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Data bases, digital libraries, encyclopediae: or -> and!
e Past and current: electronic mathematics resources generally fall into one (and only one) of the above three
categories

e Goal for the future should be creation of new and integration of existing resourcesto allow more powerful, flexible,
and universal access to mathematical information

e Requirestagging, interlinking, and integration with search and computation

e Tools and infrastructure are now becoming available -> exciting time to be working on digital libraries!
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Some "typical" digital math encyclopediae: MathWorld and Wikipedia

e MathWorld is afree online encyclopedia of math including ~14,000 terms

Created and authored over ~20 years

First appeared on the internet in the mid-1990s

Content mainly textual + typeset math, tables, and figures

Uniform notations and conventions, but growth limited due to central editorial review
Contains literature citations but not direct linking

Much of the content makes use of computation (using Mathematica) and computational notebooks are available
for download for most pages, but content itself displayed statically in HTML

e Wikipedia math content

Has existed for ~XX years, continues to grown
Does not use uniform notation and conventions
Some entries contain pseudocode, SV G figures, etc., but in general, cannot be considered " computable"

Often contains literature citations, frequently with direct linking
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Example encyclopedia entry: MathWorld

WolframMathWerld

Algebra
Discrete Mathematics > Graph Theory > Simple Graghs > Arc Transitive Gr
Apgiied Mathematics Gratn Theany

Discrete Mathematics > > Simple Graphs > Biconnected Gr:
Calculus and Analysis Discrete Mathematics > Geaph > Simple Graphs » Bridgeless Graphs >

Foundations of Coxeter Graph

Topoiogy The Coxster graph is @ nonhamilonian cubic symmelnc graph on 28 vertices and 42 edges which can be constructed as llusirated sbove. It is denoted F.u 4 in the Foster census of cubic symmetric graphs

Alphabetical Index
Interactive Entries
Random Entry

New in MathWorld
MathWorid Oassroom
Apout Mathiord
Contribute to
Merhiorid

Send a Message to
the Team
MarhWorid Book

‘Wolfram Web
Resources » A number of additional embeddings are illustrated above {e.g., Read and Wilson 1998, p. 162)

As first shown by Bondy (1872), it is also hypohamiftonian

May 28 2012 The graph is n a5 " o
Creared,

developed, and

nuriured by Eric Weisstein

at

Walfram Research

It is also a unit-gistance graph, as illustrated in the above unit-distance drawing (Gerbracht 2008, pers. comm., Jan. 4, 2010).

It can be constructed as the graph sxpansion of 75 with steps 1, 2, and 4. where 5 = &, is the claw grach (Biggs 1983, p. 147}

If any edge is excised, the resulting graph is the Hamiton-connected graph llustrated above, which is in b a5 ["TageE

The Coxeter graph is determined by its spectrum (-1 - vE | (-1 (VT - 1ff ¥ {van Dam and Haemers 2002).

The bipartite doutle graph of the Coxeter graph is the cublc symmetic graph Fus €.

SEE ALSO:
Cospectral Graphs, Gaxeter-Dynkin Diagram, Cubic Symmetric Graph, Determined by Spectrum, Levi Graph

REFERENCES:

Bondy, J. A. “Variations of the Hamiltonian Theme.” Canad. Math. Bull. 15, 57-62, 1972.

Bondy, J A and Murty, U 5. R Graph Theary with Applications. Mew York: North Holland, p. 241, 1976

Brouwer, A. E. “Coxeter Graph.” http:/fwesw.win. tue.nlf/~aeb/drg/graphs/Coxeter htmi.

Brouwer, A. E. and Haemers, W. H. "The Gewirtz Graph: An Exercise in the Theory of Graph Spectra.” European J. Combin. 14, 397-407, 1993,

Coxeter, H. 8. M. "My Geaph " Proc. Landon Math. Soc. 46, 117-138, 1983,

Gerbracht, £. H-A. “On the Uit Distance Embeddaiity of Connected Cutic Symmetric Grapns.” Kolloquium Uber Komtinatorik. Magdeturg, Germany. Nov. 16, 2008,
Read, R. C. and Wison, R. J. An Aflss of Graphs. Oxford, England: Oxford University Press, 1988,

Royle, G. “FO2BA " http:/fwww csse uwa edu aul-gordon/fosten FIZEA htmi

Tutte, W. T. “A Non-Hamiltonian Graph.” Canad. Math. Bull. 3, 1-5, 1960.
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Example encyclopedia entry: Wikipedia

WIKIPEDIA

“The Free Encyclopedia

Main page
Contants
Featured content

Donate to Wikipedia
~ Interaction
Help
Aboul Wikipedia
Community portal
Recent changes
Contact Wikipeda
» Toobox
» Print/export
~ Languages
Frangais

Adicle | Tak

Coxeter graph

T Togn 7 creals sccourn

P £t Vow ity

From Wikipedia, the free encyclopedia

This article is about the & rogular praph. Far the prash associated with @ Coxeter proup, see Caxeter diagram

In the mathematical fiskd of graph theory, 1he Coxeter graph is & 3-regular graph with 28 vertices and 42 sages.| 1] All the cubic distanceregular graphs are known. 2] The
Coeter graph is an of the 13 such graphs.

Contents. [ide]
1 Properties
2 Aigebraic properties
3 Gallery
4 References

Properties [edi]
The Caxeter graph has chromatic numiber 3, chromatic index 3, radus 4, diameter 4 and girth 7. |t s also a $-verlex-connested graph and a 3-edge-connected graph.

The Coneter gragh is hypohamitonian : it does not itsell have a Hamiltorian ycle but every gragh formed by removing a single vertex from it is Hamiltonian. It hes rectiinear
arossing rumber 11, and is the smallest cubic graph with that crossing numbsr cunently known, but an 11-01ossing, 25-vertex graph may exist (sequence A110507 in OEIS)

from the smaller regular Hezwood graph by g a vertex for each 6-eycle in the Heaweod graph and an edge for each

The Coxeter graph may
disjoint pair of B-cyctes 1]

Algebraic properties [ea1)
The sutomomniam group of the Ooteter graph is & group of order 3361 1t acts transitively on the venices, on the sdges and on the arca of the grapn. Therslors the Coxster
graph is & symmetric graph. It has automorphisms that 1ake any vertex 1o any other verlex and any edge 1o any other edge. According o the Foster census, the Coxeter
graph, refersnced as F2BA, is the only cubic symmetric graph on 28 vertices (5]

The Conster grazh is also uniouely detemmined by the its grach spectrum, the set of graph sipsnales of its adacency matrix. (5]

As a finite connected vertex-transitive graph that contains no Hamiltonian cycle, the Coxeter graph is & countarexample 10 & variant of the Lovasz conjecture, but the
cancnical formulation of the conjecture asks for an Hamilionian path and is verilied by the Coxeler gragh,

Only five examples of vertex-transitive graph with no Hamiltonian cycles are known : the complete oraph K2, The Petarsen graph, the Coxeter graph and two graphsa derved
trom the Petersan and Coxeter graphs by replacing each vanes with 2 tangie. |

The charastaristic polynomial of the Oaxster graph is (ox — 3)(x — 2]5(‘z + 1)7(12 + 2z — 1)0 It is the only graph with this charagteristic polynomial, making it a
guaph dstermined by its spectrum.

[edtt]

Gallery

Coxeter graph

The chromatic rumber of - The rectiinear crossing
the Coxefer graph i 3. number of the Coxster
graph s 1.

The gragh cotained by
any edge excision from
the Coxeter is Hamifton-
connected.

References

fedt]

A Weisstein, Eric W., “Coxster Graph & from Math\Workd
A Brouwer, A. E.; Cohen, A. M.; and Neumaier, A, Distance-Regular Graphs. New York: Springer-Veriag, 1969,

* Defter, ltzlo J. (2011}, “From the Caxeter graph to the Kiein grapiv’, Joumal of Graph Theory, ariv: 1002, 1950 &, doi:10.1002//g1. 20597 &,

* Royle, 6. Fi28A data @

A Conger, M. and Dobesinyi, P. “Trivalent Symmetric Graphs Up to 768 Vertices." J. Gombin. Math. Cambin. Comput. 40, 4163, 2002.

#E. R. van Dem and W, H. Haemers, Spectral Cnaracterizations of Some Distance-Regular Graphs. J. Algebraic Combin. 15, pages 189-202, 2003
* Royle, 6. "Cubic Symmetric Graghs (The Foster Census).” #

ME AN =
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Adding Computation: Wolfram|Alpha

Converting classes of mathematical content into computable form (graphs, curves, surfaces, plane figures, finite
groups, lattices, knots, ...)

Started with the Computable Data Initiative at Wolfram Research for use in Mathematica
Computable data now taken to another level with Wolfram|Alpha (free "computational knowledge engine" website)
Mathematical objects are encoded in a custom database format

Allows a combination of pre-computed properties for standard math objects and computation on arbitrary user-
specified objects

Allows unstructured (natural language) queries for properties of objects, a degree of interactivity via controls,
export and import of math objects, exposure via custom APIsto arbitrary clients, direct exposure in Mathematica,
chaining of results, ... (see Michael Trott's talk tomorrow for many more details and examples)



WorldHeritageDML2012.nb |7



8| WorldHeritageDML2012.nb

Wolfram|Alpha's take



3 WolframAlpha rro

| coomter graph G|
g @ m ® Examples ** Random

A

f.

Input interpretation:
Coxeter graph

. Alternate names:

11-crossing number graph A | 2B-vertex transitive graph 9 | cubic
transitive graph 53

number of connected components 1

. Graph features:

arc-transitive | biconnected | brdgeless | class 1 | connected |
cubic | cyclic | determined by spectrum | distance-regular |
distance-transitive | edge-transitive | hypchamiltonian |
noncayley | noneulerian | nonhamiltonian | nonplanar | perfect
matching | regular | sguare-free | symmetric | traceable |
trinngle-free | unit-distance | unitransitive | vertex-transitive |
weakly regular

. Vertex degrees:

3 (28 vertices)

radius

4
diameter 4
girth 7
vertex connectivity | 3

3

edge connectiviry

Characteristic polynomial:
=B -2" e+ 17 F 20 - 1)f

o

| Basic propertis: |
vertex count 28
edge count 42

Topological properties:

" Graph palynomials: '

WorldHeritageDML2012.nb

|9
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Graph polynomials: Fewer polynomials
Characteristic polynomial:

(=3 -2 (v 17 o # 22— 1)

Idiosyncratic polynomial:

e -2y -+ By -2* [P+ 2x -2 v 4y - 1)

Independence polynomial:

14x" 4 336 2" 4 37520 & 16 660" + 385564 + 529287 +
45836 x® + 25788 x° + 0506 %% + 226817 4 33627 + 28x + 1

Laplacian polynomial:

-4 (e -1 x(F —Bxs14)8

Matching polynomial:

P42 TTT M - B394 T 4 BT TOE N — 200 640x" &
BABTOO0x'® - 1934712 2™ + 2042247 2" - 2670310 x" +
1804851 x® - FOI080 x® + 130872 x* - 89047 + B4

Matching-generating polynomial:

B’ 4 8004 2" 4 1308720 + 703 080" & 1 B94B51 " &

2970310 6% + 2042247 %% + 1934712 %7 + B6ET00 x® &
260640 x° + STTOBx + B3 + 777" + 420+ 1

Coloring properties:
Chromatic number:
3

Edge chromatic number:
3

Spectrum:
(=1=vVz -1 (-1ev2f2" s

Approximate form

Associated matrices:
Adjacency matrix:

Maore matrices

Incidence matrix:

ey,

. T
v

Graph indices: More indices

Hosoya index 11790272
Kirchhoff index 369
stability index 11388416

Wiener index 1050

Computed by Wolfram £ SourcEsDownload page
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Drawbacks

e Exposition, literature citations, etc. are not smoothly integrated

e Whileit ispossible (and has actually been done) to repackage MathWorld's encyclopedic content for re-exposure as
aWolfram|Alpha database, the results are not fully computable (or at present interlinked)
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% WolframAlpha rro
|| mattworid coxeter graph _Em

& Examples ** Random

Input interpretation:
Coxerer graph

Ilustration:

Drefinition :
The Coxeter graph is a nonhamiltonian cubic symmetric graph on 28
vertices and 42 edyges which can be constructed as illustrated above. It is
denated Fyay A in the Foster census of cubic symmetric graphs.
A number of addiional embeddings are illustrated abave,
As first shown by Bondy, it is also hypohamihonian.
The graph is implemented in Mathersarica as
GraphData['Caxeterdraph=].
Ivig also a unit-distanee graph, as illustrated in the above unit-disgance
drawing.
Iv can be constructed as the graph expansion of 7 55 with steps 1, 2, and 4,
where 54 = K, 5 i3 the claw graph.
If any edge is excised, the resuking graph is the Hamitton-connected graph
illustrated above, which is implemented in Mathemarica as
draphData['EdgeExcisedCoxeterdraph®].
The Coxeter graph is derermined by its spectram
—1-v¥Z -1 E -,
The bipartite double graph of the Coxeter graph is the cubic symmetnc
graph Fyge C.

Maore information =

Related topics:

coapeetral graphs | Coxeter-Dnmkin diagram | cuble symmetne
graph determined by spectrum | Levi graph

Subject classifications: Show details
MathWaorld:

are transitive graphs | biconnected graphs | bridgeless graphs | class
1graphs | connected graphs | cubic graphs | evelic graphs |
determined by spectrum graphs | distance-regular graphs | distance
transitive graphs | edge-transitive graphs | hypohamittonian graphs |
noncayley graphs | noneulenian graphs | nonhamikonian graphs |
nonplanar graphs | perfect matching graphs | regular graphs |
square-free graphs | symmetric graphs | traceable graphs
tnangle-free graphs | unit-distance graphs | vertex-transitive

graphs | weakly regular graphs

MSC 2010:
050y

Computed by Wolfram » Download page
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The future: Computable, queriable, interlinked, integrated DML/-
database/encyclopedia

e One prototypeis Currently under development under a one-year grant from the Sloan Foundation to the Wolfram
Foundation (PIs Michael Trott and Eric Weisstein)

e Prototype implementation is for a manageable (read: "small") subfield of mathematics of historical and practical
interest: continued fractions

e Involves compilation, tagging, and presentation of identities, theorems, definitions, people involved, and literature
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Prototype eCF implementation

m Example early prototype theorem (raw markup)

"Sei del SternTheorem' -> {

Spellings -> Dev /e {FO["seidel", Opt["-"]1, "stern", "theoreni]},

"Nanme" -> "Seidel-Stern theorent,

"Resul t Type" -> "Theorent,

"What Itl1s" -> M["Tokens" ->{f ->L[" Tokens" ->{"Conti nuedFraction"},
"Specs" ->{TO0->M[" Tokens" ->{"Real "}1}1,
Z[n]->L["Tokens" ->{" Sequence" },
" Specs" ->{X->M[" Tokens" ->{" Appr oxi mant " }, " Specs" ->{f ->f }1}1,
Z[2n]->L[" Tokens" ->{" EvenSubsequence" }, "Specs" ->{b[n]1->Z[n]}1,
Z[2n+1]->L[" Tokens" ->{" OddSubsequence" }, " Specs" ->{b[n]1->Z[n]}1},
"G vens"->{S[f,a[n]]1->1,"ForAll " [n, S[f,b[n]]1>01},
"Concl usi ons" ->{M[" Tokens" -> {Z[2n]},

"Restrictions" -> {"SequenceConverges", "Real Monotonicity"}],
M[" Tokens" -> {Z[2n+1]},
"Restrictions" -> {"SequenceConverges", "Real Monotonicity"}],
"}
1,
"Definition" -> Row[{"A positive continued fraction ", InlineForm["ContinuedFracti:

"DefinitionSource" -> "LorentzenWadel and1992",
"Concept sl nvol ved" -> {"ContinuedFraction: Convergence"},
"Provers" -> {"PhilippLudw gVonSeidel", "MoritzAbrahanttern"},
“Proof Dates" -> {1846, 1848},
"Ext ensi ons" -> {"Sei del St er nTheor enlr ansf or ned" },
"References" -> {
{" Sei del 1846" },
{"Sternl848"},
{"Lor ent zenWadel and1992", "Pages" -> 117, "Theoreni -»> "3.13"},
{"BeardonShort2010", "Theoreni -> "1.1"}
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Prototype eCF implementation

m Example early prototype theorem (default formatted result)

In#7]= Calculate ["devmode:seidel-stern theorem"]

Oui[E7)iTraditionalForm=

Assuming Seidel-Stern theorem | Use transformed Seldel-Stern theorem instead

Input iwterpre:a: on:

Seidel-Stern theorem

Definition:

A positive continued fraction I(IL'bn converges if and only if ¥, b, = ca. If
n=

> b <oa then 1{1 1/b,, diverges generally.
n=

source: Lorentzen and Waadeland {1954)

a . » +
“% is a continued fraction

ety

-
i
o

L
LS

Relations:
Concepts Involved:
continued fraction convergence

Extensions:
transformed Seidel-Stern theorem

History:
proof dates 1846 | 1848

provers Philipp Ludwig von Seidel | Moritz Abraham Stern

References:

L. Seidel. “Untersuchungen tiber die Konvergenz und Divergenz der
Kettenbriiche.” Habilschrift. Munich, 1846.

M.A. Stern. “Uber die Kennzeichen der Konvergenz eines Kettenbruchs.”
Journal Fiir Die Reine Und Angewandte Mathematik 37, 255-272, 1848.

L. Lorentzen, H. Waadeland. Thm. 3.13 in Continued Fractions with
Applications. Amsterdam: North-Holland Publishing Co., p. 117, 1992.

Alan F. Beardon, lan Short. “The Seidel, Stern, Stolz and Van Vleck
Theorems on Continued Fractions.” Bulletin Of The London Mathematical

Society 422, 457466, 2010.
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Prototype eCF implementation

= Another example early prototype theorem (default formatted result)

i= Caleculate ["devmode:stern-stolz theorem"]

MraditionalForm=

Input Interpretation:

Stern-Stolz divergence theorem

Definitlon:

B, respectively (form =0, 1), and #; By -z B; = 1.

source: Lorentzen and Waadeland (19953

If &by |<co, then the continued fraction _1{11,-'111- diverges generally, the
i=

sequences {Azn.mln and {Bzp.ml, converge absolutely to finite values A, and

Relations:
Concepts Involved:

generalized continued fraction | approximant

History:

proof dates 1848 | 1886

provers Moritz Abraham Stern | Otto Stolz
References:

|z| is the gbsolute value of 2

da + 5 +
“E is 1 continued fraction

ety

k=

-
o
Eal

Amsterdam: North-Holland Publishing Co., p. 100, 1992,

2009.

Society 422, 457466, 2010.

M.A. Stern. “Uber die Kennzeichen der Konvergenz eines Kettenbruchs.”
Journal Fiir Die Reine Und Angewandte Mathematik 37, 255-272, 1848,

M.A. Stern. Lehrbuch der algebraischen Analysis. Leipzig: Teubner, 1860.
0. Stolz. Vorlesungen iiber allgemiene Arithmetic. Leipzig: Teubner, 1886.
L. Lorentzen, H. Waadeland. Continued Fractions with Applications.

Douglas Bowman, James Mc Laughlin. Thm. 1 in Asymptotics and
Sequential Closures of Continued Fractions and their Generalizations. p. 3,

Alan F. Beardon, Ian Short. “The Seidel, Stern, Stolz and Van Vleck
Theorems on Continued Fractions.” Bulletin Of The London Mathematical
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Prototype eCF implementation
» Named continued fraction example

In[31]= Caleulate["devmode:rogers-ramanujan c.f."]

Out[31)TraditionalForm=

e
Input interpretation:

Rogers-Ramanujan continued fraction

Results:
Identity:

Va (6:¢°), (¢4 ¢,
(a%:q°), (¢%:q°),

Convergence conditions:

K

k=

fe)

=

lgl<1
Canvergents:
5 5 1 5 1
Vg, ¥q ——. Vg ——,\
1+7 1+ —5
1+QT

Interactive plot:

(@ g), gives the g-Pochhammer symbol
&
K

E=ky By
|z| is the absolute value of £

Ak

is & continued fraction

More

08
0.6

04

1miz)

02

0o

Reqzy
(connected successive convergents starting from
16 points on a ray;
converging convergents in green;
initial z=points are shown as small black dots)

uj_: :_j- convergents as maps of the complex plane
@ successive convergents in the complex plane
IZ:_: ) convergence of the convergents in the complex plane

[: :jn convergence of the convergents at a single point
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+ More controls

References:

L. J. Rogers. “Second Memoir on the Expansion of Certain Infinite

Products.” Proceedings Of The London Mathematical Society 25, 318-343,
1894.

5. Ramanujan. Notebooks, Vol. 1. Mumbai: Tata Institute of Fundamental
Research, 1957.
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Prototype eCF implementation

m Classes of continued fractions
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in[37:= Calculate["devmode:continued fraction identities invelving arccosh"]
Cu[37 )W TraditionalForm=

-
Input Interpretation:
ArcCosh  continued fraction identities
Members:
[ L | | | iota:?$
Results: Show conditions
Voi+s |T- zyla?
P g RS
].+K ﬁz‘,ﬁ
cosh ' z) = —
l1-2
O 242t -1
cosh™ (2)= - —
o ket
1+ K EEcthah
k=1 1
. N
cosh @)= ()
L _;hkz—lj
z(1+ N SR X
k=1 L
cosh™(z) V-1
Vi-22  Ji—s [3+K M]
k=1 2k+l)z
z [ 2=
cosh ' z) = rvs-1 + -
2v1-% a0 !i:;
_ 1
(-1+2) 1+:§1 L
a avz-1  zv-l+zv1i+z
cosh™ (z) = - - ;
2Vi-z L kv
1+ K e
k=1 1
h"l(] avz-1 zvV-1+4+z Vv1+z
cosh " (z) = -
2Vl-z 4 2, K —H":
k=l o kany(122)2 (1415
cosh ™! (x) is the inverse hyperbolic cosine function
& a
E—kj 'k

|x]is the floor function

K %t is a continued fraction
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Prototype eCF implementation

m Classes of continued fractions (with conditions via user controls)

137\ TraditionalForm=
s

in37= Caleculate["devmode:continued fraction identities involving arccosh"]

Input interpretation:

ArcCosh continued fraction identities

Members:
(total: 7)
Results:
v - syle
F k+1 k1
2 TR
rosh™ (z) = LS 2
Viz
forzeCh-1<z<1)VizeCAzeR)

k=1 1

zEdif\Re[z):xUAﬂ[zE[R,r'\lsz-:nu]/"\|a:g[:E)|<n

gy 2 =1
cosh™ (z) = - —— forgeCARe(@>0A-(zeR A1l =2<m)

- .I:llk—q—l;)‘:u't—l—#ﬁ

14+ K 3+4(-1+k)(1+K)
k=1 L
2z
-1 _ yze-1
cosh™ (z) = @) for
. 1+f& 2 (4k41)

cnsh'l{zj _

yz-1 f
= o ar
f > o0 k2 (1-gd)
Vi Viz lz+K. - ’]

k=1 (Zk+1yz

zeﬂihﬂc(z]:s{],r"\—|(zeﬁﬂlﬂz{mjfwarg[l—zzﬂﬁn

Hide conditions

|
R v
rosh™! (z) = Y22 4 N Bor zeCh-1l<z<])V(zeChzeR)
2v1l-z - -‘ﬁ
~1+4z) 1+kltil i;’i

1 Tyz-1
cosh™ ()= &%

e s
_ gy -l4z W14z
2y l—z

1+ﬁ —_1_4’(2
k=1 1

kg2 for zeCh-1l<z<1)VizeCAzeR)

1 avz-1 zy-l4z V14z
cosh™ Ez}=2,1_— — 22
veE 122+ K k

k=

. LT
lczk—l:-u:l-zf-]il‘l =)
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for (zedl;*\—l-:z*:l]\,r‘(zeﬂ:;;\zéﬂ}

cosh™ ! (x)is the inverse hyperbolic cosine function
L% ]is the floor function
kb
aj

K %t is a continued fraction
k=ky by

ey fez A ... is the logical AND function
2 Y ey V.. is the logical OR function
Re(z) is the real part of 2

= expr is the logical NOT function
argl(z) is the complex argument

|z] is the absolute value of z




