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Model equations

Xi species, i = 1, . . . , m qi charge numbers
ui densities vi chemical potentials
v0 electrostatic potential ζi = vi + qiv0 electrochemical potentials

reversible reactions of mass action type

α1X1 + · · · + αmXm ⇋ β1X1 + · · · + βmXm, (α, β) ∈ R ⊂ Z
m
+ × Z

m
+

net rate kαβ(eζ·α − eζ·β), ζ = (ζ1, . . . , ζm)

net production rate of species Xi

Ri :=
∑

(α,β)∈R

kαβ(eζ·α − eζ·β)(βi − αi)

stoichiometric subspace S := span{α − β : (α, β) ∈ R}
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Model equations

free energy

F (u) = Fch(u) + Finter(u) =

∫

Ω

m
∑

i=1

uifi(
ui

ui

) dx + Finter(u)

state equations

vi =
∂Fch

∂ui

(u) = f
′
i(

ui

ui

), ui = ui(f
′
i)

−1(vi) = uigi(vi)

mass fluxes (Butta/Lebowitz’99, Giacomin/Lebowitz’00)

ji = −uig
′
i(vi)Si(·)∇ζi, i = 1, . . . , m,

Si(x) = Q
T
i (x)diag

(

µ
1
i (x), µ2

i (x)
)

Qi(x) (Lades/Wachutka’97)
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Model equations

continuity equations

∂ui

∂t
+ ∇ · ji = Ri in R+ × Ω, ν · ji = 0 on R+ × Γ,

ui(0) = Ui in Ω, i = 1, . . . , m.

Poisson equation

−∇ · (S0∇v0) = f +

m
∑

i=1

qiui in R+ × Ω, ν · (S0v0) + τv0 = f
Γ on R+ × Γ,

dielectric permittivity matrix

S0(x) = Q
T
0 (x)diag(ε1(x), ε2(x))Q0(x)

u0 =

m
∑

i=1

qiui
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Assumptions

(A1) Ω ⊂ R
2 bounded Lipschitzian domain, Γ = ∂Ω;

(A2) gi ∈ C1(R), ui ∈ L∞
+ (Ω), ui ≥ δ,

lim
y→∞

1
y
gi(y) = +∞, 0 < δ min{1, gi(y)} ≤ g′

i(y) ≤ δ−1gi(y),

δ min{1, exp(y)} ≤ gi(y) ≤ δ−1 exp(y), y ∈ R, i = 1, . . . , m;

(A3) µk
i ∈ L∞

+ (Ω), ess infΩµk
i ≥ δ, k = 1, 2, i = 1, . . . , m;

(A4) R ⊂ Z
m
+ × Z

m
+ finite subset, kαβ ∈ L∞

+ (Ω),
∫

Ω
kαβ dx > 0 for (α, β) ∈ R,

no “false” equilibria in the sense of Prigogine;

(A5) Ui ∈ L∞
+ (Ω), qi ∈ Z, i = 1, . . . , m,

∫

Ω

∑m

i=1 Uiκi dx > 0 ∀κ ∈ S⊥, κ ≥ 0, κ 6= 0;

(A6) εk ∈ L∞
+ (Ω), ess infΩεk ≥ δ, k = 1, 2, τ ∈ L∞

+ (Γ),
∫

Γ
τ dΓ > 0,

f ∈ L∞(Ω), fΓ ∈ L∞(Γ).
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Weak formulation

v = (v0, . . . , vm) ∈ V = H
1(Ω; R

m+1), u = (u0, . . . , um) ∈ V
∗

Problem P:

u
′(t) + Av(t) = 0, u(t) = Ev(t) f.a.a. t ∈ R+, u(0) = U,

u ∈ H
1
loc(R+; V ∗), v ∈ L

2
loc(R+; V ) ∩ L

∞
loc(R+; L∞(Ω)m+1)

dissipation rate

D(v) :=

∫

Ω

m
∑

i=1

uig
′
i(vi)Si ∇ζi · ∇ζi dx +

∫

Ω

∑

(α,β)∈R

kαβ(eζ·α − e
ζ·β)(α − β) · ζ dx

free energy

F (u) =

∫

Ω

(

m
∑

i=1

uifi(
ui

ui

) +
1

2
S0∇v0 · ∇v0

)

dx +

∫

Γ

τ

2
v
2
0 dΓ
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Results for the continuous problem

(u, v) solution to (P) =⇒ u(t) ∈ U + U ∀ t > 0

U :=
{

u ∈ V
∗ : u0 =

m
∑

i=1

qiui, (〈u1, 1〉, . . . , 〈um, 1〉) ∈ S
}

Theorem 1. [Thermodynamic equilibrium] (G./Gröger/Hünlich’96)

Let (A1) – (A6) be fulfilled. There exists a unique solution (u∗, v∗) to

Av
∗ = 0, u

∗ = Ev
∗
, u

∗ ∈ U + U .

It holds v∗ ∈ V ∩ L∞(Ω)m+1, ∇ζ∗ = 0 and ζ∗ ∈ S⊥.

Theorem 2. [Monotone decay of the free energy] (G./Gröger/Hünlich’96)

Let (A1) – (A6) be fulfilled and let (u, v) be a solution to Problem (P). Then

F (u(t2)) ≤ F (u(t1)) ≤ F (U) for t2 ≥ t1 ≥ 0.
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Results for the continuous problem

Theorem 3. [Estimate by the dissipation rate] (G./Gärtner’07)

Let (A1) – (A6) be fulfilled. Moreover, let (u∗, v∗) be the thermodynamic equilibrium.
Then for every R > 0 there exists a constant cR > 0 such that

F (u) − F (u∗) ≤ cRD(v)

provided that v ∈ V, u = Ev ∈ U + U , and F (Ev) ≤ R.

Theorem 4. [Exponential decay of the free energy] (G./Gärtner’07)

Let (A1) – (A6) be fulfilled, let (u, v) be a solution to Problem (P), and let (u∗, v∗) be
the thermodynamic equilibrium. Then there exists a constant λ > 0 such that

F (u(t)) − F (u∗) ≤ e−λt(F (U) − F (u∗)) ∀ t ≥ 0.
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Results for discrete time problems

Theorem 5. [Monotone and exponential decay of the free energy] (G.’07)

Let (A1) – (A6) be fulfilled. Let (u∗, v∗) be the thermodynamic equilibrium and let
h > 0. Then the fully implicit time discretization scheme

u(nh) − u
(

(n − 1)h
)

+ hAv(nh) = 0, u(nh) = Ev(nh), n ≥ 1,

u(0) = U, v(nh) ∈ V, n ≥ 0

is dissipative. Moreover, there exists a constant λ > 0 such that

F
(

u(nh)
)

− F (u∗) ≤ e−λnh
(

F (U) − F (u∗)
)

∀n ≥ 1.
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Space and time discretized problems

fixed grid points xk, k ∈ K, for each species anisotropic Voronoi boxes

V
k

i = {x ∈ Ω : di(x, x
k) ≤ di(x, x

l) ∀l ∈ K} , i = 0, . . . , m , k ∈ K

di(x, y)2 := (x − y)T
S
−1
i (x − y)

uk
i masses in V k

i , potentials vk
0 , vk

i , ζk
i associated to grid points xk

u
k
i = uigi(v

k
i )|V k

i |, k ∈ K

ζ
k
i = v

k
i + qi

∑

l∈K

|V l
0 ∩ V k

i |

|V k
i |

v
l
0, i = 1, . . . , m
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Space and time discretized problems

Theorem 6. [Dissipativeness of the discretization scheme] (G./Gärtner’07)

Let (A1) – (A6) be fulfilled. Moreover, let ui, Si, kαβ and τ be constant and let h > 0
be given. The following discrete problem is dissipative

P~v0(nh) − ~f = ~u0(nh), n ≥ 0,

u k
i

(

nh
)

− u k
i

(

(n − 1)h
)

h
= −

∑

l∈K

J
kl
i (nh)|∂V

k
i ∩ ∂V

l
i | + R

k
i (nh),

k ∈ K, n ≥ 1, i = 1, . . . , m,

u
k
i (0) = U

k
i , k ∈ K, i = 0, . . . , m.
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Space and time discretized problems

discretized Poisson equation

−
∑

l∈K

vl
0 − vk

0

|xl − xk|
|S0ν

kl
0 ||∂V

k
0 ∩ ∂V

l
0 | + τv

k
0 |∂V

k
0 ∩ Γ| − f

k = u
k
0 , k ∈ K,

where

f
k =

∫

V k
0

f dx +

∫

∂V k
0

∩Γ

f
Γ dΓ,

u
k
0 =

m
∑

i=1

qi

∑

l∈K

|V k
0 ∩ V l

i |

|V l
i |

u
l
i,

ν
kl
0 outer unit normal of V

k
0 on ∂V

k
0 ∩ ∂V

l
0 ,

~v0 = (vk
0 )k∈K , ~f = (fk)k∈K , ~u0 = (uk

0)k∈K
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Space and time discretized problems

discretized fluxes

J
kl
i = −ui Z

kl
i

ζl
i − ζk

i

|xl − xk|
|Siν

kl
i |,

Z
kl
i =







gi(v
l
i)−gi(v

k
i )

vl
i
−vk

i

for vl
i 6= vk

i

g′
i(v

k
i ) for vl

i = vk
i

source terms from reactions

R
k
i =

∑

α,β∈R

(βi − αi)
∑

k1∈K

· · ·
∑

ki−1∈K

∑

ki+1∈K

· · ·
∑

km∈K

Rαβ

[

ζ
k1
1

, . . . , ζ
ki−1

i−1
, ζ

k
i , ζ

ki+1

i+1
, . . . , ζ

km
m

]

× |V
k1
1

∩ · · · ∩ V
ki−1

i−1
∩ V

k
i ∩ V

ki+1

i+1
∩ · · · ∩ V

km
m |,

Rαβ

[

ζ
k1
1

, . . . , ζ
km
m

]

= kαβ

(

e
∑m

i=1
αiζ

ki
i − e

∑m
i=1

βiζ
ki
i

)
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