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Abstract— Mathematical models for the electricity portf olio
managementof a utility that ownsa hydro-thermal generationsys-
tem and tradeson the power market often leadto complexstochas-
tic optimization problems. We presenta new approachto solving
stochastichydro-storagesubproblemsthat occur when stochastic
Lagrangian relaxation is applied to solving suchmodels.The spe-
cial structur eof suchhydro-storagesubproblemsallowsthe design
of a stochasticnetwork flow algorithm. The algorithm represents
a stochasticextensionof a relaxationmethod, that algorithmically
solves the linear minimum cost flow problem. It is basedon the
iterati ve impr ovementof dual costs. Numerical experienceof the
new algorithm is reported and its performance is compared with
that of standard LP software .

Index Terms—Stochasticprogramming,Lagrangian relaxation,
hydro-storagesubproblems,network optimization, minimum cost
flow problem.

I . INTRODUCTION

In the last few yearslarge scalemulti-stagestochasticpro-
grammingmodelsfor the cost-optimalgenerationandtrading
of electricpowerunderuncertaintyhavebeendeveloped.Such
optimization problems combine several mathematicalchal-
lenges,namely, mixed-integer decisions,stochasticdataand
hugedimensions. The uncertaintyconsistsin electrical load
forecasts,generatorfailures,streamflows to hydro reservoirs,
andfuel andelectricityprices.

One approachfor solving such mixed-integer multi-stage
modelsis thestochasticLagrangianrelaxationof couplingcon-
straints([11], [15], [18]). Its ideaconsistsin assigningstochas-
tic multipliers to coupling constraintsand in solving the La-
grangiandual by subgradientmethods. This leadsto a suc-
cessive decompositioninto finitely many stochastic(contract,
thermalandhydraulic)subproblems,for which efficient solu-
tion techniquesthattakeadvantageof theirspecialstructureare
needed.In this paper, we discussthe hydro-storagesubprob-
lemsandtheir algorithmicsolution. They arestill multi-stage
stochasticprogramsbut exhibit a specificnetwork flow struc-
ture. Variousoptimizationmodelsandsolutionalgorithmsfor
hydro-electricschedulinghave beendiscussedin the literature
sofar, e.g.[6], [7], [8], [10], [14], [16], [20].

Motivatedby thestructureof stochastichydrosubproblems,
wedevelopanextendedversionof arelaxationmethodfor solv-
ing stochasticminimum costflow problemsbasedon the iter-
ative improvementof dual costs. We show how this method
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appliesto hydro-storagesubproblemsanddiscussits computa-
tionalperformance.

Thepaperis organizedasfollows. SectionII reviewsclassi-
cal linear minimum costflow problemsand their algorithmic
solution. In SectionIII a detaileddescriptionof a stochas-
tic extensionis given. In SectionIV we discussthe stochas-
tic Lagrangian-baseddecompositionapproachto portfolio op-
timizationmodelsfor apowerutility thatownsahydro-thermal
power generationsystemandthe applicationof the new algo-
rithm to thehydro-storagesubproblems.Finally, in SectionV
numericalexperienceof the algorithmis provided. Its perfor-
manceis comparedwith that of CPLEX 8.0 on a set of test
examples.

I I . M INIMUM COST FLOW PROBLEMS

Network flow problemsareoneof the most importantand
mostfrequentlyencounteredclassesof optimizationproblems.
They naturallyarisein theoptimizationof largesystems,such
ascommunicationnetworksandtransportationnetworks.Many
importantproblems,suchasshortestpath,assignment,maxi-
mum flow, transportation,minimum cost flow, and travelling
salesmen,belongto the wide spectrumof network optimiza-
tion. The exhaustive mathematicaltreatmentof network flow
problemsstartedwith Ford andFulkersonin 1962[9]. Since
thennumerouspapersandbooksonnetwork optimizationhave
appeared.Recenttextbooksonnetwork flowsaredueto Rocka-
fellar [17] in 1984, Bazaraa,Jarvisand Sherali [2] in 1990,
Ahuja, Magnantiand Orlin [1] in 1993 and Bertsekas[3] in
1998. For a history of network flow problemswe refer to the
recentpaperby Schrijver [21].

Network optimizationproblemstypically cannotbe solved
analytically. Usually they have to be solved computationally
with one of the available algorithms. Clearly, generallinear
or nonlinearprogrammingalgorithmcouldbeused.However,
specializednetwork optimization algorithmsthat exploit the
network structureturn out to be muchmoreefficient. In prac-
tice, network problemscan often be solved much fasterthan
generallinear or convex programsof comparabledimension.
Themain ideasthatarefundamentalfor generalmathematical
programsaremaintainedin network optimization.

Oftennetwork flow problemsaremodelledin termsof graph-
relatednotions. In general,network flow problemsconsistof
supplyanddemandpointstogetherwith severalroutesconnect-
ing thesepoints. The network is given by a directedgraph,���������
	��

, which consistsof a set
�

of nodesanda set
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pairsof distinctnodesfrom
�

calledarcs. Thelinearminimum
costflow
 problemconsistsin findingasetof arcflowsthatmin-
imizesa linearcostfunctionsubjectto theconstraintsthatthey
produceagivendivergencevectorandthatthey lie within some
givenbounds.Formally, it is givenby������������ ������� � �!�#"$�!� s.t. (1)

����%� ���&��� "$�!�(' ��)�*� ���&��� "+��� �-, � �/.10324�5�
(2)

6 �)�879"1�)�:7<;=�)� �/.>�%0?��@A�B24	DC
(3)

The costcoefficients � �!� , the flow bounds
6 �!� and ; �!� for arcs��0*��@E�F2G	

, and the valuesof supply
, � for nodes

0H2G�
are

given scalars.The constraints(2) and(3) arecalledflow and
capacityconstraints,respectively. Figure1 shows a small ex-
amplenetwork graph.
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Fig. 1. Examplenetwork flow

The available netflow algorithms for solving minimum cost
flow problemscanbegroupedinto two maincategories:
(1) Primal costimprovement:Thesemethodsstartwith a fea-

sibleflow vector " andgeneratea sequenceof otherfea-
sibleflow vectors,eachhaving a smallerprimal costthan
its predecessor. Themain ideais to pushtheflow alonga
simplecycle to obtainanimprovedflow vectoraslong as
theflow vectoris not optimal.

(2) Dual costimprovement:Suchmethodssolve a dualprob-
lem iteratively. A sequenceof dual variables(price vec-
tors) is generatedsuch that eachnew price vector has
strictly improveddualcost.

Oneof the mostefficient primal costimprovementmethodsis
the network simplex method.Thereareseveral approachesto
finding cycles to improve the primal cost, but the most suc-
cessfulonesin practiceincludespecializedversionsof thesim-
plex method. An importantexamplefor the secondgroupof
dualcostimprovementor dualascentmethodsis therelaxation
method.Its mainadvantage,whichdistinguishesit from classi-
cal primal-dualmethods,is that thechoiceof ascentdirections
is very simpleand,hence,that the computationof dualascent
directionsis very fast.

I I I . STOCHASTIC EXTENSION

Stochasticprogrammingmostlydealswith theoptimization
of decisionmakingunderuncertaintyover time. Thedecision
to beoptimizedmustnotanticipatefutureoutcomeswhereonly

probabilisticinformationontheuncertaindatais available.Ba-
sicreferencesfor thetheory, numericalanalysisandapplication
of stochasticprogrammingarethemonographs[4], [19].

Motivatedby the efficiency of current network flow algo-
rithms and, in particular, becauseof the network structureof
somesubproblemsoccurring in power managementapplica-
tions,we havedevelopedastochasticextensionof network op-
timization modelsand methods. It appliesto stochasticpro-
grammingmodelswhoseunderlying(deterministic)optimiza-
tion problemhasnetwork flow structure.

To formulatean extendedor stochasticminimum costflow
problemthatcorrespondsto anetwork

�
of nodesweintroduce

the following terminology. A multi-arc is an orderedpair of
nonemptydisjoint setswhoseelementsbelongto

�
, i.e., more

thanonestartor endnodecorrespondto a multi-arc. Thus,we
referto aclassicalarc,i.e.,anorderedpair of distinctnodes,as
asingle-arc.
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Fig. 2. Examplesingle-arcandmulti-arc

Figure2 shows anexampleof a single-arc,andanexampleof
amulti-arcthatconsistsof onestartnodeandtwo endnodes.

Let a pair
�����
	��

begiven,where
�

is a setof nodesand
	

a
setof multi-arcs,i.e.,	JI-KA�MLN�POQ�SR L$�=OJI<��TNL$�=OVU�XW

and
LZYHOF�XW\[]C

(4)

The following optimization problem will be called extended
minimumcostflowproblemwith multi-arcs:�^�_�`���a#� bc�&��� � adbE"1a?b s.t. (5)

�e=��a#� b������]f �%��a=g " adb ' �e=�_b#� a?�����Af ����a=g " bca �-, � �E.h0i2j�(� (6)

6 adb 7<" adb 79; adb �/. ��L$�=OQ�k24	DC
(7)

Here, � adb denotethe cost coefficients,
6 a?b and ; a?b the flow

boundsfor
��L$�=OQ�^29	

, and
, � the supplyof node

0829�
. The

constraints(6) and(7) representtheflow andthecapacitycon-
straints,respectively.

A. Duality

Thereis a well developedduality theoryfor solvingnetwork
flow problems(e.g.,cf. [3]). Thecorrespondingresultscanbe
extendedto covernetwork flow modelswith multi-arcs.In par-
ticular, we needsuchan extensionfor dualizingthe flow con-
straints(6) of the extendedminimum costflow problemwith
multi-arcs.Let l denotetheLagrangemultiplier (or price)with
componentsl � for

082V�
. Thenthe Lagrangianfunction is of



theformm�� " � l �n� ���a#� bc�&��� � adb " a?b
o �����p l ��qr , � ' �e=��a#� bc�����]f ����a=g " adb o �e=�_b#� a?�����]f �%��a=g " bcatsu
� ���a#� bc����� qr � adb o ��=�]b l �v' � ����a l �Msu�"1a?b o � �%��p , � l � C (8)

Thedualfunctionis givenbyw � l �3� �����x Ktm�� " � l �4R 6 a?by7<"$adby7<;Pa?b �Q��L$�=OQ�z24	 []� (9)

andthecorrespondingdualproblemreads��{c| K w � l �vR l 2jL }:~z[A� (10)

where � is the numberof elementsin
�

. As the Lagrangian
function

mZ� " � l � is separablein the arc flows "1a?b , its mini-
mizationdecomposesinto a separateminimizationfor eacharc�MLN�PO��k2j	

.
w � l � canbewrittenasw � l �B� ���a#� b������ w adb o �����p , � l � � (11)

where

w adb � ���_�������� x �����h����� qr � adb o ��=�]b l �v' � ����a l � su "$adb C (12)

Solving the dual problem provides the correct valuesof the
prices l � , which allow to obtain the optimal flow " by mini-
mizing theLagrangianfunction.

Now we develop the basicduality resultsfor the extended
minimum costflow problemwith multi-arcs. With respectto
equation(12) we introducesomehelpful terminology. For any
pricevector l we saythatanarc

�MLN�PO��
is

inactive if � ����a l � � � a?b o ��=�]b l � �
balanced if � ����a l � � � a?b o ��=�]b l � �

active if � ����a l � � � a?b o ��=�]b l � C
We say that a flow-price vectorpair

� " � l � satisfiesthe com-
plementaryslacknesscondition if " satisfiesthe capacitycon-
straints(7) andif it holdsthat:" adb � 6 a?b for all inactivearcs

��L$�=OQ�z24	D�6 a?by79"$adb47<;Pa?b for all balancedarcs
��L$�=OQ�z24	��"$adb � ;Pa?b for all activearcs

��L$�=OQ�z24	DC
Thefollowing propositionprovidesanimportantduality result,
which is analogousto the duality resultof the classicalmini-
mumcostflow problem(cf. [3, Proposition4.1]).

Proposition1: A feasibleflow vector "h� anda price vectorl � satisfythecomplementaryslacknessconditionif andonly if"h� and l � areoptimal primal anddualsolutions,respectively,
andtheoptimalprimal anddualvaluescoincide.

Proof: We first show that for any feasibleflow vector " and
any pricevector l theprimal costof " is not lessthanthedual
costof l . Clearly, for all pairs

� " � l � with a feasibleflow " it
holdsthat m�� " � l �S� ���a#� bc�&��� � adbE"1a?b �
and,thus,dueto (9) weobtainw � l � 7 m�� " � l �3� ��_aP� b������ � a?b\"$adb C
If "h� is now feasibleandsatisfies,togetherwith l � , the com-
plementaryslacknesscondition,theequations(9), (11)and(12)
implyw � l � ��� ���_�x K#mZ� " � l � �SR 6 a?by79"$adb47<;Pa?b �Q��L$�=OQ�k2j	 [� mZ� " � � l � �i� ���a#� bc�����>� adb " �adb C
Note that the latter equationis valid becauseof the feasibility
of " � . Hence,we haveshown thatfor apair

� " � � l � � satisfying
thecomplementaryslacknesscondition, "h� and l � areoptimal
primal anddualsolutions,respectively, andtheoptimalprimal
anddualvaluescoincide.Conversely, now we show that,if "h�
and l � areoptimalprimal anddualsolutions,respectively, and
if w � l � �i� ���a#� b������ � adbE" �adb �
holds,the pair

� "h� � l � � satisfiesthe complementaryslackness
condition.By (9) we havew � l � �3� �����x K#m�� " � l � �yR 6 adby79"1adb479;=adb ���MLN�POQ�z2y	i[]C
UsingtheLagrangianexpression(8), anddueto thefeasibility
of " � we obtain ���a#� b������>� adbE" �adb ��mZ� " � � l � �=C
and,hence,mZ� " � � l � �i� �����x Ktm�� " � l � �yR 6 adby79"1adb479;=adb �Q�MLN�POQ�z2y	i[3C
The latter equationandformula (8) for the Lagrangianimply,
in particular, that

" �adb 2 {���� ���_�� ��� � x ��� �h� ��� qr � adb o ��=�]b l �� ' � ����a l �� su " adb C
holds for all arcs

�MLN�PO��
. Clearly, the latter expressionim-

plies that the pair
� "h� � l � � satisfiesthe complementaryslack-

nesscondition. �



B. Dual AscentMethod

Dual ascentmethodsfor the classicalminimum cost flow
problems(see[3, Chapter6]) canbe extendedto modelswith
multi-arcs. Similar to the dual ascentmethodfor the classical
problemwe arelooking for a dualascentdirectionin orderto
changethe pricesof a connectedsubset� of nodesby a cer-
tain amount,to improvethedualcostof thedualfunction(11).
However, determininga dualascentdirectionis moredifficult.
To simplify mattersweonly admitmulti-arcsoriginatingatone
node,i.e, a multi-arc is of the form

�%0?�=OQ�
, where

0y2��
andOJI<�

. Hence,thesetof arcsis now restrictedto	�I-KA��0*�POQ��R 0B24����O�I<�(��OVU��W
and

0Z�2�O>[]C
(13)

Eachiterationof a dualascentmethodinvolvesachangeof the
pricevectoralonga directionof the form ��� ��� �E� �PC#CPC=� � ~ � ,
where � is thenumberof nodesin

�
, � � , 0B24� , is givenby

� � ����� if
0B2 � ��

if
0 �2 � � (14)

and � is a connectedsubsetof nodes.Suchdirections� � and
the correspondingsets � are called elementaryif � has the
propertythat, for all arcs

�%0?�=OQ�H2¡	
, the set

O5Y � contains
at mostoneelement.

For thedecisionwhetheranelementarydirectionis a direc-
tion of dualascentwe have to calculatethedirectionalderiva-
tive of thedualcostalong �]� andcheckwhetherit is positive.
It follows from thedualcostexpressions(11) and(12) that the
directionalderivative into anelementarydirectionis¢�£ � l T �]� ��� ¤ �_�¥c¦?§ ¢ � l o©¨ � � � ' ¢ � l �¨� ��_�%� b������]f

inactive/balanced��ª� � ��b]« ��¬­�®
6 �¯b o ����%� b������]f

active��ª� � ��b�« ��¬­�®
;=�¯b

' ������ bc�&���]f
inactive��� � ��b]« � ­�®

6 �_b ' ������ bc�&���]f
active/balanced��� � ��b�« � ­Q®

; �¯b (15)

For a flow vector " let usdefinethesurplus ° � of node
0

asthe
differencebetweenthetotal sumof all inflows into

0
minusthe

total sumof all outflows from
0
, i.e.,° � � �e=�)�*� a*�&����f�����adg "\��a(' ��_�%� b������ "$�¯b o , � C

Notethatfor afeasibleflow vector" thesurplusof eachnodeis
zero. However, for anelementarydirectionandcorresponding
subsetof nodes� I<�

we obtain� ��� � ° � � � �%� � , � o ��_�%� b������]f��ª� � � b]« ��¬­�®
" �¯b ' ��_�%� b������]f�%� � � b]« � ­�®

" �¯b (16)

To organizethe searchfor an ascentdirectionandto obtaina
suitableset � with positive directionalderivative

¢ £ � l T � � � , it

is convenientto maintainaflow vector " satisfyingthecomple-
mentaryslacknessconditiontogetherwith l . For a flow price
pair

� " � l � satisfying the complementaryslacknesscondition
the term of the directionalderivative canbe reduced. In this
casewe obtainfor anelementarydirection¢ £ � l T � � �±� � �%� � ° ��' ������ bc�&���]f

balanced��ª� � � b�« ��¬­Q®
� "$�¯b�' 6 �¯b �

' ��_�%� b������]f
balanced�%� � � b]« � ­�®

� ; �¯b 'J" �¯b � (17)

by theequations(15) and(16). It turnsout thatanelementary
nodeset � thathaspositive total surplusis a candidatefor gen-
eratingadirection � � of dualascent.Thefollowing proposition
generalizesananalogousresultfor theclassicalminimumcost
flow problem(cf. [3, Lemma6.1]).

Proposition2: Let " and l satisfythecomplementaryslack-
nesscondition,andlet � beanelementarysubsetof nodes.If� ��� � ° �>� �
holds,theneither ��� is a dualascentdirection,i.e,¢ £ � l T � � � � � �
or thereexistsa balancedarc

�%0?�=OQ�k24	
with either

(a)
0i2 � ,

O�Y � �XW
and "$�¯b4�<;P�_b or

(b)
0��2 � ,

O�Y � U�XW
and "$�¯b � 6 �_b .

Proof: Follows from equation(17). �
C. ExtendedRelaxationMethod

Theextendedrelaxationmethodsolvesthe dualproblemit-
eratively. Themethodstartswith aflow-pricevectorpair

� " � l �
satisfyingthe complementaryslacknesscondition and, main-
tainingthis conditionat all iterations,finally terminateswith a
pair

�t²" �\²l � , where
²" is feasibleand,dueto Proposition1,

²" and²l areprimalanddualoptimal,respectively.
At thebeginningof eachiterationanelementaryinitial set �

of nodesconsistingof onenodewith positivesurplusis chosen.
In general,dueto Proposition2 wehavethefollowing possibil-
ities for anelementary� with positive total surplus:
(a) Dual ascentis possible,i.e., � � definesa dual ascentdi-

rection. Thena pricechangeis performedto improve the
dualcost.

(b) Dueto Proposition2 anenlargementof � is possiblesuch
that � canbeenlargedby addinganodewith non-negative
surplusandanelementarydirectioncanbeassociatedwith
theenlargedset,too.

(c) If dualascentor anenlargementof � is not possible,then
anunblockedpathoriginatingatsomenodeof � with pos-
itivesurpluscanbeconstructed.Unblockedmeansthatall
arcsof the pathallow a flow increasein the directionof
thepath.We referto suchapathasanaugmentationpath.



A flow increasingalongan augmentationpathcanbe usedto
changethesurplusof thestartnodeandendnode,respectively.
Sucha flow doesnot influencethe complementaryslackness
conditionof the flow-pricevectorpair. In particular, a certain
amountof flow canreducethetotalabsolutesurplusof thenet-
work.

Unfortunately, an augmentationpath which in generalin-
volves multi-arcs is more complicatedfor extendednetwork
problemsthanin theclassicalcase.For example,a flow along
a pathoriginatingat a nodewith positive surplusandending
at a nodewith negative surplususuallydoesnot reducetheto-
tal surplusof the network. The Figures3-6 illustrate typi-

Direction of flow change

positive
surplus

negative
surplus

Fig. 3. Augmentation(A): Simplepath

Direction of flow change

positive
surplus

negative
surplus

Fig. 4. Augmentation(B): Forwardsplitting

surplus

Direction of flow change

positive
surplus

negative

Fig. 5. Augmentation(C): Backwardsplitting

flow change

negative
surplussurplus

positive

Direction of

Fig. 6. Augmentation(D): Cyclepath

calaugmentationpathsthatmayoccurin anextendednetwork.
However, all of theseaugmentationpathspossessa common
property. A certainamountof flow alongsucha pathreducesa
relativetotal surplusof thenetwork. The relative total surplus
representsaweightedsumof all surpluses(see[12] for details).
It canbe shown that if dual ascentor an elementaryenlarge-
mentof � is not possible,a so-calledmulti-augmentationpath

canbe determinedin sucha way that a increasingflow along
thismulti-pathreducesthetotal relativesurplusof thenetwork.

Hence, within each iteration of the extended relaxation
methodfor solving the extendedminimum costflow problem
eithera price changewith strict improvementof the dual cost
or a flow adjustmentthat reducesthe total relative surpluscan
be performed. Thus, we cannothave an infinite numberof
price changesand it is impossibleto have an infinite number
of flow augmentationsbetweentwo successive price changes.
Themethodterminatesif no node

0
canbefoundwith ° �v� �

.
In this casethecurrentpair

� " ��³1� is optimal if it holds ° � � �
for all nodes

0
, implying " to be a feasibleflow vector, other-

wisetheproblemis infeasible.Thus,if theproblemis feasible,
the iteration will terminatewith an optimal pair of flow, and
price

�#²" �+²³h� .
To searchfor an ascentdirectioncomprisesa recursive and

pathwisescanningof nodes.Sotheextendedrelaxationitera-
tion containsseveralsubroutinesthatareusedrecursively. For
anefficientimplementationspecialfeaturesshouldbeused.For
example,thevalueof dualascentcanbeefficiently updatedus-
ing a labelingscheme.Moreover, specialdatastructuresintro-
ducedfor the classicalrelaxationiteration(cf. [3, Chapter6])
canbeadaptedto theextendedmethod,too.

IV. APPLICATION TO POWER MANAGEMENT

In this sectionwe discussthe stochasticLagrangianrelax-
ation approachto power managementin a hydro-thermalsys-
temunderuncertainty(cf. [5], [11], [15]).

A. StochasticModel

We considera power utility that owns a generationsystem
comprisingthermalunitsandhydrostorageplantsanddescribe
amodelfor theoptimalgenerationandtradingof electricpower
underuncertaintyon the electricalload, market pricesof fuel
andelectricityandstreamflows to hydroreservoirs. Contracts
for deliveryandpurchasearemodeledasspecialthermalunits.
Let ´ denotethenumberof time intervalsobtainedfrom a dis-
cretizationof theoperationhorizon.Let

L
and

O
bethenumber

of thermalandhydrostorageunits in thesystem,respectively.
Thedecisionvariablesfor thethermalunitsarethebinaryvari-
ablesµQ¶� for on/off decisionsandthe boundedvariables·¸¶� for
theproductionlevelsof thethermalunit

0
duringthetimeperiod¹

. Thevariablesº�¶� and »D¶� denotethegenerationandpumping
levels,respectively, of the(pumped)hydrostorageplant

@
dur-

ing the period
¹
. Further, by ¼�¶� and ½P¶� we denotethe storage

level in the upperreservoir andthe streamflow (or supply)to
theupperreservoir of plant

@
attheendof period

¹
, respectively.

By ¾ �¿K ¾ ¶ ���MÀ ¶ ��Á ¶ � ½#¶ �?[tÂ¶ ­ � we denotethestochasticdata
processwhosecomponentsare the electricalload

À
, a vectorÁ

of relevant pricesand the vector ½ of supplies. We assume
that ¾ � is deterministicand that ¾ nonanticipative. The latter
meansthat ¾ ¶ doesnotdependon futurerealizationsof ¾ atany¹
. In caseof a processhaving finitely many scenarios,thesere-

quirementsleadto a treestructureof the process.A scenario
treemay be representedbe a finite numberof nodes. It starts
from the root nodeat period

¹ � � and eventually branches
into severalnodesat thenext period. Thebranchingcontinues
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Fig. 7. Exampleof ascenariotree

eventuallyup to nodesat the final time period. Figure7 pro-
videsan exampleof a scenariotreeon a weekly time horizon
with nodesat eachdayand Ã scenarios.Let Ä �ÅK � �#CPC#C=��Æ�[
denotethefinite setof nodesof thetree. Theroot node Ç � �
standsfor the period

¹ � � . Every othernode Ç hasa unique
predecessornodeÇ>È andatransitionprobability É$Ê ª ÊEË , which
describesthe probability of Ç being a successorof Ç>È . The
probability É Ê of eachnode Ç is givenrecursively by É�� � � ,
and É Ê � É$Ê ª ÊEË�É Ê Ë for Ç � � . By ÄyÌ � Ç � we denotetheset
of successorsto node Ç andby Í {ÏÎ�Ð � Ç � theset

K � �PC#CPC=� Ç>È � Ç [
of nodesfrom theroot to node Ç . Let

¹ � Ç � denotethenumber
of its elementsand Ä ¶ the setof all nodesÇ with

¹ � Ç �4� ¹
.

All nodesbelongingto Ä Â arethe leavesof the tree. A sce-
nariocorrespondsto a pathfrom the root to someleaf, i.e., toÍ {cÎ�Ð � Ç � for someÇ 2 Ä Â .

Clearly, the decision process
KA� µ ¶ � · ¶ � º ¶ � » ¶ �d[ Â¶ ­ � corre-

spondingto the dataprocess¾ in scenariotree form hasthe
sametreestructure.By ¾ Ê and

�%Ñ Ê ��³ Ê �
Ò Ê �
Ó Ê � we denotethe
dataandthedecision,respectively, atnodeÇ . Thenthescenario
treeformulationof thestochasticpower managementmodelis
of theform

����� �Ê �#Ô É Ê
a� � ­ �AÕ Ö Ê� �!³ Ê� �
Ñ Ê� � oV× Ê� �%Ñ � �&Ø�� (18)

subjecttoÑ Ê� 2�K � � � []�/0¸� � �#CPCPCP��L$� Ç 2 Ä �³NÙ Ú Û� Ñ Ê� 7 ³ Ê� 7 ³NÙ Ü�Ý� Ñ Ê� �Þ0¸� � �#CPC#C=��L$� Ç 2 Ä �� 7 Ò Ê� 7 Ò Ù Ü�Ý� �ß@à� � �PC#CPC#�=O+� Ç 2 Ä �� 7 Ó Ê� 7 Ó(Ù Ü
Ý� �ß@^� � �#CPC#C=�=O+� Ç 2 Ä �� 7ná Ê� 7 Ò Ù Ü�Ý� �ß@^� � �PC#CPC=�PO+� Ç 2 Ä �
(19)

Ñ Ê ËAâ)ãPËAäMå� ' ÑhÊEË�ã� 7 � ' Ñ Ê� �ÞæS� � �PC#CPC=��æ � � Ç 2 Ä �Ñ Ê ËAâ)ãPËAäMå� ' ÑhÊEË�ã� 7 Ñ Ê� �ÞæS� � �#CPC#C=� æ � � Ç 2 Ä � (20)

á Ê� � á Ê Ë� ' Ò Ê� o©ç � Ó Ê� o , Ê� � Ç 2 Ä �á §� � á � Ê� �è@^� � �PCPC#C=�=O+�á Ê� � áMé Ê]ê� �ß@^� � �PC#CPC=�PO+� Ç 2 Ä Â T (21)

a� � ­ � ³ Ê� o
b�� ­ � �%Ò Ê� ' Ó Ê� �kë � Ê � Ç 2 Ä �

(22)a� � ­ � �ì³ Ù Ü�Ý� Ñ Ê� ' ³ Ê� �kë9í Ê � Ç 2 Ä �
(23)

whereÖ Ê� is thepiecewiselinearconvex costfunctionfor oper-
atingunit or contract

0
at node Ç and

× Ê� representsthepiece-
wise constantstart-upcostsfor getting unit

0
online at nodeÇ . Theconstraints(19)areoperationalconstraintsrepresenting

unit output limits andreservoir capacities,the inequalitycon-
straints(20) representminimum up- anddown-timesfor ther-
mal units,(21) aredynamicconstraintsof storagelevelsof the
hydrounits,where

ç � 2�� � � � � denotesthepumpingefficiency
of unit

@
, (22) and (23) are load and (spinning)reserve con-

straintsat all nodesÇ in Ä .

B. StochasticLagrangianRelaxation

Theapproachby Lagrangianrelaxationconsistsin dualizing
the couplingconstraints,i.e, the load andreserve constraints,
by stochasticmultipliers î � and î$ï , andin solvingthestochas-
tic dualby somesubgradient-typemethod.Thedualoptimum
servesasa lower boundfor the optimal costandasa starting
point for Lagrangianheuristicsto determinea nearlyoptimal
schedulingdecision

�dðÑ¸�]ð³Q�ñðÒ$�¸ðÓ��
. Thedualproblemhastheform�D{Ï| ò ¢ � î �vR î �¿� îh� � î ï �z24L } ï*óÌõô �

wherethedualfunction
¢

is of theform

¢ � î �3� a� � ­ � ¢ � � î � o
b�� ­ � ²¢ � � îh� � o �Ê �#Ô É Ê � î Ê � � Ê:o î Êï í Ê �

and
¢ � � î � and

²¢ � � î1� � representthe optimal valuesof the
stochasticthermalandhydro-storagesubproblems,respectively
(seee.g. [11], [15] for details).Hence,this procedureleadsto
a successive decompositioninto stochasticsingle(thermaland
hydro)unit subproblems.

C. Hydro-StorageSubproblems

Let ustakeacloserlook attheLagrangianhydro-storagesub-
problemfor unit

@
in scenariotreeform. It is of theform²¢ � � î1� �i� ������_ö
÷d� ø$÷
� � �Ê �#Ô É Ê î Ê � ��Ó Ê� ' Ò Ê� �kR � 7 Ò Ê� 7 Ò Ù Ü�Ý� �

� 7 Ó Ê� 7 Ó Ù Ü
Ý� � � 7ná Ê� 7<á Ù Ü
Ý� � á Ê� � á ÊEË� ' Ò Ê� o�ç � Ó Ê� o , Ê�
for Ç 2 Ä � á §� � á in� � á Ê� � á end� for Ç 2 Ä Âúù C (24)

Thestochastichydro-storageproblem(24)canbeformulatedin
termsof anextendednetwork flow optimizationproblem,i.e., it
correspondsto anextendedlinearminimumcostflow problem.

To obtain a network formulation with graph
�����
	��

, we
choose

�
suchthat it containsall nodesof Ä and a number

of artificial nodes,which representthe(possiblyalsoartificial)
lower reservoir. If thetreewould consistof only onescenario,



�
containsthenodesof Ä andoneartificial node. In general,

we considerû partsof scenariosthat consistof nodeswhereno
branchingoccurs.For eachsuchpartof a scenariowe include
one artificial nodeinto

�
. The set

	
containsthe multi-arcs� Ç � Ä Ì � Ç �
� for eachÇ 2 Ä�ü3Ä Â andadditionalarcsto con-

necteachnodein Ä with the correspondingartificial nodein
bothdirections.In addition,we addto

	
all multi-arcs,which

connectartificial nodesandhave the samesuccessorstructure
asthecorrespondingnodesin Ä .

We associateto eachelementof
	

a componentof the flow
vector " . More precisely, we associatethe storagelevel á Ê� to
thearc

� Ç � Ä Ì � Ç �
� for Ç 2 ÄýüiÄ Â andthevariables
Ò Ê� andç � Ó Ê� to thearcsconnectingnodesin Ä with thecorresponding

artificial nodes. Furthermore,we introduceauxiliary compo-
nentsof theflow vectorthatcorrespondto arcsconnectingarti-
ficial nodes.Thecapacitiesof all componentscoincidewith the
boundsin theoperationalconstraints(19)andcorrespondto the
reservoir capacitiesin caseof theauxiliarycomponents,respec-
tively. For eachnode

0
in
�

we assignits supply
, � asfollows.

For theroot node Ç � � we set
, � R!�-, �� o á in� ,

, Ê R)�þ, Ê� 'ÿá end�
for Ç 2 Ä Â , and

, Ê R!��, Ê� for the remainingnodesin Ä . For
anartificial node

0
thatcorrespondsto thenodesÇ � �PC#CPC=� Ç�� inÄ , weset

, � R)��� �� ­ � � á Ê�� ' , Ê�� � , whereá Ê is setto á Ê R)� á Ù Ü�Ý�
for the root node Ç � � , á Ê R)� 'úá Ù Ü�Ý� for all leaves Ç 2 Ä Â
and á Ê R!� �

for all othernodesin Ä . Thecostcoefficientsfor
all componentsof theflow vectorvanishexceptfor thosecorre-
spondingto thecomponents

Ò Ê� and
ç � Ó Ê� for Ç 2 Ä . Thecost

coefficientsof
Ò Ê� and

ç � Ó Ê� are ' É Ê î Ê � and �
	�� 	 ä
 ÷ , respectively.
To explain this we wantto consideranexample.Let a small

scenariotreeconsistingof four timeperiods,two stagesandtwo
scenariosbe given (seeFigure8). Sincethereare two stages

3

1 2

4 6

5

Fig. 8. Treestructureof theexample

andonebranchingpointof degreetwo, therearethreedifferent
partsof thegivenscenarioswherenobranchingoccurs.Hence,
altogetherwe have to addthreeadditionalnodesto the given
nodeset Ä �ÅK � �#CPC#C=���+[ . Figure9 illustratesthecorrespond-
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Fig. 9. Examplenetwork for hydro-storageplant �

ing network of theexamplefor onehydro-storageplant
@
. Ac-

cordingto thebranchingstructureof thescenariotreethereare
two multi-arcsinvolving eachtwo endnodes(dashedlines).

V. NUMERICAL RESULTS

Theextendedrelaxationmethoddevelopedin SectionIII has
beencompletelyimplementedin C. For testingthe implemen-
tation we have randomlygenerateda bunch of hydro-storage
testproblemsof theform (24). All testproblemsarebasedon
realisticdata.Thestochasticdataprocesshasbeenmodelledby
binaryscenariotreesof varyingdimensionsrangingupto more
than ��� �i���]� scenarios.Thetestrunshavebeenperformedona
PCPentiumIII with 700MHz frequency and128MByte main
memoryunderSuSELinux 8.0.

TABLE I
NUMERICAL RESULTS FOR HYDRO SUBPROBLEMS

Scen Nodes Arcs Time Ascent Augment

2048 8190 12284 0.49 3213 9002
2048 8190 12284 0.52 3199 9331
2048 8190 12284 0.55 3178 9722

4096 16382 24572 1.17 6275 15777
4096 16382 24572 1.22 6160 15930
4096 16382 24572 1.28 6085 16847

8192 32766 49148 3.38 16005 34062
8192 32766 49148 1.80 12801 33290
8192 32766 49148 1.90 13019 34135

16384 65534 98300 4.63 26509 71195
16384 65534 98300 4.20 26074 70852
16384 65534 98300 5.11 27245 72398

32768 131070 196604 12.32 58817 141076
32768 131070 196604 11.61 58207 142150
32768 131070 196604 19.60 71205 155335

65536 262142 393212 33.30 130478 267622
65536 262142 393212 34.01 129028 270890
65536 262142 393212 46.35 133098 274844

131072 524286 786428 87.77 279919 521973
131072 524286 786428 99.07 274566 534538
131072 524286 786428 86.66 276725 537894

TableI shows numericalresultsof the codeDualAscentfor a
coupleof testproblemscontaining� ����� up to ���+� ��� � scenar-
ios. Thefirst threecolumnsdescribetheproblemsize,i.e, the
numberof scenarios,the numberof nodes,andthe total num-
ber of arcsin the extendednetwork. The last threecolumns
reportthecomputingtime (in seconds),andthenumberof per-
formedascentandaugmentationsteps,respectively. Thetable
showsthatalsoverylargenetworkmodelscontainingmorethanÃ ���3����� nodescanbesolvedin lessthan � ��� seconds.

Furthermore,Figure 10 shows that the computingtime for
solvingthetestproblemsgrowsapproximatelylinearlywith re-
spectto thenumberof scenarios.

Theperformanceof DualAscenthasbeencomparedwith the
standardlinear programmingsolver CPLEX 8.0. The results



0

30

60

90

120

0 50000 100000 150000

T
im

e 
in

 s
ec

on
ds

�

Number of scenarios

Test problems
Average

Fig. 10. Computingtime of DualAscent

TABLE II
COMPUTING TIME OF DUALASCENT (DA) COMPARED WITH CPLEX

CPLEX8.0
Scen

primal dual baropt netopt
DA

8192 18.07s 11.42s 18.49s 10.37s 1.64s
8192 19.03s 11.81s 17.49s 10.47s 1.92s
8192 19.59s 11.38s 18.53s 9.54s 1.56s

32768 129.78s 111.03s 120.02s 96.82s 12.64s
32768 114.84s 118.21s 92.83s 103.21s 14.40s
32768 147.53s 112.28s 104.60s 95.32s 9.46s

131072 881.0s 1131.2s 674.0s 1088.4s 89.6s
131072 961.3s 1160.7s 820.0s 1100.8s 81.6s
131072 902.2s 1079.9s 644.3s 1013.1s 63.2s

displayedin TableII show thattheextendedrelaxationmethod
is thefastestalgorithmfor all testproblems.It outperformsall
of thetestedCPLEX methods,i.e., theprimal simplex method,
the dual simplex method,the barriermethodandthe network
optimizationmethod.

VI . CONCLUSIONS

It hasbeenshown that a stochasticextensionof the relax-
ationmethodfor solvingthelinearminimumcostflow problem
canbe appliedto solve stochastichydro-storagesubproblems
in powermanagement.Becauseof thespecialstructureof these
problemsnetwork flow algorithmsrepresentan efficient alter-
native to standardlinearprogrammingsoftware. Our testruns
show thepromisingperformanceof thenew approach.
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