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STABILITY OF MULTISTAGE STOCHASTIC PROGRAMS*

H. HEITSCH', W. ROMISCH!, AND C. STRUGAREK?

Abstract. Quantitative stability of linear multistage stochastic programs is studied. It is shown
that the infima of such programs behave (locally) Lipschitz continuous with respect to the sum of an
L,-distance and of a distance measure for the filtrations of the original and approximate stochastic
(input) processes. Various issues of the result are discussed and an illustrative example is given.
Consequences for the reduction of scenario trees are also discussed.
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1. Introduction. We consider a finite horizon sequential decision process under
uncertainty, in which a decision made at ¢ is based only on information available at ¢
(1 <t <T). We assume that the information is given by a discrete time multivariate
stochastic process {¢;}7_, defined on some probability space (£, F,P) and with &
taking values in R?. The information available at ¢ consists of the random vector
&= (&,...,&), and the stochastic decision x; at t varying in R™¢ is assumed to
depend only on £t. The latter property is called nonanticipativity and is equivalent
to the measurability of x; with respect to the o-field F; C F, which is generated by
&'. Hence, we have Fy C Fyyq for t =1,...,T — 1 and we assume that F; = {0, Q},
i.e., & and x; are deterministic and, with no loss of generality, that Fpr = F.

More precisely, we consider the following linear multistage stochastic program:

T Tt € Xt,
(1.1) min< E Z(bt(ft),xt> x; is Fy-measurable,t = 1,..., T, ,
t=1 Aoy + Apa(§)we—1 = he(&e),t =2,...,T

where the subsets X; of R™* are nonempty, closed, and polyhedral; the cost coefficients
b (&) belong to R™t; the right-hand sides h. (&) are in R™; A, ¢ are fixed (ng, my)-
matrices; and A;1(&) are (ng, m;_1)-matrices, respectively. We assume that b,(-),
hi(-), and A 1(-) depend affinely linearly on &, covering the situation that some of the
components of b, and h;, and of the elements of A;; are random.

The challenge of multistage models consists in the presence of two groups of en-
tirely different constraints, namely of measurability and of pointwise constraints for
the decisions x;. This fact does not lead to consequences in the two-stage situation
(T = 2). In general, however, it is the origin of both the theoretical and computa-
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tional challenges of multistage models. In the present paper, it produces the essential
difference of quantitative stability estimates compared to the two-stage case.

When solving multistage models computationally, the first step consists of ap-
proximating the stochastic process ¢ = {&}]_; by a process having finitely many
scenarios that exhibit tree structure and have its root at the fixed element & of R?
(see the survey [4] for further information). In this way, both the random vectors
£t and the o-fields F; are approximated at each t. This process finally leads to lin-
ear programming models that are very large scale in most cases and may be solved
by decomposition methods that exploit specific structures of the model (see [31] for
additional background). In order to reduce the model dimension, it might be desir-
able to reduce the originally designed tree. The approaches to scenario reduction in
[5, 11] and to scenario tree generation in [21, 14, 10] make use of probability metrics,
i.e., of metric distances on spaces of probability measures, where the metrics are se-
lected such that the optimal values of original and approximate stochastic program
are close if the distance of the original probability distribution P = £(£) of £ and its
approximation () is small.

Such quantitative stability results are well developed for two-stage models (cf.
the survey [28]). It turned out that distances of probability measures are relevant
which are given by certain Monge—Kantorovich mass transportation problems. Such
problems are of the form

(12)  ant{ [ cl€.Onlde,dd) in e PEX D). my =P, man = Q.

where = is a closed subset of some Euclidean space, m; and 7o denote the projections
onto the first and second components, respectively, ¢ is a nonnegative, symmetric, and
continuous cost function and P and @ belong to a set P.(Z) of probability measures
on =, where all integrals are finite. Two types of cost functions have been used in
stability analysis of stochastic programs [5, 29], namely,

(1.3) 6,8 = ¢ =€I" (&€€F)
and
(1.4) c(&,€) =max{L, [ — &I 1€ =&l HIE= €l (6.€€E)

for some r > 1 and & € E. In both cases, the set P.(Z) may be chosen as the set
P.(Z) of all probability measures on = having absolute moments of order 7. The cost
(1.3) leads to L,-minimal metrics £, [25], which are defined by

1=

EXE

15) 4(PQ =t { [ le—Eru(de.dd) e PEx ), mn = P.man =}
and sometimes also called Wasserstein metrics of order r [9]. The mass transportation
problem (1.2) with cost (1.4) defines the Monge—Kantorovich functionals /i, [22, 24].
A variant of the functional fi, appears if, in its definition by (1.2), the conditions
n € P(E x 2),mn = P, man = @ are replaced by 1 being a finite measure on = x =
such that mn — men = P — . The corresponding functionals lol,n are smaller than
fir and turn out to be metrics on P.(Z). They are called Fortet-Mourier metrics of
order r [8, 22]. The convergence of sequences of probability measures, with respect to

o
both metrics ¢, and .., is equivalent to their weak convergence and the convergence
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of their rth order absolute moments. For » = 1 we have the identity /OLl: 1 = ¢1 and
the corresponding metric is also called Kantorovich distance. T'wo-stage models are
known to behave stable with respect to Fortet—-Mourier metrics [23].

Much less is known, however, of the multistage case. The present paper may be
regarded as an extension of the quantitative analysis in [7], which considers a less
general probabilistic setup and assumes implicitly that the filtrations of the original
and approximate stochastic processes coincide. The paper [19] and the recent work
[20] provide (qualitative) convergence results of approximations and [16, 32] deal with
empirical estimates in multistage models. In the recent paper [34] the role of proba-
bility metrics for studying stability of multistage models is questioned critically. An
example is given showing that closeness of original and approximate probability dis-
tributions in terms of some probability metric is not sufficient for the infima to be
close in general. The recent thesis [1] focuses precisely on the question of information
in stochastic programs. The conclusions of this work do not address stability, but
only discretization of multistage stochastic programs. They illuminate the role which
should be played by o-field distances in order to obtain a consistent discretization of
such programs.

The main result of the present paper (Theorem 2.1) provides stability of infima of
the multistage model (1.1) with respect to a sum of the L,-norm and of a distance of
the information structures, i.e., the filtrations of o-fields, of the original and approxi-
mate stochastic (input) processes. Hence, it enlightens the corresponding arguments
in [34]. Several comments are given on the stability result, its assumptions, the fil-
tration distance, and on the choice of the underlying probability space if the original
and approximate (input) probability distributions are given in practical models. Fur-
thermore, we provide an illustrative example which shows that the filtration distance
is indispensable for stability (Example 2.6). Finally, some consequences for designing
scenario reduction schemes in multistage models are discussed.

2. Stability of multistage models. Under weak hypotheses, the program (1.1)
can be equivalently reformulated as a minimization problem for the deterministic first
stage decision z; (see [31, Chapter 1] or [6, 26] for example). It is of the form

(2.) min {B{f(21,6)] = [ f(a1,OP(E) 01 € X .

where Z is a closed subset of R7? containing the support of the probability distribution
Pof &, and f is an integrand on R™* x = given by the dynamic programming recursion

(2.2) f@1,6) == @1(21,€") = (b1 (&2), 1) + Pa(21,€7),
(I)t(il'l, N ,xt,hft) := inf {<bt(€t),$t> + E [@t+1(m1, N ,.’Et,ft+1)‘ft] Xy € Xt,

Tt is ]-'t—measurable, Amofﬂt + At71(€t)dft_1 = ht (&)}
t=2,...,T),

(I)T-'rl(mla s 7CCTa€T+1) =0.

Using the representation (2.2) of the integrand f for T = 2 quantitative stability
results are proved in [23, 28] with respect to Fortet—Mourier metrics of probability
distributions and earlier in [29] with respect to L,-minimal metrics. For T' > 2, how-
ever, the integrand f depends on conditional expectations with respect to the o-fields
F: and, hence, on the underlying probability measure P in a nonlinear way. Conse-
quently, the methodology for studying quantitative stability properties of stochastic
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programs of the form (2.1) developed in [23, 28] does not apply to multistage models
in general.

An alternative for studying stability of multistage models consists in considering
them as optimization problems in functional spaces (see also [18, 26]), where the
Banach spaces L,/ (2, F,P;R™) with m = Zle m; and endowed with the norm

1
o

T
|zl == (Z E[||xt||rl]> for ' > 1 and ||z := ,max_esssup [l |
pot =1,..,

are appropriate. Here, the stochastic input process £ belongs to L,(Q, F,P;R?) for
some r > 1 and s := T'd, and 7’ is defined by

if only costs are random,

r—1
- r if only right-hand sides are random,
") =2 if only costs and right-hand sides are random,
00 if all technology matrices are random and r = T.

The number r corresponds to the order of (absolute) moments of £ that are required
to exist. The definition of the numbers 7’ implies that the objective function is well
defined and finite. In the third case it may alternatively be required that the costs
b:(&:) have finite moments of order # > 1. Then we choose 1’ := ffl and require that
h¢ (&) belongs to L.

Let us introduce some notations. Let F' denote the objective function defined on
Lo (Q,F, P;R®) x Ly (Q,F, P;R™) — R by F(§,z) 1= E[Y,_, (bi(&), 20)], let

Xi(xi—15&) = {ar € Xi|Avoxe + Apa (&) we—1 = he(&4)}
denote the tth feasibility set for every t = 2,...,T, and
X(f) = {CE € X’f:ILT’(Qaftv]P; Rmt)krl S lext € Xt(irtfl;ft)vt = 27 s 7T}

denote the set of feasible elements of the stochastic program (1.1) with input {. Then
the stochastic program (1.1) may be rewritten in the form

(2.3) min{F (&, z) : x € X(£)}.
Let v(§) denote the optimal value of (2.3) and let, for any o > 0,

la(F(&;0) = {x € X(§) : F(§,x) <v(§) + o}

denote its a-level set. The following conditions are imposed on (2.3). ~

(A1) There exists a § > 0 such that for any £ € L.(Q, F,P; R?®) with || =&l < 6,
any t = 2,...,T and any 1 € X3, x, € L (Q,F,P;R™7) with z, € XT(xT_l;gT),
T =2,...,t — 1, the tth feasibility set X;(x;_1; Et) is nonempty (relatively complete
recourse locally around &).

(A2) The optimal values v(€) of (2.3) with input & are finite for all £ in a neigh-
borhood of ¢ and the objective function F is level-bounded locally uniformly at £, i.e.,
for some o > 0 there exists a 6 > 0 and a bounded subset B of L, (Q, F,P;R™)
such that la(F(é, -)) is nonempty and contained in B for all fe L.(Q, F,P;R®) with
€ = &llr < 0.

(A3) £ € L,(9, F,P;R®) for some 7 > 1.
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To state our main result we introduce the distance D¢ (¢, €) of the filtrations of &
and its approximation (or perturbation) £, respectively. It is defined by

(24) Df(&?é) ‘= Ssup Df,s(gag)

e€(0,a]

and Dy . (€, &) denotes the e-filtration distance given by
(2.5) Drc(6,€) :=1inf Y max{||z; — Ela| F]llw, & — B[E:|F]||},
t=2

where the infimum is taken with respect to all z € I.(F(&,-)) and & € I.(F(E,-)),
respectively, i.e., with respect to all feasible decisions belonging to the e-level sets of
the original and perturbed programs. Furthermore, F; and Fi, t=1,...,T, denote
the filtrations of & and &, respectively.

Now, we are ready to state our main stability result for multistage stochastic
programs.

THEOREM 2.1. Let (A1), (A2), and (A3) be satisfied and X7 be bounded. Then
there exists positive constants L, a, and 6 such that the estimate

(2.6) [0(€) = v(&)] < L€ = Ellr + Dx(€,))

holds for all random elements € € L,(Q, F,P;R®) with ||€ — £||, < 6.

Proof. Let M, denote the set-valued mappings u — {z € R™|A4; oz = u, z €
X;} from R™ to R™ for ¢t = 2,...,7. The mappings have polyhedral graph and,
hence, are Lipschitz continuous with respect to the Hausdorff distance on their domain
dom M; C R™ [27, Example 9.35]. Hence, there exist positive constants I; such that
we have

(2.7) sup d(z, My(a)) < li|lu —
zeM (@)

for all @, @ € dom My, where d(z,C) denotes the distance of  to a nonempty set C
in R™t.

Now, let @ > 0 and § > 0 be selected as in (Al) and (A2). Let ¢ € (0,q],
€ € L.(Q,F,P;R*) be such that || — £||, < § and v(§) € R, and let = € I.(F(£,-)).
By F; we denote the o-field generated by & := (51, e 7£t) fort =1,...,7. Now,
we show recursively the existence of constants Ly > 0 and of elements 7 belonging
to the appropriate spaces L, (€2, F,P; R™t) for each ¢t = 1,...,T such that Z; € Xy,

t= ]., e ,/T7 At’()fft —|- At,l(gt)fitfl = ht(gt)a t= 27 e ,T, and that
|E[Ze| F2] — &

can be estimated recursively with respect to ¢. Let t = 1, we then set Z; := Z; and
Ly:=1. Fort > 1, we assume that ﬁt_l and x;_1 have already been constructed,
set Ut 1= ht(gf) — At,l(ft)a_:t—lv ﬂt = ht(gf) — At,l(é‘t)i‘t—l and consider the fOHOWng
set-valued mappings from € to R™ given by

w — M(ty(w)) and w—arg min ||E[Z]F](w) - z|.
€M, (T (w))

Both are measurable with respect to the o-field F, due to the measurability of &;_q
with respect to F;_1 and well-known measurability results for set-valued mappings
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(e.g., [27, Theorem 14.36]). In addition, the set-valued mapping w — M (@ (w)) is

nonempty valued due to (Al). Hence, by appealing to [27, Theorem 14.37] there

exists a ft measurable selection Z; of the second mapping. Since ]E[xt|.7-'t] belongs to
M, (E[i;|F4]), (2.7) provides the estimate

B[z Fi] — &l < LB Fi] — |
< L(E[he (€)|Fe) — he(€) Il + E[Ar1 (&) @e—1[Fe] — Ae1 (&) Te—1])
<LK BN F = &l + IB[Ae1 (€)F1-1 — A (&) T | A
A1 GO IEZ 1| F] — E 1)
<LK (|[E[E — §:t~|-7:—t]|| + E[l[§ — gtH”i't—}”Lf:tL
+max{1, |&|}(|E[Zi—1 — E[Z—1|Fe-1][F ]|
HB[Z 1| Fia] = Fal])),

where K; and K; are certain positive constants, the affine linearity of h;(-) and Ag 1 (-)
and Jensen’s inequality is used for the second summand. Clearly, we have [|&.|| <
C||§:t|\ with some constant C for all 7 =2,...,t,t =2,...,T, and the corresponding
norms in R% and R*. Using Jensen’s inequality also in the first and third summand
of the latter estimate we obtain recursively

(2.8) |Elz|F] - & < ﬁt(zmaX{L IENTYEIQ + @1 DIIér = &1 F]
T=2

t—1

+ > max{1, €@, — Ele 17| 1Fr1a])
T=2

with some positive constant L, fort = 2,...,T. Note that the sum on the right-hand
side of (2.8) disappears if only costs are random. The max-terms in (2.8) and the
norms ||z,_1| in (2.8) vanish if the technology matrices are not random. Inserting Z
and Z into the objective function we obtain

(2.9) v(€) —v(€) < F(£,%) — F(£,7) +¢

In case of only right-hand sides being random we continue (2.9) using (2.8) and obtain

T T
Z [(be, Bl — 2| F)] +¢ < Y 1Bl — B[z, F|] +¢
e R o
< ZE[ZEHI&T —&NF+ SEllz, — Ele FF )] +<
t=2  T=2 T=2
T T—1
< LTE[Y & - &||+Z &7 - Elz | 7] +e
t=2
A ~ T 1 ~
T(llg =&l + Y 27 — Bzl Fl,) +e
T=2

where L := maXe=1,..T thHth. If costs are random, we obtain the estimate

v(§)—v(§) SF(&i’)_F(g7§7)+F(é7j)_F(§7‘i‘)+5
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{ZT: b (&), B[, — 2| F] } {XT: (be(&) — be(&), >}+8
Lt t=1

(2.10) < KE[Z mase(L, I& ) — B0 + 316 — € @] +<
t=2 t=1
with some positive constant K. In case of only costs being random, i.e., 7' = g, We

continue with

T
0(€) — v(€) < KE[ " max{L, |1} 7 — Bl Fl] + KIE — €l izl +e
t=2

IN

T
KE[ 3" max{1, &} — ElmlF]l] + KIE— ¢l +e,
t=2

where Holder’s inequality and the boundedness of ||Z||,» according to (A2) were used
leading to some constant K > 0. Using the estimate (2.8), we conclude that

v(€) - v(e) < L(JI€ - f||r+2||xt Bl Fi]ll) +e

where Holder’s inequality and the fact that é varies in a bounded set in L, were used
leading to some constant L > 0 (depending on §).

Next, we consider the case r = r’ = 2. Starting from (2.10) we use the Cauchy—
Schwarz inequality and obtain

v(§) — v(©) < k[(iE[max{L €12 f(iE (S EAVATR)

+l€ —5||2||:zu2] +e

N

(Hf &ll2 + Z Z: — E[Z:|F]]2 ) +e

with some constant L > 0 (depending on ¢) due to (2.8), (A2), and the fact that £
varies in some bounded set in L.

Finally, we consider the situation that costs, right-hand sides, and technology
matrices are random, i.e., r =T and 7’ = oo. In this case, the estimate (2.8) attains
the form

t
B 5] — 2 < Lo( D" max{1, |1 YEle, — & |7]
T=2
t—1

+ 3 max{1, €7 H|zr — ElaslF] o )-

T=2
Now, we start again from (2.10) and use the latter estimate and obtain

t

v(€) ~ v(¢) < LE [Z(Z max{1, |&]]"1 7 }Ell¢, - &||F]

t=2
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t—1 T

+ 7 max{L, | iz — Blal e ) + D0 16— &ll| +
T=2 t=1

T

(211) < IE[Y max{1, I}l - &1 17|

=2

t T-1 B ~ ~

+ > Elmaxc{1, €)1 7 - Bzl Fill + 1€ - €l +e

t=
T-1
< LEmax{1, €17} (€ ~ &l + 3 7 — El@| Fllloe ) + <,
t=2

where ﬁ, L, L are certain positive constants and Holder’s inequality was used. Since
¢ varies in a bounded subset of L, there exists a constant L > 0 (depending on &)
such that

T-1
(2.12) 0@ —v(©) < L(le— &l + Y |7 — Elmul Al ) +,

where 7 = T and r’ = oo. Hence, an estimate of the form (2.12) is obtained in all
cases. Changing the role of £ and £ leads to an estimate of the form

T-1
(2.13) 0(©) = v < L(Ilg ~ &l + 3 13 — Bl Flll ) +<.

We note that the second summands in the estimates (2.12) and (2.13) are bounded
by

T-1
(2.14) > max{|z, — E[z:| ]|, |2 — Bl Fil[l o }-
t=2

Since the estimates (2.12) and (2.13) are valid for all & € I.(F(&,-)) and & € I.(F(&, ")),
we arrive at the estimate

9€) = o) < Ll =€l + Drcl€ &) +e < L(I€ =€l + sup Decl6 ) =
5 ,Q
Finally, it remains to take the infimum of the right-hand side with respect to ¢ > 0
and the proof is complete. 1]

Remark 2.2. A sufficient condition for (A1) to hold is the complete fized recourse
condition on all matrices Ay o, i.e., the sets X; are polyhedral cones and Ay o X; = R™
holds for ¢t = 2,...,T. Assumption (A2) on the locally uniform level-boundedness
of the objective function F' is quite standard in perturbation results for optimization
problems (see, e.g., [27, Theorem 1.17]). The finiteness condition for the optimal val-
ues is needed because it is not implied by the level-boundedness of F' for all relevant
pairs (r,7’). In the case that  is finite or 1 < 7’ < oo, the existence of solutions
of (2.3) (and, thus, the finiteness of v(£)) is a simple consequence of the compact-
ness or the weak sequential compactness of I, (F'(£,-)) in the reflexive Banach space
L,.(Q,F,P;R™) and of the linearity of the objective. Then the filtration distance is
of the form

T—1
(2.15) Di(¢,&) =inf { 3 Dul&, ) @ € lo(F(€,)),3 € lo(F(E,)) },

t=2
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where Dy (€, €) is defined by

(216)  Di(¢,€) := max{]|we — Elae| Fi]l|ov, |12 — BT 7|}
= max{||ze — Elz|&, ..., &l 1@ — E[Z[&rs - - - &l )

Remark 2.3. In practical situations, the available knowledge on the stochastic in-
put consists in (partial or complete) information on its probability distribution. Which
probability space should be selected? A natural answer certainly is: Take a probability
space where the L,-distance || —£||, and the L,-distances ||z;—E[z¢|¢1, . .., &]|l~ and
|Z: — E[Z¢|&1, -, &l t =2,...,T —1, are minimal. Let us explain this minimality
condition in case of the L,-distance || —£]|,. Let P and Q in P,.(Z) be the probability
distributions of ¢ and €. Then there exists an optimal solution n* € P(E x E) of the
mass transportation problem (1.5) [22, Theorem 8.1.1], i.e.,

6P = [l Elr e dé)
=Xe

where mn* = P and mon* = Q. Furthermore, there exists a probability space
(€Y, F',P') and an optimal coupling, i.e., a pair (¢'(-),&’(+)) of E-valued random el-
ements defined on it, such that the probability distribution of (¢(+),&’(+)) is just n*
[22, Theorem 2.5.1]. In particular, we have that the distance in L, (', F',P'; R?) is
just the L,-minimal distance of the probability distributions, i.e.,

G(P,Q) = 1IE'() =€)l

In the same way, the relevant minimal L,/-distances |z; — E[z;|&1,...,&]|l» and
|Z: — E[Z¢]&1, - - -, &l correspond to the £,.-distance of the probability distributions
of z(t) and ]E[xt|£1, . ,ft], and of Z(t) and E[Z|&1, . . ., &], respectively.

Remark 2.4 (stability of first-stage solutions). Using the same technique as for
proving [28, Theorem 9|, the continuity property of infima in Theorem 2.1 can be
supplemented by a quantitative stability property of the solution set S(&) of (2.1),
i.e., of the set of first stage solutions. Namely, there exists a constant L > 0 such that

(2.17) Sul({) d(z,5(€)) < W (L(IE = €]l + Ds(€,9))),
zeS(§

where W¢(7) := inf {E[f(m1,§)] —v() s d(z1,5()) > 7,11 € Xl} with \Ilgl(a) =
sup{T € Ry : ¥¢(7) < a} (o € Ry ) is the growth function of the original problem
(2.1) near its solution set S(¢). The boundedness condition for X; in Theorem 2.1
can be relaxed to the assumption that the set S(£) is bounded. In the latter case a
version of (2.6) is derived that contains localized optimal values. Then the estimate
(2.6) is valid whenever its right-hand side is sufficiently small.

Remark 2.5 (convergence of filtrations). This remark aims at precising the link
between the filtration distance (2.4) and previous work on convergence of information.
A distance between o-fields was introduced in [2]. It metrizes a topology called uni-
form topology on the set of o-fields. Due to the work of [30] and [17], this distance
reads, for all B, B’ sub-o-fields of F

(2.18) dp(B,B') := sup ||E[f|B] — E[f|B]]:,
fed

with @ the set of all F-measurable functions f such that for all w € Q, ||f(w)]] < 1.
Thanks to [15], a filtration can be said to converge to another one if and only if
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each o-field at each time step converges according to the distance dp. Hence, a
distance between filtrations can be introduced, based on the sum of the distances
between o-fields. The second summand in our stability result can be seen as such a
distance between the filtrations generated by the two stochastic processes £ and §~ .
This summand is not exactly the same as the sum of distances dg, but it has the same
sense: If the feasible set of the stochastic program is bounded, the filtration distance
(2.4) is bounded by a sum of distances dp. Other distances between filtrations and o-
fields have been introduced (see, e.g., [3]) to fit with stochastic optimization problems.
The thesis [1] provides a good survey and a few new results on the application of such
information distances.

The following example shows that filtration distances are indispensable for the
stability of multistage models.

Example 2.6. We consider a multistage stochastic program that models the
optimal purchase over time under cost uncertainty. Its decisions z; correspond to
the amounts to be purchased at each time period. The uncertain prices are &,
t=1,...,T, and the objective consists in minimizing the expected costs such that a
prescribed amount a > 0 is achieved at the end of a given time horizon. The problem
is of the form

(.CL't, St) S Xt = Ri’

T
. (x4, ¢) is Fr-measurable,
min ¢ E ;ft%] i — 811 =xp,t=2,....T, )
B s51=0, sr=a
where the state variable s; corresponds to the amount at time t and F; := o{&1,..., &}

Let T := 3 and P. denote the probability distribution of the stochastic price process.
P. is given by the two scenarios £ = (3,2 +¢,3) (¢ € [0,1)) and &2 = (3,2,1) each
endowed with probability % Let @ := Py denote the approximation of P. given by
the two scenarios £& = (3,2,3) and &2 = (3,2,1) with the same probabilities % We
assume that the scenario trees of the processes &, and € are of the form displayed in
Figure 2.1, i.e., the filtrations of o-fields generated by &, and & do not coincide.

®
® ©
®
FiG. 2.1. Scenario trees for Pe (left) and Q.
We obtain
v(&) = 3—2ksa and  v(€) =2a, but  4(P.,Q) =& — €| = %

Hence, the multistage stochastic purchasing model is not stable with respect to the
L;-distance || - ||;. However, the estimate for [v(£) — v(€)| in Theorem 2.1 is valid with
L = 1 since D;(&,€) = § holds for the filtration distance (with r’ = o).

Finally, let us consider the case of discrete probability measures P and ). Let
P have scenarios & with probabilities p; > 0, i = 1,..., N, and Q scenarios & and
probabilities ¢; > 0, j = 1,..., M. Clearly, Zivzl p; = 1 and Z]Nil gj = 1. Then

07 (P,Q) is the optimal value of a finite-dimensional linear transportation problem
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(e.g., [24]) and there exist optimal weights 7;; > 0 of the scenario pair (€7,€7), i =
1,...,N, 7 =1,..., M. Hence, there exists a pair (5,5) of random vectors on the
probability space (2, F,P), where Q = {w;; :i=1,...,N,j=1,...,M} and P(w;;) =
Mijy i =1,...,N,j =1,...,M. We define {(w;;) = & for every j = 1,..., M and
é(wij) =& foreveryi=1,...,N.

Now, our aim is to study the second term in the stability estimate in Theorem
2.1, namely, the distance of filtrations. Let F; and F, denote the o-fields generated
by (&1,...,&) and (511. .., &), respectively. Let I, and I; denote the index set of
realizations of & and &, respectively. Furthermore, let & and & denote families of
nonempty elements of F; and F, respectively, that form partitions of €2 and generate
the corresponding o-fields. We set Ey, := {w € Q: (&1(w), ..., &(w)) = (&,---, &)},
s€l,and B :i={weQ: (&(w),...,&Ww)) =(&,..., &)}, s € L1

We set r = ' = 1 and require conditions (A1) and (A2) to hold. Since (2.3) is
finite-dimensional in this case, optimal solutions = and Z exist and we obtain according
to Remark 2.2 that

Di(&,€) = max { 3 mijllme(wiy) — Bl (i)
> i) — Bl A w3yl }

> (W)

WriEEys
o) = |

wszEts

> MeZe(wir)
Wi €Eys }

Z Nki

wrl€Fts

(2.19) :max{z S o

sEft Wij eEts

2 2 m

s€l wijEEys

Ty (wij) —

The latter representation of D; has potential to be further estimated in specific cases.
In particular, it simplifies considerably for the situation of scenario reduction.

Ezample 2.7 (scenario reduction). Let us consider the case of deleting scenario
le{l,...,N} of £ according to the methodology in [5, 11] for the distance ¢; and
r=7"=1. Then 5 has the scenarios &1, ..., &7 ¢4l €N and the probabilities of
& are q; = pj for every j & {;(1),1} and OB JTORSZE where j(I) € arg min;z ||€7 —
€'|| (see [5, Theorem 2]). This corresponds to &(w;;) = &’ for every i = 1,..., N,
j=1,...,N, j # 1. We also infer from [5, Theorem 2| that the optimal weights of
the transportation problem defining ¢, (P, Q) are

i, ZZZ»J:J(Z)v
Nij =4 Pj» 1=7FL
0 otherwise.
We set w; := wj; for every j =1,..., N, j # [, & = wyj) and introduce the notation
Eys; and Etsj for the sets in & and c‘fm respectively, that contain @;. From (2.19) we
conclude the following representations of Dj:

Z pkxt(@k)

DuE &) =max 3 3 pyfrly) -

OxEEs

sely w; €E,,
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PR (Or)

Z Z ij’ft(@j)— ﬁ”

sely w;eb, OLEE:
ts

:max{ ~ﬁ Z H Z pkpj[xt(@)j)—xt(@k)]’

w;EEs WrEEs

Y=Y | = pwﬂ@(@)—@(wkﬂu}

sel, o WjEEs WrEE:

_max{z S S| T mek@) @

sel, w;’GEts QkGEts\Etsj

I

LIJ)CEE
Il [ SRR e |3
s€lv o k@jeEts ‘:’keEts\EtSj

where the final equality is a consequence of the corresponding measurability properties
of zy, which imply x,(&;) =z (@) if Ok € EtsﬁEts and @y, € EtsﬂEtSJ, respectively.
Since Eys; = Etsj for j ¢ {1,7()} and Etsl = Eyjq) U {@i}, we may continue with

Dt@,é):max{l S| sl - we)|

> =
@JkEE-'tsl Wj€Es,  @rEEL \Eis;

~— | = pkpj[aztwj)—@(wk)]u}

Oy EELs, Wi B a)keEtsl\EtSj

max{zlpk{ Z ”Plpk[xt(@k)*xt(abz)]u

. s wr€EL:s
Wi E By, El0)

+H > Pkpl[ft(@z)—it((f)k)]H},

"DkeEtsj(”

! { > lepk [ze(@r) — we(@1)] H

> k|, .
ok EEys, Ok EEs; \{on}

+H S peplE(@n) - #(@ H}}

W EEs, \{@1}

2 2kl (@) — (@) > 21k || T (W) — 2o (@) |
OrELs ;) OrpEBs) \{@i}
< max »
p+ > Dk p+ >, Dk
@r€Bs ) K€L \{d1}
(220) < 2pimac {[oe(@y0) ~ 2@ _min (@) - E(@)] )
WrE€ELLs, \{@1}

where the convention is used that ming, e, \(o,} = 0 if Eis, \ {&1} = 0. The final
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estimate makes use of the fact that all xy (&) with @y, € Eis, ., and 0y € E, \ {&},
respectively, coincide.
In the following two cases, the above estimate simplifies to

Dt(f £)< 0 if 0] € By

{ 2pi]|2e (@501)) — @ ()

(O

if Bys, = {&1}.

As the sets Io(F(€,-)) and lo(F(€,-)) of solutions of the original and perturbed mul-
tistage models are bounded in L,» due to (A2), there exists a constant K > 0 such
that

Df(gaé) S Kpl

Hence, if the probability p; of the deleted scenario is small, the filtration distance is
also small. Then there is no need to modify the deletion procedure based on best
approximations with respect to the metric ¢;. This is mostly the case if the tree is
bushy, i.e., contains many scenarios.

A more reliable estimate for the filtration distance may be obtained by solving
the stochastic program for an approximation é of ¢ (on {&1,...,wn}), which contains
much less scenarios than €. Then an estimate for the filtration distance may be
obtained by computing

-1
2 maX{ Te(w; — (@ 5 min Ti(0n) — T4 (@ }a
Pl; [2(@jy) — Zel@n)] akeEtSl\{@l}H t(0r) — (@) ||

where & € lo(F(£,+)) is the corresponding solution. Altogether, some scenario deletion
suggested by the strategy in [5, 11] can either be carried out if the bound (2.20) on
the filtration distance remains small or is rejected.

3. Conclusions. While quantitative stability results for two-stage stochastic
programs have to take into account only a suitable distance of probability distri-
butions, this is no longer the case for multistage models, where the filtration distance
enters stability estimates. This fact demonstrates the importance of the conditional
structure of multistage stochastic programs. This is in line with the observations and
results of [32]. In a sense, it also seems to illustrate the complexity results obtained
in the recent paper [33]. It is shown there that multistage stochastic programs have
higher complexity than two-stage models. Techniques for generating and reducing
scenario trees in multistage stochastic programs, which are based on stability argu-
ments, have to respect both probability and filtration distances as both contribute
to changes of optimal values. Example 2.7 provides upper bounds for the filtration
distance if some scenario is deleted. Bounding the filtration distance is also possible
for the forward and backward scenario tree generation algorithms developed in [10]
and [12]. Such bounds are derived and discussed in the companion paper [13].
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