variables(price vec-
tors) is generatedsuch that eachnew price vector has
strictly improveddualcost.

Oneof the mostefficient primal costimprovementmethodsis

the network simplex method. Thereare several approacheso

finding cycles to improve the primal cost, but the most suc-
cessfulonesin practiceincludespecializedrersionsof the sim-

plex method. An importantexamplefor the secondgroup of

dualcostimprovementor dualascentmethodss therelaxation
method.lts mainadvantagewhich distinguishest from classi-
cal primal-dualmethodsjs thatthe choiceof ascendirections
is very simpleand, hence thatthe computationof dual ascent
directionsis veryfast.

)

I1l. STOCHASTIC EXTENSION

Stochastiqrogrammingmostly dealswith the optimization
of decisionmakingunderuncertaintyover time. The decision
to beoptimizedmustnotanticipatefutureoutcomesvhereonly

probabilisticinformationontheuncertaindatais available.Ba-
sicreferencesor thetheory numericalanalysisandapplication
of stochastigrogrammingarethemonograph#$4], [19].

Motivated by the efficiency of currentnetwork flow algo-
rithms and, in particular becauseof the network structureof
somesubproblemsoccurringin power managemenapplica-
tions,we have developeda stochastiextensionof network op-
timization modelsand methods. It appliesto stochastigpro-
grammingmodelswhoseunderlying(deterministic)optimiza-
tion problemhasnetwork flow structure.

To formulatean extendedor stochastiaminimum costflow
problemthatcorrespond$o anetwork V of nodeswe introduce
the following terminology A multi-arc is an orderedpair of
nonemptydisjoint setswhoseelementsdelongto V, i.e., more
thanonestartor endnodecorrespondo a multi-arc. Thus,we
referto aclassicakrc,i.e.,anorderedpair of distinctnodesas
asingle-ac.
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Fig. 2. Examplesingle-arcandmulti-arc

Figure2 shavs an exampleof a single-arcandan exampleof
amulti-arcthatconsistof onestartnodeandtwo endnodes.
Letapair (V, ) begiven,whereV is asetof nodesand¢f a
setof multi-arcs,i.e.,
Ec{,J):I,JcVv;I,J#0bandINJ =0}.  (4)
The following optimization problemwill be called extended
minimumcostflow problemwith multi-arcs

min Z aryjrry S.L (5)
(I,J)e€
> e Y su=sp,VieV, ()
{(I,])e&:iel} {(J,I)EEHET}
bry <y <ecry, VI,J)€E. 7)

Here, ar; denotethe cost coeficients, by; andcry the flow
boundsfor (I, J) € &, ands; the supplyof nodei € V. The
constraintg6) and(7) representhe flow andthe capacitycon-
straints respectiely.

A. Duality

Thereis awell developedduality theoryfor solving network
flow problems(e.qg.,cf. [3]). Thecorrespondingesultscanbe
extendedo cover network flow modelswith multi-arcs.In par
ticular, we needsuchan extensionfor dualizingthe flow con-
straints(6) of the extendedminimum costflow problemwith
multi-arcs.Let p denotethe Lagrangemultiplier (or price)with
components; for i € V. Thenthe Lagrangianfunctionis of



theform

Llxp) = Y azn

(I,J)e€
+ Z i | 8; — Z xrj+ Z TJI
i€V {I,J)e&:iel} {(J,D)e&:iel}
= Z arj + Zﬂj - Zﬂi zry + Z sipti- (8)
I,0)eE jEJ el i€V

Thedualfunctionis givenby
D(u) = mmin{ﬁ(:c,u) sbry<zrg<ecry, (I,J) €&}, (9)
andthecorrespondinglualproblemreads
max{D(p) : p € R}, (10)

whereV is the numberof elementdn V. As the Lagrangian
function £(z, u) is separabldan the arc flows z;, its mini-
mizationdecomposemto a separateninimizationfor eacharc
(I,J) € €. D(u) canbewrittenas

D)= Y, D+ simi, (11)
(I,J)€E i€V
where
Dry=_  min ary + Z Hj — Z wi | zrg- (12)

bry<zrs<crs it el
Solving the dual problem provides the correctvaluesof the
prices u;, which allow to obtainthe optimal flow z by mini-
mizing the Lagrangiarfunction.

Now we develop the basicduality resultsfor the extended
minimum costflow problemwith multi-arcs. With respecto
equation(12) we introducesomehelpful terminology For ary
pricevectory we saythatanarc(I, J) is

inactive if > pi <ar+ Y pj,
el JjeJ

balanced if > pi=ar+ Y uj,
iel jeJ

active if Y pi>a+ Y
iel jeJ

We say that a flow-price vector pair (z, u) satisfiesthe com-
plementarysladknessconditionif z satisfiesthe capacitycon-
straints(7) andif it holdsthat:

for all inactivearcs(I, J) € &,
for all balancedares(I, J) € &,
for all actvearcs(I,J) € £.

zry =bry

bry <xry<cry
Trj =C1J
Thefollowing propositionprovidesanimportantduality result,

which is analogougo the duality resultof the classicalmini-
mum costflow problem(cf. [3, Propositiord.1]).

Propositionl: A feasibleflow vectorz* anda price vector
w* satisfythe complementarglacknessonditionif andonly if
z* andp* areoptimal primal anddual solutions,respectiely,
andthe optimalprimal anddualvaluescoincide.

Proof: We first shawv thatfor ary feasibleflow vectorz and
ary pricevectory the primal costof z is not lessthanthe dual
costof u. Clearly for all pairs(z, 1) with afeasibleflow z it
holdsthat

L(z,p) = Z arjxrj,

(I,J)eE
and,thus,dueto (9) we obtain

D(p) < L(z,p) = Y awzrs.
(I,J)eE

If z* is now feasibleandsatisfiestogetherwith p*, the com-
plementarslacknessondition,theequationg9), (11)and(12)

imply
D(u*) = rr;in{ﬁ(a;,p*) tbry <azpy <cpy, (I,J) €E}

L p*)= D arxi;.
(I,J)e€

Note that the latter equationis valid becausef the feasibility
of z*. Hence we have shown thatfor a pair (z*, u*) satisfying
thecomplementarglacknesgondition,z* andu* areoptimal
primal anddual solutions respectiely, andthe optimal primal
anddualvaluescoincide. Corversely now we shaw that,if z*

andp* areoptimal primal anddual solutions respectiely, and
if

D)= > auzi;,
(I,J)eE

holds, the pair (z*, u*) satisfiesthe complementanslackness
condition.By (9) we have
D(p*) = min{L(z, u") : bry < w1y <ery, (1,J) € €}

Usingthe Lagrangiarexpression(8), anddueto thefeasibility
of z* we obtain

Z argrry = L(x, p1").

(I,J)ee
and,hence,

L(z*, p*) = min{L(z,u*) : byy < z15 <c1y, (I,J) €E}.

The latter equationandformula (8) for the Lagrangianimply,
in particular that

min

*
Try € arg
d bry<zrs<crs

aIJ+Zu;—Zu2‘ zry.

jeJ i€l

holds for all arcs(I,J). Clearly, the latter expressionim-
plies that the pair (z*, u*) satisfiesthe complementanslack-
nesscondition.O



B. Dual AscentMethod

Dual ascentmethodsfor the classicalminimum cost flow
problems(see[3, Chapter6]) canbe extendedto modelswith
multi-arcs. Similar to the dual ascentmethodfor the classical
problemwe arelooking for a dualascentirectionin orderto
changethe pricesof a connectedsubsetS of nodesby a cer
tain amountto improve the dual costof thedualfunction(11).
However, determininga dual ascentdirectionis moredifficult.
To simplify matterswe only admitmulti-arcsoriginatingatone
node,i.e, a multi-arcis of the form (¢, J), wherei € V and
J C V. Hencethesetof arcsis now restrictecto

Ec{G,J):ieV,JcV,J£0andi¢ Jb.  (13)

Eachiterationof a dualascenmethodinvolvesa changeof the
price vectoralonga directionof theform ds = (dy,...,dy),
whereV is thenumberof nodesn V, d;, i € V, is givenby

1 ifiesS,
if !

ifi¢sS,
andsS is a connectedsubsebf nodes.Suchdirectionsds and
the correspondingsetsS are called elementaryif S hasthe
propertythat, for all arcs(i,J) € &, thesetJ NS contains
atmostoneelement.

For the decisionwhetheran elementanydirectionis a direc-
tion of dualascentwe have to calculatethe directionalderiva-
tive of the dual costalongds andcheckwhetherit is positive.
It follows from the dual costexpressiong11) and(12) thatthe
directionalderivative into anelementarydirectionis

D(p + ads) — D(p)

(14)

D'(u;d = lim
(:ua 3) alo o
= X b+ Y
(¢, J)€EE: (i,J)€E:
inactive/balanced active
i¢S, JNS#£D i¢S, JNS#£D
- ) by - > s (15)
(i,J)€EE: (3,J)€EE:
inactive active/balanced
i€S, JNS=0 i€S, JNS=0

For aflow vectorz let usdefinethe surplusg; of node: asthe
differencebetweerthetotal sumof all inflows into ¢ minusthe
total sumof all outflows from, i.e.,

Z Ti1 — Z Tig + S;.

{G.DeE iel} (i,J)€E

9i =

Notethatfor afeasibleflow vectorz thesurplusof eachnodeis

zero. However, for anelementanydirectionandcorresponding (0)

subsebf nodesS C V we obtain

da=>si+ >, wu- Y, wy (16)
€S €S (i,J)EE: (i, J)€E:
i¢S,INS#0 i€S,INS=0

To organizethe searchfor an ascentdirectionandto obtaina
suitablesetS with positive directionalderivative D' (u; ds), it

is corvenientto maintainaflow vectorz satisfyingthecomple-
mentaryslacknesgonditiontogethemwith p. For aflow price
pair (z, u) satisfyingthe complementaryslacknessondition
the term of the directionalderivative can be reduced. In this
casewe obtainfor anelementanydirection

DI
i€s (i,J)€E:
balanced
i¢S,INS#D

- X
(i, J)EE:

balanced
i€8,JNS=0

D'(u;ds) = (ig — big)

(cig — xig) (17)

by the equationg15) and(16). It turnsoutthatan elementary
nodesetsS thathaspositive total surplusis a candidatdor gen-
eratingadirectionds of dualascent.Thefollowing proposition
generalizesan analogousgesultfor the classicaiminimum cost
flow problem(cf. [3, Lemma6.1]).

Proposition2: Letz andu satisfythecomplementarglack-
nesscondition,andlet S beanelementarysubsebf nodes.If

zgz’>0

i€S
holds,theneitherds is adualascentdirection,i.e,
DI(Hy dS) > 07

or thereexistsabalancedarc (i, J) € £ with either
€)) 1€8,JNS =0andz;; < cijyor
(b) igéS,JﬂS;éQ)andxu > biy.

Proof: Follows from equation(17). O

C. ExtendedRelaxationMethod

The extendedrelaxationmethodsolvesthe dual problemit-
eratively. Themethodstartswith aflow-pricevectorpair (z, u)
satisfyingthe complementaryslacknessondition and, main-
tainingthis conditionat all iterations finally terminateswith a
pair (z, 1), wherez is feasibleand,dueto Propositionl, & and
fr areprimal anddualoptimal,respectiely.

At thebeaginningof eachiterationanelementarynitial setS
of nodesconsistingof onenodewith positive surplusis chosen.
In generaldueto Proposition2 we have thefollowing possibil-
ities for anelementaryS with positive total surplus:

(a) Dual ascentis possible,i.e., ds definesa dual ascentdi-
rection. Thena price changeis performedto improve the
dualcost.

Dueto Proposition2 anenlagemenif S is possiblesuch
thatS canbeenlagedby addinganodewith non-neative
surplusandanelementaryirectioncanbeassociateevith
theenlagedset,too.

If dualascenbr anenlagementof S is notpossiblethen
anunblodedpathoriginatingat somenodeof S with pos-
itive surpluscanbe constructedUnblockedmeanghatall
arcsof the pathallow a flow increasen the direction of
thepath.We referto sucha pathasanaugmentatiorpath

()



A flow increasingalongan augmentatiorpath canbe usedto
changehe surplusof the starthodeandendnode,respectiely.
Sucha flow doesnot influencethe complementaryslackness
conditionof the flow-price vectorpair. In particulay a certain
amountof flow canreducethetotal absolutesurplusof the net-
work.

Unfortunately an augmentatiorpath which in generalin-
volves multi-arcsis more complicatedfor extendednetwork
problemsthanin the classicalcase.For example,aflow along
a path originating at a nodewith positive surplusand ending
atanodewith negative surplususuallydoesnot reducethe to-
tal surplusof the network.  The Figures3-6 illustrate typi-
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surplus surplus
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Fig.6. Augmentation(D): Cycle path

calaugmentatiompathsthatmayoccurin anextendednetwork.
However, all of theseaugmentatiorpathspossessa common
property A certainamountof flow alongsucha pathreducesa
relativetotal surplusof the network. The relative total surplus
representaweightedsumof all surplusegsee[12] for details).
It canbe shavn thatif dual ascentor an elementaryenlage-
mentof S is not possible a so-calledmulti-augmentatiorpath

canbe determinedn sucha way that a increasingflow along
this multi-pathreduceghetotal relative surplusof the network.

Hence, within each iteration of the extended relaxation
methodfor solving the extendedminimum costflow problem
eithera price changewith strictimprovementof the dual cost
or aflow adjustmenthatreduceshe total relative surpluscan
be performed. Thus, we cannothave an infinite number of
price changesandit is impossibleto have an infinite number
of flow augmentationdetweentwo successie price changes.
The methodterminatesf no nodei canbe foundwith g; > 0.
In this casethe currentpair (x, p) is optimalif it holdsg; = 0
for all nodesi, implying z to be a feasibleflow vector, other
wisethe problemis infeasible.Thus,if the problemis feasible,
the iterationwill terminatewith an optimal pair of flow, and
price(z, p).

To searchfor an ascentdirectioncomprisesa recursve and
pathwise scanningof nodes.Sothe extendedrelaxationitera-
tion containsseveral subroutineghatareusedrecursvely. For
anefficientimplementatiorspeciafeatureshouldbeused.For
example thevalueof dualascentanbeefficiently updatedis-
ing alabelingscheme Moreover, specialdatastructuresntro-
ducedfor the classicalrelaxationiteration (cf. [3, Chapter6])
canbeadaptedo the extendedmethod too.

IV. APPLICATION TO POWER MANAGEMENT

In this sectionwe discussthe stochastid_agrangianrelax-
ation approachto power managemenin a hydro-thermalkys-
temunderuncertainty(cf. [5], [11], [15]).

A. StodhasticModel

We considera power utility that owns a generationsystem
comprisingthermalunitsandhydrostorageplantsanddescribe
amodelfor theoptimalgeneratiorandtradingof electricpower
underuncertaintyon the electricalload, market pricesof fuel
andelectricity andstreamflows to hydroreserwirs. Contracts
for delivery andpurchaserremodeledasspecialthermalunits.
Let T denotethe numberof time intervals obtainedfrom a dis-
cretizationof theoperatiorhorizon.Let I andJ bethenumber
of thermalandhydro storageunitsin the system respectiely.
Thedecisionvariablesfor thethermalunitsarethe binaryvari-
ablesu! for on/off decisionsandthe boundedvariablesp? for
theproductionlevelsof thethermalunit ¢ duringthetime period
t. Thevariablesv} andw’, denotethe generatiorandpumping
levels,respectiely, of the (pumped)hydrostorageplant j dur-
ing the period¢. Further by 1% ands’ we denotethe storage
level in the upperreseroir andthe streamflow (or supply)to
theupperreserwir of plant; attheendof periodt, respectiely.

By ¢ = {¢' = (d!, ct,st)} L, we denotethe stochastidata
processwhosecomponentsare the electricalload d, a vector
c of relevant pricesandthe vectors of supplies. We assume
that &' is deterministicand that ¢ nonanticipatie. The latter
meanghat¢? doesnotdependdn futurerealizationsof ¢ atary
t. In caseof a processhaving finitely mary scenariosthesere-
quirementdeadto a tree structureof the process.A scenario
tree may be representedbe a finite numberof nodes. It starts
from the root nodeat period¢t = 1 andeventually branches
into severalnodesat the next period. The branchingcontinues
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Fig. 7. Exampleof ascenaridree

eventuallyup to nodesat the final time period. Figure 7 pro-
videsan exampleof a scenariatree on a weekly time horizon
with nodesat eachday and5 scenariosLet N’ = {1,...,N}
denotethefinite setof nodesof thetree. Therootnoden = 1
standsfor the periodt = 1. Every othernoden hasa unique
predecessanoden_ andatransitionprobability,, ,,,_, which
describeghe probability of n beinga successoof n_. The
probability 7r,, of eachnoden is givenrecursvely by m; = 1,
andm, = m,/,_m,_ forn > 1. By Ny (n) we denotethe set
of successorto noden andby path(n) theset{1,...,n_,n}
of nodesfrom therootto noden. Let¢(n) denotethe number
of its elementsand \V; the setof all nodesn with ¢(n) = .
All nodesbelongingto A7 arethe leavesof the tree. A sce-
nario correspondso a pathfrom theroot to someleaf, i.e., to
path(n) for somen € N7.

Clearly, the decision process{(u?, p?, v¢,w’)}_, corre-
spondingto the dataprocess in scenariotree form hasthe
sametreestructure.By £" and (u™, p™,v™, w™) we denotethe
dataandthedecision respectiely, atnoden. Thenthescenario
treeformulationof the stochastippower managemenmnodelis
of theform

min Y, Z [cr )+ S™(us)], (18)
neN i=1
subjectto
u €{0,1}, i=1,....,I,neN,
pirllnn<p’l <pmax :lrb7 Z.=17"'7I7HEN7
0<wf o™, j=1,...,J,n€eN, (19)
0<wi <wi™, j=1,...,J,neN,
0<I} <of®™, j=1,....,J;neN,
O i <1—ul, T=1,...,1;, nEN,
(20)
;Y —wlTT <wl, T=1,..., T, n €N,
=17 —vf +nwf +s7, neN,
0 _qi -
G=0" j=1,....J (21)
l;:[;nd, j=1,...,J,n € Np;

)>d", neN, (22)

sz +Z

>

i=1

—pl)>r", neWN, (23)

whereC?}* is thepieceviselinearcorvex costfunctionfor oper
ating unit or contracti at noden andS}* representshe piece-
wise constantstart-upcostsfor getting unit ¢ online at node
n. Theconstraint{19) areoperationatonstraintsepresenting
unit outputlimits andreserwir capacitiesthe inequality con-
straints(20) represenminimum up- anddown-timesfor ther
mal units, (21) aredynamicconstraintof storagdevelsof the
hydrounits,wheren; € (0,1) denoteghe pumpingefficiency
of unit 7, (22) and (23) are load and (spinning) resere con-
straintsatall nodesn in V.

B. StodasticLagrangianRelaxation

Theapproachyy Lagrangiarrelaxationconsistdn dualizing
the coupling constraints,.e, the load andresene constraints,
by stochastienultipliers A\; and -, andin solvingthe stochas-
tic dual by somesubgradient-typenethod. The dual optimum
senesasa lower boundfor the optimal costandasa starting
point for Lagrangianheuristicsto determinea nearly optimal
schedulinglecision(a, p, v, w). Thedualproblemhastheform

(A1, A2) € B3N},

wherethedualfunction D is of theform

max {D(\) : A =

I J
D) =Y "D\ + Y D) + D ma(Apd™ + A3r™)
j=1 neN

=1

and D;(\) and D;(\) representhe optimal valuesof the
stochastithermalandhydro-storagsubproblemsiespectiely
(seee.g. [11], [15] for details). Hence this procedurdeadsto
a successie decompositiorinto stochasticsingle (thermaland
hydro)unit subproblems.

C. Hydro-Stolage Subpoblems

Letustakeacloserook attheLagrangiarhydro-storagsub-
problemfor unit 5 in scenaridreeform. It is of theform

an)\l —v):

neN

n max
0 <wvf <ovi™,

ﬁj(Al = min {

(vj,wj)

n max n max n __ jn— n P % n

forn e N, lo—l'n "=

7777

15"forn € NT}. (24)

Thestochastithydro-storag@roblem(24) canbeformulatedn
termsof anextendedhetwork flow optimizationproblem,j.e., it
correspondso anextendedinearminimumcostflow problem.
To obtain a network formulation with graph (V,€), we
chooseV suchthatit containsall nodesof A~ anda number
of artificial nodeswhich representhe (possiblyalsoartificial)
lower reseroir. If thetreewould consistof only onescenario,



Y containsthe nodesof A" andoneartificial node. In general,
we considerpartsof scenarioghat consistof nhodeswhereno
branchingoccurs. For eachsuchpartof a scenariowve include
one artificial nodeinto V. The set£ containsthe multi-arcs
(n, N4 (n)) for eachn € N\ Nr andadditionalarcsto con-
necteachnodein N with the correspondingrtificial nodein

bothdirections. In addition,we addto £ all multi-arcs,which

connectartificial nodesand have the samesuccessostructure
asthecorrespondingiodesin V.

We associaté¢o eachelementof £ a componenbf the flow
vectorz. More precisely we associatehe storagelevel I to
thearc (n, NV (n)) for n € N\ Nr andthe variablesv} and
n;w tothearcsconnectingiodesin A with thecorresponding
artificial nodes. Furthermore we introduceauxiliary compo-
nentsof theflow vectorthatcorrespondo arcsconnectingarti-
ficial nodes.Thecapacitie®f all componentsoincidewith the
boundsn theoperationatonstraintg19) andcorrespondo the
reserwir capacitiesn caseof theauxiliary componentsiespec-
tively. For eachnodei in )V we assignits supplys; asfollows.
For therootnoden = 1 wesets; := s} + I, s, := s7 — 15"
forn € Nr, ands,, := s} for theremainingnodesin \V. For

anartificial nodes thatcorrespondso thenodesn, ..., ng in
N, wesets; := Y _, (In, —$n, ), Wherel,, is setto,, := {1
for therootnoden = 1, [,, := —l;.nax for all leavesn € Nt

andl,, := 0 for all othernodesin V. The costcoeficientsfor
all componentsf theflow vectorvanishexceptfor thosecorre-
spondingto thecomponents;’ andn;w} forn € N. Thecost

coeficientsof v andn;w} are—m, A and ""nf\l , respectiely.
J

To explain this we wantto consideranexample.Let a small
scenaridreeconsistingof four time periods two stagesandtwo

scenarioshe given (seeFigure 8). Sincetherearetwo stages

3 5

Fig.8. Treestructureof theexample

andonebranchingpoint of degreetwo, therearethreedifferent
partsof thegivenscenariosvhereno branchingoccurs.Hence,
altogethernwe have to addthree additionalnodesto the given
nodeset\ = {1,...,6}. Figure9 illustratesthe correspond-

Fig.9. Examplenetwork for hydro-storagelant;

ing network of the examplefor onehydro-storagelant j. Ac-
cordingto the branchingstructureof the scenaridreethereare
two multi-arcsinvolving eachtwo endnodeg(dashedines).

V. NUMERICAL RESULTS

Theextendedrelaxationmethoddevelopedn Sectionlll has
beencompletelyimplementedn C. For testingthe implemen-
tation we have randomlygenerateda bunch of hydro-storage
testproblemsof theform (24). All testproblemsarebasedon
realisticdata. Thestochastidataproceshasbeenmodelledby
binaryscenaridreesof varyingdimensiongangingupto more
than130 000 scenariosThetestrunshave beenperformedona
PC Pentiumlll with 700 MHz frequengy and128MByte main
memoryunderSuSELinux 8.0.

TABLE |
NUMERICAL RESULTS FOR HYDRO SUBPROBLEMS

Scen Nodes Arcs Time Ascent Augment
2048 8190 12284 0.49 3213 9002
2048 8190 12284 0.52 3199 9331
2048 8190 12284 0.55 3178 9722
4096 16382 24572 1.17 6275 15777
4096 16382 24572 1.22 6160 15930
4096 16382 24572 1.28 6085 16847
8192 32766 49148 3.38 16005 34062
8192 32766 49148 1.80 12801 33290
8192 32766 49148 1.90 13019 34135
16384 65534 98300 4.63 26509 71195
16384 65534 98300 4.20 26074 70852
16384 65534 98300 511 27245 72398
32768 131070 196604 12.32 58817 141076
32768 131070 196604 11.61 58207 142150
32768 131070 196604 19.60 71205 155335
65536 262142 393212 33.30 130478 267622
65536 262142 393212 34.01 129028 270890
65536 262142 393212 46.35 133098 274844
131072 524286 786428 87.77 279919 521973
131072 524286 786428 99.07 274566 534538
131072 524286 786428 86.66 276725 537894

Tablel shavs numericalresultsof the codeDualAscentfor a
coupleof testproblemscontaining2 048 upto 131 072 scenar
ios. Thefirst threecolumnsdescribethe problemsize,i.e, the
numberof scenariosthe numberof nodes,andthe total num-
ber of arcsin the extendednetwork. The last three columns
reportthe computingtime (in seconds)andthe numberof per
formedascentandaugmentatiorsteps respectiely. Thetable
shavsthatalsoverylargenetwork modelscontainingmorethan
500 000 nodescanbe solvedin lessthan100 seconds.

Furthermore Figure 10 shows that the computingtime for
solvingthetestproblemsgrows approximatelyinearly with re-
spectto the numberof scenarios.

Theperformancef DualAscenthasbeencomparedvith the
standardinear programmingsolver CPLEX 8.0. The results
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Fig. 10. Computingtime of DualAscent

TABLE Il
COMPUTING TIME OF DUALASCENT (DA) COMPARED WITH CPLEX

s CPLEX8.0 DA
cen -
primal dual baropt netopt
8192 18.07s 11.42s 1849s 10.37s 1.64s
8192 19.03s 11.81s 17.49s 10.47s 1.92s
8192 19.59s 11.38s 18.53s 9.54s 1.56s
32768 129.78s 111.03s 120.02s 96.82s 12.64s
32768 114.84s 118.21s 92.83s 103.21s 14.40s
32768 147.53s 112.28s 104.60s 95.32s 9.46s
131072 881.0s 1131.2s 674.0s 1088.4s 89.6s
131072 961.3s 1160.7s 820.0s 1100.8s 81.6s
131072 902.2s 1079.9s 644.3s 1013.1s 63.2s

displayedn Tablell shav thatthe extendedrelaxationmethod
is thefastestlgorithmfor all testproblems.It outperformsall
of thetestedCPLEX methodsij.e., the primal simplex method,
the dual simplex method,the barriermethodand the network
optimizationmethod.

VI. CONCLUSIONS

It hasbeenshaown that a stochasticextensionof the relax-
ationmethodfor solvingthelinearminimumcostflow problem
canbe appliedto solve stochastichydro-storagesubproblems
in powermanagemenBecaus®f thespecialstructureof these
problemsnetwork flow algorithmsrepresentin efficient alter
native to standardinear programmingsoftware. Our testruns
shav the promisingperformancesf the new approach.
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